
I (No. 10)

, A, B, C

.

10-B, C B, C A .

.✓ ✏
10-A d1, d2 R

2 , . A :=

{x ∈ R
2 | d1(x, (0, 0)) < 1} . .

(1) A d2 , .

(2) A (R2, d2) , .

(1) .
✒ ✑

(1) r ∈ (0,
√
2) , Ur := {x ∈ R

2 | d2(x; (0, 0)) < r} . {Ur}r∈(0,√2) A

d2 .

∀r ∈ (0,
√
2), Ur : (R

2, d2) .

r ∈ (0,
√
2) . Ur d2 ε- , (R2, d2)

.

A ⊂
⋃

r∈(0,
√
2)

Ur, i.e., ∀a ∈ A, a ∈
⋃

r∈(0,
√
2)

Ur.

a = (a1, a2) ∈ A .

claim a ∈
⋃

r∈(0,
√
2)

Ur, i.e., ∃r ∈ (0,
√
2) s.t. a ∈ Ur.

r :=
d2(a, (0, 0)) +

√
2

2
∈ R . a ∈ A

0 ≤ d2(a, (0, 0)) = |a1|+ |2| ≤
√

2(a21 + a22) <
√
2

, r ∈ (0,
√
2) .

claim a ∈ Ur, i.e., d2(a, (0, 0)) < r.

d2(a, (0, 0)) <
√
2 ,

d2(a, (0, 0)) <
d2(a, (0, 0)) +

√
2

2
= r

.

, {Ur}r∈(0,√2) A d2 .
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(2) A (R2, d2) .

∃{Uλ}λ∈Λ : A s.t. ∀λ1, . . . , λk ∈ Λ, A 6⊂
k
⋃

i=1

Uλi
.

Ur := {x ∈ R
2 | d2(x; (0, 0)) < r} (r ∈ (0,

√
2)) . (1) , {Ur}r∈(0,√2) A

d2 . r1, . . . , rk ∈ (0,
√
2) .

claim A 6⊂
k
⋃

i=1

Uri , i.e., ∃a ∈ A s.t. a /∈
k
⋃

i=1

Uri .

r := max{r1, . . . , rk} ∈ (0,
√
2) , a := (

r

2
,
r

2
) ∈ R

2 . ,

d1(a; (0, 0)) =

√

(r

2
− 0

)2

+
(r

2
− 0

)2

=
r√
2
< 1

, a ∈ A.

claim a /∈
k
⋃

i=1

Uri , i.e., ∀i ∈ {1, . . . , k}, a /∈ Uri .

i ∈ {1, . . . , k} . ,

d2(a, (0, 0)) =
∣

∣

∣

r

2
− 0

∣

∣

∣
+
∣

∣

∣

r

2
− 0

∣

∣

∣
= r ≥ ri

, a /∈ Uri .

, A (R2, d2) .

✓ ✏
10-B d2, d3 R

2 , Chebyshev . B :=

{x ∈ R
2 | d2(x, (0, 0)) < 1} . .

(1) B d3 , .

(2) B (R2, d3) , .

(1) .
✒ ✑

(1) r ∈ (0, 1) , Ur := {x ∈ R
2 | d2(x; (0, 0)) < r} . {Ur}r∈(0,1) B

d3 .

∀r ∈ (0, 1), Ur : (R
2, d3) .

r ∈ (0, 1) . Ur d2 ε- , (R2, d2)

. 8-B , (R2, d2) (R2, d3) , Ur

(R2, d3) .
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B ⊂
⋃

r∈(0,1)

Ur, i.e., ∀b ∈ B, b ∈
⋃

r∈(0,1)

Ur.

b ∈ B .

claim b ∈
⋃

r∈(0,1)

Ur, i.e., ∃r ∈ (0, 1) s.t. b ∈ Ur.

r :=
d2(b, (0, 0)) + 1

2
∈ R . b ∈ B 0 ≤ d2(b, (0, 0)) < 1 ,

r ∈ (0, 1) .

claim b ∈ Ur, i.e., d2(b, (0, 0)) < r.

d2(b, (0, 0)) < 1 ,

d2(b, (0, 0)) <
d2(b, (0, 0)) + 1

2
= r

.

, {Ur}r∈(0,1) B d3 .

(2) B (R2, d2) .

∃{Uλ}λ∈Λ : B s.t. ∀λ1, . . . , λk ∈ Λ, B 6⊂
k
⋃

i=1

Uλi
.

Ur := {x ∈ R
2 | d2(x; (0, 0)) < r} (r ∈ (0, 1)) . (1) , {Ur}r∈(0,1) B

d3 . r1, . . . , rk ∈ (0, 1) .

claim B 6⊂
k
⋃

i=1

Uri , i.e., ∃b ∈ B s.t. b /∈
k
⋃

i=1

Uri .

r := max{r1, . . . , rk} ∈ (0, 1) , b := (r, 0) ∈ R
2 . ,

d2(b; (0, 0)) = |r − 0|+ |0− 0| = r < 1

, b ∈ B.

claim b /∈
k
⋃

i=1

Uri , i.e., ∀i ∈ {1, . . . , k}, b /∈ Uri .

i ∈ {1, . . . , k} . ,

d2(b, (0, 0)) = r ≥ ri

, b /∈ Uri .

, B (R2, d3) .
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✓ ✏
10-C d3, d1 R

2 Chebyshev , . C := {x ∈
R

2 | d3(x, (0, 0)) < 1} . .

(1) C d1 , .

(2) C (R2, d1) , .

(1) .
✒ ✑

, d1 ε- U1(x; ε) .

(1) r ∈ (−1, 1) , Ur := {(x1, x2) ∈ R
2 | x1 < r} . {Ur}r∈(−1,1) C

d1 .

∀r ∈ (−1, 1), Ur : (R
2, d1) .

r ∈ (−1, 1) .

claim Ur : (R
2, d1) , i.e., ∀x ∈ Ur, ∃ε > 0 s.t. U1(x; ε) ⊂ Ur.

x = (x1, x2) ∈ Ur . x1 < r , ε := r − x1 > 0 .

claim U1(x; ε) ⊂ Ur, i.e., ∀y ∈ U1(x; ε), y ∈ Ur.

y ∈ U1(x; ε) . ,

y1 − x1 ≤ |x1 − y1| ≤
√

(x1 − y1)2 + (x2 − y2)2 < ε = r − x1

, y1 < r. , y ∈ Ur.

, Ur .

C ⊂
⋃

r∈(−1,1)

Ur, i.e., ∀c ∈ C, c ∈
⋃

r∈(−1,1)

Ur.

c = (c1, c2) ∈ C .

claim c ∈
⋃

r∈(−1,1)

Ur, i.e., ∃r ∈ (−1, 1) s.t. c ∈ Ur.

r :=
c1 + 1

2
∈ R . c ∈ C max{|c1|, |c2|} < 1 −1 < c1 < 1

, r ∈ (−1, 1) .

claim c ∈ Ur, i.e., c1 < r.

c1 < 1 ,

c1 <
c1 + 1

2
= r

.

, {Ur}r∈(−1,1) C d1 .
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(2) C (R2, d2) .

∃{Uλ}λ∈Λ : C s.t. ∀λ1, . . . , λk ∈ Λ, C 6⊂
k
⋃

i=1

Uλi
.

Ur := {(x1, x2) ∈ R
2 | x1 < r} (r ∈ (−1, 1)) . (1) , {Ur}r∈(−1,1) C

d1 . r1, . . . , rk ∈ (−1, 1) .

claim C 6⊂
k
⋃

i=1

Uri , i.e., ∃c ∈ C s.t. c /∈
k
⋃

i=1

Uri .

r := max{r1, . . . , rk} ∈ (−1, 1) , c := (r, 0) ∈ R
2 . ,

d3(c; (0, 0)) = max{|r − 0|, |0− 0|} = |r| < 1

, c ∈ C.

claim c /∈
k
⋃

i=1

Uri , i.e., ∀i ∈ {1, . . . , k}, c /∈ Uri .

i ∈ {1, . . . , k} . ,

c 1 = r ≥ ri

, c /∈ Uri .

, C (R2, d1) .

5


