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) / Doy / k(= k(p) (2 — o)

goood
(1.5) kx f(z) ~a?l@)k(p) (& — o)

0000000000 k+fD000D00 (00000000000)00 (1.2) = (1.5)
000000 Abel 0000000 (15) + (Tauber 000 on f) = (1.2) 000000
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2 Ratio Mercerian theorem
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3 Application to Tauberian theorems
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OOsystem 0000000000000 O0O0O00OOOOO0OOO (OO0 Theorem 5.4)
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00 42 (0000000 Tauber 000 (0OO0OO), [BI6]). f : [2,00) — [0,00)
O0000¢e R, 000 #(z):=4(z)/logz 000000000 (45)0 (4.6)000000

(4.5) flx) ~l(z)  (x — 00);
(4.6) é > fp) €T;  with f-index 1.
n<z pln
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/°° ((t)eVIos?

(4.7) ;

dt<oco 00 logz =0 (x))
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5 Statements

In this section, we shall give the precise statements of 0 O 2.1, 3.1, 3.2, 4.1 etc. We
follow the notation of [BGT].

Theorem 5.1 ([BI5]). Let 0 € R, € > 0, and p € (0 —€,0 +¢€). Let k3. : (0,00) —
[0,00) (A € A) and k% : (0,00) — R (X € A) be measurable kernels such that the Mellin
transforms l%\ (1 =1,2, A € A) converge absolutely in the stripc —e <R <o +e. We
define kS (X € A) by (3.4). We assume (3.5), (3.6), and that |k’ (p)| + [k (p)| > 0
for some X € A. Let f be non-negative and locally bounded on [0,00), vanish in a
neighbourhood of zero, have upper order p, and f € BD U BI. Then (3.3) implies
Cy =k3(p)/ki(p) (XN € A) and Ey » f € R, with Fy(z) := I(1 00y ()27 ~¢.

Note that Fy * f € R, implies f € R, under an adequate Tauberian condition on f.

Theorem 5.2 ([BI5]). Let £ € Ry, 0 € R, ¢ >0, and p € (0 —¢,0 +¢€)\ {o}. Let

kEx (A € A) be a system of non-negative measurable kerenels on (0,00) such that all

Ex(z) (A € A) converge absolutely in the strip o —e < Rz < o + €. We assume that

kx(z) (A € A) have no common zeros in o — e < Rz < o + € and that
(5.1) YA €A, exp <—¥) log |kx (o +it)| — 0 (t — +o00).
€

Let f be non-negative, measurable and locally bounded on [0, 00), and vanish in a neigh-
bourhood of zero. Then (1.2) implies

(5.2) VA €A, ky x f(x) ~ zPl(x)kx(p) (z — 00).



Conversely, (5.2) implies (1.2) if [ satisfies one of the following:

(5.3) f is eventually positive and log f is slowly decreasing

(5.4) f(x)/{zrl(x)} is slowly decreasing

(55)  limliminf inf YW =T f(@)

t]l z—oo yeElz,tz] xP~7l(x)

>0 (hence = 0) for some 7 € R,

Theorem 5.3 ([BI5]). Let c € R\ {0}. Let { € Ry, 0 €R, e >0, and p € (0 —€,0 +
)\ {o}. Let k : (0,00) — R be a measurable kerenel such that the Mellin transform k(z)
converges absolutely in the strip p < Rz < o 4+ €. We assume the following:

(5:6) there exist A1, A2 € (0,00) \ {1} such that log A2/ log A; is irrational
. and that (A\jz) Pk(\jz) — 2 Pk(z) > 0 for 0 < z < oo and j =1, 2;
(5.7) {the analytic continuation of l%(z) is holomorphicin c —e <Rz <o +¢

except for a simple pole, with residue ¢, at z = p;

(5.8) exp <—¥) log |k(o +it)] — 0 (t — +o0);

€

(5.9) k(z) hasnozerosinoc —e <Rz <o +e.

Let | be non-negative, measurable and locally bounded on [0, 00), and vanish in a neigh-
bourhood of zero. We also assume that f satisfies either (5.3) or (5.4) or (5.5). Then

(4.4) implies (4.3).
Theorem 5.4 ([BI6]). Let c € R\ {0} and £ € Ry. Let —0o < 01 < p < 03 < 00. Let

k: (0,00) — R be a measurable kerenel such that the Mellin transform k(z) converges

absolutely in the strip p < Rz < 0o. We assume (5.6) and the following:

(5.10) the analytic continuation of l%(z) is holomorphic in o1 < Rz < 09
. except for a simple pole, with residue ¢, at z = p;
(5.11) k(z) has no zeros on Rz = p.

Let f be non-negative, measurable and locally bounded on [0,00), and vanish in a neigh-

bourhood of zero. We also assume

e
(5.12) fimliminf inf Y dW) =7 f(@)
tll x—o0 ye(z,tx] e(m)

Then (4.4) implies (4.3).

>0 (hence =0).
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