
I (No. 7)

✓ ✏
7-A A := {(x1, x2) ∈ R

2 | |x1| + |x2| ≤ 1} ,

Heine–Borel .
✒ ✑

Heine–Borel , C .

.

A : , i.e., ∃R > 0 s.t. A ⊂ U((0, 0);R).

R := 2 > 0 .

claim A ⊂ U((0, 0);R), i.e., ∀x ∈ A, ‖x‖ < R.

x = (x1, x2) ∈ A . , |xi| ≤ |x1|+ |x2| ≤ 1 |xi| ≤ 1 (i = 1, 2)

,

‖x‖ =
√

x2

1
+ x2

2
≤
√
1 + 1 =

√
2 < 2 = R

.

, A .

.

R
2 \ A : , i.e., ∀x ∈ R

2 \ A, ∃ε > 0 s.t. U(x; ε) ⊂ R
2 \ A.

x = (x1, x2) ∈ R
2 \ A . ε :=

|x1|+ |x2| − 1√
2

> 0 .

claim U(x; ε) ⊂ R
2 \ A, i.e., ∀y ∈ U(x; ε), y /∈ A.

y = (y1, y2) ∈ U(x; ε) . , |a| + |b| ≤
√

2(a2 + b2) (a, b ∈ R)

,
|x1| − |y1|+ |x2| − |y2| ≤ |x1 − y1|+ |x2 − y2|

≤
√

2 ((x1 − y1)2 + (x2 − y2)2)

=
√
2 d(x, y)

<
√
2ε = |x1|+ |x2| − 1

, |y1|+ |y2| > 1 , y /∈ A.

, R2 \ A . , A .

✓ ✏
7-B B := {(x1, x2) ∈ R

2 | x2

1
+x2

2
≤ 1} , Heine–Borel

.
✒ ✑

1



Heine–Borel , B .

.

C : , i.e., ∃R > 0 s.t. B ⊂ U((0, 0);R).

R := 2 > 0 .

claim B ⊂ U((0, 0);R), i.e., ∀x ∈ B, ‖x‖ < R.

x ∈ B . ,

‖x‖ ≤ 1 < 2 = R

.

, B .

.

R
2 \B : , i.e., ∀x ∈ R

2 \B, ∃ε > 0 s.t. U(x; ε) ⊂ R
2 \B.

x = (x1, x2) ∈ R
2 \B . ε := ‖x‖ − 1 =

√

x2 + y2 − 1 > 0 .

claim U(x; ε) ⊂ R
2 \B, i.e., ∀y ∈ U(x; ε), y /∈ B.

y = (y1, y2) ∈ U(x; ε) . ,

‖x‖ − ‖y‖ ≤ ‖x− y‖ = d(x, y) < ε = ‖x‖ − 1

, y2
1
+ y2

2
= ‖y‖2 > 1 , y /∈ B.

, R2 \B . , B .

✓ ✏
7-C C := {(x1, x2) ∈ R

2 | 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1})
, Heine–Borel .

✒ ✑

Heine–Borel , C .

.

C : , i.e., ∃R > 0 s.t. C ⊂ U((0, 0);R).

R := 2 > 0 .

claim C ⊂ U((0, 0);R), i.e., ∀x ∈ C, ‖x‖ < R.

x = (x1, x2) ∈ C . , 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1 ,

‖x‖ =
√

x2

1
+ x2

2
≤
√
1 + 1 =

√
2 < 2 = R

.

, C .
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.

R
2 \ C : , i.e., ∀x ∈ R

2 \ C, ∃ε > 0 s.t. U(x; ε) ⊂ R
2 \ C.

x = (x1, x2) ∈ R
2 \ C . C ,

x1 < 0, x2 < 0, 1 < x1, 1 < x2

.

(i) x1 < 0 . ε := −x1 > 0 .

claim U(x; ε) ⊂ R
2 \ C, i.e., ∀y ∈ U(x; ε), y /∈ C.

y = (y1, y2) ∈ U(x; ε) . ,

|x1 − y1| ≤
√

(x1 − y1)2 + (x2 − y2)2 = d(x, y) < ε

, y1 < x1 + ε = 0. (∗) , y /∈ C.

(ii) x2 < 0 . ε := −x2 > 0 , (i) .

(iii) x1 > 1 . ε := x1 − 1 > 0 .

claim U(x; ε) ⊂ R
2 \ C, i.e., ∀y ∈ U(x; ε), y /∈ C.

y = (y1, y2) ∈ U(x; ε) . ,

|x1 − y1| ≤
√

(x1 − y1)2 + (x2 − y2)2 = d(x, y) < ε

, y1 > x1 − ε = 1. (∗) , y /∈ C.

(iv) x2 > 1 . ε := x2 − 1 > 0 , (iii) .

, R2 \ C . , C .
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