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1-A. A ⊂ R . f : A → R , Γf := {(x, f(x)) ∈ R
2 | x ∈ A} f

.

(1) B := {(t + 1, t2 − 2) ∈ R
2 | t ∈ R} f : A → R

.

(2) C := {(cos t, sin t) ∈ R
2 | t ∈ R} f : A → R

.

1-B. X . .

(1) X A, B , A ∩B = ∅ ⇔ A ⊂ Bc.

(2) X {Aλ}λ∈Λ ,
(
⋂

λ∈Λ Aλ

)c
=

⋃

λ∈Λ A
c
λ.

1-C. f : R → R f(x) = x2 (x ∈ R) .

(1) f .

(2) f (ε-δ ) .

1. X, Y , f : X → Y .

(1) X A , A ⊂ f−1(f(A)) .

.

(2) X {Aλ}λ∈Λ , f(
⋂

λ∈Λ Aλ) ⊂
⋂

λ∈Λ f(Aλ)

. .

(3) Y B , f(f−1(B)) ⊂ B .

.

(4) Y {Bλ}λ∈Λ , f−1(
⋃

λ∈Λ Bλ) ⊂
⋃

λ∈Λ f
−1(Bλ)

. .
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2-A. A := (−1, 2] ⊂ R .

(1) 0 A .

(2) 2 A .

2-B. B := [3,∞) ⊂ R .

(1) 4 B .

(2) 3 B .

2-C. C := (−1, 2] ∪ [3,∞) ⊂ R .

(1) 0 C .

(2) 3 C .

. a ∈ R
n, A ⊂ R

n .

• ε > 0 , a ∈ R
n ε- U(a; ε) .

• a ∈ R
n A .

• A ⊂ R
n A◦ .

• A ⊂ R
n .

2. A ⊂ R
n . , A◦ ⊂ A .

3. A := [−1, 1] (= {x ∈ R | −1 ≤ x ≤ 1}) .

(1) 0 A .

(2) 1 A .

(3) A◦ = (−1, 1) .



4. A := [−1, 1]× [−1, 1] (= {(x1, x2) ∈ R
2 | −1 ≤ x1 ≤ 1, −1 ≤ x2 ≤ 1}) .

(1) (0, 0) A .

(2) (1, 1) A .

(3) A◦ = (−1, 1)× (−1, 1) .

5. R A , . ( )

(1) A = (1, 2)

(3) A = [1,∞)

(5) A = {0}

(7) A = { 1
n
| n ∈ N}

(2) A = [0, 1) ∪ (2, 3]

(4) A = (−∞, 0) ∪ [1,∞)

(6) A = Z

(8) A =
⋃

n∈Z

(n, n+ 1)

6. R
2 A , .

(1) A = (0, 1)× (2, 3)

(3) A = {(x, y) ∈ R
2 | y > 0}

(5) A = {(x, y) ∈ R
2 | y ≥ 2x− 1}

(2) A = [0, 1]× [2, 3]

(4) A = {(x, y) ∈ R
2 | x2 + y2 > 1}

(6) A = {(x, y) ∈ R
2 | y = x2}

7. n ∈ N . ∅, Rn
R

n .

8. a < b . R A , . ( )

(1) A = (a, b)

(4) A = [a, b)

(7) A = [a,∞)

(2) A = (a,∞)

(5) A = (a, b]

(8) A = (−∞, b]

(3) A = (−∞, b)

(6) A = [a, b]

(9) A = {a}

9. R
2 A R

2 .

(1) A = (0, 1)× (2, 3)

(3) A = {(x, y) ∈ R
2 | y 6= 0}

(5) A = {(x, y) ∈ R
2 | 1 < x < 2}

(7) {(0, 0)}

(2) A = [0, 1]× [2, 3]

(4) A = {(x, y) ∈ R
2 | 1 < x2 + y2 ≤ 4}

(6) A = {(x, 0) ∈ R
2 | 1 < x < 2}

(8) R
2 \ {(0, 0)}

( ) , , . ,
.

( ) , ,
( ).
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3-A. A := [−1, 2) ⊂ R .

(1) 2 A .

(2) x < −1 . x A .

3-B. B := (3,∞) ⊂ R .

(1) 3 B .

(2) x < 3 . x B .

3-C. C := [−1, 2) ∪ (3,∞) ⊂ R .

(1) 3 C .

(2) x < −1 . x C .

. a ∈ R
n, A ⊂ R

n .

• a ∈ R
n A .

• A ⊂ R
n A .

• A ⊂ R
n .

. A ⊂ R
n A A

. , A ⊂ R .

• , .

• , .

• .

• .



10. A ⊂ R
n . , A ⊂ A .

11. A := (0, 1) ∪ [2,∞) ⊂ R .

(1) 0 A .

(2) −1 A .

(3) A ⊃ [0, 1] ∪ [2,∞) .

(4) A ⊂ [0, 1] ∪ [2,∞) , .

12. R A , .

(1) A = (1, 2)

(3) A = [1,∞)

(5) A = {0}

(7) A = { 1
n
| n ∈ N}

(2) A = [0, 1) ∪ (2, 3]

(4) A = (−∞, 0) ∪ [1,∞)

(6) A = Z

(8) A =
⋃

n∈Z

(n, n+ 1)

13. R
2 A , .

(1) A = (0, 1)× (2, 3)

(3) A = {(x, y) ∈ R
2 | y > 0}

(5) A = {(x, y) ∈ R
2 | y ≥ 2x− 1}

(2) A = [0, 1]× [2, 3]

(4) A = {(x, y) ∈ R
2 | x2 + y2 > 1}

(6) A = {(x, y) ∈ R
2 | y = x2}

14. n ∈ N . ∅, Rn
R

n .

15. 8 R .

16. 9 R
2 .

17. ( ,

).

(1) R {An}n∈N An := (0, 1 +
1

n
) ,

⋂

n∈N

An .

(2) R {Bn}n∈N Bn := [0, 2− 1

n
] ,

⋃

n∈N

Bn .



I (No. 4) (2020/05/13)

https://home.hiroshima-u.ac.jp/akira-kubo/lecture/20tsuron1ex.html

(No. 4)✓ ✏
A C , .

1 2, 6, 7 A 0, 3, 9 B 1, 4, 5, 8 C

2020 5 14 8:45
✒ ✑

4-A. f : R → R f(x) :=

{

2x− 1 (x > 0 )

3x (x ≤ 0 )
.

(1) f 1 .

(2) f 0 .

4-B. f : R → R f(x) :=

{

3x (x > 0 )

−x+ 1 (x ≤ 0 )
.

(1) f 1 .

(2) f 0 .

4-C. f : R → R f(x) :=

{

−x+ 1 (x > 0 )

2x− 1 (x ≤ 0 )
.

(1) f 1 .

(2) f 0 .

. a ∈ R
n .

• f : Rn → R
m a .

• f : Rn → R
m .

. f : R → R f(x) := x2 . . (

“ ” , “ ”

.)

• A := (−1, 2) f f(A) .

• B := (−1, 4) f f−1(B) .



, f : Rn → R
m

A ∀a ∈ R
n, ∀ε > 0, ∃δ > 0 s.t. f(U(a; δ)) ⊂ U(f(a); ε) ( 5.3)

B ∀U ⊂ R
m : , f−1(U) ⊂ R

n : ( 5.5)

( ).

18. f : R → R

f(x) :=

{

0 (x 6= 0 )

1 (x = 0 )

.

(1) f A .

(2) f B .

19. .

(1) f : Rn → R
n : x 7→ x. ( .)

(2) a ∈ R
m , f : Rn → R

m : x 7→ a. ( .)

(3) i ∈ {1, . . . n} , f : Rn → R : (x1, . . . , xn) 7→ xi. (

.)

(4) f : Rn → R : x 7→ ‖x‖.

20. f : Rn → R
m, g : Rm → R

l , h := g ◦ f : Rn → R
l .

(1) h A .

(2) h B .

21. f : Rn → R
m , i ∈ {1, . . .m} , fi : R

n → R

f(x) = (f1(x), f2(x), . . . , fm(x)) (x ∈ R
n)

.

(1) f , fi .

(2) , fi , f .

22. A m× n , f : Rn → R
m f(x) := Ax . , Rn,

R
m n , m , Ax .

, f .
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5-A. A := (0, 2) ⊂ R . .

(1) n ∈ N , Un := (0, 2− 1

n
) ⊂ R . , {Un}n∈N A

. , R .

(2) A . , (1)

.

5-B. B := [1,∞) ⊂ R . .

(1) r > 0 , Ur := (0, r) ⊂ R . , {Ur}r>0 B

. , R .

(2) B . , (1)

.

5-C. C := (−2, 1] ⊂ R . .

(1) λ ∈ (0, 2) , Uλ := (−λ, λ) ⊂ R . , {Uλ}λ∈(0,2) C

. , .

(2) C . , (1)

.

. A R
n , {Uλ}λ∈Λ R

n .

• {Uλ}λ∈Λ A .

• {Uλ}λ∈Λ A .

• A .

• A .



23. A := (0, 3) ⊂ R . {Uλ}λ∈Λ A .

, {Uλ} A .

(1) Uλ := U(1;λ) (λ ∈ {1, 2})

(3) Uλ := U(1;λ) (λ ∈ (1, 2))

(5) Uλ := (
1

λ
, 3) (λ ∈ N)

(2) Uλ := U(λ; 1) (λ ∈ {1, 2})

(4) Uλ := U(λ; 1) (λ ∈ (1, 2))

(6) Uλ := (0, 3 +
1

λ
) (λ ∈ N)

24. R A . ,

a < b .

(1) A = R

(3) A = (a, b]

(2) A = (a, b)

(4) A = { 1
n
∈ R | n ∈ N}

25. R
2 A .

(1) A = R
2

(2) A = U((0, 0); 1)

(3) A = {(x1, x2) ∈ R
2 | x2

1 + x2
2 = 1, x2 > 0}

(4) A = U((0, 0); 1) ∪ {(x1, x2) ∈ R
2 | x2

1 + x2
2 = 1, x2 > 0}

26. A,B ⊂ R .

(1) A ∪B .

(2) A ∩B .

(3) A× B := {(a, b) ∈ R
2 | a ∈ A, b ∈ B} .

27. A ⊂ R
n . , 2 .

(i) A .

(ii) ∀a ∈ A, ∃R > 0 s.t. A ⊂ U(a;R).

28. A,B R
n .

(1) A ∪B, A ∩ B .

(2) A◦, A .
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6-A. R2 {xk} xk := (k2,
1

k3
) (k = 1, 2, . . . ) .

(1) {xk} .

(2) {xk} Cauchy .

6-B. R2 {xk} xk := (2k,
1

3k
) (k = 1, 2, . . . ) .

(1) {xk} .

(2) {xk} Cauchy .

6-C. R2 {xk} xk := (
√
k,

1
3
√
k
) (k = 1, 2, . . . ) .

(1) {xk} .

(2) {xk} Cauchy .

. {xk} R
n .

• {xk} a ∈ R
n .

• {xk} .

• {xk} Cauchy .

• R
n .



29. {xk} R
n , a, b ∈ R

n .

(1) lim
k→∞

xk = a, lim
k→∞

xk = b , a = b .

(2) lim
k→∞

xk = a , lim
k→∞

‖xk‖ = ‖a‖ .

(3) 2 .

(i) lim
k→∞

xk = a.

(ii) ∀U ⊂ R
n : a , ∃N ∈ N s.t. k ≥ N ⇒ xk ∈ U .

30. {xk}, {yk} R
n , a, b ∈ R

n, λ ∈ R . lim
k→∞

xk = a, lim
k→∞

yk = b

, .

(1) lim
k→∞

(xk + yk) = a+ b. (2) lim
k→∞

(λxk) = λa.

31. (0, 1) ⊂ R , 7.3 .

32. A R
n ( ) . a ∈ R

n , 2

.

(i) a A .

(ii) a A {xk} .

33. {xk} R
n , f : Rn → R

m . , {xk}
{f(xk)} .

34. {xk} R
n , i ∈ {1, . . . , n} , R {x(k)

i }

xk = (x
(k)
1 , x

(k)
2 , . . . x(k)

n ) (k = 1, 2, . . . )

.

(1) {xk} , {x(k)
i } .

(2) , {x(k)
i } , {xk} .

35. {xk} R
n . , {xk} {xk} Cauchy

.

, {xk} , Rn {xk ∈ R
n | k ∈ N}

.

36. {xk} R
n . .

(1) {xk} {xk} .

(2) {xk} Cauchy {xk} .
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7-A. A := {(x1, x2) ∈ R
2 | |x1|+|x2| ≤ 1} , Heine–Borel

.

7-B. B := {(x1, x2) ∈ R
2 | x2

1 + x2
2 ≤ 1} , Heine–Borel

.

7-C. C := {(x1, x2) ∈ R
2 | 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1}) ,

Heine–Borel .

. Heine–Borel ( , Euclid

) .

37. Rn {xk} a ∈ R
n , 2 .

(i) {xn} , a .

(ii) ∀ε > 0, {k ∈ N | xk ∈ U(a; ε)} .

, a ∈ R
n {xk} ( ) .

38. A ⊂ R
n , 2 .

(i) A .

(ii) A A .

(ii) , A ⊂ R
n .
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8-A. d1, d2 R
2 , . , di

(i = 1, 2) ε- Ui(x; ε) . .

(1) ∀x ∈ R
2, ∀ε > 0, ∃δ > 0 s.t. U2(x; δ) ⊂ U1(x; ε) .

(2) U ⊂ R
2 (R2, d1) (R2, d2) .

8-B. d2, d3 R
2 , Chebyshev . , di

(i = 2, 3) ε- Ui(x; ε) . .

(1) ∀x ∈ R
2, ∀ε > 0, ∃δ > 0 s.t. U3(x; δ) ⊂ U2(x; ε) .

(2) U ⊂ R
2 (R2, d2) (R2, d3) .

8-C. d3, d1 R
2 Chebyshev , . , di (i = 3, 1)

ε- Ui(x; ε) . .

(1) ∀x ∈ R
2, ∀ε > 0, ∃δ > 0 s.t. U1(x; δ) ⊂ U3(x; ε) .

(2) U ⊂ R
2 (R2, d3) (R2, d1) .

. X , d : X ×X → R . , (X, d)

, , d X ( ) .

. (X, d) , x ∈ X, A ⊂ X .

• x ∈ X ε- U(x; ε) .

• x ∈ X A .

• A A◦ .

• A .

• x ∈ X A .

• A A .

• A .



39. d4 : R
n × R

n → R :

d4(x, y) :=

{

‖x− y‖ (∃t ∈ R s.t. x = ty)

‖x‖+ ‖y‖ ( )
.

, d4 R
n . ( SNCF )

40. X , d : X ×X → R :

d4(x, y) :=

{

0 (x = y )

1 (x 6= y )
.

, d X . ( .)

41. I := [0, 1] , B(I) := {f : I → R | f } . . (

, “( ) ” R .)

(1) f, g ∈ B(I) , {|f(x)− g(x)| | x ∈ I} ( )

.

(2) (1) , d : B(I)× B(I) → R

d(f, g) := sup{|f(x)− g(x)| | x ∈ I} (f, g ∈ B([0, 1]))

. , d B(I) .

42. (X, d) .

(1) d1 : X ×X → R

d1(x, y) :=
d(x, y)

1 + d(x, y)
(x, y ∈ X)

, d1 X .

(2) d2 : X ×X → R

d2(x, y) := min{1, d(x, y)} (x, y ∈ X)

, d2 X .

43. A := [0, 3] . .

(1) d A . , (A, d) ε- U(1;
1

2
),

U(1; 1), U(1;
3

2
) , .

(2) dR R , (A, d) (R, dR) . ,

(A, d) ε- U(1; 1), U(1; 2), U(1; 3) , .



44. d4 R
2 SNCF . , (R2, d4) ε-

U(0; 2), U(1; 2), U(2; 2) , .

45. A := (−1, 2] . dR R , (A, d) (R, dR)

. , (A, d) ,

.

(1) (−1, 0] (2) (0, 1] (3) (1, 2] (4) {2}

46. (X, d) , A,B ⊂ X . .

(1) A◦ ⊂ A.

(4) A ⊂ A.

(2) (A◦)◦ = A◦.

(5) (A) = A.

(3) (A ∩ B)◦ = A◦ ∩B◦.

(6) A ∪ B = A ∪ B.

47. (X, d) . .

(1) U1, U2 , U1 ∩ U2 .

(2) Uλ (λ ∈ Λ) ,
⋃

λ∈Λ

Uλ .

48. (X, dX) . A ⊂ X , (A, dA) (X, dX)

. , U ⊂ A , 2 .

(i) U (A, dA) .

(ii) ∃O : (X, dX) s.t. U = O ∩ A.

49. (X, d) . .

(1) ∀x, y ∈ X (x 6= y), ∃ε > 0 s.t. U(x; ε) ∩ U(y; ε) = ∅.

(2) {x} (x ∈ X) .

50. X , d1, d2 X . (X, di) (i = 1, 2)

ε- Ui(x; ε) . 3

(i) ∃c > 0 s.t. ∀x, y ∈ X, d1(x, y) ≤ cd2(x, y)

(ii) ∀x ∈ X, ∀ε > 0, ∃δ > 0 s.t. U2(x; δ) ⊂ U1(x; ε)

(iii) ∀U ⊂ X, (U : (X, d1) ⇒ U : (X, d2) )

, .

(1) (i) ⇒ (ii) .

(2) (ii) ⇒ (iii) .

(3) (iii) ⇒ (i) .
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9-A. f : R → R f(x) :=

{

2x− 1 (x > 0 )

3x (x ≤ 0 )
.

(1) f : (R, d1) → (R, d1) ,

. , d1 R .

(2) f : (R, d) → (R, d1) ,

. , d R .

9-B. f : R → R f(x) :=

{

3x (x > 0 )

−x+ 1 (x ≤ 0 )
.

(1) f : (R, d1) → (R, d1) ,

. , d1 R .

(2) f : (R, d) → (R, d1) ,

. , d R .

9-C. f : R → R f(x) :=

{

−x+ 1 (x > 0 )

2x− 1 (x ≤ 0 )
.

(1) f : (R, d1) → (R, d1) ,

. , d1 R .

(2) f : (R, d) → (R, d1) ,

. , d R .

. (X, dX), (Y, dY ) .

• f : X → Y a ∈ X .

• f : X → Y .

• f : X → Y .



, (X, dX), (Y, dY ) . R
n (Rn, d1) (d1

) .

51. A ⊂ X, B ⊂ Y , (A, dA), (B, dB) .

f : X → Y f(A) ⊂ B . , g : A → B g(x) := f(x)

(x ∈ A) , g .

52. X , d1, d2 X . 2 .

(iii) ∀U ⊂ X, (U : (X, d1) ⇒ U : (X, d2) )

(iv) idX : (X, d2) → (X, d1) .

53. f : X → R, g : X → R , c ∈ R . :

(1) f + g, cf .

(2) fg .

54. :

(1) a ∈ X . , f : X → R f(x) := d(x, a) (x ∈ R) , f

.

(2) A X . , g : X → R

g(x) := inf{d(x, a) | a ∈ A} (x ∈ R)

, g .

55. f : X → Y , :

(1) f ⇔ ∀A ⊂ X, f(A) ⊂ f(A).

(2) f ⇔ ∀B ⊂ Y , f−1(B◦) ⊂ f−1(B)◦.

56. f : X → Y , g : X → Y , y ∈ Y .

.

(1) {x ∈ X | f(x) = y} X .

(2) {x ∈ X | f(x) = g(x)} X .

57. f : X → Y : ∀x1, x2 ∈ X, dY (f(x1), f(x2)) =

dX(x1, x2). :

(1) .

(2) f : R → R , a ∈ {±1} b ∈ R , f(x) = ax + b

(x ∈ R) .
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(No. 10)✓ ✏
A C , .

1 2, 5, 9 A 0, 3, 4, 7 B 1, 6, 8 C

2020 6 4 8:45
✒ ✑

10-A. d1, d2 R
2 , . A := {x ∈

R
2 | d1(x, (0, 0)) < 1} . .

(1) A d2 , .

(2) A (R2, d2) , . (1)

.

10-B. d2, d3 R
2 , Chebyshev . B := {x ∈

R
2 | d2(x, (0, 0)) < 1} . .

(1) B d3 , .

(2) B (R2, d3) , . (1)

.

10-C. d3, d1 R
2 Chebyshev , . C := {x ∈

R
2 | d3(x, (0, 0)) < 1} . .

(1) C d1 , .

(2) C (R2, d1) , . (1)

.

. (X, d) , A ⊂ X .

• X {Uλ}λ∈Λ A .

• A .

• A .

58. (X, dX), (Y, dY ) , f : X → Y .

.

(1) A ⊂ X , A ⊂ X .



(2) A ⊂ X , A ⊂ X .

(3) A ⊂ X , f(A) ⊂ Y .

(4) B ⊂ Y , f−1(B) ⊂ X .

(5) (X, dX) (Y, dY ) , (X, dX) , (Y, dY )

.

(6) A,B ⊂ X , A ∪B ⊂ X .

(7) A,B ⊂ X , A ∩B ⊂ X .

59. (X, dX) . , A ⊂ X , (A, dA) .

, A (X, dX) (A, dA)

.

60. (X, d) .

(1) X , (X, d) .

(2) d . (X, d) , X .

61. (X, dX), (Y, dY ) , f : X → Y , g : X → Y .

(X, dX) , .

(1) f , f .

(2) ∀ε > 0, δ > 0 s.t. ∀x ∈ X, f(U(x; δ)) ⊂ U(f(x); ε), , f .

(3) A := {x ∈ X | f(x) = g(x)} .

62. (X, d) , A,B ⊂ X .

.

(1) A ∪B, A ∩ B .

(2) A◦, A .

63. (X, d) . x ∈ X A,B ⊂ X ( A,B 6= ∅) ,

d(x,A) := inf{d(x, a) | a ∈ A}
d(A,B) := inf{d(a, b) | a ∈ A, b ∈ B}

. A, B (X, d) , .

(1) ∃a ∈ A s.t. d(x,A) = d(x, a).

(2) ∃a ∈ A, b ∈ A s.t. d(A,B) = d(a, b).
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(No. 11)✓ ✏
A, B , .

1 1, 3, 5, 7, 9 A 0, 2, 4, 6, 8 B

2020 6 6 14:35
✒ ✑

11-A. A := (0, 3] , (A, dA) Euclid (R, d) .

(1) (1, 3] (A, dA) , .

(2) {2
k
| k ∈ N} (A, dA) Cauchy .

11-B. A := (0, 3] , (A, dA) Euclid (R, d) .

(1) (0, 2] (A, dA) , .

(2) {2
k
| k ∈ N} (A, dA) .

. (X, d) .

• X {xk} a ∈ X .

• X {xk} .

• X {xk} Cauchy .

• (X, d) .

64. (X, d) , {xk} X , a, b ∈ X .

(1) lim
k→∞

xk = a, lim
k→∞

xk = b , a = b .

(2) 2 .

(i) lim
k→∞

xk = a.

(ii) ∀U ⊂ X : a , ∃N ∈ N s.t. k ≥ N ⇒ xk ∈ U .

(3) {xk} {xk} Cauchy .

65. (X, dX), (Y, dY ) , {xk} X , f : X → Y .

(1) {xk} {f(xk)} .



(2) {xk} Cauchy {f(xk)} Cauchy .

66. (X, d) , {xk} Cauchy . .

(1) {xk} .

(2) {xk} , {xk} .

67. (X, d) . , A ⊂ X , 2

.

(i) A (X, d) .

(ii) A {xk} a ∈ X , lim
k→∞

xk = a ⇒ a ∈ A.

68. X , d1, d2 X . 2 .

(iii) ∀U ⊂ X, (U : (X, d1) ⇒ U : (X, d2) )

(v) a ∈ X X {xk} , {xk} d2 a

, {xk} d1 a .

69. .

(1) (R, d) . , {1
k
| k ∈ N} Cauchy

.

(2) (X, d) . , (X, d) .

70. I := [0, 1] , C(I) := {f : I → R | f : } .

(1) f, g ∈ C(I) , f − g ∈ C(I) .

(2) d : C(I)× C(I) → R

d(f, g) := max
x∈I

|f(x)− g(x)| (f, g ∈ C(I))

. , d C(I) .

(3) fk, f ∈ C(I) (k ∈ N)

fk(x) :=
x

k
, f(x) := 0 (x ∈ I)

. , (2) d lim
k→∞

fk = f .

(4) C(I) d2

d2(f, g) :=

(
∫ 1

0

(f(x)− g(x))2 dx

)

1

2

(f, g ∈ C(I))

. , (C(I), d2) .
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