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1 Conditional expectation

Let (Q, F, P) be a complete probability space. We write R := R U {—o00, +00}.

In this note a random variable is an F-measurable function X : Q — R such
that P(X = —o0) = 0. Given two random variables X and Y we write

X(w)+Y(w) X(w)>—-00,Y(w)>—0c0

—00 otherwise

(X+Y)(w) = {

Note that X + Y remains to be a random variable.

1.1 Definition. An F-measurable function X :  — R is said to be lower semi-integrable
if Elmax{—X,0}] < 4o0. (If so then P(X = —o0) =0.)

1.2 Remark. If X and Y are lower semi-integrable random variables then so is X + Y.

1.3 Lemma. Suppose that G is a sub o-field of F, Y and Z are G-measurable and lower
semi-integrable random variables. If E[Y ; A] < E[Z; A| for all A€ G thenY < Z a.s.

Proof. We exploit the relation {Z < Y} = . {Z < n,Z+1/n <Y}. Let n € N
and set A :={Z < n,Z+1/n < Y}. Then we have that A € G, E|[|Z]; A] < +o0 and
E|Z +1/n;A] < E[Y ; A]. It therefore follows that

E[Z;Al+ P(A)/n < E]Y ; Al < E[Z; A].
This implies that P(A) = 0. Thus we get the claim. O
1.4 Definition. Given a lower semi-integrable random variable X and a sub o-field G of F,

E-[X|G] :={Y : G-measurable, lower semi-integrable, F[Y ; A] < E[X ; A]VA € G},
E[X|G] := {Y : G-measurable, lower semi-integrable, E[Y ; A] = F[X ; A]VA € G}

We write F>[X|G] := —FE<[—X]|G] provided X is upper semi-integrable.

Suppose ¢ is a signed measure on a measurable space (5, B) and p is a measure on (S, ).
The Radon Nikodym theorem asserts that

If p is o-finite and £ is p-absolutely continuous then D(&/u) # () where

D(&/u) == {f : B-measurable, /Smax{—f, 0} p < +o0, /Afu =¢(A)VA € B}.

A lower semi-integrable random variable X defines a signed measure F — R, A — E[X ; A],
which we denote by X P. Let G be a sub o-field of 7. Then

E[X|9] = D((XP)/P|G)

where we write D(¢/pu|C) := D(&|c/ulc) for a sub o-field C of B.



’ In the rest of this section G is a sub o-field of F. ‘

1.5 Theorem. Suppose X is a lower semi-integrable random variable. Then E[X |G| # 0 and
E<[X|G] = {Y : G-measurable, lower semi-integrable and Y < Z a.s.} for all Z € E[X|G].

1.6 Lemma. Suppose that X is an integrable random variable. Then E[—X|G] = —E[X|G],
allY € E<[X|G] are integrable, and E[X|G] ={Y € E<[X|G]: E]Y]| = E[X]}.

1.7 Lemma. Let X, and Xy be lower semi-integrable random variables.

(i) If a € Rsq then aFE[X1|G] = E[aX;|G] and aE<[X;|G] = E<[aX;]|G].

(i) E[X1]G] + E[Xs|G] C E[X) + X5|G] and E<[X4|G] + E<[X2|G] C E<[X: + X5|G]. If
either Xy or Xs is integrable then both of the inclusions C are replaced by the equality.

Proof. (ii) Let Y € E[X1|G], Y2 € E[X1|G], Z, € E[X,1|G] and Zy € E[X3|G]. We have that
Y1+ Y; € E[X; + X5|G]. Indeed Y; + Y5 is lower semi-integrable and G-measurable, and

The second equality changes to < when Y; are replaced by Z;. Suppose that X, is integrable
and Z € E<[X; 4+ X5|G]. Then, since Y3 is integrable and Z <Y) + Y5 a.s., it follows that
Z —Ys, is lower semi-integrable and Z —Y; < Y] a.s. This implies that Z—Y; € E<[X3|G]. O

1.8 Lemma. Suppose X1, X5 are lower semi-integrable random variables and X; < X5 a.s.
Then E<[X1|G] C E<[X5|G]. If Y1 € E<[X1|G] and Ys € E[X,|G] then Y1 <Y, a.s.

Proof. We have that E[Y;;A] < E[X;;A] < E[Xy; Al = E[Y;; Al forall A€ G. O
1.9 Corollary. If X >0 a.s. thenY >0 a.s. for allY € E[X|G].

1.10 Theorem. Suppose that X is lower semi-integrable and X,, < X,, 11 a.s. for alln € N.
(i) If Y, € E[X,|G] for alln € N then sup,cy Yn € E[sup, ey Xn|G].
(i) If Z, € E<[X,|G] for alln € N then sup,,cy Z, € E<[sup,cny Xn|G].

Proof. Observe that sup,,cy Y, is G-measurable. According to Lemma 1.8 X, < X, 1; a.s.

implies that ¥,, <Y1, a.s. On the other hand sup, .y Z, < sup,,cy Yn a.s. because Z,, <Y,

a.s. Since E[X;] = E[Y1] > —o0, invoking the monotone convergence theorem, we infer that
Elsup Z,; Al < E[sup Y, ; Al =sup E[Y,,; A] =sup E[X,,; A] = E[sup X,,; A] VA € G.

neN neN neN neN neN
Consequently sup,,cy Yy € E[sup,,ey X»|G] and sup,cy Zn € E<[sup,en Xn|G]. 0

1.11 Corollary. Suppose inf,cn X, is lower semi-integrable and Y, € E[X,|G] for n € N.
(i) Z <liminf, . Y, a.s. for all Z € E[liminf,_ . X,|G].

(i) If iminf, . E[X,] < +oo then liminf, ., X,, is integrable, liminf, ... Y, is integrable
and liminf, . Y, € Es[liminf, . X,|d].

Proof. (i) Let Z,, € Elinfy>, Xi|G]. Then we have that sup,cy Z, € E[liminf, .. X,|G] by
Theorem 1.10(i). On the other hand, since E<[inf>, X;|G] C E<[X\|G] for all £ > n by
Lemma 1.8, Z,, <Y} a.s. for all £ > n. This implies that sup,,cy Z, < liminf, ., Y, a.s.
(ii)) We see that liminf, .., X, is integrable since E[liminf, .., X,] < liminf, . F[X,]
by Fatou’s lemma. It then follows that inf, cy X, is integrable and so is Z;. We have that
Z1 <Yy as. forall £ > 1. We get Elliminf, . Y,] <liminf, .., E[Y,] by invoking Fatou’s
lemma. The right hand side equals lim inf, ., F[X,] < 4o0. O
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1.12 Lemma. (i) Suppose that f : R — RU{+o0} is conver. Then f(x) = sup(, yyer(az+0b)
for all z € R where F is a countable dense subset of {(a,b) € R? : ax + b < f(x)Vz € R}.

(ii) If f : RU{+oo} — RU{+00} is non-decreasing and convez then f(x) = sup, yep(azr+b)
for allx € R where F is a countable dense subset of {(a,b) € R5gxR : azx+b < f(z) Ve € R}.

1.13 Theorem. (i) Suppose X is integrable and f : R — R U {+o0} is a convex function.
Then f(X) is lower semi-integrable and f(Y') € E<[f(X)|G] for allY € E[X|G].

(i) Suppose X is lower semi-integrable and f : RU{+o00} — RU{+0o0} is non-decreasing and
convez. Then f(X) is lower semi-integrable and f(Y) € E<[f(X)|G] for all Y € E[X]G].

Proof. We choose a countable dense subset F' of {(a,b) € R? : ax + b < f(r)Vxr € R}.
Let (a,b) € F. Then, since aX +b < f(X), it follows that E<[aX + b|G] C E<[f(X)|F]
by Lemma 1.8. On the other hand aY + b € E[aX + b|G] by Lemma 1.7 and Lemma 1.6.
Consequently aY + b € E<[f(X)|G] for all (a,b) € F. The set F' being countable, we infer
that sup(, pep(aY +b) € E<[f(X)|G] by Theorem 1.10(ii). Thus Lemma 1.12 claims that
F(Y) € E<[f(X)[g]. .

1.14 Lemma. Suppose that j is a measure on (2, F) which is P-absolutely continuous on
G and p € D(u/P|G). Let A€ G and f:Q — R be a G-measurable function.

(i) u(A) =0 if and only if P(AN{p > 0}) =0.

(ii) f >0 p-a.e. if and only if fp >0 P-a.s. If so then [, fu= E[fp;A].

(iil) f is p-integrable if and only if fp is P-integrable. If so then [, f = E[fp;A].

1.15 Theorem. (i) Suppose that X > 0 a.s. and E[X ;Z < 0] =0. Then XZ > 0 P-a.s.
IfY € E[X|G] and Z is G-measurable then YZ >0 P-a.s. and Y Z € E[X Z|G].

(i) Suppose that X is integrable and X Z is integrable. IfY € E[X|G] and Z is G-measurable
then Y Z is integrable and Y Z € E[X Z|G].

1.16 Lemma. Let X be a lower semi-integrable random variable and N := Null(P). Then
E[X|G] = E[X|G VNN {G-measurable} and E<[X|G] = E<[X|G V N|N {G-measurable}.

1.17 Theorem. Suppose that X is lower semi-integrable and H is a sub o-field of G.
(i) If Y € E<[X|G] and Z € E<[Y|H] then Z € E<[X|H].
(i) If Y € E[X|G] and Z € E[Y|H] then Z € E[X|H].

Proof. Let A € H. Then, since A € G as well, we have that E[X ; A] > E[Y ; A] > E[Z; A].
This means Z € E<[X|H| because Z is H-measurable. O

1.18 Lemma. Suppose that X is a non-negative random variable, A € F and ¢ € Rs.
Then E[X ; Al < E[X; X > ]+ cP(A).

1.19 Corollary. (i) Let A be a family of random variables. Then the following holds:

inf sup E[|X|;|X| > ¢] =0 < sup E[|X|] < 400 and infsup sup  E[|X];A] =0.
>0 xepn XeA 0>0 XeA AeF:P(A)<s

(i) If X is integrable then infssoSup gc 7.p(ay<s E[|X]; A] = 0.



Proof. (i) = Lemma 1.18 shows that supyc, E[|X|] < supyep E[|X];|X]| > ¢] + ¢ and

infsup sup  E[|X]|;A] <sup E[|X];|X]| > ¢ for all ¢ > 0.
0>0 XeA AcF:P(A)<6 XeA

<« Since P(|X| > ¢) <supyey E[|X]]/c for X € A and ¢ > 0, it follows that

sup E[|X|;|X]| > ¢] < sup sup E[|X]|; A] for all ¢ € R+g
XeA X€EA AcF:P(A)<M]/c

where M := supy, F[|X]|] < +00. The infimum of the right hand side over ¢ > 0 is 0.
(ii) We see that E[|X|;|X]| > ¢| converges to E[|X|;|X| = +o0] = 0 as ¢ tends to +00
by the monotone convergence theorem. O]

1.20 Remark. Let P and () be mutually absolutely continuous probability measures on
(Q,F). We infer by Corollary 1.19(ii) that the convergence in probability with respect to P
and with respect to () are equivalent.

1.21 Definition. Let A be a family of random variables. It is said to be uniformly integrable
if inf.osupyep E[|X];|X| > ¢ =0.

1.22 Example. Let A be a family of random variables. If there exists an integrable dom-
inating random variable X, that is P(|Y| < |X]|) = 1 for all Y € A, then A is uniformly
integrable. Indeed E[|Y];|Y| > ¢] < E[|X]|;|X]| > ¢] for all Y € A.

1.23 Theorem. Let A be a uniformly integrable family of random variables and © be the
collection of all sub o-fields of F. Then the family Jxcp geo E[X|G] is uniformly integrable.

Proof. Let X € A, G € © and Y € E[X|G]. Since |Y| € E<[|X||G] by Theorem 1.13,
P(lY|>¢) < E[|Y]]/e < E[|X]|]/c and E[|Y|;|Y| > ¢] < E[|X]|;|Y]| > ] for all ¢ > 0.
Here we used that {|Y| > ¢} € G. Invoking Lemma 1.18, we see that
E[IX]; Y] > o < E[IX[;|X] > Ve + VeP([Y] > o).
The second term in the right hand side is dominated by E[|X|]/+/c. It therefore follows that
EIV] Y] > d < BIX]; Y] > d < B[IX[51X] > Ve + E[|X])/e
The infimum of the right hand side over ¢ € R is 0. [l

1.24 Lemma. Suppose that X is a random variable and A is a family of random variables
such that P(|Y]| = 00) =0 VY € A and infyep P(|X = Y| >¢€) =0 for alle € Roy. Then

E[|X|;|X]| > ¢] < liminf inf E|Y|:|Y]| > ¢ for all ¢ € Rxo.
510 YEAP(IX-Y|>8)<s =

Proof. Let ¢ € Rsg, 0 € Ryg, M € Ry and Y € A. It follows that

ENX[51X]> e+ 6,[X] < [Y]+6] < E[[Y]+ ;Y[ > ¢ < E[[Y[;[Y]> ]+



since {|X| > c+6,|X| < |Y|+0} C{|Y] > ¢, |X]| < |Y|+ 6} On the other hand we have
that {|X| > c+0,|X| > |Y|+} C {|X]| > |Y]|+} C {|X —Y]| > d}. Consequently

Emin{|X|,M};|X|>c+§ < E[|Y|;|Y]|>c+d+ MP(|X = Y] > ).
Observe that {Y € A: P(|JX = Y| > ) <8} # 0 for all 6 € Ry. We thus get

Emin{|X|, M};|X]| > c+ 4] < inf ENlY|;Y] > ¢+ (14 M)d.
YeAP(|X-Y|>5)<é

Tending 6 to 0 we see by the monotone convergence theorem that

Elmin{|X|, M};|X| > ¢| < liminf inf E|lY|;Y] > .
00 YeEA:P(|X-Y|>6)<d

The number M being arbitrary the monotone convergence theorem yields the claim. O]

1.25 Corollary. Suppose that A is a family of random variables. If there exists a uniformly
integrable family of random variables = such that infyc= P(|X — Y| >¢) =0 for all X € A
and € € Ry then A is uniformly integrable.

Proof. Lemma 1.24 shows E[|X|;|X| > ¢] <supyz E[|Y];|Y]| > ] for X € A, c € R5g. O

1.26 Lemma. Let Ay and Ay be families of random variables. If both Ay and Ay are uni-
formly integrable then so is {X +Y ;X € A1,Y € As}.

Proof. Let X € Ay and Y € Ay. Since | X + Y| < 2max{|X]|, |Y]|}, we have that
E[|IX +Y];|X +Y| > < E[2max{|X]|, |Y]|};2max{|X|, Y]} > ].

The right hand side reads E[2|X|;|X| > |Y],2|X| > |+ E[2|Y]; | X| < |Y[,2]Y| > ¢|, which
is dominated by 2supycp, E[|X]|;|X] > ¢/2] + 2supycp, E[|Y]; Y] > ¢/2]. O

1.27 Corollary. Suppose that X,, is a sequence of uniformly integrable random variables. If
X, converges to a random variable X in probability then E[| X, — X|] converges to 0.

Proof. Since E[|X|;|X| > ¢] < liminf, . E[|X,|;|X.| > ¢] for all ¢ € R5y by Lemma 1.24,
we see that the sequence X,, — X is also uniformly integrable by Lemma 1.26. Suppose that
c,e € Ryg and € < ¢. In general we have that

E|lY|| <eP([Y| < e)+cP(e < |Y| < )+ E[|Y|;[Y]| > ¢| < e+cP(|Y| > &)+ E[|Y]; Y] > d].
where Y is a random variable. It therefore follows that

E[|X, — X|] <e+cP(|X, — X| >¢) +sup B[| Xy — X|;| Xz — X| > (].
keN

Tending n to oo first and ¢ to 0 next we get

limsup E[| X, — X|] <sup E[| X — X|; | X — X]| > ¢].
keN

n—o0

The number ¢ being arbitrary, we get the claim due to the uniform integrability. O]



2 Optional sampling

Let (€2, F, P) be a complete probability space. In this section a stochastic process is simply a
family of random variables with index set Z>,. We shall discuss submartingales. To describe
this notion we need to introduce a filtration.

F. is a filtration of F with index set Z>, i.e., it is family of sub o-fields of F
with index set Zx( such that F,,, C F, for all m,n € Z>, with m < n.

2.1 Example. Let 7,0 be Z>¢U{+400}-valued random variables and X. a stochastic process.
We discuss the following random variable:

X, - {Xn on {T =n}

0 on{r=+oc}’

which coincides with Xo + ST~ (X1 — X,,) on A := {7 < 400,|X,| < +ooVn € Zso}.
Suppose that E[|X,|] < oo for all n € Zs and there exists T € Z>q such that 7 < T a.s.
Note that X is integrable. Suppose that o < 7 a.s. Then we see that

~
-

X’T‘ - XO‘ - Z (Xn—i-l - Xn)lA - (Xn-l—l - Xn)]-{agn}l{7'>n}]-A~

' n:o<n<t

Let A € F. If E[X,,|F,] C E<[X,11|F,] for all n € Zsg, {7 > n} € F, v Null(P) for all
n € Zsoand AN{o <n} e F,VNull(P) for all n € Z>q then E[X,; Al > F[X,;A]. O

i
=)

2.2 Definition. (i) A mapping o : 2 — Z>oU{+o00} such that {c = n} € F, for alln € Zs
(equivalently {o < n} € F, for all n € Z>() is called an F.-stopping time.
(ii) Given an F.-stopping time o, set

Fro={AcF: An{o=n} e F,Vn€Zsy} (={AcF:An{o <n} e F,Vn € Z>o}).

We see that F, is a sub o-field of F since (A°N{o <n})*=(AN{o <n})U{oc>n}.
As for a constant stopping time, say o, we have that F, = F,, where o(Q2) = {m}.

2.3 Definition. (i) A stochastic process X. such that X, is integrable for all n € Z~, and
X, € E<[Xp1|Fy] for all n € Zs is called an F.-submartingale.

(ii) A stochastic process X. such that —X is an F.-submartingale, i.e., X,, is integrable for
all n € Z>g and X, € E>[X,,1|F,] for all n € Zso, is called an F.-supermartingale.

(iii) A stochastic process X. such that X, is integrable for all n € Z>q and X,, € E[X,,1|F,]
for all n € Z> is called an F.-martingale.

2.4 Definition. A stochastic process X. is said to be F.-adapted if the random variable X,
is F,-measurable for each n € Z>.

2.5 Remark. All F.-submartingales are F.-adapted due to the condition X,, € E<[X,,1|F,].

2.6 Theorem. Suppose that X. is an F.-submartingale and o and T are F.VNull(P)-stopping
times such that o < 7 < T a.s. for some T € Ryy.

(i) Xy and X, are integrable and X, € E<[X;|(F. V Null(P)),].

(i) If o is an F.-stopping time then X, € E<[X,|F,].
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Proof. According to the discussion in Example 2.1, the random variables X, and X, are
integrable and E[X,; A] > E[X,; A] for all A € (F.vNull(P)),. F, C (F.VNull(P)),. The
F,-measurability of X, for F.-stopping times o shall be verified in Lemma 2.7. [

2.7 Lemma. Let X. be an F.-adapted stochastic process and o be an F.-stopping time. Then
X, is Fy-measurable. In particular o s F,-measurable.

Proof. Let a € R. Then {X, < a}n{oc =n} ={X,, <a}n{oc=n} e F,foralln € Zsy,. O
2.8 Lemma. If o and 7 are F.-stopping times then so are c AT, oV T and 0 + T.

Proof. {c N7 < n} ={o < n}U{r <n}, {ovrt <n} ={oc <n}n{r < n} and
{o+7=n}=U,_{o=k}n{r=n—k} O

2.9 Remark. Suppose that ¢ and 7 are F.-stopping times and ¢ < 7 a.s.

(i) the F.-stopping times o AT and o V 7 satisfy c AT = ¢ a.s. and 0 VT = T a.s. respectively.
(i) Suppose in addition that there exists T' € Zx( such that 7 < T a.s. Then the F.-stopping
times c ATAT and (o V1) AT satisfy c ATAT = o a.s. and (0 VT)AT = 7 a.s. respectively.

2.10 Lemma. Suppose that o and 7 are F.-stopping times.

(i) Forr = Fo NFr. If 0 < 7 then F, C F;.

(ii) {7 <o}, {o <7}, {T <o}, {oc <7} and {T = o} belong to Fyr-

(i) An{o <t} eF,and An{o <1} €F, forall A € Foyr. Four = Fo V F;.
(iv) An{o <7} € Forr and AN{o <1} € Forr forall A € F,.

Proof. Suppose B € F,x,. Then it follows that B € F.. Indeed
Bn{r<n}=(Bn{oAT<n})N{o>n}U{oc<n,7<n})eF, forallneZs.
Similarly we get B € F,. Conversely if B € F, N F, then B € F,, since
BNn{oAT<n}=(BnNn{o<n})U(Bn{r<n}) eF, forall n € Zs,.
Let A € F,y,. We infer that AN {o < 7} € F, by using
(An{o<thn{r=n}=(An{oVvt <n})Nn{r=n} e F, forall n € Zs,.

Since c = oV (cAT)and {0 <7} = {0 <o AT}, weget CN{oc <71} € Fyp for all
C € F,. Tt then follows that {o < 7} € Fyur and {0 < 7} = {7 < 0} € F,r,. We finally
get AN{o <7} =(AnNn{o <7})N{o <7} € F, because F,p, C F. O

2.11 Theorem. Suppose X. is an F.-submartingale and (1), 0(2) and 7 are F. V Null(P)-
stopping times such that o(1) < 0(2) a.s. and o(2) A7 < T a.s. for some T € Ryy.

(i) Xg(l)m- € ES[XO-(Q)/\T|(~F V NUH(P))U(D].

(ii) If o(1) and T are F.-stopping times then Xoa)ar € E<[Xo@)ar| Fo))-

Proof. We write F; := F; V Null(P). Let A € F,q). Then AN {o(1) < 7} € Foayar by
Lemma 2.10(iv). Therefore, invoking Theorem 2.6, we see that

EXomnr; AN{o(l) < 7} < E[Xo@)nr; AN {o(1) < 7.
Adding E[X,; An{T < o(1)}] we get
E[Xa(l)/\‘r ) A] < E[XO'(2)/\T ; A]

On the other hand .7:"0(1),\7 C ]:"0(1) according to Lemma 2.10(i). Therefore X,qa- is .7:"0(1)—
measurable by Lemma 2.7. Consequently we get Xo1)ar € E<[Xo@)ar|Fo))- O

9



2.12 Corollary. If X. is an F.-submartingale and 7 is an F.-stopping time then the stopped
process X.ar 15 an F.-submartingale.

2.13 Lemma. Let X. be an F.-submartingale with index set Z<o. If inf E[X.] > —oo then
X. is uniformly integrable.

Proof. Suppose that A € Ry, k,m € Z<y and k < m. We see that

Due to the submartingale property, the first term and the second term in the right hand side
are dominated by F[X,,; X, > Al and E[X,,; X} > —\] respectively. Therefore

B[ X4 |1Xk] > N < B[X0; Xi > N — E[X0: Xi < A + E[X,,] — E[X}]
< Bl| X[ Xe| 2 A + E[Xn] —inf E[X].

Since n — FE[X,] is non-decreasing, it follows that limsup,,_,_ . F[X,] = inf E[X] > —oc.
Given € > 0. There exists m € Z< such that

E[X,,] —inf E[X] < e.
By Corollary 1.19(i) we can choose § > 0 such that
if A€ F and P(A) <0 then E[|Xy|;A] < ¢ for all k € Zp, .
Using Theorem 1.13 we observe that
E[| X|] = 2E[max{ X}, 0}] — E[X)] < 2F[max{X,0}] — inf E[X ].
This implies that there exists A € R such that
P(|Xg| > A) <6 for all k € Z<.
It follows that
E[| Xk ;| Xe| > A] < e for all k € Zjy, o) and E[|Xp,| ;| Xi| > Al <€ for all k € Zep,.
Thus we get E[|Xy|; | Xk| > A] < 2¢ for all k € Z<. O

We call N an exceptional family if ) € A" and {A: A C B} C N for all Be N. An
exceptional family A is said to be o-consistent if | J, A(n) € N for all A € Seq(N).

Let AV be a o-consistent exceptional family of Sbset(£2). For example N/ = Null(P).

’ We denote the symmetric difference of two sets A and B by A x B. ‘

2.14 Lemma. If o is an F.-stopping time then (F.N N ), = F, VN.

Proof. Clearly we have that F, C (F. VN),. On the other hand Sbset(A) C N for A € NV,
which implies that N” C (F. VN),. Conversely suppose that A € (F. VN),. There exists a
sequence of sets B. such that B, € F,, and (AN {o =n}) x B, € N for all n € Z>o. We
see that B, N {o =n} € F,. It therefore follows that

B:=(ANn{oc=+oc0})U U(Bnﬁ{azn}) SV
n=0
Since Ax BC U2 ,((ANn{o=n}) x B,) e N, we get A€ F, VN. O
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2.15 Lemma. Suppose o and T are F.V N -stopping times.
() If{r <o} eN then (FVN), C(FVN),. If{t #0c} € N then (FVN), = (FVN),.
(ii) There exists an F.-stopping time & such that {c # o} € N.

Proof. (i) We see by Lemma 2.10 that AN{oc <7} € (FVN), forall A e (FVN),.
(ii) For each n € Zsq there exists A,, € F,, such that

{c=n} x A, eN.
We set N := {0 & Zso U {+o0}} U ({0 =n} x A,). Then we have that
A,C{o=n}UN,{c=n} C A, UN forall n € Z>g and N € N.

It follows that

A, (UPZ Ap) € N and (U2, A,)¢ {0 = 400} C N.
Define 7(w) := inf{n € Z>¢ : w € |J,_, Ax}. Then, since

d=mnon A, N (Up—y Ax)° and & = +oo on (U, 4,)°,
we see that {o =n} € F, for alln € Z>g and {7 #£ 0} € N as. O

2.16 Remark. Let o be as above. Suppose in addition that there exists T € Zx( such that
o < T a.s. Then the F.-stopping time o A T satisfies c AT = o a.s.

We slightly extend the class of submartingales.

2.17 Definition. A stochastic process X. such that X, is lower semi-integrable for all
n € Zso and X, € E<[X,,11|F,] for all n € Zs is called an F.-submartingale.

2.18 Lemma. Suppose that X. is an F.-submartingale and f : R U {+oo} — RU {400} is
a non-decreasing convex function. Then f(X.) is an F.-submartingale.

Proof. Let Y € E[X,11|F,]. Then it follows by Theorem 1.13 that f(X,41) is lower semi-
integrable and f(Y) € E<[f(X,u41)|Fn). Since X,, < Y a.s. and the function f is non-
decreasing, we have that f(X,) < f(Y) a.s. Thus f(X,) € E<[f(Xnt1)|Fnl- O

2.19 Remark. If X. is an F-martingale then f(X.) is an F.-submartingale without f being
non-decreasing.

2.20 Lemma. Let X. be an F.-submartingale. If o and T are bounded F.-stopping times such
that P({tr = o} U{r =0+ 1}) =1 then X, is lower semi-integrable and X, € E<[X,|F,].

Proof. There exists T € Z>( such that o V7 <T. Let A € F,. Then
E[X,;A] = Z::o E[X,;A 0 =n],

where AN {oc =n} € F, for each n. Observe that {c =n,7 #n} ={o=n,7=n-+1} up
to Null(P) and the left hand side belongs to F,,. It then follows that

EX.;Ajco=n,TmT#n]=FE[X,1;A,0=n,7#n]>FE[X,;A 0 =n,7#n|.

The right hand side reads E[X,;A,0 = n,7 # n|. We thus get E[X,;A] > E[X,;A] for
all A € F, by adding F[X,;A,0 = n,7 = n| = F[X,;A,0 = n,7 = n|. Since X, is
F,-measurable by Lemma 2.7, we reach the statement. O]
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2.21 Corollary. Let X. be an F.-submartingale. If o and 7 are bounded F.-stopping times
with o < 7 then X, is lower semi-integrable and X, € E<[X,|Fy].

Proof. By applying Lemma 2.20 to the pair of stopping times 7 A (¢ +n) and 7 A (0 +n+ 1)
we get Xon(oin) € E<[Xrn(otn+1)|Fraotn)) for all n € Zsq. There exists T' € Zx such that
7 <T. Since TANo =0 and 7 A (0 +T) = 7, we get the conclusion by Theorem 1.17. [

3 Optional sampling—continuous time

Let (92, F, P) be a complete probability space and F. be a filtration of sub o-fields. We
switch to discuss submartingales with continuous parameter. So the index set is R>.

3.1 Lemma. Given A € Sbset(E) define 7 : Map(Rso, ) — Rsq U {+00} as follows:
T(w) :=inf{s € Ryg : w(s) € A} the hitting time of path w to the set A. Let t € R.y.

(i) {w:T(w) <t} = Upeserlw 1 w(s) € A} = projo{(s,w) : 0 < s < t,w(s) € A}.

(ii) A open = {w € RC(Rxp, E) : 7(w) <t} = U,cquoesailw € RC(Rx, E) 1 w(s) € A}

3.2 Definition. A mapping o : Q@ — R>o U {+00} such that {c <t} € F; for all t € R is
called an F-optional time. Given an F.-optional time o, set

.7:0+::{Aef:Aﬂ{a<t}EftVtE]Rzo}.

3.3 Remark. If o is a constant optional time then F,, = (\{F;;t € R-s} where o(2) = {s}.
Thus we shall write Fsy := ({F:;t € Ros} where there is no fear of confusion. Note that
s — Fs4 is a right continuous filtration of sub o-fields with index space R>.

3.4 Example. Let X. be an F-adapted process and D be an open set. If every sample
path (almost every sample path) is right continuous then inf{s € Ryy : Xy € D} as well
as inf{s € Rso : X € D}, called the entry time of sample path ¢ — X; to the set D, are
F.-optional times (F. V Null(P)-optional times) by Lemma 3.1(ii).

3.5 Definition. A mapping o : Q@ — Rso U {+0o0} such that {o <t} € F; for all t € Ry is
called an F.-stopping time. Given an F.-stopping time o, set

Fo={AecF:An{o <t} € F,Vt € Ry}

3.6 Lemma. (i) Any F.-stopping time is an F.-optional time. Both F, and F,. are defined
for an F.-stopping time o and F, C Fyy.

(ii) o is an F.-optional time if and only if it is an F.,-stopping time. If the filtration F. is
right continuous then any F.-optional time o is an F.-stopping time and F, = F, holds.
(iii) The notions F.-optional time, F.,-stopping time and F.-optional time are equivalent.
Moreover Foy = (Fi)e = (Fi)os for an F.-optional time o.

We shall later show that the hitting time of a continuous process to a closed set is a
stopping time under some mild assumption on the state space, see Theorem 4.4.

3.7 Lemma. Let X,, be a uniformly integrable sequence of random variables.

(i) iminf, o | X,| is integrable. limsup,_, E[|X,|] < Ellimsup,,_, . |X,]].

(i) Ifliminf, .. X, = limsup,,_,. X, a.s then liminf, ., X, is integrable and X. converges
to liminf, .. X, in L'-sense.
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Proof. (i) Invoking Fatou’s lemma, we get E[liminf, . |X,|] < liminf, . E[|X,|]. There-
fore liminf, .. | X,| is integrable. On the other hand

E[| Xk|] < Emin{|Xk|, c}] + E[| Xk|; | Xk| > ¢] for all ¢ > 0.
Since lim sup,,_, ., min{| X/, ¢} = min{lim sup,_, . | X[, ¢}, we see by Fatou’s lemma that

limsup E[| Xy|] < E[min{limsup | X|, c}] + sup E[| X,|; | Xn| > ¢].
k—oo neN

k—oo

Tending ¢ — 400, we get (i).

(ii) It follows that |liminf, .., X,| = liminf, . |X,| a.s. Hence Y := liminf, ., X,, is
integrable by (i). Since —oo < Y < 400 a.s., we have that limsup,_ . |X, — Y| = 0 as.
The sequence X,, — Y is uniformly integrable by Lemma 1.26. Applying (i) we infer that
limsup,_,. E[|X,, — Y]] < E[limsup,,_,, | X, —Y|] =0. O

3.8 Lemma. (i) Suppose that X. is an F.-adapted process. If almost every sample path
(every sample path) is right continuous and o is an F. V Null(P)-optional time (F.-optional
time) then Xol{ocioo) @5 (F. V Null(P))o4-measurable (F,..-measurable).

(i) Suppose that X. is an F.-submartingale. If almost every sample path is right continuous
and o is a bounded F.V Null(P)-optional time then X, is integrable.

Proof. (i) To save the space we write the filtration F. V Null(P) by F.. Let n € Z<y. Denote
by F" the filtration g — F, with index set 2"Z=,. We set

o(n):=min{q € 2"Z> : ¢ > 0}.
Then o(n) is an F-stopping time since o(n) € 2"Z>o U {+0o0} and
{o(n)=q} ={o<q}n{o>q—2"} € F, for all ¢ € 2"Zs,.
Since o(n) | o as n tends to —oo and X. is right continuous a.s., it follows that
liminf, oo Xo(n) = X, and limsup,,_,_ . X,(m) = X, on {0 < 400}.

The random variable X(,)1{o(n)<+oc} 18 f:(n)—measurable by Lemma 2.7. We have that

(x) {o(n) St}:U{{U(n) <q};q €201 q <t} :U{{U<Q};q€2n2201QSt}-

for all ¢ € R>¢. This implies that o(n) is an F.-stopping time and Fy(,) = ]—‘(’;(n). In particular
Xom)lo(n)y<+oc} 18 Fo(n)-measurable. We show that

-;Co—&— = m -;Ca(n)
n€eZ:n<0
Indeed let A € F,.. The relation (%) implies that
An{o(n) <q}=An{o <q} € F, for q € 2"Z>,,
which means A € f;‘(n) = Fo(n)- Conversely, since 0 = inf,cz.n<0 0(n), it follows that
Anfo<tt= |J An{on)<t})eF forall Ac () Fopm andt e Ry,
ne€Z:n<0 neZ:n<0

On the other hand, taking o(n — 1) < o(n) into account, we see that
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Fon-1) C Fom for all n € Z<.
Consequently liminf,, o Xomn)l{o(n)<+oo} 18 Foy-measurable and so is X;1{s< o0} because
{o(n) < +o0} = {0 < +o0} for all n € Z<y and Null(P) C F, .
(ii) We shall discuss the uniform integrability of X,(.). Observe that ¢ — X, with index
set 2" 'Z~¢ is an F"!-submartingale. On the other hand o(n) is an F"~!-stopping time as
well because {o(n) = ¢} =0 if ¢ & 2"Z~¢. Moreover o(n) is bounded and

o(n—1)=o0o(n)oron—1)=oc(n)— 2"

Therefore we see by Theorem 2.6 that both X, (,) and X,(,—1) are integrable and

Xom-1) € BE<[Xow|Fr 1 1] and Xo € E<[Xom)|Fo ']

o(n—1)

The latter implies that E[X, ] > E[X,] > —oo for all n € Z<,. Thus we get an F,)-
submartingale X,(.) with index set Z<,. Since inf F[X,()] > —o0, it follows by Lemma 2.13
that X, is uniformly integrable. We infer by Lemma 3.7 that lim inf,,_,_., X;(,) is integrable
and X, () converges to liminf, .. X, in L'-sense. ]

3.9 Theorem. Suppose that X. is an F.-submartingale which is right continuous a.s. and o
and T are F. V Null(P)-optional times such that o <7 <T a.s. for some T € R.y.

(i) X, is F-measurable and integrable and X, € E<[X,|(F. V Null(P))y+].

(i) If every sample path is right continuous and o is an F.-optional time (respectively F.-
stopping time) then X,liocioo) € BE<[X;|Foi] (Xol{octooy € E<[X:|F5]).

Proof. To save the space we write the filtration F. V Null(P) by F.. Let n € Z<y. Denote
by F" the filtration ¢ — F, with index set 2"Z>,. We set

o(n):=min{q € 2"Z>¢: ¢ > o}, 7(n) ;== min{q € 2"Z>o : ¢ > 7}

As we have seen in the proof of Lemma 3.8 both o(n) and 7(n) are bounded F"-stopping
times. Since ¢ — X, with index set 2"Zs is an F"-submartingale and o(n) < 7(n) a.s., we
see by Theorem 2.6 that both X;(,) and X,(,) are integrable and

Xon) € E<[Xom)| Fom)-
We verified in the proof of Lemma 3.8 that F,, C Fom- 1t therefore follows that
EXom); Al < E[X;n); A for all A€ F,,.

We also verified in the proof of Lemma 3.8 that X, () converges to X, in L'-sense. The same
claim holds for the pair X ) and X;. Tending n to —oo, we obtain that

E[X,; Al < E[X,; A] for all A € F,,.

According to Lemma 3.8, X, is F,,-measurable. Thus we get (i). Finally Lemma 3.12 and
Lemma 3.13 show the parenthesis part of (ii). O

3.10 Remark. Suppose that ¢ and 7 are F.-stopping times and ¢ < 7. Given A € F,, the
function S such that S = o on A and S = 7 on A®is an F.-stopping time. Clearly S < 7. Let
X. be an F.-adapted process with a.s. right continuous sample path. Then E[Xgs] < E[X,]
implies E[X, ; A] < E[X,; A] provided the integrals make sense.
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In what follows we are concerned with optional stopping theorem.

3.11 Definition. A stochastic process X. with state space E is said to be F.-progressively
measurable if Ry g x Q — E, (s,w) — X (w) is Borel(Ry ) ® Fi-measurable for each ¢ > 0.

3.12 Lemma. Let X. be an F.-adapted process. If every sample path is right continuous
(every sample path is left continuous) then X. is F.-progressively measurable.

Proof. Suppose that f: I x 0 — R where [ is an interval of R, and G is a sub o-field of F.
If f(-,w) is right continuous for every w € Q (or left continuous for every w € Q) and f(t, )
is G-measurable for every ¢ € I then f is Borel(/) ® G-measurable. O

3.13 Lemma. Let X. be an F.-progressively measurable process and T an F.-optional time
(i) The stopped process X.n; is F.NF,-progressively measurable. If T is an F.-stopping time
then X ., 1s F. N F,-progressively measurable.

(ii) Lir<toot X+ 8 Fry-measurable while if T is an F.-stopping time then it is F.-measurable.
(iii) If o is an F.-stopping (optional) time then 1{ociocyXonr 8 Fo-(Fog-)measurable.

Proof. Let t € Ryg. Since {t AT < a} = {7 < a} for all a € Rygy), the random variable t A 7
is Fi-measurable. It is F,-measurable as well for {7 < a} N{r < s} reads {7 < s} if s <a
and {7 < a} if s > a. It follows that the mapping Ry X — Ry, (s,w) — min{s, tAT(w)}
is Borel(Ry4) ® (F; N Fr4)-measurable. Consequently the self mapping

R X Q= Ry x Q, (s,w) = (s A7(w),w)
is measurable with respect to Borel(Ryo ) ® (F; N Fr4). We thus infer that the mapping
R[O,t] x Q) — FE, (S,w) — Xsm_(w)<w)
is Borel(Rjp4) ® (F; N Fry)-measurable. In particular X, is (F; N Fr4)-measurable. [
3.14 Corollary. Suppose that X. is an F.-adapted process whose almost every sample path is

right continuous and 7 is an F.V Null(P)-optional time. If o is an F.V Null(P)-stopping (op-
tional) time then 1{y< o0} Xoar 15 (F.VNull(P)),-measurable ((F.VNull(P)),.-measurable).

Proof. There exists {2y € F such that P(£2) = 1 and X.(w) is right continuous for all w € .
Being F. V Null(P)-adapted and right continuous, the modification 1g,X. is F. V Null(P)-
progressively measurable. (Nevertheless X. itself may fail to be F. V Null(P)-progressively
measurable.) Since Null(P) C (F. vV Null(P)),, we get the claim by Lemma 3.13. O

3.15 Lemma. Suppose that o and T are F.-stopping times.

(i) o AT and o V T are F.-stopping times.

(i) Foprr = Fo NF,. If o <1 then F, C F;.

(iii) {7 <o}, {oc <7}, {Tr <o}, {o <7} and {T = o} belong to Fyr,

(iv) An{o<t}eF,and AN{o <1} e F, forall A€ Foyr. Four =Fo V F:.
(V) AN{o <71} € Forr, AN{0 <7} € Fopr forall A € F,.

Proof. The random variable 7 A ¢ is Fi-measurable for all ¢ € Ryo. It then follows that
An{o <7} e F, forall A€ F,,. Indeed

An{o<thn{r<t}=An{ovr <t})n{oc At <TAt} € F forall t € Rsy.

The rest of the discussion is the same as in the proof of Lemma 2.10. n
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3.16 Remark. (i) Suppose that ¢ and 7 are F-optional times, equivalently F.,-stopping
times. Recall that (F.), = F,+ etc. Thus Lemma 3.15 reads as follows: o A7 and o V 7
are F.-optional times. Fionr+ = For N Fry. If 0 < 7 then F, C F-1. And so on.

(ii) If o is an F.-optional time and 7 is an F.-stopping time then AN{o < 7} € F, VA € F,,.
Indeed (AN{o <7} N{r<t}=(An{o<th)n{r<t}n{oAnt<TAt} € F Vt>0.

3.17 Corollary. Suppose that X. is an F.-submartingale such that almost every sample path
(every sample path) is right continuous, and o(1), 0(2) and T are F.V Null(P)-optional times
(F.-optional times) such that o(1) < o(2) a.s. and 0(2) A7 < T a.s. for some T € Ry.

(i) XU(I)AT € B [XU(Q)/\T|(~F- v Nuﬂ(P>>0(1)+] (1{0(1)/\T<+00}X0(1)/\T € b< [X0(2)/\T|fa(l)+])'
(ii) The stopped process X ., is an F.V Null(P)-submartingale (F.-submartingale).

(iii) If every sample path is right continuous, o(1) is an F.-stopping time with o(1) < 400
a.s. and 7 is an F.-optional time then 1i,01)<too} Xo()ar € E<[Xo@)ar| Fo))-

Proof. (i) Invoking Corollary 3.14 and Lemma 3.15(ii), we see that 1{,1)ar<to0}X(o(1)Ar)A00
is (F.VNull(P))y(1)+-measurable. On the other hand AN{c(1) < 7} € (F.VNull(P))(o(1)am)+
for all A € (F. vV Null(P))s1)+ by Lemma 3.15(v). The rest of the discussion is the same as
in the proof of Corollary 2.11. (ii) X .», is F. V Null(P)-adapted by Corollary 3.14. O

3.18 Question. Suppose that X. is a measurable process and o is an 0{X.}<.-stopping time.
When X is o{ X }<.-progressively measurable? Is the relation c{X .\, } <t = 0{X }<tr, holds?

4 More on stopping times

Let (Q2,F,P) be a complete probability space and F. be a filtration of sub o-fields. We
discuss hitting times of continuous process to closed subsets. So the index space is R>g.

4.1 Lemma. Suppose that E is a topological space, D, is sequence of open subsets with

Dyy1 C Dy, for alln € N, F is a closed subset and (), Dn = F. Given w € C(Rxg — E)

define o, :=inf{s € R>¢ : w(s) € D,,}. Then sup, ey, = inf{s € Ry : w(s) € F}.

Proof. Since F' C D,,, we have that 0, < 7 :=inf{s € R5¢ : w(s) € F'}. In particular
SUP,en On < T

If sup,,cy 07, = +00 then it follows that 7 = +00. Thus we assume that sup,,cy 0, < +00 in
addition. Since w is right continuous,

w(0,) € Dy, C Dyyyy for all n € Zs,,.
(Note that o, is an optional time.) The (quasi-) left continuity implies that
W(Suppen 0n) € Dpmy1 C Dy, for all m € N and hence w(sup,,cy 0n) € F.

The latter means sup,,cy 0, > 7. Thus we get sup,,cyon = 7. O

4.2 Lemma. Suppose that E is a topological space, D is an open subset, F' is a closed subset
and F C D. Given w € C(R>g — E) define

S:=inf{s € Ryp:w(s) € D} and T :=inf{s € Rsy : w(s) € F}.
If S =400 then T = 4o0. If T =0 then S =0. If S < 400 and T >0 then S <T.
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Proof. Since F' C D, we have that S < T. Hence the first two statements are obvious.
Suppose that S < oo and T > 0. If T'= 400 or S = 0 then it follows that S < T. Thus
we assume that T < 400 and S > 0 in addition. We see that

w(T) € F and w(S) € D°.

The former is because w is right continuous and F' is closed while the latter is because w is
left continuous and D¢ is closed. On the other hand FND® = (). Therefore we get T # S. [

4.3 Lemma. Suppose that 0, € Map(2,R>o U {4+00}) for n € N. If 04, < sup,ey0on on
{or < 400,8up,cy0n > 0} for all k € N then {sup,cyon <t} = (,enion <t} fort € Ro.

4.4 Theorem. Suppose that E is metrizable, X. is an F.-adapted process and F is a closed
set. If every sample path is continuous then inf{s € Rs¢ : Xy € F'} is an F.-stopping time.

Proof. Example 3.4, Lemma 4.1, Lemma 4.2 and Lemma 4.3. O

Since inf{s € R>y/, : Xy € F} \,inf{s € Ry : X; € F} as n tends to oo, the hitting
time inf{s € Ry : X € F'} is an F.-optional time.

4.5 Lemma. Suppose that E is metrizable, p is a compatible metric on E, w: Rsy — E is
right continuous and admits left-hand limits everywhere, and F' is a closed set. Set T(n) :=
inf{t € Rs¢ : p(w(t), F) < 1/n} forn € N. Then 7(n) < 7(n+1) and

sup 7(n) = min{inf{t € Ry : w(t) € F},inf{t € Rog: w(t —0) € F}}.

neN
Proof. We may assume that F'is not void. We denote the right hand side by (. Let n € N.
Clearly 7(n) < 7(n+1). If t € Ry and w(t — 0) € F then p(w(t — 0),F) < 1/n and,
x — p(x, F) being continuous, there exists s € Ry such that p(w(s), F) < 1/n. This
implies 7(n) < ¢ for all n € N. Suppose that t € R, § € Ry and sup, ey 7(n) < t —d. Then

{s€Qso:s<t—20,pw(s),F)<1/n} #0 for each n e N

due to the right continuity of w. Therefore we can find a sequence s(-) such that s(n) <t—4¢
and p(w(s(n)), F) < 1/n for all n € N (the countability of Q- prevents us from using the
axiom of choice). Recall that w is right continuous and admits left hand limits everywhere.
On the other hand p(-, F') is continuous and, F' being closed, {x € E : p(z,F) = 0} = F.
If s € clusts(-) then, since s <t — 4§ and either p(w(s), F') < 0 or p(w(s — o), F') < 0 holds,
¢ <s<t—4§ <t Thesequence s(-) being bounded, we have that clusts(-) # (), which
implies that ( < t. This holds whenever sup, .y 7(n) < t. O

4.6 Lemma. Suppose that o and T are F.-optional times.

(i) {r>0,0>0,7+0 <t} €F forallt € Rsy.

(i) If o is an F.-stopping time then {o > 0,7 + 0 <t} € F; for all t € Rxy.

(iii) 7 + s is an F.-stopping time for all s € R.y.

(iv) 7+ o is an F.-optional time. If o and T are F.-stopping times then so is T + o.

Proof. If 0 < 7 <t < 74 ¢ then max{t — 0,0} < min{r,¢}. It follows that

{o<r<tr+o>t}c |J (fo<r<t}n{r>so>t-s})
s€Q:0<s<t
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The converse inclusion clearly holds. Consequently

{0<r<t,r+o<t}={0<7<t}N ﬂ ({r <s}U{o <t—s}) forall t € Ryy.
s€eQ:0<s<t

We have that {7 > 0,0 > 0,7+ 0 <t} ={0<7 <t,74+ 0 <t}N{o > 0}. Since the right
hand is F;-measurable when ¢ € R, we get (i). On the other hand {o > 0,7 + 0 < t}
equals {7 > 0,0 > 0,7+0 <t}U{r =0,0 < o < t}, which is F;-measurable by (i) provided
t € Ry and o is an F.-stopping time. This shows (ii). Finally {7 + ¢ < t} coincides with
{0 >0,7+0 <t}U{o=0,7 <t}, which is Fi-measurable by (ii) provided both ¢ and 7
are F.-stopping times. Thus we reach the second half of (iv). Since an F.-optional time is
an F.-stopping time and vice versa, we obtain the first half of (iv). O

Let N be a o-consistent exceptional family of Shset(2). For example N' = Null(P).

4.7 Lemma. inf{rlj,)(t);r € Qso} = max{t,0} for allt € R.

4.8 Lemma. (i) If o is an F.-optional time then (F.V N )oy = For VN.
(i) If N C Fo, o and 7 are F.-stopping times and {7 < o} € N then F, C F;.
(ii) Every F.V N -optional time T has an F.-optional time modification T.

Proof. (i) Clearly we have that F,, C (F. VN)s+. On the other hand Sbset(A) C N for
A € N, which implies that N C (F. VN),,. Conversely suppose that A € (F VN),.
There exists a mapping By : Q-¢ — F such that

Bo(q) € F, and (AN {o < q}) x By(q) € N for all ¢ € Q.
Since By(r) N (AN{o < q})° C Bo(r)N(AN{o <r})®eN for r € Qg it follows that
(An{o < q}) x Bi(q) € N for all ¢ € Qs
where B1(q) = U, cq.0c,<q Bo(r) € Fy. We set

B:=(An{o=+oc0})U ﬂ (Bi(r)U{o >r})n{o < +oo})

reQ:r>0

Let ¢ € Qso. Since {o > r}N{o < ¢} =0 and By(q) C By(r) for all r € Qs,, we have that

Bn{oc<q} = ﬂ (Bi(r)U{o >r})n{o <q}) N(Bilg) n{o < q}).

reQ:0<r<q

(This relation may fail off Q-¢, which means the impossibility of adjusting this claim for
F.-stopping times.) Consequently B N {c < ¢} € F, for all ¢ € Q- and hence B € F,..
The above relation also implies that (AN B°)N{oc < n} € N for n € N. Indeed

(AN(Bi(r)U{o >r}))n{oc <n} C(An{o <r})NBi(r)° € N for all r € Q-
On the other hand (BN A°) N{o < n} € N for n € N derives from

(Bi(n) U{o > n})NA°) N {o <n} C Bi(n)N(AN{o <n})EN.
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Since (A x B) N {o = +oo} =0, it follows that A x B=J,_ (A x B)N{oc <n} eN.
(ii) According to Lemma 3.15 o A 7 is an F.-stopping time and F,r, = F, N F,. We
show that F,,, = F,. Let A € F, and t € R>;. We see that

An{onT <t} =(An{o<thHUuAn{r <t,o>t}).

Since AN{7 <t,0 >t} C {7 <o} and N is an exceptional family, AN{r <t,o0 >t} € N.
It follows that AN{oc AT <t} € Fy VN = F;. Consequently we get F, C F,r,. Incidentally
we have also verified that F,., = F,.

(iii) There exists a mapping B : Qo — F such that

B(q) € Fy, {7 < q} x B(q) € N for all ¢ € Q- and B(q) C B(r) for all r € Qx,.
We set 7 := inf{qlp(g) ;¢ € @0} on B(00) := U, cq.450 B(¢) and T := +00 off B(co). Then

{T# 7,7 <+o0}U({r < +oo} m B(eo)) € |J ({r <a} x B(g)) e N

q€Q>0

and {7 <t} = B(q) € F; for all t € R.,. O

qeQ:0<qg<t

4.9 Corollary. (i) Suppose that Fry C FNVN for allt € Rsg and o is an F.-optional time.
Then F.N N is a right continuous filtration and (F.NN)y = (F VN )oy = For VN
(ii) If o is an F.-optional time then (F4+ VN)o = (F4+ VN)or = For VN = (F.VN)yy.

Proof. (i) Let t € Rsq. Since F; C Fyy, the given condition implies that Fy, VN = F, VN.
It then follows by Lemma 4.8(i) that (F. vV N)y = Fiy VN = F; VN, which means the
right continuity of F. V N. Invoking Lemma 3.6(ii), we get (F. VN), = (F. VN),4. The
right hand side coincides with F,, V N by Lemma 4.8(i).

(i) Since (F.4 )iy = Fiy, we see by (i) that F. VN is right continuous. Finally we have
that (F.4)ot = For by Lemma 3.6(iii). O

9 Martingale convergence theorem

Let (2, F, P) be a complete probability space and F. be a filtration of sub o-fields. We
discuss submartingales with discrete parameter. So the index space is Z>.

5.1 Lemma. Suppose that f € map(Zso,R) and a,b be a pair of real numbers with a < b.
Then liminf, . f(n) < a and limsup,,_,. f(n) > b if and only if

sup{A; A family of disjoint intervals s.t. f(minJ) < a, f(maxJ) > bVJ € A} = +oc0.
5.2 Lemma. Let X. be an F.-submartingale and a,b be a pair of real numbers with a < b.
N = sup{tA; A family of disjoint intervals s.t. Xpiny < a, Xiaxs >0 VJ € A}
Then there exists a random variable N* such that N < N* and
E[N*] < (sup E[max{ Xy, a}] — E[max{Xy,a}])/(b— a).

keN
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Proof. We set S(0) := inf{i € Z>¢ : X; < a} with the convention inf() = +oo. For n € N
we successively define
T(n):=inf{i € Zsp:i>S(n—1),X; >b},S(n) :=inf{i € Z>o:1>T(n), X; < a}.
Clearly S(n — 1) < T'(n) provided S(n — 1) < 400 and T'(n) < S(n) provided T'(n) < +oc.
Introduce the following random variable so that we have N = sup;y NV (k):
N(k’) = jj{n eN: T(n) S k} ke Zzo.
Since N (k) < k for all k € N, we see that S(n) > T(n) > k when n > k. It follows that

k
max{Xy,a} = Z(max{XT(n)/\k, a} — max{Xgm-1)ak, a}) + max{ Xgoye, a}

n=1
k

- Z(maX{XS(n),\k, a} — max{Xpmak, a})

n=1
Observe that T'(N(k)) < k < T(N(k)+1). The first summation in the right hand side reads
N(k)
Z (max{Xr@),a} — max{Xg@u_1),a})
n=1

+ (max{ Xy, a} — max{ Xs(vry), a}) Lisviw)<ky
Since Xg(n—1) < a provided S(n — 1) < +o00 and Xp(,y > b provided Xp,) < +00,
max{Xr(),a} —max{Xgu_1),a} > b—afor all n € N with n < N(k) and
(max{ Xy, a} — max{Xsnw), a})lgs(vy<ky = (max{ Xy, a} — a)lignry)<ry > 0.
Consequently we have that

k
max{Xy,a} > (b—a)N(k) + max{Xgorr, a} + Z(H’laX{Xs(n)/\k, a} — max{Xrpmak, a}).

n=1
The random variables T'(n) and S(n) are F.-stopping times. Indeed S(0) is an F.-stopping
time since {S(0) < i} = (,;.,{X; < a}. We then see that
{T(n) < i} = J{S(n—1) < j, X; > b}, {S(n) < i} = J{T(n) < j. X; < b}.
J<i J<i

Recall that T'(n) < S(n). On the other hand, the function x +— max{z, a} being convex and
non-decreasing, the process max{X.,a} is an F.-submartingale by Lemma 2.18. Invoking
Theorem 2.6 we infer that

Emax{Xy,a}] < Elmax{Xgor, a}|, Emax{Xrmk, a}] < Emax{Xgmk, a}]
for all n € N, k € Z>o. We thus obtain that
Elmax{Xy,a}| > (b —a)E[N (k)] + E[max{Xo, a}].

Since N(k) < N(k+1) for all k € N and N = sup,y N(k), we get the conclusion by the
monotone convergence theorem. ]
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5.3 Lemma. Let X. be an F.-supermartingale and a,b be a pair of real numbers with a < b.
N = sup{tA; A family of disjoint intervals s.t. Xuing < a, Xmaxs > b VJ € A}
Then there exists a random variable N* such that N < N* and

E[N*] < sup E[max{a — X, 0}]/(b — a).

keN

Proof. We use the same notation as in the proof of Lemma 5.2. It follows that

; N
> (Xrne = Xsgnar) = Y (X = Xsuon) + (Xe = Xsovon) sy <
n=1 n=1

> (b — CL)N(k) + (Xk — a)l{S(N(k))Sk} for all k € Z~y.
According to Theorem 2.6 the expectation of the left hand side is non-positive. n

5.4 Theorem. Suppose that X. is an F.-submartingale, sup,cy E[max{Xy,0}] < 400 and
o and T is an pair of F.-stopping times with 0 < 7 a.s. Set X, = liminfy_ . Xj.

(1) liminfy . Xi = limsup,_, . Xx a.s. and moreover E[|X,|] < +oc.

(ii) If X. is uniformly integrable then X. converges to X, in L'-sense and X, € E<[X.|F,].

Proof. (i) We infer by Lemma 5.1 and Lemma 5.2 that

P(liminf X}, < a,limsup Xj > b) = 0 for all pair a,b € Q with a < b.

k—o0 k—oo

This implies that P(Qg) = 1 where Qy := {w : liminf; . Xi(w) = limsup,_, ., Xp(w)}. Tt
follows by Lemma 2.18 and Theorem 2.11 that

E[|X,nk]] = 2E[max{X,px, 0}] — E[Xonx] < 2E[max{ Xy, 0}] — E[Xo].
Since X, converges to X, on )y, we see by Fatou’s lemma that
E[|X,|] = E[ligglf | Xonkl] < 222§E[max{Xk, 0} — E[Xo).

(il) We infer by (i) and Lemma 3.7 that X. converges to liminf, .., X, in L'-sense. Let
A e F,. Since {0 < n} € F, by Lemma 2.7, it follows by Theorem 2.11 that

EX,;ANn{o <n}| = E[Xonn; AN{o <n}| < E[Xipn; AN{o <n}] foralln € N.
The left hand side converges to E[X,; AN{o < +o0}]. The right hand side reads as follows:

EX,;An{o <n <71} +EX;;An{r <n}

We see that 1{,<,<r) converges to lis« oo r—100}- Due to the L'-convergence of X,, to X,
the first term of the above converges to E[X, ;AN {0 < 400, 7 = +00}]. Consequently

EX,;An{o <4o0}] < E[Xs;AN{o < 400, 7 =+o0}| + E[X; ; AN {7 < +o0}].

Since E[X,;AN{oc = 400} equals E[Xo; AN {0 = +o0}] and E[X,; AN {7 = +00}]
equals F[X« ;A N{T = +o0}|, adding the missing term F[X ;AN {oc = +o0}|, we reach
that E[X,; A] < E[X,; A] for all A € F,. O
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5.5 Corollary. Suppose that X. is an F.-submartingale. If X. is uniformly integrable then
the family {X, ;o F.-stopping times} is uniformly integrable where X, := liminfy_, ., Xj.

Proof. Let o be an F.-stopping time. Choose Y,, € E[X,1|F,] for each n € N. We may
assume that X,(w) < Y, (w) for all w € Q else replace Y;, by min{X,,Y,,}. Let n € N and
A€ F,. Since E[Yy; AN{o =n}] = E[Xy41; AN {o =n}] for all k£ € N, it follows that

NE

ED> (Yi—Xp);An{o=n}| =Y EVi— X;; An{o =n}]

x>

3

NE

(E[Xks1;AN{o=n}] — E[Xy; AN {o =n}]).

ol

=N

The summation in the right hand side equals E[X ;AN {oc = n}] — E[X,; AN {oc = n}]
according to Theorem 5.4(ii). We set M = X, — >~ (Y% — Xj), which is integrable. Then

E[-M;AN{oc =n}] :E[E(Yk—Xk);Aﬂ{J:n}]—E[Xn;Aﬂ{U:n}].

k=0

The right hand side equals E[Y ", _ (Yi —Xi); AN{o = n}] - E[X,; An{o = n}]. Therefore

El-M;AN{o < +oo}]| = E[Z(Yk — Xi);AN{o < +o0}] — E[X,;AN{0o < +o0}].
k<o
Note that —M =", __ (Yx — Xi) — Xo. Adding the missing term E[—-M ; AN{o = +oo}],
we get
E[-M; Al = E) (Vi — X4); Al = E[X,; Al for all A € F,.
k<o

This reads X, € E[M|F,| + >, (Y — X}). Since ), _ (Vi — Xj) is non-negative and
dominated by the integrable random variable Y 7> (Y}, — X}), we infer by Theorem 1.23 that
{X, ;0 F-stopping times} is uniformly integrable. O

5.6 Theorem. Suppose X is an integrable random variable and X,, € E[X|F,] for alln € N.
(i) Xo := liminf, .. X,, = limsup,_ .. X, a.s. and X. converges to X, in L'-sense.

(i) Xoo € E[X|o(F)]. If X is o(F.) V Null(P)-measurable then Xo, = X a.s. and moreover
X, € E[X|F,] for all F.-stopping times o.

Proof. Applying Lemma 1.17 we see that X is an F.-martingale. According to Theorem 1.23
U~ , E[X|F,] is uniformly integrable. Hence Theorem 5.4 shows (i). Let A € F,. Then

E[Xu; A] = E[X,; A] = B[X; A].
by Corollary 5.5. Therefore the following Dynkin system contains the preo-field |J;~; F:
{Ae F:E[X«;A] = E[X;A]}

The Dynkin system theorem shows that E[X ., ; A] = E[X ; A] for all A € o(F.). Since X, is
o(F.)-measurable, we get the first statement of (ii). The rest follows by Theorem 5.4(ii). [
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5.7 Definition. An F-supermartingale X. such that X; > 0 a.s. for all £k € Z>( and
lim sup,,_,,, Xx = 0 a.s. is called an F.-potential.

5.8 Lemma. Suppose that X. is an F.-supermartingale and Xy > 0 a.s. for all k € Z>.

(i) liminfy_ Xy = limsup,_, . Xy a.s. and

Ellimsup X ; A] < E[X,,; A] for all A € F,, and n € Z>y.

k—o0

(i) Let Y, € Ellimsup,_ . Xi|Fn] forn € Zsg. Then 0 <Y, <X, a.s. for alln € Z>, and
X, =Y, is an F.-potential.
(iii) If E[limsup,_, . Xix| = E[Xo] then X,, € E[limsup,_, ., Xi|F,] for alln € Zsy.

Proof. (i) We see by applying Theorem 5.4 to the non-positive F.-submartingale —X. that
liminfy_ o X = limsup,_, . Xx a.s. Let n € Zsp and A € F,. Since E[X;; A] < E[X,,; A
for all £ > n and X}, > 0 a.s., Fatou’s lemma shows that

Elimsup X ; A] = E[li]zniank;A] < li]fninfE[Xk;A] < E[X,;A]

k—oo

(iii) Let Y € E[limsup,_, . Xk|Fn]. It follows that ¥ < X, a.s. On the other hand
E[X,] < E[X,] = E[limsup X;| = E[Y].

k—o0
Consequently Y = X, a.s. Thus we get X,, € E[limsup,_, ., Xx|F,]. ]

5.9 Theorem. Suppose that p is a probability measure on (2, F) which is locally (F., P)-
absolutely continuous and X,, € D(u/P|F,).
(i) limsup_, . Xx < +00 P-a.s., liminf,_, ., Xy = limsup,_, ., Xy p-a.e. and

p(AN{limsup Xy < +o0}) = E[limsup Xy ; A] for all A € o(F.).
k—o0

k—o0

(ii) U,—, D(p/P|Fy) is uniformly integrable < p({limsup,_,. Xp < +oo}) =1
& Ellimsup,_,., Xig] =1 < pis P-absolutely continuous on o(F.).

Proof. Since E[limsup,,_,., X,] < 1 by Lemma 5.8, we get P(limsup,_, . Xz = +00) = 0.
We introduce the following probability measure on (€2, F):

v(A):=P(A)/2+ n(A)/2 Ae F.
Let Y € D(P/v|o(F.)). Then, P being v-absolutely continuous, it follows that
(x)  P(A)=FE"[Y;A] and pu(A) =2v(A) — P(A) = E”[(2—-Y); A] for all A € o(F)).
Let Y,, € EY[Y|F,]. Then we have that
P(A) = E"[Y,; A] and p(A) = EY[(2—Y,); A] for all A € F,.

On the other hand, since X,, > 0 P-a.s., we see by Lemma 1.14 that X,Y,, > 0 v-a.s. and

E'[X,Y,; Al = E[X,; Al = n(A) = E”[(2-Y,); A] for all A € F,.
The second equality holds because p is P-absolutely continuous on F,,. We set

Qoo = ﬁ{w €N:0<Y,(w) <2,X,(w)Y,(w) =2-Y,(w)}.

n=1

It follows that v(€) = 1. Observe that
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Y, >0on Qy and X,, =2/Y,, — 1 on Q

Theorem 5.6 claims that liminf, .Y, =Y = limsup,_, Y, v-a.s. Consequently

(%) limsup X, =2/Y — 1 = liminf X,, v-a.s.

n—oo n—oo

This means that {limsup,,_,. X, < +oo} coincides with {Y > 0} up to v-null set. Since u
is v-absolutely continuous, it follows that

p(AN{limsup X,, < +oo}) = u(AN{Y > 0}) for all A € F.

n—oo

If A € o(F) then the right hand side reads E*[(2 —Y); AN{Y > 0}] by (x). We see by
(»x) that (2 = Y)1ysey = Ylimsup,,_, ., X, v-a.s. Therefore

p(AN {limsup X, < 4o00}) = EY[Y limsup X, ; 4] for all A € o(F).

n—oo n—oo

The right hand side coincides with E[limsup,, . X, ; A] according to Lemma 1.14. O

5.10 Remark. Suppose that X. is an F.-martingale, X} > 0 a.s. for all k¥ € Z>, and the
premeasure | J 7, F,, — R, A+ liminf, . E[X, ; A] is o-additive. Then

Ellimsup X;| + lim lim lim E[X,,; U{Xk >a}] = 1.

k—00 a——+00 N—00 M—00

E[hmmek] + lim lim lim E[X,,; ﬂ{Xk >a}l] = 1.

a—+00 N—00 M—00
5.11 Example. We choose the following product measure space as (£, F, P):

1220, {0, 1), R(Zs0, Sbset ({0, 1})), R (Zo, (6 + 61)/2).

We set F,, := o{proj., } for n € Z>, where proj.,, is the canonical mapping

[[(Z=0,{0,13) = [ [(Ziomy, {0, 1}).

Then F. is a filtration on the present probability space. Given p € R(g 1) the measure

U= ®(Zzo, (1 — p)éo +p61)

is locally (F., P)-absolutely continuous. Indeed the random variable

Xn LW 2n+1p#{k§n:w(l€)=l}(1 _ p)#{kgn:w(k):o}

belongs to D(u/P|F,) for each n € Z>,. Clearly if p = 1/2 then X,,(w) = 1 for all w and n.
In what follows suppose that p # 1/2. Observe that

log X (w) p #Hk<n:wk) =1}
n+1 1—p n+1 '

= log(2 — 2p) + log

By virtue of the strong law of large number the above converges to log 1/4p(1 — p) as n tends
to oo P-a.s. Since 4p(1 — p) < 1 unless p = 1/2, it follows that limsup,, . X, =0 P-a.s.
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6 Submartingale inequalities

Let (2, F,P) be a complete probability space and F. be a filtration of sub o-fields. We
directly discuss the continuous time situation. So the index set is Rxg.

6.1 Lemma. Suppose X. is an F.-submartingale such that almost every sample path is right
continuous and o is an F.\V Null(P)-optional time such that o0 < T a.s. for some T € R-y.
(i) P(sup{Xs;s € Ry} > A) < Elmax{X,,0}|/X for all X € Ry,.

(ii) P(inf{X ;s € Ry} < A) < (E[Xo] — Emax{X,,0}])/X for all X € Rey.

Proof. There exists a right continuous stochastic process Y. such that X, =Y, for all t € R
a.s. Then Y. is an F. V Null(P)-submartingale. Given A € R, we write

T = inf{s € Rzo . }/:9 > )\},

which is an .V Null(P)-optional time. Indeed {7 <t} = J,cq.ocse{¥s > A} € F VNull(P)
for all t € Ryg due to the right continuity of sample path. We have that

sup{Ys;s €ERpo} >N & 7<oor‘t=0,Y, > X

Clearly P(t = 0,Y, > \) < Emax{Y,,0};7 = 0,Y, > A]/\. On the other hand, since
Y, > XA on {7 < 400} due to the right continuity of sample path, it follows that

P(r <o) < EY;pe;T <]/

According to Lemma 3.15(ii) we have {7 < o} € (F.VNull(P))(-rs)+. We see by Theorem 3.9
that
EY po ;7 < 0] < E[Y, ;7 < 0] < Emax{Y,,0};7 < o]

Consequently P(1 < 0) < E[max{Y,,0};7 < o]/\. Thus we get

P(sup{Y;;s € Ryq} > A) < Emax{Y;,0} ;sup{Ys;s € Ry} > AJ/\
We turn to show (ii). This time, given A € R_g, introduce an F. V Null(P)-optional time by

7:=1inf{s € Ryp: Y, < A}.
We see by Theorem 3.9 that
EYol < ElYinol = ElYs 7 <o0|+ EY,;7=0,Y, <A+ E[Y,;7>0,Y, > )]

The term E[Y, ;7 > 0,Y, > )] is dominated by F[max{Y,,0}]. Consequently

(ElY;:T <o]+EY,;T=0,Y, <A)/X < (E[]Yy] — Emax{Y,,0}])/A.
The left hand side dominates P(7 < ¢) + P(7 = 0,Y, < A). Thus we get (ii). O

6.2 Lemma. Suppose that X. is an F.-submartingale whose almost every sample path is right
continuous and o is an F. V Null(P)-optional time such that o < T a.s. for some T € Rxy.
Then Elsup{max{X,,0};s € Ry }*] < {p/(p — 1)}’ Emax{X,,0}?] for all p € R;.

Proof. Note that max{X_, 0} is an F.-submartingale. We write
Y := sup{max{X,,0};s € Ry}
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As is shown in the proof of Lemma 6.1, we have that
P(Y > \) < Emax{X,,0};Y > A/ for all A € R..
Let b € Roy. We observe that

b b
E[(Y Ab)P] = / pNTIP(Y > A\)d) < / pANP T E[max{X,,0};Y > A\]/AdA.

0 0

Invoking Fubini’s theorem we see that the right hand side reads
pE[max{X,,0}(Y AbP~/(p - 1)].
Using Holder’s inequality we infer that
EI(Y AbY) < p/(p — 1) Elmax{ X, 0F] "E[(Y A by,
Dividing by E[(Y A b)P]*~'/? (provided it is positive) we get
E[(Y AbY] < {p/(p — 1)} Efmax{X,,0}"].
The inequality trivially holds if E[(Y" A b)P] = 0. Tending b to +o0 we reach the claim. [

6.3 Remark. The function R~y — R, p — plog p—plog(p—1) is convex. Indeed the derivative
and the second derivative read logp —log(p — 1) — 1/(p — 1) and 1/{p(p — 1)?} respectively.
Since the derivative converges to 0 as p tends to +oo, the derivative is negative. Finally the
function converges to 1 as p tends to +o0o. Thus {p/(p —1)}* > e for all p € R.;.

6.4 Example. Let M. be an F.-martingale whose almost every sample path is right contin-
uous and o is an F. V Null(P)-optional time such that o < T" a.s. for some 1" € Rx.

(i) P(sup{|M,|;s € Ry} > A) < E[|M,[P]/AP for all A € Ryg and p € R,

(i) Blsup{|M.|; 5 € R }7] < {p/(p — DI E[M, 7] for all p € Re.

Proof. (i) Apply Lemma 6.1(i) to the submartingale t — |M;|P.
(ii) Apply Lemma 6.2 to the submartingale ¢ — |M,|. O

6.5 Example. Let W. be a complex Wiener process and ¢ a bounded optional time. Then
(i) Elmax{|Wi|?;t € Ry ,}] < p?/ P~V E[|W,[F] for all p € R.;.
(i) Elmax{[Wi] ;¢ € Riou}] < B[ W]

Proof. Observe that |[W.|? is a submartingale for all ¢ € R-. It follows by Lemma 6.1 that
P(Y > \) < E[|W,[2;Y > AJ/A for all ¢ € Rug and A € Reg
where Y := max{|W}|;t € R4 }. Let b € R.y. We observe that

b b
B[y A by = / PATIP(Y > \)dA < / PATLE[W P Y > A /AP A,
0 0

The rest of the argument is the same as that in the proof of Lemma 6.2. O]
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7 Local martingales and uniform integrability

Let (2, F,P) be a complete probability space and F. be a filtration of sub o-fields. We
discuss local martingales with continuous parameter. So the index space is R>.

Time(F.) denotes the set of all F.-optional times.

7.1 Definition. A stochastic process X. is called an F.-local submartingale if it is F.-adapted
and there exists a sequence S(-) of Time(F. V Null(P)) such that

S(n) < S(n+1) as., sup,cy S(n) = +o0o as., E[|Xo|;S(n) > 0] < 400 and
Xoasm) — Xo is an F. V Null(P)-submartingale.

Such S(-) is called a reducing sequence.

7.2 Remark. Let t € Rso and a € R. Observe that the set {X; < a} coincides with
Ure {Xi <a, t <S(n)} = U~ {Xensm) < a,t < S(n)} up to Null(P).

7.3 Lemma. (i) All F.-submartingales are F.-local submartingales.
(ii) A stochastic process X. is a F.-local submartingale if and only if it is an F.-adapted
F. Vv Null(P)-local submartingale.

Proof. (i) We see by Lemma 1.16 that a stochastic process X. is a F.-submartingale if and
only if it is an F.-adapted F. V Null(P)-submartingale. Thus as for F.-submartingales the
sequence S(n) := 400 serves as a reducing sequence. ]

7.4 Lemma. Suppose that X. is a stochastic process such that P(|Xy| < +o00) = 1 and
almost every sample path is right continuous, and o € Time(F.). Then Xolyso is Foi-
measurable, E[|Xo|;0 > 0] < 400 and X.n, — Xo is an F.-submartingale if and only if
X poloso s an G.-submartingale where Gy := For and G, := F; fort € Ryy.

Proof. Suppose that Xol,+¢ is For-measurable, F[|Xo|;0 > 0] < +00 and X.,, — Xj is an
F-submartingale. Since X;n, — Xo + Xoloso = Xinoloso, it follows that

X polyso is an F.-submartingale with index set Rq

and E[Xip, ;0 > 0] > E[Xo;0 > 0] > —oo for all t € R.g. We see by Lemma 2.13 that the
sequence X(i/n)rolo>o is uniformly integrable. This sequence converges to Xols~o a.s. due
to the right continuity of sample path. Let A € Fy, and t € R.y. Then

EXa/mne;0>0,A] < E[Xip,;0 >0, A] for all n € Ny,

Thus, tending n to oo, we conclude that E[Xq;0 > 0, A] < E[Xjre;0 > 0, A] and hence
X roloso is an G-submartingale. The converse implication is easy. O]

7.5 Lemma. Suppose that X. and Y. are F.-local submartingales and 7 € Time(F.VNull(P)).
(i) If f is nonnegative, bounded and Fo-measurable thent — fX, is an F.-local submartingale
and t — —fX; is an F.-local supermartingale.

(i) If almost all sample paths of X and Y are right continuous then X. + Y. is an F.-local
submartingale and X .5, is an F. V Null(P)-local submartingale.

(i) If every sample path of X is right continuous and T € Time(F.) then X x, is an F.-local
submartingale.
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Proof. (ii) We select and fix F.-reducing sequences S(-) and T'(-) for X. and Y. respectively.
Invoking Corollary 3.17(ii) to the F. vV Null(P)-submartingales t = X;rs(n) — Xo, we see that
S(-) also serves as an F. V Null(P)-reducing sequence for the F. vV Null(P)-adapted process
X.ar. Likewise the sequence n +— S(n) A T(n) serves as an F.-reducing sequence for the
F.-adapted process X. + Y. n

7.6 Lemma. Let X. be an F.-local supermartingale. If almost every sample path is right
continuous, Xy > 0 a.s. for allt € Rsg and E[Xy| < +oo then X. is an F.-supermartingale.

Proof. Let S(-) be an F.-reducing sequence for X.. Fix s,t € R with s < ¢. Then, since
X is integrable, it follows that

Xs/\S(n) SN [Xt/\S(n)lfs vV Null(P)] for all n € N.

For each n € N we choose Y,, € E[X;rg(n)|Fs| so that X,ngm) > Y, a.s. Let Y € E[X,|F],
that is, Y € Efliminf, o Xiag(n)|Fs|. The right continuity turns X, > 0 a.s. Vu € R5 into
inf,>o X, > 0 a.s. We see by Corollary 1.11 that

X, = liminf X,/ g(,) > liminf Y, > Y as.

n—oo

Fatou’s lemma shows that E[X,] < liminf, .. E[Xsm)] < E[Xo], which means the inte-
grability of X. Since it is Fy-measurable, we get Xy € Ex[Xy|F]. O

7.7 Lemma. Suppose that X. is an F.-supermartingale with almost sure right continuous
sample path, X; > 0 a.s. for allt € Rsg, 0,7 € Time(F. V Null(P)).
(i) X; >0 a.s. on {1 < +o0}, [X;;7 < +o0] < E[Xy] and

XU/\Tla/\T<+oo € EZ [Xfrl'r<+oo|(f'- \% NU]'I(P))O'+]
(ii) If T < 400 a.s. and E[X;] = E[Xy] then X,ar € E[X|(F. V Null(P))y4].

Proof. (i) Let A € (F. V Null(P)),4+ and n € N. Then, since o A 7 is (F. V Null(P)),+-
measurable, we see by Corollary 3.17 that

E[Xonr i AN{o AT <n}] = EXoprmn; AN{o AT <n}] > EX,pn; AN{o AT < n}l.

The right continuity turns X; > 0 a.s. for all ¢ € R5( into inf;>9 X; > 0 a.s. Therefore
the left hand side is dominated by E[X,r,; AN {oc AT < +0o0}]. On the other hand, since
{r <n} C {o A7 < n}, the right hand side dominates E[X x,; AN {7 < n}], which reads
E[X;; AN {7 <n}|. It then follows that

E[Xonr; AN{o AT < +o0}] > E[X,;AN{T <n}] for all n € N.
Invoking the monotone convergence theorem, we infer that
EXon i AN{o AT < +00}] > E[X;; AN{7T < +o0}] for all A € F,,.

Since Xoarloar<too 18 (F.VNull(P)), -measurable by Lemma 3.8 and Lemma 3.15, we reach
the statement (i).

(ii) Suppose T < 400 and E[X,] = E[X,]. We select and fix Y € E[X,|(F VNull(P)),].
Then we have that X, ., > Y by (i) and F[X,,,| is dominated by E[X,| = F[X,] = E[Y].
Thus we get Y = X, A, a.s. O
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7.8 Remark. If one takes Lemma 3.13 into account, he can also draw the following statement:
Suppose that X. is a right continuous F.-supermartingale, X; > 0 a.s. for all ¢ € Ry,
o € Time(F.) (respectively o is an F.-stopping time), 7 € Time(F.) and 7 < 400 a.s.

(i> 1{0/\T<+00}XU/\T € EZ[XT|~7:G+] (1{0<+OO}XU/\T € E> [XT|~7:U])

(i) If E[X;] = E[Xo] then 1oarctoo} Xonr € B[ X7 | For] (Lioctoo} Xonr € B[ X |F5]).

7.9 Theorem. Suppose that M. is an F.-local martingale such that almost every sample path
is right continuous, My > 0 a.s. for all t € Rsy and E[M] < +oo.

(i) Let 7 € Time(F. vV Null(P)). If 7 < 400 a.s. and E[M,;] = E[My] then t — M, is an
F. Vv Null(P)-martingale and {M,r, ;0 € Time(F.)} is uniformly integrable.

(ii) If there exists T € Seq(Rxo) such that sup,cy T(n) = +o00 and E[Myy,| = E[M,] for all
n € N then M. is an F.-martingale.

Proof. Immediate from Lemma 7.6 and Lemma 7.7. [

7.10 Definition. Let X. be an F.-adapted process with almost sure right continuous path.
It is said to be of class DL if { X\, ;0 € Time(F.)} is uniformly integrable for all ¢ € R.,.

7.11 Remark. Suppose X. and Y. are F.-adapted processes with almost sure right continuous
path. If X; =Y, a.s. for all t € R>y and X. is of class DL then so is Y.. See Corollary 1.25.

7.12 Lemma. Let X. be an F.-submartingale with almost sure right continuous sample path.
If Xy >0 a.s. for allt € Rsg or X. is an F.-martingale then X. is of class DL.

Proof. Due to the right continuity, X; > 0 for all ¢ € R>( a.s. Let o be an F.-optional time
and T' € R.. It follows that X,or > 0 a.s. Since X,ap is (F. V Null(P))(sa7)4-measurable,
we see by Theorem 3.9 that

AP(Xopr > A) < E[Xoar; Xoar > N < E[ X1 Xoar > A < E[ X7
Thus we get the claim by Corollary 1.19. Indeed if 6 € Ryo and E[X7] < d then

E[Xonr; Xoar > A < sup  E[Xp;B] for all o € Opt(F)).
BEF:P(B)<s

The same reasoning also applies to the martingale case. Indeed | X.| is a submartingale. []

7.13 Corollary. Let M. be an F.-local martingale with almost sure right continuous sample
path. Then M. an F.-martingale if and only if it is is of class DL.

7.14 Lemma. Let X. be an F.-local submartingale with almost sure right continuous path.
If Xy > 0 a.s. for allt € Rsg and there exist an F.-reducing sequence S(-) and p € R~y such
that sup,en E[Xinsm)] < 400 for allt € R.g then X is of class DL.

Proof. Apply Lemma 6.2 to the F.-submartingale X.,g(). O

7.15 Lemma. Suppose that M. is an F.-local martingale such that almost every sample path
is right continuous and T € Time(F. vV Null(P)).
(i) If T < 400 a.s. and the family {Mypr1,50;0 € Time(F.)} is uniformly integrable then

Moprlis0 € E[M:1,50|(F. V Null(P))sy] for all o € Time(F. V Null(P)).

(i) If the family {Myrinrlrs0;0 € Time(F.)} is uniformly integrable for all t € Rsq then
t — Mipr 10 s a GV Null(P)-martingale where Gy := Foi and G, := F; fort € Ryy.
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Proof. We select and fix an F-reducing sequence S(-) for M.. Then, since (F. V N)oy =
Fo+ VN by Lemma 4.8(i) where we write N := Null(P),

M nsmylsmy>o is a G. V N-martingale for each n € N
according to Lemma 7.4. Observe that Time(F.VN) = Time(G.VN). Let o € Time(F.VN).
Then we have that
Miornarinsm)Lsmy>0 € E[Msornrrirsm)lsm)=ol(G. VN )si].
by invoking Corollary 3.17(i). Since {7 > 0} € (F. VN)os = (G. VN)o, we see that

M(a/\n/\T)/\S(n) 1S(n)>0 ]-T>0 € E[M(OO/\TL/\T)/\S(TL) ]-S(n)>0 17'>0| (g \% N)O’+] .

Observe that nAS(n) € Time(F. VN). It follows that M,ss(n)arlr>o is uniformly integrable
and hence 50 is Muasmyarlsm)>olrs0. Moreover Myanasmiarlsm)>olsso | is also uniformly
integrable by Theorem 1.23. Therefore, tending n to oo, we reach that

Ma’/\‘rl‘r>0 S E[M71T>O‘<g- \/N)U+]'
Note that (G. VN)y,y = (F.VN)yy. O

7.16 Definition. An F-increasing process is an F.-adapted process whose almost every
sample path is finite valued, right continuous and non-decreasing and takes the value 0 at 0.

7.17 Theorem. Suppose that M. is an F.-local martingale with almost sure right continuous
sample path, A. is an F.-increasing process such that t — |M;|? — A; is an F.-local martingale
and 7 € Time(F. V Null(P)). Set Gy := Foy and G, := F; fort € Ryy.

(i) Elsup{|M,|*;s € Rsq,s < 7}; B] <4E[|My|*; B] + 4E|[A, ; B] for all B € Fo..

(ii) If E[Ain,] < +o0 for all t € Rsy and E[|M|? ;7 > 0] < 400 then t — Mz 1,59 and
t = | Mipr |*1rs0 — Asar are GV Null(P)-martingales.

(iii) If T < 400 a.s., E[A;] < 400 and E[|My|*;7 > 0] < 400 then E[|M,|;7 > 0] < 400,
E[M, ;7 > 0] = E[My;7 > 0] and E[|M,|?;7 > 0] = E[|Mo|*;7 > 0] + E[A,].

Proof. We select and fix F-reducing sequences S(-) and T(-) for M. and for |M|*> — A.
respectively. We shall write N := Null(P) as usual. Then, according to Lemma 7.4,

M nsim)lsny>o as well as |M.AT(n)]21T(n)>0 — ATy are G. V NM-martingales.

Note that Time(F. V N) = Time(G. V N). Let o be a bounded F. V N-optional time and
n € N. Applying Lemma 6.2 to the G. V N-submartingale | M. g(;)Lsmn)>o|, we see that

E[ sup |M*;S(n) > 0,B] <AE[|Myrsm|*;S(n) > 0, B] for all B € Fo..

s<oAS(n)
On the other hand | M, r(m) [*17(m)>0 — Aoar(n) 1S integrable and
E“MGAT(TL)’Q — AU/\T(n) ,T(n) > 0, C] = EHMO‘Z ,T(n) > 0, C] for all C' € JT(H

by Lemma 3.9. The function A, 7(,) is F-measurable by Lemma 3.8 and, almost every
sample path being non-decreasing, A, 7y > 0 a.s. Consequently we have that

-E[|]\4’cr/\T(n)|2 ) T(”) > 07 C] = EHMU/\T(n)’2 - Acf/\T(n) 7T(n) > 07 C] + E[AO'/\T(TZ) ) C]
= E[|Mo|*;T(n) > 0,C] + E[Aorr(m) ; C] for all C € Fy,.
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Combining the two relations above, we infer that

E[sup{|M,|*;5s € Rsg,s <7 AnAT(n)AS(n)};S(n)>0,T(n) > 0,B]
<AE[|Mof*;T(n) > 0,5(n) > 0, B] + 4E[A; nuasmyar(n) ; B)-

Almost every sample path of A. is non-decreasing. Hence, tending n to oo, we get (i) by the
monotone convergence theorem. Now suppose that E[|My|?;7 > 0] < +o00. According to
(i), if E[Ainr] < 400 for all ¢ € Rsg then {|Myainr|*1r50;0 € Time(F.)} is uniformly inte-
grable for all ¢ € Rso while if F[A,] < +oo then {|M,\,|*1,50;0 € Time(F.)} is uniformly
integrable. Therefore we get (ii) and (iii) with the help of Lemma 7.15. O
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8 Quadratic variation

Let (Q, F, P) be a complete probability space and F. be a filtration of sub o-fields. The
index set is R>. We slightly extend the notion of martingales.

8.1 Definition. A stochastic process M. is called a martingale after time tq if M, is integrable
for every t > to and M, € E[M,;|Fs] whenever time parameters satisfy ¢5 < s < t. (Note
that M, is adapted after time ¢, i.e., F-measurable for every t > ¢,.)

8.2 Lemma. Suppose that M. is an F.-martingale after t(1) € Rxso. If ¢ is an Fyayy-
measurable random variable and E[|M)|] < 400 for allt € Rsyq) then t — (My— Myp1))Y
and t — (Mia2) — Minery)y are F.-martingales where t(2) € Royy.

Proof. Since both of the processes vanish for ¢ € Rjg (1), they are adapted. Let 0 < s < t.
Then s V(1) <t V(1) and ¢ is Fyyy1)-measurable. Due to the martingale property of M.
we see by Lemma 1.15 that M)y € E[Mpyi1)¥|Feveny]- It therefore follows that

E[Mgwayt; Al = E[Mpyy; A for all A € F,.
Subtracting E[M;q)y¢; A] we get
E[(Msvt(l) — Mt(l))w ; A] = E[(Mt\/t(l) — Mt(l))¢ ; A] for all A € F,.

We see that M) — Myq) coincides with My — Mypyqy for all £ € Ryo. Consequently
t — (M — Myner))¥ is a martingale. Finally we observe that (Miay2) — Mine1))¥ equals the
difference (Mt — Mt/\t(l))w — (Mt — Mt/\t(Q))w' D

8.3 Remark. In particular, by choosing ¢ = 1, we infer that ¢ + M; — M,,,(1) is a martingale.
Thus if t, < t(1) and M. is an F.-martingale after ¢, then so is ¢ — Mry ).

8.4 Corollary. Suppose that M. is an F.-martingale after t(1) € Rsq. If 1. is a process
F.-adapted after t(1), El|YsM|] < 400 for all s,t € Rxyqy and t(2) € Ryoyq)y U {oo} then
L — Mt(wt/\t(Q) - ¢t/\t(1)) - (MtAt(2)¢tAt(2) - Mt/\t(l)wt/\t(l)) is an F.-martingale.

Proof. Observe that (Mt - Mt/\t(1)>¢t/\t(1) = (Mt - MtAt(1)>¢t(1) and (Mt - Mt/\t(?))wt/\t@) =
(M, — MtAt(g))wt(z) for all t € Rsy. Therefore the process in question coincides with the

difference of t +— (M;—Miry(2))%e(2) and t — (My—Mipe(1)) i1y, both of which are martingales
according to Lemma 8.2. O

8.5 Definition. An F-martingale M. is said to be square integrable if E[|M;|*] < +oo for
all t € Rzo.

8.6 Example. Suppose that M. and N. are square integrable F.-martingales after s(1) € Rx
respectively ¢(1) € R>q. Given a bounded Fy()yi1)-measurable function ¢, s(2) € Rsq)
and £(2) € Ryy1y. If s(1) <t(2) and ¢(1) < s5(2) then the following is an F.-martingale:

t = (Mins2) — Minsy) (Niae2) — Neae)) 00
— (Minsyne2)yNins@)ar2) — Minsyve) Neasyvea))) -

Otherwise t — (Mins2) — Mins1)) (Nine2) — Niarr))¥ is an F.-martingale.
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Proof. We first discuss the case ¢(2) < s(1). We then have that

(Mins2) — Minsy) (Nine2) — Niner))¥ = (Miasz) — Mins(ry) (Nez) — Neary)p for all ¢ € R,

Since (Ny2) — Nya))¢ is Fsn)-measurable, it therefore follows by Lemma 8.2 that ¢ —
(Mins2) — Minsi)) (Neas(2) — Near(ny)tp is an F-martingale. The same reasoning works for
the case s(2) < t(1). It remains to discuss the case both s(1) < #(2) and ¢(1) < s(2) hold.
So we have that ¢(1) V s(1) < t(2) A s(2). We write as follows:

Mips2) — Mipsry = (Mins2) — Minuez)) + (Minu(z) — Minuny) + (Minuy — Mins(1))s
Nint2y = Nenrry = (Near2) — Neau@)) + (NVenw@) = Neau)) + (NVeauny = Near(r))-

where u(1) := s(1) V £(1) and u(2) := s(2) A t(2). Since either s(2) = u(2) or #(2) = u(2),
the cross term (Mins2) — Minu(2)) (NVint(2) — Nenu(2)) never contributes. Neither does the cross
term of Miny1) — Mins(ry and Niay(1) — Neagry- On the other hand all of the processes

are F.-martingales by the already established part of the present claim. Consequently all we
have to verify is the martingale property of

t = (Minu2) — Minu)) NVenu@) — Neruw) ¥ — (Minu@ Nenu@) — Menu) Neau)) P -

The process in question is the difference of

t = Mipu@) (Niau@) = Neaw)¥) — (Mienu@)ru@) Neaw@) ¥ — Mgau))au@) Neawn) )

and t — (Nt/\u(g) — Nipu(1y) My, The former is an F.-martingale by Corollary 8.4 while
the latter is an F.-martingale by Lemma 8.2. O

8.7 Remark. Suppose that s(1) < s(2) and #(1) < ¢(2). Then we have that

(s(1) vt(1),s(2) At(2)] if s(1) <t(2) and (1) < s(2)

0 otherwise

(5(1), 52)] 1 (2(1),(2)] = {

Suppose that M and N are square integrable F.-martingales after s(1) respectively (1)
and ¢ and 1 are bounded F,)- respectively F;)-measurable function. If ¢(2) < s(1) or
5(2) < t(1) then the random variables (M) — M1))¢ and (Ny2) — Nya))t are orthogonal.

Suppose that M is a square integrable F-martingale.

Given ¢ : Z>y — R such that ¢(0) = 0, ¢(i) < ¢(i + 1) for all i € Z>( and
SUD;ez:> ¢(1) = +00, we write mesh(¢) 1= sup;cz>o(¢(i + 1) — &(i)) and

Q7 =Y iczim0 [ Ming(i+1) — Mino)|* (= Xiesirer [Mingie1) — Menoo) ).
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8.8 Lemma. The process t — |M,|> — Q7 is an F.-martingale.
Proof. Since [M;|* = |Mo|* + Ziez;i20(|Mt/\¢(i+1)|2 — [Ming(y[?), by Example 8.6. u

8.9 Lemma. If M is an F.-martingale and E[|M;|*] < 400 for all t € Rxq then

ElQYPI < > 2E[(IMi? + | Meng( ) Ming(irry — Mins(o ).
(1)<t

If there exists K € Rug such that |M,| < K a.s. for all t € Rsq then E[|Q7[?] < 4K*.

Proof. Since Zj:j2i+17¢(j)<t | Mingj+1) — Mino(h|* = Qi — Qiag(itr), we have that

Qi = D IMingisny — Mung|* + Y 2AMing(irn) — Mingo) (@1 = Quagiirn)-
(i) <t o(i)<t

We infer by Lemma 8.8 and Lemma 1.15 that

B[ Mipg(ir1) = Mingo)|*(Qr — Qurs(ir))] = Bl Mingiirr) — Mong(o)|*(|Mil* — | Mingiisn) °)]
Observe that [Miagair1) — Ming))® + 2(1Mi* — [Mingsn)?) < 2|Mif? + 2[Mypgpi)|*. This
implies the desired estimate. If |[M;| < K a.s. for all t € R, then

Y ElM + [Mingio) ) Mingiisry = MingF] <D BRE | Mingisrn) = Mingiay |-
(1)<t (1)<t

The right hand side equals 2K?E[|M;|* — | My |*], which is dominated by 2K*. O

Given 6 € Ryg and f : I — R where [ is an interval of R, we write

amp(d, f):=  sup |f(s)— f(¥)|

stel:|s—t|<é

8.10 Lemma. If A is a locally finite refinement of {(¢(i), ¢(i + 1)] ;i € Z>o} then

Y Qs — Qs < 4(amp(mesh(9), Moa)* Y [Minsups — Menin s,

JeA:inf J<t JeA:inf J<t

Proof. Suppose that i € Zso, ¢(i) <t, J € A and J C (¢(i), #(i + 1)]. Then

Qf/\supJ - Qf/\inf] = |Mt/\SUPJ - MtA¢(i)|2 - |Mt/\ian - Mt/\d)(i)|2
- (Mt/\supJ - Mt/\ian)(Mt/\supJ + Mt/\ian - 2Mt/\¢(i))'

It follows that ZJEA:inf J<t ‘Q?/\supJ - C2f/\inf]‘2 equals

Z Z ‘Mt/\supJ - Mt/\ian|2|Mt/\supJ + Mt/\ian - 2Mt/\¢>(i)|2'
1:¢(1) <t JEA:JC(¢(1),p(i41)]

The second factor in the summand is dominated by {2amp(mesh(¢), M|j4)}>. O
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8.11 Lemma. Suppose that M is an F.-martingale, its almost every sample path is right
continuous and there exists K € Ryq such that |M;| < K a.s. for all t € Rs>q and that v is
another locally finite partition of Rsq. If €,6 € Rso, mesh(¢) < 0 and mesh(¢) < § then

32K7?
P( sup |Q0— QY ze) <

seR:0<s<t g2

\ El{amp(5; M)}

Proof. Being the difference of t — |[M;|? — Q? and t — |M,|2 — QY the process t — QF — QY
is an F.-martingale by Lemma 8.8. Moreover it is square integrable. It then follows by
Example 6.4 that

P( sup Q¢ —QY|>¢) < E[Q) — QY

seR:0<s<t

Choose a common refinement of {(¢(i), ¢(i + 1)] ;i € Zso} and {(¢¥ (i), (i + 1)];i € Z>o},
for instance the minimal one A. We see by Example 8.6 that

EHQ? - Q:pr] = E[ Z ’Qf/\supJ - Qf/\sup] - Qf/\inf] + Q:fp/\ian|2]'

JeA:inf J<t

The summand is dominated by 2|Q¢ — Qf it T 2|Qf/\sup J— Q:f/\inf ;2. We thus get

tAsup J

E|Q7 — QF'I"] < E[(2 + 2)4{amp(8; M|, Q7] < 16\/E[{amp(5; M) HIE[IQF )

by Lemma 8.10 and Schwarz’ inequality. Finally we apply Lemma 8.9. [

8.12 Lemma. Suppose that M. is an F.-martingale, its almost every sample path is contin-
uous and there exists K € Rwg such that |My| < K a.s. for allt € R>q. Then there exists an
F.-adapted process A. such that its almost every sample path is continuous and, as mesh(o)
tends to 0, SUp,cp.ocse; |QF — As| converges to 0 in probability for all t € Rsq. A posteriori
almost every sample path of A. is nondecreasing and t — |M;|? — Ay is an F.-martingale.

Proof. Let ¢ € Ry and t € Rso. We denote by p the probability measure on C(Rx¢, R)
induced by M.. Due to the compact inner regularity of probability measures on Polish spaces,
there exists a compact subset A of C'(Rxg, R) such that u(A) > 1—¢, that is, P(M. € A) < e.
Invoking the Arzela-Ascoli theorem, we can find § € R such that amp(d; w|jy) < € for all
w € A. On the other hand amp(d; M|j,) < 2K a.s. It then follows that

El{amp(6; Mlg)}] = B+ ;M € A]+ E[-+ ; M. ¢ A

<e'P(M. € N)+ (2K)’P(M. € A) < &' + (2K)%e.

Consequently we get lim supg| o E[{amp(d; M|j4)}*] = 0 for all £ € R>( and hence

(x)  limsup sup P( sup |Q?¢—QY|>¢)=0forall e € Rog,t € Rxg
0l0  ¢,ip:mesh(¢),mesh(¢)<d seR:0<s<t -

by Lemma 8.11. We consider a particular sequence of partitions ¢ (n,i) = i/2". We can find
¢ € Seq(N, T) such that

P( sup |Qf(m") — Qf(n")] >1/2") < 1/2T for all '€ N and m,n € Ns4p).
seR:0<s<T

The Borel-Cantelli lemma shows that there exists Qy € F such that P(€) =1 and
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t— My(w) is continuous for all n € N and
SUD4s<p, |fo ¢lntl), ( ) — Qe (w)] < 1/2"™ except for finitely many n € N

for all w € Qy. We set

Ay(w) : —hmmew((Zj ( ) for t € Ry and w € Q.

n—oo

The process t — a; is F.-adapted. Let w € y and T" € N. Then, since

Zsup QYD) — QI < 3 sup .. | < 172+
k=n "—""—

~ 1t<T
for all n € N>, it follows that
Ay(w) —1/2m 1 < sz((b(n)")(w) < Ay(w) +1/2" " for t € Rygqy and n € Nor.

Therefore the continuity of ¢ — A,(w) derives from that of ¢ — QY™ (w). We verify that
A.(w) is nondecreasing. Let s,t € Q@ :=J, y2 "Z>o and w € Q. Then s,t € 27" Zs,
for some m € N. Since both s and t are partition points of ¢)(n, ) for n € N5,,, we see that
QUM () < QVPM)(w) provided s < t and ¢(n) > m. It therefore follows that

A (w) < Ay(w) for all s,t € Q@ with s < t and w € Q.

The continuity of ¢t — A;(w) for w € y implies that ¢t — A;(w) is nondecreasing for w € Q.
Let ¢ run through locally finite partitions of R>,. We see by (%) that

limsup sup P( sup |Q?— A >¢e)=0forall e € Rog,t € Rsy.
3]0 ¢:mesh(p)<s  s€R:0<s<t N

Finally we see by Lemma 8.9 that for each ¢t € R>( the sequence of random variables Qf(" )
is uniformly integrable. Consequently the martingale property of ¢t — |M;|?> — A; derives
from that of ¢ — |[M,;|2 — QY™ with the help of Lemma 8.8. O

8.13 Lemma. Suppose that w : R>y — R is continuous and
0:R—RsqgU{+o0}, k— inf{s € Ryo: w(s) > k}.

(i) Let t € RogU{+00}. Then sup{w(s);s € Rsg,s <t} <k if and only if t < o(k).
(ii) o(-) is nondecreasing and supyeg o(k) = 4o00.

(iii) Suppose that w is nondecreasing in addition and w(+o00) := sup{w(s);s € Rso}. Then
w(t No(k)) =w(t) ANk fort € RsoU {400} and k € R with k > w(0).

8.14 Corollary. (i) If M. is an F.-local martingale and its almost every sample path is
continuous then 7(K) := inf{t € Rx>q : |M;| > K} forms a reducing sequence.

(ii) If M. is an F.-local martingale with almost sure Tight continuous sample path, A. is an
F.-increasing process with almost sure continuous sample path and t — |M;|* — A; is an
F.-local martingale then 7(K) := inf{t € Rxq : |Ay| > K}l )<k forms a common reducing
sequence for M. and |M.|* —
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Proof. (i) Let K € R.y. Due to the sample path continuity, 7(K) is an F.V Null(P)-optional
time by Example 3.4. Since |Mir-(x)lrx)>0| < K for all t € Ry a.s. by Lemma 8.13(i), it
follows by Lemma 7.15 and Lemma 7.4 that ¢ +— M- (k) — Mo is an F. vV Null(P)-martingale.

(ii) By the same reasoning as above, we see that 7(K) is an F.VNull(P)-optional time and
Ainrk) < K for all t € Rxg a.s. Since E[[My|*; 7(K) > 0] < K2, invoking Theorem 7.17(ii),
we infer that both ¢ — M- (k) — My and ¢ — [ Minrr0)|? — Aiari) — | Mo|? are F.V Null(P)-
martingales. O]

8.15 Theorem. Suppose that M. is an F.-local martingale with almost sure continuous
sample path. Then there exists an F.-increasing process A. such that its almost every sample
path is continuous and SUp,cg.g<s<; |Q? — As| converges to 0 in probability as mesh(¢) tends
to 0 for allt € R5y. A posteriori the process t — |M;|* — Ay is an F.-local martingale. If M.
is a square integrable F.-martingale then t — |M;|*> — Ay is an F.-martingale.

Proof. The following form a reducing sequence for the F.-local martingale M.:
T(K) = Hlf{t € Rzo : ‘Mt‘ > K}, K e R>0,

that is, 7(K) < 7(K + 1), supgen 7(K) = +00 a.s. and
M a-(ryLr(k)>0 is an G. V Null(P)-martingale.
where Gy := Foy and G, := F; for t € R.g by Corollary 8.14(i). Its proof shows that

|Mt/\T(K)]—T(K)>O| S K for allt € RZO a.s.

Let ¢ and ¢ run through locally finite partitions of R>,. Observe that
QfAT(K) = Z | Ming(it1)ar (i) Lr ()50 — Ming@inr (i) Lr(x)>o0|” and

P(sup [Q¢ — QY| > ¢) < P(Sg]?t) ‘Q(sb/\T(K) - Qf/\T(K)’ > e) + P(r(K) <1).

s<t

The proof of Lemma 8.12 shows that the first term of the left hand side in the second line
converges to 0 as mesh(¢) and mesh(¢) tend to 0. Therefore it follows that

lim sup sup P(sup |Q? — QY| > ¢) < P(7(K) < t) for all K € Ryy.
0l0  ¢,p:mesh(¢),mesh(y))<d s<t

Since P(7(K) < t) converges to 0 as K tends to +o00, we thus get

lim sup Sup P(sup |Qf - Qjﬂ >¢e) =0 for all e € Ry, t € Ry
610 ¢,ip:mesh(¢),mesh(y))<d s<t =

The rest of the argument for drawing the existence of A. process is the same as in the proof
of Lemma 8.12. It remains to show the local martingale property of |M.|> — A.. We see that

limsup sup  P(sup |QfAT(K) — Aspriy| > €) =0 for all e € Ry, t € Ryo.
010 ¢:mesh(d)<é s<t

It therefore follows by Lemma 8.12 that
t— [Miprro) Lo(ry=0l* — Aiar(x) 1s an G. V Null(P)-martingale for each K € Ro.
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Thus K +— 7(K) forms a reducing sequence for ¢t — |M;|* — A, in view of Lemma 7.4. Finally
suppose that M. is a square integrable F.-martingale. By choosing a sequence ¢ (n) of locally

)

finite partitions, we can realize an almost sure convergence A, = liminf, Qip(n . Since

t— [M,2 — QY™ is an F-martingale by Lemma 8.8, Fatou’s lemma shows that
E[A] < liminf E[Q}™] = E[|M,|?] — E[|Mo]*] < +o0.

Thus ¢ — |M;|? — A; is an F-martingale by Theorem 7.17(ii). Indeed it is F-adapted. [

Given f : R>p — R and a left open and right closed interval I of R, we write

var[df ; I] := sup{z |f(sup J) — f(inf J)|; A finite partition of I}.
JeA

8.16 Lemma. If f : R>g — R is of finite variation and w : R>y — R is continuous then

t= D sl fEAG(E+1)) = FEAG(D) Hw(t Ag(i+1)) —w(t Ad(i)} converges to 0 locally
uniformly as mesh(¢) tends to 0.

Proof. The sum >, ;). -+ is dominated by var(df, (0, s])amp[mesh(¢), |- O

8.17 Corollary. Let M. be an F.-local martingale. If its almost every sample path is con-
tinuous and of finite variation then M, = My for allt € R> a.s.

Proof. We may regard that My = 0 a.s. Theorem 8.15 and Lemma 8.16 show that ¢ — |M;|?
is an F-local martingale. Fix t € Rs. Let 7(K) be as in the proof of Theorem 8.15. It
follows that E[|Mia-(x)|?] = 0. Invoking Fatou’s lemma, we see that

E[|M*] = Elim inf | Minr (i) < hKnlioxleHMw(K)P] =0,

which implies M; = 0 a.s. We reach the conclusion due to the sample path continuity. [J

8.18 Corollary. Suppose that M. is an F.-local martingale whose almost every sample path
18 continuous, B. is a stochastic process whose almost every sample path is continuous and
of finite variation and X, := M; + By;. Then there exists an F.-adapted process A. such that
its almost every sample path is continuous and as mesh(¢) tends to 0

sup | Z | Xong(i+1) — X3A¢(i)|2 — Ag| converges to 0 in probability for all t € Ry.
sER:0<s<t i) <s

A posteriori almost every sample path of A. is nondecreasing and the process t — |M;|* — A,
is an F.-local martingale.

Proof. The sum Zi:¢(i)<s | Xsno(i+1) — Xsno)|® equals
QF +2 Z (Mang(i+r1) = Mang(i)) (Bsng(i+1) — Bsnoi)) + Z | Bonsi1) = Bonoti)*
:¢(1)<s p(i)<s
The second term and the third term converge to 0 by Lemma 8.16. As for the first term we

apply Theorem 8.15. O
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8.19 Definition. (i) An F--finite variation process A. is an F.-adapted process such that
almost every sample path is right continuous and of finite variation.

(ii) An F-semimartingale is an F.-adapted stochastic process which is indistinguishable from
a sum of an F-local martingale whose almost every sample path is continuous and an F.-
finite variation process whose almost every sample path is continuous.

(iii) Given an F.-semimartingale X, a process which shares the same property as the A.
process in Corollary 8.18 is called a quadratic variation of X..

8.20 Remark. The usage of the term semimartingale deviates from the standard one: an F .-
local martingale with almost sure right continuous path plus an F-finite variation process.

Given an F.-semimartingale X. we write

Mart[X. ; F] := {M. : F-local martingale with a.s.-continuous sample path,
My =0 as., t — X; — M, is of finite variation a.s.},
Quar[X.; F] := {A. : F-quadratic variation of X }.

8.21 Theorem. Suppose that X.)Y. are F.-semimartingales.

(i) If M., N. € Mart[X., F)] then My = N; for allt € Rsq a.s. If M. € Mart[X.; F], N. is an
F.-adapted process and My = Ny for all t € Rsq a.s. then N. € Mart[X. ; F].

(ii) If Mart[X.; F. Vv Null(P)] N Mart[Y.; F. V Null(P)] # 0 then t — X; —Y; is of finite
variation a.s. If t — Xy — Y} is of finite variation a.s. then Mart[X.; F.] = Mart[Y.; F.].
(iii) Quar[X.; F] # 0. If A,B. € Qvar[X.;F] then A, = By ¥t € Rs¢ a.s. If A. is an
F.-adapted process, B. € Qvar[X.; F] and Ay = B; Yt € Rsq a.s. then A. € Qvar[X.; F].

Proof. (i) The first part follows from Corollary 8.17. (iii) The first part is by Corollary 8.18.
The second part is due to the uniqueness of limits in probability. O

9 Semimartingale defined by Riemann-Stieltjes integration

Let (2, F, P) be a complete probability space and F. be a filtration of sub o-fields. The
index set is R>(. We recall some facts from Riemann-Stieltjes integration.

9.1 Lemma. All continuous functions are Riemann-Stieltjes integrable with respect to a
right (left) continuous integrator of finite variation. All functions of finite variation are
Riemann-Stieltjes integrable with respect to a continuous integrator.

Proof. Suppose that a < b, f : Ry — R is of finite variation and w : Ry, — R is
continuous. Let A be a tagged partition of Ry, ), by which we mean a set such that x € R,
J is an left open and right closed interval and inf J < x < supJ for all (z,J) € A and
(x,J) — J is a finite partition of R(,;. Then we have that

‘w(t) — Z w(:c)lj(t)‘ < ( su)p sup |w(s) — w(z)| < amp(mesh(A), w)
(2, J)EA o, J)en seJ

for all ¢ € Ry, 5. Suppose that f is right continuous. It follows that

}/( ) wdf — Z w(z){f(sup J) — f(inf J)}| < amp(mesh(A), w)var(df,Rp)-

(z,J)EA
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Therefore the function w is Riemann-Stieltjes integrable with respect to the integrator f
and the integral coincides with the counter part | (ap] W df in the measure theory. If f is left

continuous then f: wdf = f[a » Wdf. On the other hand

Z f(@nf J + o){w(sup J) — w(inf J)} Z f(z){w(sup J) — w(inf J)}

(z,J)eA (z,J)EA
< Z var(df, J)|w(sup J) — w(inf J)| < var(df, R, y)amp(mesh(A), w).
(z,J)eA

Observe that >,y f(inf J 4+ o){w(sup J) — w(inf J)} coincides with

w(b)f (b) —w(a)f (a) — Z w(sup J){f (sup J) — f (inf J)},

(z,J)EA

where we write f (z) = f(x + 0) for # € Ry,;. Thus we infer that

WOF ) - w@F @ - [ wdf = 3 ) {wlw ) - wnt 1)

(a.b] (z,J)eA
< 2var(df,Rq)amp(mesh(A), w).

Consequently f is Riemann-Stieltjes integrable with respect to the integrator w and

1 —l

9.2) / f dw = w(B) T (b) — w(a)F (a) - /(] wdf = w(b)F () — w(a)F (a) - /[ wdf

Here 71(:10) = f(x — o) for x € R}, and the second relation is obtained by changing the roll
of the left and the right. Note that

b b b
dw= | Fdw= | F dwand w®)F (b)— dF = wb)F (b) — df
/wa /af w /af w and w(b) T (b) /(&b]wf w(b)F () /w)wf

The latter implies that {(s,t) : s <t} = R, (s,t) — fst f dw is continuous. O

Given t € R>( and finite valued processes f. and X., we set

R[fdX]; := liminf Z (XinGr1y2n — Xinijan) fijon.

n—00
1€2:0<i<2nt

9.3 Corollary. Suppose that X. is an F.-adapted process whose almost every sample path
15 finite valued and continuous and f. is an F.-adapted process whose almost every sample
path is of finite variation. Then t — R[fdX]; is an F.-adapted process whose almost every
sample path is finite valued and continuous.

Proof. The adaptedness is clear by definition. We select and fix )y € F such that P(€) = 1,
X.(w) is finite valued and contlnuous and f ( ) 1s rlght continuous and of finite variation for
every w € . Then R[fdX]( fo ) for all w € Qy and ¢ € R5g. The function

t— fo w)dX (w) is contmuous for every w € Qo according to the proof of Lemma 9.1. [
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Mart®(F.) stands for the space of all F.-local martingales with almost sure
continuous sample path.

9.4 Lemma. Suppose M. € Mart’(F.), A. € Qvar[M.; F]| and f. is an F.-adapted process
such that sup,cq |fi(w)| < +o0o for allt € Rsg. If ¢ is a locally finite partition of Rso then

I :t— Z (Minpir1) — Ming(iy) foiy is an F.-local martingale
(1)<t
and t = 37, 50 < (Aunoirn) — Aung))| fow]? € Quar(l; F].
Proof. Let S(-) be a reducing sequence for the F.-local martingale M.. It follows that
t— Z (Mt/\¢(i+1)/\S(k) — Mt/\¢(i)/\S(k))f¢>(i) isan F. V Null(P)—martingale
:¢(3)<T
for each T' € Ry and k£ € N by Lemma 8.2. The above coincides with
t Y (Mnswnsirn) — Minswna) foc)
2:0(4)<t

on the time interval [0,T]. T being arbitrary, this means that the latter process is an
F.V Null(P)-martingale for each k£ € N. On the other hand the process t — [, is F.-adapted.
Thus we verified that S(-) also serves as a reducing sequence for the F.-local martingale I.
Let A be a refinement of the partition {¢(i);i € Z>o}. Then

Z |It/\supJ - It/\ian|2 - Z Z |Mt/\supJ - Mt/\ian|2|f¢(i)|2-

JEAinf J<t ip(i)<t JEATC(B(i),p(i+1)]

According to Theorem 8.15 the term ZJGA:JC(d)(i),qb(iJrl)] | Mipsups — Minin 7> converges to
Aine(i+1) — Aing(iy locally uniformly in probability as mesh(A) tends to 0. Therefore

sup ’ Z |]t/\supJ - It/\ian|2 - Z (AtA¢(i+l) - At/\d)(i))|f¢(i)|2
SEROSSSET je nvinf J<t irp(i)<t
converges to 0 in probability as mesh(A) tends to 0 for all ¢ € Rxy. O

9.5 Lemma. Suppose that M™ is a sequence of Mart®(F.). If there exists a process M. such
that its almost every sample path is right continuous and sup,., |M] — M| converges to 0
in probability for all t € Rxq then t — M; € Mart’(F. V Null(P)).

Proof. By choosing a subsequence we may assume that

lim sup sup |M} — M| = 0 for all ¢ € R a.s.

n—oo s<t

It follows that M; = liminf, ., M a.s. for all t € R>( and hence M. is F.V Null(P)-adapted.
Let K € Roo. We introduce the following F. V Null(P)-optional times:

o(n,K):=inf{t e Ryg: |[M]'| > K},n € N; 7(K) :=inf{t € Ry : | M| > K}.

The former constitutes a reducing sequence for M as an F. V Null(P)-local martingale for
each n € N by Corollary 8.14(i). In particular we have by Corollary 3.17(ii) that
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t—= M yromrrn — Mg is an F.V Null(P)-martingale.
Since SUps<ip-(x) [Ms| < K on {7(K) > 0} by Lemma 8.13(i),

sup |Mg’ < sup ‘Ms’ + sup |Mg - Ms‘ <K +Sl§t) ‘Mg - Msl on {T<K) > 0}

s<tAT(K) s<tAT(K) s<EAT(K)
Suppose that € € Rg1). Then, invoking Lemma 8.13(i) again, we infer that
7(K)>0and sup|M! — M| <e=tAT(K)<o(n,K+1).
s<t

If 7(K) =0 then t A7(K) < o(n, K + 1) holds. Hence

Slg) (Mg — M| <e= Slift) |M:/\T(K)/\O'(H,K+1) — Mnri)| < e

Therefore we obtain that

P(sup [Mg, (k) rotn i +1) — Manro)| > €) < P(sup [M — M| > ¢).

s<t s<t
This implies that
M&T(K)Aa(n,KH) — Mg converges to M,,x) — My in probability

as n tends to co. Taking into account that |M\ o) i1y — Mol < 2(K + 1) as., we
conclude that ¢ — Mir-(xy — Mo is an F. V Null(P)-martingale. H

9.6 Lemma. Suppose that f : Ry — R is locally bounded and admits left hand limits
everywhere, and v : Ry — R is of finite variation and right continuous. Then

Z {v(EA@GE+1)/2") —v(t ANi/2")}f(i/2") converges to f(- —o)dv ¥Vt € Ry
1:0<i<2n¢ (0.1

where f(t — o) := liminfsyrseq f(5).

Proof. The function s — f(s — 0) is left continuous by Lemma 14.3(ii). O

9.7 Corollary. Suppose that f is an F.-adapted process whose almost every sample path
1s locally bounded and admits left hand limits everywhere, and A. is an F.-finite variation
process. Then R[fdA]. is an F.-finite variation process. If A. admits almost sure continuous

sample path then so does R[fdA]..

9.8 Lemma. Suppose f : Ry — R is of finite variation and w : R, — R is continuous.
(i) If g : Rjap) — R is of finite variation then so are f+ g and fg: Ry — R, and

/ab(f+g)dw=/abfdw+/abgdw and /abfgdw:/abfdv

where v 1s the continuous function t — f;gdw.
(i) If v : Rigp) — R is continuous then

/abfd(v—l—w):/abfdv—i—/abgdw and /abfd(vw):/abgdw—i—w(b)/abfdv

where g is the function of finite variation t — f[a N df(- — o) + f(a —o)v(a).
(iii) If £ : R — R is Lipschitz continuous then the composition £ o f is of finite variation.
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Proof. (i) Since var(d(fg),Rp) < supj,y |flvar(dg, Rap) + supy,y [glvar(df, Rep), the
product fg is of finite variation. Suppose that a < s <t < b. We see by (9.2) that

g9(s +o)(w(t) —w(s)) — (v(t) —v(s)) = / (w(t) —w)dg(- + o).
(5t]
It therefore follows that |g(s +o)(w(t) —w(s)) — (v(t) —v(s))| < amp[t — s, w|var(dg, R ).

(ii) We repeatedly apply the integration by parts formula (9.2). Taking into account that
g(b) + fabfdv = f(b—o)v(b) and f[a,b) wdg = f[a,b) wvdf(- — o), we get

dw + w(b dv = g(b)w(b) — gla)w(a) — wd w(b dv
/ag + <>/af g(Byw(b) - glayw(a) /H g+ ()/af
— £(b— o)o(B)w(®) — fa — o)o(a)wla) — / vw df(- — o).
[a,b)
The right hand side equals fab fd(vw). O

9.9 Lemma. Suppose that M. € Mart’(F.) and A. is an F.-adapted process. Then A. €
Qvar[M.; F| if and only if almost every sample path of A. starts from 0 and is continuous
and of finite variation, and t — |M;|?> — A; is an F.-local martingale.

Proof. Theorem 8.15 shows that Qvar[M.; F] is not void. Choose an element B. form it.
Then it is F-adapted, its almost every sample path starts from 0 and is continuous and
of finite variation. Moreover |M.|> — B. is an F-local martingale by Theorem 8.15. The
implication = is thus established. To prove the converse suppose that A. shares the same
property of B. described above. It follows that A.— B. is an F.-local martingale whose almost
every sample path starts from 0, and is continuous and of finite variation. With the help of
Corollary 8.17 and Theorem 8.21(iv) we infer that A. € Qvar[M.;F)]. O

9.10 Theorem. Suppose that M. € Mart’(F.), A. € Qvar[M.;F]| and f. is an F.-adapted
process whose almost every sample path is of finite variation. Then the process t — R[fdM],
belongs to Mart®(F.) and R[|f|*dA]. € Qvar[R[fdM].; F)].

Proof. The sample path continuity of the processes in question is mentioned in Corollary 9.3.
We next show the local martingale property of t — R[fdM], with additionally assuming that
SUP,eq | fi(w)] < 400 for all t € Rsq. Let n € N. Tt follows by Lemma 9.4 that

I" .t — Z (Mypgisrys2n — Minijan) fijan.

1€7:0<i<2n

is an F.-local martingale and

Bn i Z (At/\(i—l-l)/Q" — At/\i/2")|fi/2”‘2 € QV&I‘[I.TL 3 f]

i€7:0<i<2n
According to Theorem 8.15,

t s |I'}* — B is an F-local martingale.
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We select and fix ©y € F such that P(Qy) = 1,

f.(w) is of finite variation, M.(w) is finite valued and continuous, and

A.(w) is finite valued, nondecreasing and continuous for every w € ).

It then follows by Lemma 9.1 that

> (Mynganyor (w) = Mysgjon(w)) fijan (w) converges to /0 fw)dM (W),

1€2:0<i<2mt

D (Ainanyen (@) = Aunigan (@) fijn ()] converges to /0 |f.(w)]* dA.(w)

1€2:0<i<2nt

locally uniformly on R for each w € €. Invoking Lemma 9.5, we infer that
R[fdM]. and |R[fdM].|* — R||f|?dA]. are F. vV Null(P)-local martingales.

Actually, being F-adapted by definition, they are F.-local martingales. The local martin-
gale property of the second process implies that R[|f|*dA]. € Qvar[R[fdM].;F] in view of
Corollary 9.7 and Lemma 9.9.

We relax the boundedness of the integrand. Let n € N. Since x — max{min{z,n}, —n}
is Lipschitz continuous, f™ : ¢t +— max{min{f;,n}, —n} is an F-finite variation process by
Lemma 9.8(iii) and |f}*| < n for all t € R>(. We see by the preceding paragraph that

t— R[f"dM]; and t — |R[f"dM];|* — R]|f"|*dA]; are F-local martingales.

Let Qg be as above. If w € €y then sup,cp.g<.<; | fs(w)| < n and hence f"(w) = f.(w) on Ry
for sufficiently large n € N. Thus, with the help of Lemma 9.5, we get the full claim. [

9.11 Corollary. Suppose that X. is an F.-semimartingale and f. is an F.-adapted process
whose almost every sample path is of finite variation. Then the process t — R[fdX]; is an
F.-semimartingale. Moreover if M. € Mart[X.; F| and A. € Qvar[X.; F] then

R[fdM). € Mart[R[fdX].; F] and R[|f|*dA]. € Qvar[R[fdX].;F)].

Proof. R[fdX]; = R[fdM]; + R[fd(X — M)]; for all t € R a.s. by Lemma 9.8(ii). O

10 Product of semimartingales is a semimartingale

Let (2, F, P) be a complete probability space and F. be a filtration of sub o-fields. 9tart®(F)
denotes the space of all F-local martingales with almost sure continuous sample path.

10.1 Lemma. Suppose that X., Y. are F.-semimartingales. If f is a bounded Fy-measurable
function then fX. is an F.-semimartingale. X. +Y. is an F.-semimartingale.

Proof. Lemma 7.5(1) and Lemma 7.5(iii). O

10.2 Lemma. Let X. be an F. V Null(P)-adapted process. If its almost every sample path
is left continuous then there exists an F.-adapted process X. such that X, = X; Vt € R>¢ a.s.
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Proof. We select and fix an F.,-adapted modification Y. of X.. There exists {2y € F such
that P(€p) = 1 and X;(w) = Yi(w) for all t € Qs and w € Q. Since X. is left continuous
a.s., we may assume that ¢ — X;(w) is left continuous for all w € Q. It follows that

liminf Y (w) = liminf X =X for all t € R d Q.
lim inf s(w) lim inf s(w) t(w) for all t € Ry and w € Qg

Thus the process Xt lim infsp15cq Ys is a desired one. O
10.3 Lemma. Suppose that X. and Y. are F.-semimartingales. Then there exists an F.-

adapted process A. such that its almost every sample path is continuous and

sup | D (Xanoirn) = Xangi)) Yangtirn) — Yanoty) — Asl,
s€ER:0<s<t i:b(i)<s

where ¢ runs through locally finite partitions of Rsq, converges to 0 in probability as mesh(¢)
tends to 0 for allt € R>q. A posteriori almost every sample path of A. is of finite variation
and t — (M +m)(Ny +n) — Ay € Mact®(F.) for M. € Mart[X.; F| and N. € Mart[Y.; F]
where m,n are finite valued Fy-measurable random variables.

Proof. We see that X. + Y. and X. — Y. are F.-semimartingales, and
M.+ N. € Mart[X. + Y ; F] and M. — N. € Mart[X. — Y.; F].

Corollary 8.18 claims Qvar[X.+Y.; F] and Qvar[X. —Y; F| are not void. We select elements
of them, say B. and C'. respectively. Due to the polarization identities

XY =(X+Y)2— (X —Y)*and MN = (M + N)* — (M — N)?,

the process A. := (B. — C')/4 shares the same property as the desired A. process except for
the F-adaptedness. Lemma 10.2 takes care of the F.-adaptedness. O

10.4 Definition. Given two F -semimartingales X. and Y., a process which shares the same
property as the A. process in Lemma 10.3 is called a cross variation of X. and Y.

Given F.-semimartingales X., Y. we write

Crv[X.,Y.; F]:={A. : F-cross variation of X. and Y.}.

Clearly we have that Crv[X., X.; F] = Qvar[X.; F] and Crv[X.,Y.; F] = Crv[Y,, X ; F.

10.5 Corollary. Suppose that X. and Y. are F.-semimartingales. Then t — X,Y; is an
F.-semimartingale. If M. € Mart[X.; F], N. € Mart[Y.; F] and A. € Crv[X.,Y.; F] then

M.N. — A. + R[(X — M)dN]. + R[(Y — N)dM]. € Mart[X.Y.; F].

Proof. There is nothing new to mention about the sample path continuity. The process
t — M;N; — A; is an F.-local martingale by Lemma 10.3. Both B. : t — X; — M; and
C.:t—Y,— N, are F.-finite variation processes. Their product t — B;C} is also an F.-finite
variation process by Lemma 9.8(i). We see in (9.2) that

BN, = R[BdN], + RINdB],, C;M, = R[CdM], + R]MdC], for all t € Rsg a.s.

According to Theorem 9.10, the terms R[BdN]; and R[CdM]; define F.-local martingales
while R[NdB]; and R[MdC|; constitute F-finite variation processes. Thus we verified that
t — M;N; + B;N; + C;M, + B,C} is an F.-semimartingale and its local martingale part is
given by t — M;N; — Ay + R[BdN]; + R[CdM];. O
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We postpone the discussion on Qvar[X.Y.; F] after the introduction of stochastic inte-
gration. See Example 12.3.

10.6 Lemma. Suppose that X.,Y. and Z. are F.-semimartingales.

(i) Crv[ X, Y, F] # 0. If A,B. € Crv[X.,Y.; F| then Ay, = By ¥Vt € Ryq a.s. If A is F.-
adapted, B. € Crv[X.,Y.; F] and Ay = By Yt € Rsq a.s. then A. € Crv[X., Y. ; F].

(il) Suppose that A. is an F.-adapted process, M. € Mart[X., ; F.], N. € Mart[Y., ; F] and
m,n are finite valued Fo-measurable random variables. Then A. € Crv[X., Y ; F] if and only
if almost every sample path of A. starts from 0 and is continuous and of finite variation, and
t— (M;+m)(N; +n) — Ay is an F.-local martingale.

(iii) If f is a bounded Fo-measurable function then fCrv(X.,Z ;F| = Crv[fX, Z ;F].
Crv[ X, Z  F]+Crv|Y,Z ; F]=Crv[X +Y,Z;F].

(iv) If Cov[ X, Z; F) N Crv]Y, Z; F] # 0 then 0 € Crv[X. — Y., Z ;F]. Conversely if
0€ Crv[X. =Y, Z;F] then Crv[X., Z; F] = Crv[Y, Z.; F.

Proof. (i) Lemma 10.3 shows that Crv[X.,Y.; F] is not void. The second part is due to the
uniqueness of limits in probability.

(ii) Lemma 10.3 shows the implication =. To prove the converse suppose that A. is F.-
adapted, its almost every sample path starts from 0 and is continuous and of finite variation,
and M.N. — A is an F.-local martingale. Choose an element B. form Crv[X.,Y ;F]. It
follows that the difference A. — B. is an F -local martingale whose almost every sample path
starts from 0, and is continuous and of finite variation. With the help of Corollary 8.17 and
(i) we infer that A. € Crv[ X, Y ; F].

(iii) If A. € Crv[X., Z.; F], B. € Crv[Y,, Z.; F] and ¢ € R then

A +B e€Crv[X. +Y,Z;F] and cA € Crv[cX., Z.; F].
(iv) Combine (i) and (iii). O

10.7 Lemma. Suppose that X. and Y. are F.-semimartingales and T is an F. V Null(P)-
optional time. Then X A, is an F.VNull(P)-semimartingale, M.5, € Mart[ X ,, ; F.VNull(P)]
for all M. € Mart[X.; F] and A € Crv[X.a-, Y3 F V Null(P)] for all A € Crv[X.,Y.; F].

Proof. Lemma 7.5(iii). The result about the cross variation derives by definition. ]

10.8 Theorem. (i) If X., Y. and Z. are F.-semimartingales and t — X; — Y, is of finite
variation a.s. then Crv[X., Z ; F] = Crv|Y., Z ; F].

(i) If X. is an F.-semimartingale and 0 € Qvar|X.; F.| then X. is of finite variation a.s.
(iii) If X. is an F.VNull(P)-semimartingale and 0 € Crv[X., M. ; F.VNull(P)] for all bounded
M. € Mart(F) then X. is of finite variation a.s.

(iv) If X. and Y. are F.V Null(P)-semimartingales and Crv[X., M.; F] N Crv[Y., M.; F] # 0
for all bounded M. € Mart®(F.) then t — X, — Y, is of finite variation a.s.

Proof. (i) Lemma 8.16 shows that 0 € Crv[X. —Y., Z.; F]. Hence we see by Lemma 10.6(iv)
that Crv[X., Z; F] = Crv]Y, Z.; F].

(ii) Let M. € Mart[X.; F]. Then t — |M;|* is an F-local martingale by Theorem 10.6(ii).
Such process must satisfy M; = 0 for all t € R a.s. according to the proof of Corollary 8.17.
Thus we reach 0 € Mart[X. ; F], i.e., X. is of finite variation a.s.
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(iii) Let N. € Mart[X.; F. V Null(P)]. According to Corollary 8.14(i)
7(k) :=1inf{t € Rso : |N| > k}, k € N

forms a reducing sequence for the F. vV Null( P)-local martingale N.. It follows by Lemma 10.2
that there exists an F.-adapted process M. such that

M; = Niprqy for all £ € Ry as.

Then M. is an F.-martingale with almost sure continuous sample path. Since |Nt,\7(k)| <k
for all t € R>g a.s. by Lemma 8.13(i), we may assume that |M;(w)| < k for all t € R, and
w € Q. Invoking (i) we infer that

Crv[X., M.; F.V Null(P)] = Crv[X., Noary s - -] = Crv[N., Nory 3 F. V Null(P)].

Observe that the left hand side contains 0. Let A. € Qvar[N.;F. vV Null(P)]. Lemma 10.7
claims that the right hand side contains A.(). It follows by Lemma 10.6(i) that

Aipry = 0 for all t € Ry a.s. for all £ € N.

Since 7(k) < 7(k + 1) and supyey7(k) = 400, we infer that A, = 0 for all t € Ry as.
Applying (i) again we reach that 0 € Qvar[V. ; F. vV Null(P)] = Qvar[X. ; F. V Null(P)], which
implies that W. is of finite variation a.s. by (ii).

(iv) Combine (iii) in the present statement and Lemma 10.6(iv). O

10.9 Corollary. (i) If X. € Mart’(F.) and 0 € Qvar[X.; F] then X; = Xy Vt € Rsg a.s.
(i) If X. € Mart®(F. vV Null(P)) and 0 € Crv[X., M.; F. VvV Null(P)] for all bounded M. €
Mart®(F.) then Xy = Xo for allt € Rsg a.s.

(iii) If X., Y. € Mart®(F VNull(P)) and Crv[X., M. ; FVNull(P)|NCrv[Y., M. ; FVNull(P)] #
0 for all bounded M. € Mart®(F.) then X, — Xo =Y, — Yy for all t € R a.s.

Proof. Theorem 10.8 and Corollary 8.17. ]

10.10 Theorem. Suppose that X. and Y. are F.-semimartingales, f. and g. are F.-adapted
process whose almost every sample path is of finite variation. If A. € Crv[X.,Y.; F] then

R[fdA]. € Crv[R[fdX].,Y.; F] and R[fgdA]. € Crv[R[fdX]., R[gdY].; F].
Proof. Let M. € Mart[X.;F] and N. € Mart[Y.; F.]. Then Corollary 9.11 shows that
R[fdM]. € Mart[R[fdX].; F] and R[gdN]. € Mart[R[gdY].; F].
Moreover it follows by Corollary 10.8(i) that
Crv[X.,Y; F] = Crv[M,,N.; F] and Crv|[R[fdX].,Y.; F] = Crv[R[fdM]., N.; Fl].

Thus we may assume that X. and Y. are F -local martingales. We select and fix €}y € F such
that P(£2) = 1, and f.(w) is of finite variation, Xy(w) = 0, and X .(w) and Y.(w) are finite
valued and continuous for every w € 2y. Then we have that

Yt(w)/o flw)dX (w) :/0 flw)d(X(w)Y (w)) —/0 h(w) dY (w) for all w € Q
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by Lemma 9.8(ii) where we write

ho(w) = {f[o,t) X(WO) df-—o(w) w e Q
w & o

The process t — hy is F.VNull(P)-adapted and its almost every sample path is left continuous
and of finite variation. It therefore follows by Lemma 9.8(ii) that

R[fdX],Y; — R[fdA], = R[fd(XY — A)), — R[hdY]; for all t € Rsg a.s.

Lemma 10.6(ii) shows t — X;Y; — A, € Mact®(F.). Thus, taking F.-adaptedness into
account, we see by Theorem 9.10 that ¢ — R[fdX],Y; — R[fdA]; is an F.-local martingale.
Invoking Corollary 9.7 and Lemma 10.6(ii), we reach that R[fdA]. € Crv|[R[fdX]., Y. ; F].
Finally, since R[fdR[gdA]]: = R[fgdA]; for all t € Rsg a.s. by Lemma 9.8(i), we obtain that
R[fgdA]. € Crv[R[fdX]., R[gdY].; F.]. O

11 Stochastic integration — beyond Riemann-Stieltjes

Let (2, F, P) be a complete probability space and F. be a filtration of sub o-fields. 9Mart®(F.)
denotes the space of all F-local martingales with almost sure continuous sample path.

11.1 Theorem. Suppose that M. is an F.-local martingale such that its almost every sample
path is right continuous, and that A. is an F.-increasing process with almost sure continuous
sample path such that t — |M,|* — A; is an F.-local martingale. Then

E[A; N¢]
AZ

for all F. v Null(P)-optional times 7 and X\, e € R.y.

E[|My|* A N

P(sup{|M|;t € Rsp,t <7} > \) < \2

+P(A, >¢)+

Proof. Given A, e € R.p, we introduce the following F. VV Null(P)-optional times:

S if | M| < A

S:=inf{t e Rsg: A >¢e}, T:=
{ =0 ! ! {O otherwise

Since Ag =0 < ¢ and t — A; is continuous a.s., we have that S > 0 a.s. and hence
{|Mo| < A} ={T >0} mod Null(P).
Observe that if 7' > 0 then T"= S. Therefore we infer that

P(sup{|M|;t <7} > A\ 7 < S, [Mo| < N) < P(sup{|M|;t <17 ANS} >N | M| < \)

*
&) = P(sup{|Milr=o|;t <7 AT} > N\T >0) < P(sup{|M1p=ol;t < T AT} > N).

We write Gy := Foy and G, := F; for t € R.y. According to Lemma 8.13(iii),
Ay S Apps = Ay Ne < e for all t € Ry as.

Since E[|My|*;T > 0] = E[|Mo|?; |Mo| < \] < +o0, it follows by Theorem 7.17(ii) that
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t — Miarlyso is a square integrable G. V Null(P)-martingale.
Therefore Example 6.4 shows that

P(sup{|Mi1rsol;t < T ANAT} > A) < E[|Mapnrlrsol?]/N? for all n € N.
On the other hand we see by Theorem 7.17(iii) that
E[|Mypunr? ;T > 0] = E[|Mo|*; T > 0] + E[Arpnnt] < E[|Mo?; | M| < N + E[A; A €]
where we used that {|My| < A} ={T > 0} and A, punar < A, A€ as. Hence
P(sup{|Melrsolit < 7 AnATY > X) < (E[[Mol*;[Mo] < A| + E[A; Ae])/N°.
Tending n to oo, we reach
P(sup{|M17ol;t < TAT} > N) < (B[|Mo|*; [ Mo| < A + E[A; Ae]) /N2

The left hand side dominates P(sup{|M;|;t <7} > A\, 7 < S, |My| < A) by (x). Thus

BlMo?; [Mo| <N | E[A, 1]

P(sup{|M;|;t <7} > ) < 32 ¥

+ P(r > 8)+ P(|M| > \).

Finally, taking Lemma 8.13(i) into account, we get the claim. O

11.2 Corollary. Suppose that M™ is a sequence of Mart®(F.), A" € Qvar[M™; F.] and T is
an F. V Null(P)-optional time. If both MJ and A converge to O in probability then so does
the sequence sup{|M*|;t € R>o,t < 7}.

11.3 Lemma. Suppose that f is an F.,-adapted process whose almost every sample path is
locally bounded and admits left hand limits everywhere, A. is an F.-finite variation process,
and B. is an F.-increasing process. Then for each t € Rxg

limsup sup |R[f([n]/n,*x)dA]s — R[fdA]s] =0 a.s.,

n—oo seR:0<s<t

limsup R[|f([n:]/n,*) — f[*dB]; =0 a.s. and

n—oo

lim sup Rf] f(fm-]/m, *) — f([]/n,*)[*dB]; = 0 a.s.

where [x] =max({i € Z : i < 2} U{0}) for x € R.

Proof. Select and fix 2y € F such that P(£2y) = 1, and f(+,w) is locally bounded and admits
left hand limits everywhere, A.(w) is of finite variation and right continuous, and B.(w) is
finite valued, nondecreasing and right continuous for every w € €)y. Let n € N. Then

R[f([n-]/n, x)dAl, — R[fdA]i(w) = o t]{f([n']/n, w) = (- —ow)}dA.(w)

for all t € R>y and w € {2y by Lemma 9.6. The right hand side is dominated by
[, im0 = 5~ 0 wlvar(dA), )
0.t
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Observe that f([nt]/n,w) converges to f(t — o,w) as n tends to oo for each t € R>o and
w € Qy. Due to the local boundedness of f(-,w), we see that

lim sup/ |f([n]/n,w) — f(- — o,w)| var(dA(w), ) = 0 for all t € Rsy and w €
n—o0 (0,¢]
by the dominated convergence theorem. The argument for other limits is similar. O]

11.4 Theorem. Suppose that M. € Mart(F.) and f is an F.-adapted process whose almost
every sample path is locally bounded and admits left hand limits everywhere. Then there
exists 1. € Mart®(F.) such that Iy =0 a.s. and

R[fdA]. € Crv[l,N.; F] for all N. € Mart’(F.) and A. € Crv[M., N.; F]

Proof. We introduce the following sequence of F -finite variation processes:
[t — f([nt]/n,*), n € N where [z] = max({i € Z : i < 2} U{0}).
Let n € N. The process t — R[f"dM]; belongs to Mart®(F.) by Theorem 9.10 and
R[f"'dA]. € Crv[R[f"dM].,N.; F]
by Theorem 10.10. Let B. € Qvar[M.; F.]. We have by Lemma 9.8(i) that
R[f™dM]; — R[f"dM]; = R[(f™ — f")dM]; for all t € Rx a.s.
According to Theorem 9.10,
R[|f™ — fr[dB) € Quar[R[(f™ — fr)dM]; F].

Since the almost sure convergence implies the convergence in probability, it follows that

limsup P(R[|f™ — f"|?dB]; > ¢) = 0 for all ¢ € Ry and t € R

m,n— o0

by Lemma 11.3. Thus, invoking Theorem 11.1, we infer that

limsup P( sup |R[f™dM]s — R[f"dM]s| > X\) =0 for all A € Ry and t € Rx,.

m,n— o0 seR:0<s<t

We can find ¢ € Seq(N, T) such that

P( sup |R[f™dM]s — R[f"dM]4| > 1/2T) < 1/2T for all 7" € N and m,n € Ny ).

seR:0<s<T

We write I}' :== R[f"dM]; for simplicity. The Borel-Cantelli lemma shows that there exists
Qg € F such that P(€) =1 and

t — R[f"dM];(w) is continuous for all n € N and
SUDy.1<p 1120 (W) — 19" (w)| < 1/2™ except for finitely many n € N
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for all w € €y. We set

I;(w) == liminf R[f*™dM],(w) for t € Ry and w € Q.

n—oo

The process t — I; is F.-adapted. Let w € y and T' € N. Then, since

Zsup 1175 (w) — |<Zsup 1125 () — 1P (w)] < 17277

tt<T tt<k‘
for all n € N>p, it follows that
L(w) —1/2" 1 < ™ (w) < Li(w) +1/2"" for t € Ryg7y and n € Nog.

Therefore the continuity of ¢ +— I;(w) derives from that of ¢ — I}*(w). Moreover Lemma 9.5
shows that I. is an F.-local martingale. We see by Lemma 11.3 that

limsup P( sup |R[f"dA]s — R[fdA|s| > ¢) =0 for all ¢ € Ry and t € R,.

n— oo seR:0<s<t

We get by Lemma 9.5, Corollary 9.7 and Lemma 10.6(ii) that R[fdA] € Crv[[,N.; F]. O

Given M. € Mart’(F.) and an F.-adapted process f whose almost every sample
path is locally bounded and admits left hand limits everywhere, we set

to[fdM ; F| = {I. € Mart(F.) : Iy = 0 a.s., and R[fdA]. € Crv[[, N.; F]
for any bounded N. € Mart®(F.) and A. € Crv[M., N.; F]}.

Stochastic integral of f with integrator M.

11.5 Corollary. Suppose M. € Mart®(F.), and f is an F.-adapted process whose almost
every sample path is locally bounded and admits left hand limits everywhere.

(i) o[fdM ; F) # 0. If I, L. € to[fdM ; F] then I, = Ly Yt € Rsq a.s. If I. is F.-adapted,
L. e Ito[fdM ; F| and I; = L, Vt € R a.s. then I. € Ito[fdM ; F].

(i) Let I. € Ito[fdM ; F. If A. € Qvar[M.;F], N. € Mact’(F.) and B. € Crv[M.,N.; F]
then R[|f|*dA]. € Qvar[l.;F)| and R[fdB]. € Crv[l,N.;F].

(iil) Ito[fdM ; F| C Tto[fdM ; F. v Null(P)].

Proof. (i) Let I, L. € Tto[fdM]. Then Crv[l, N.; F] N Crv[L.,N.;F] # () for any bounded
N. € Mart®(F.). It follows that I; = L, for all t € R a.s. by Corollary 10.9(iii). Conversely
suppose that I. is F-adapted, L. € Ito[fdM] and I; = L, for all t € Ry a.s. Clearly
I € Mart®(F.). Theorem 10.8(i) shows that Crv[l., N.; F] coincides with Crv[L., N.; F| for
any bounded N. € Mart®(F.). Hence I. € Ité[fdM].

(ii) Combining (i) and Theorem 11.4, we get R[fdB]. € Crv[l., N.;F]. In particular we
have that R[fdA]. € Crv[l., M. ;F] = Crv[M.,I ;F]. According to Lemma 9.6,

R[|f|?dA]; = R[fdR[fdA]]; for all t € Rs a.s.

It therefore follows by Lemma 10.6(i) that R[|f|*dA]. € Crv[L, I.; F)] = Qvar|l.; F.].
(i) We select J. € 1to[fdM ; F| # () where F. := F. V Null(P). Let I. € Ito[fdM ; F)].
Then we infer that

ol



Crv[L,N.; F]NCrv[J,N.; F] # 0 for any bounded N. € Mart®(F.).
Indeed, given A. € Crv[M., N.; F] € Crv[M., N.; F], we have that
R[fdA] € Cxv[I, N.; F] € Crv[I, N.; F] and R[fdA] € Crv[J, N.; F]

It therefore follows that I; = J; for all t € R a.s. by Corollary 10.9(iii). Hence we conclude
that I. € It6[fdM ; F] by using (i) in the present corollary. O

11.6 Lemma. Suppose that M., N. € Mart’(F.), and f, g are F.-adapted processes whose
almost sure sample paths are locally bounded and admit left hand limits everywhere.
(i) Let A € Qvar[M. ; F]. Then 0 € 1to[fdM ; F] if and only if R[|f|*dA]; = 0 a.s. Vt € Rxy.
(ii) For h bounded and Fo-measurable hlto|[fdM ; F] = Ito[hfdM ; F| = Ito[fd(hM) ; F].
(iil) Ito[fdM ; F| 4 Ito[gd M ; F| = Ito[(f + g)dM ; F].

Ito[fdM ; F] + Ito[fdN ; F| = Ito[fd(M + N) ; F].
(iv) If J. € Ito[gd M ; F.] then Ito[fgd M ; F| = Ito[fdJ ; F].
(v) If o € Time(F.) and I. € 1to[fdM ; F.| then In, € 1t6[1 0 fdM ; F. VvV Null(P)] more
precisely Ino = J; for allt € Rxq a.s. for J. € 1t6[1 (g0 fdM ; F].
(vi) If o € Time(F.VNull(P)) then It6[1( o fdM ; F.VNull(P)| = Ito[ fd M., ; F.VNull(P)].

Proof. Let I. € 1t6[fdM] and J. € Tto[gdM]. (i) Since R|[|f|*dA]. € Qvar[l ; F] by Corol-
lary 11.5(ii), we get the following series of equivalence relations:

0 € Ito[fdM] < I, = 0Vt € Rsg a.s. < 0 € Quar[l.; F| < R||f|*dA], = 0Vt € Ry as.

by Corollary 11.5(i), Corollary 10.9(i) and Theorem 8.21(iii) respectively.
(iii) and (iv) Given L. € Mart’(F.) and B. € Crv[M., L.; F]. Then we have that

R[(f + g)dBJ; = R[fdB]; + R[gdB]; for all t € R a.s.,
R[fdB]. € Crv|[I, L.; F] and R[gdB]. € Crv|J, L.;F)].

It follows by Lemma 10.6(i), (iii) that
R[(f +¢)dB]. € Crv[I,L.; F] + Crv[J, L.: F] = Crv[I. + J, L.; F).
This means 1. + J. € Ito[(f + ¢g)dM] and hence
1t6[ fdM] + Tto[gdM] C Tto[(f + g)dM].

Actually the equality holds by Corollary 11.5(i). Similar discussion also works for the second
relation in (iii). To show (iv) we select and fix K. € Ito[fd.J]. Since

R[fgdB]; = R[fdR[gdB]]; for all t € R>( a.s.
by Lemma 9.6 and R[fdR[gdB]]. € Crv[K., L.; F], it follows by Lemma 10.6(i) that
R[fgdB]. € Crv[K., L.; F)].

This means K. € It6[fgdM]. Clearly we can revert the argument above.
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(v) Let N. gﬁﬁattc(]:".) and A. € Crv[M., N.; F] where F. := F. v Null(P). Then, since
I € Ito][ fdM ; F.| according to Corollary 11.5(iii), we have that R[fdA]. € Crv[l, N.; F]. It
follows by Lemma 10.7 that

R[fdA| o € Crv[Las, N.; F.
On the other hand R[fdAin, = R[1(0,0fdA]; for all t € R a.s. Lemma 10.6(i) shows that
R[1(0,0fdA] € Crv[Ln,, N.; F.

Thus 1.5, € 1t6[1(,0 fdM ; F]. Finally, since J. € Itd[1 (g, fdM ; F)] by Corollary 11.5(iii),
it follows that I;n, = J; for all t € Rx a.s. by Corollary 11.5(i). O

11.7 Corollary. Suppose X. is an F.-semimartingale, and f is an F.-adapted process whose
almost every sample path is locally bounded and admits left hand limits everywhere. Then

R[fA(X — M)]. + 1to[fdM ; F] = R[fd(X — N)]. + Ito[fdN ; F]
for all M., N. € Mart[X; F].
Proof. R[fd(X — M)], = R[fd(X — N)]; for all t € Rsg a.s. and Ito[fdM] = Ito[fdN]. O

Given an F.-semimartingale X ., and an F.-adapted process f whose almost every
sample path is locally bounded and admits left hand limits everywhere, we set

It6[fdX ; F)| := R[fd(X — M)). + Ito[fdM ; F)

where M. € Mart[X.; F.|. Stochastic integral of f with integrator X.

12 Semimartingale and It6’s formula

Let (2, F, P) be a complete probability space and F. be a filtration of sub o-fields. Mart®(F.)
denotes the space of all F-local martingales with almost sure continuous sample path.

12.1 Lemma. Suppose that X.,Y. are F.-semimartingales, and f, g are F.-adapted processes
whose almost sure sample paths are locally bounded and admit left hand limits everywhere.
(i) For h bounded Fo-measurable h1to[fdX ; F| = Ito[hfdX ; F] = Ito[fd(hX) ; F.].
(ii) Ito[fd X ; F] + Ito[gd X ; F] = Ito[(f + g)d X ; F).

Ito[fdX ; F| + Ito[fdY ; F] = Ito[fA(X + V) ; F].
(i) If Z. € It6[gd X ; F| then 1to[fgd X ; F] = Ito[fdZ ; F].
(iv) I e Ito[fd X ; F), J € Ito[gdY ; F], A € Crv[X,Y ; F] = R|[fgdA]. € Crv[I, J; F].
(v) If o is an F.-optional time and I. € Ito[fdX ; F] then Ir, € It6[1(g0 fdX ; F.V Null(P)]
more precisely Iin, = J; for all t € Rxq a.s. for J. € Ito[1 o0 fdX ; F].

12.2 Lemma. Suppose that X. is an F.-semimartingale, and f is an F.-adapted process
whose almost every sample paths is locally bounded and admits left hand limits everywhere.
(i) If almost every sample path of X or f is of finite variation then R[fdX]. € Ito[fdX].
(i) Let I. € Tto[fdX]. Then sup,., |R[f([n-]/n,*)dX]s — Is| converges to 0 in probability
where [x] == max({i € Z :i < 2} U{0}) for z € R.
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Proof. Let M. € Mart[X.;F]. (i) We have that R[fdM]. € Ito[fdM] by Theorem 10.10.
(i) Let A. € Qvar[M.; F]. Set J, := I, — R[fd(X — M)];. Then J. € Ito[fdM]. We see
by Theorem 10.10 and Corollary 11.5(ii) that

R[f([n:]/n,*)fdA]. € Crv[R[f([n:]/n,*)dM]., J.; F. V Null(P)].

This implies that R[|f([n:]/n,*) — f|*dA]. is a quadratic variation of the local martingale
R[f([n]/n,*)dM]. — J.. Invoking Lemma 11.3 and Corollary 11.2, we infer that

limsup P(sup |R[f([n]/n,*x)dM]s — Js| > ¢) = 0 for all ¢ € Rs and t € Ry,

n— o0 s<t

On the other hand Lemma 9.8(ii) shows that
R[f([n]/n,*)dX]s = R[f([n:]/n,*x)dM]s + R[f([n-]/n,*)d(X — M)]; for all s € R5( a.s.

The second term in the right hand side converges to R[fd(X — M)]. locally uniformly a.s.
by Lemma 11.3. Thus we get the claim. ]

12.3 Example. Suppose that X and Y. are F -semimartingales. Then

XY, € XoYo + Ito[XdY] + Ito[YdX] + Crv[X., Y. ; F]
Mart[X.Y. ; F] = Ito[ X dN] + Ito[Y dM]

for M. € Mart[X.; F] and N. € Mart[Y.; F.].
Proof. Let A. € Crv[X.,Y.; F]. According to Lemma 10.3,

lim sup P( sup | Z (Xs/\(i+1)/n - Xs/\'i/n)(ys/\(i+l)/n - s/\i/n) - As| > 5) =0

n—00 seR:0<s<t ii<ns

for all ¢ € Ry and t € R>y. Arranging the summation we have that

XY, — XYy — Z (Xsnti+1)/n = Xonisn) Ysn(+1)/m — Ysni/m)

:9<ns

= Z (Xs/\(i—l—l)/n - Xs/\i/n)Y;'/n + Z (Yts/\(i-&—l)/n - }/;Az/n)Xz/n

1:9<ns 1:9<ns

The left hand side converges to X,Y; — XoYy — A, locally uniformly in probability while the
right hand equals R[Y},/ndX]s + R[X[pnmdY]s for all s € R>g a.s. where we write [x] :=
max({i € Z : i < x}U{0}) for € R. Thus we get the claim by invoking Lemma 12.2(ii). [

12.4 Lemma. Suppose that f", f are F.-adapted processes with almost sure left contin-
wous and locally bounded sample path, A. is an F.-finite variation process, and X. is an
F.-semimartingale. If f"(t,-) converges to f(t,-) for all t € Rsq a.s. and there exist an
F.-increasing process g such that |f™(t, )| < g(t,-) for allt € Rsq a.s. then for each t € Rsq
limsup sup |R[f"dA]; — R[fdA]s] =0 a.s.,
n—oo seR:0<s<t
sup |17 — I | converges to 0 in probability.
seR:0<s<t

where I™ € Ito[f"dX] and I. € 1to[fdX].
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Proof. Let B. € Qvar[X.; F.]. The argument in the proof of Corollary 11.3 shows that

limsup sup |R[f"dA], — R[fdA],| =0 a.s. and limsup R[|f" — f|*dB]; = 0 a.s.

n—oo  sERO<s<t n—oc0
Let M. € Mart[X.; F]. The above applies to A; = X; — M;. Set
J=1"—R[f"d(X — M), — I, + R[fd(X — M)];.
Then we see by Lemma 12.1(ii) and Corollary 11.5(ii) that
J" e Ito[(f™ — f)dM] and R[|f™ — f|*dB)]. € Qvar[J"; F].
Invoking Corollary 11.2, we reach the convergence of sup,, |J!'| in probability. ]

12.5 Definition. Let d € N. A d-dimensional F.-semimartingale is an R?valued process
each component of which is an F.-semimartingale. A complex F.-semimartingale is a C-
valued process whose real part and well as imaginary part are F.-semimartingales.

12.6 Theorem. Suppose that X. is a d-dimensional F.-semimartingale with components X*,
i € Neg. Then, given f € C*(RY), the composition f o X. is an F.-semimartingale and

FIX) € f(Xo)+ ) Tto[Vif (X)dX'] + 5 ZR X.)dAY].

zg 1
where A € Crv[X', X7 ; F]. 1t0’s formula

Proof. The statement holds for affine functions. Denote by D the set of all C*-functions for
which the statement holds. We first show that D is an algebra over R. Since the differential
operators V and V2 are linear, the linearity of D follows by Lemma 12.1(i), (ii). Now suppose
that f,g € D, that is,

d
F(X) € f(Xo) ZItoV FX)XT] 4 5 " RIVAF(X)dA7] and
i,j:l
d d

9(X.) € g(Xo) + ) Tt6[Vig(X.)dX'] + % > " R[VEg(X.)dAY]..

i=1 ij=1
It then follows by Lemma 12.1(ii), (iii) and Lemma 12.2(i) that
1 & y
ZHO i9(X)AX]+ 5 ) RIF(X)Vig(X)dAY]. = Tto[f(X.)dg(X.))
ij=1

On the other hand Lemma 12.1(iv), Lemma 10.6(iii) and Lemma 8.16 tell us that

> RIVAf(X)V,9(X)dAY]. € Crv[f(X).9(X): F]
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Observe that Vi(f +g) = V,f + Vig and Vi(fg) = V9 + 9V f +VifVig+ VgV, f.
Taking into account that A = A]" for all ¢t € R a.s., we infer by Example 12.3 that

F(X)g(X) € f(Xo)g(Xo) + Y _1t0[Vi(fg) (X )dX] + % 2RIV (o) (X )dAY].

Thus we verified that fg € D. In particular it follows that D contains all polynomial
functions. With the help of Lemma 12.4 one can verify that the space D is closed with respect
to the C?-topology. Consequently D = C?(RY) by Weierstrass approximation theorem. [J

12.7 Example. Suppose that X. is an F-semimartingale and A. € Qvar[X.;F.]. Then
A. . A.
exp{X. — ?} € exp{Xo} + Ito[exp{ X. — ?}dX].

In particular if X. € 9Mart’(F.) then exp{X. — A./2} € Mart®(F.).

Proof. We apply Theorem 12.6 to the semimartingale ¢t — X; — A;/2 and the function
f:x— e". We see that Qvar[X. — A./2; F] = Qvar[X.;F] by Theorem 10.8(i). Since
f'= fand f” = f, it then follows that

A A A 1 A
exp{X. — 7} € exp{Xo} + Ito[exp{X. — ?}d(X — 5)] + §R[exp{X. — ?}dA].
The right hand side equals exp{ Xy} + Ito[exp{X. — A./2}dX]| by Lemma 12.2(i). O

12.8 Definition. A d-dimensional standard F.-Brownian motion X. is a d-dimensional pro-
cess such that it is F.-adapted, its almost every sample path is continuous, Xy = 0 a.s., and
for each pair s,t € R>( with s < ¢ the increment X; — X is independent of F; and normally
distributed with mean 0 and covariance (¢ — s)d;;.

We denote the non-random increasing process t +— t by A. ‘

12.9 Theorem. Suppose that X. is a d-dimensional process whose almost every sample path
1s continuous. Then X. is a standard F.-Brownian motion if and only if it is an F.-local
martingale, Xo =0 a.s. and d;;\. € Crv[X’, X7 ; F]. Lévy’s characterization

Proof. Suppose that X. is a d-dimensional F.-local martingale with almost sure continuous
sample path, Xo = 0 a.s. and ¢t — §;;t € Crv[X?, X7;F]. Given £ € C% we consider the
following C-valued C'*°-function

fiRYXR = C, (z,y) — exp{V/=1¢ -z + q(&)y/2}.

Here ¢ : C? — C is the standard quadratic form & — Zle(fi)Q. We apply Theorem 12.6 to
the semimartingale t — (X, \;) and the function f. Observe that

Vif =V=1&f fori € Ny, Vi f = q(&)f/2 and V,V; f = =& f for i, j € Ney.
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Since 0 € Crv[X? \; F] and 0 € Qvar[)\; F.|, we have that

d
FXLA) € £(0,0)+ ) V=1&It0[f(X., A)dX]

" %@M[f (X A)dA] + % N —&&RIF(XA)A(0,0)].

ij=1

The last two terms cancel each other by Lemma 12.2(i). It follows that f(X., \.) is a complex
local martingale. If £ € RY then f(X ., \.) is bounded and hence it is a martingale. Suppose
that s,t € R>¢ and s <¢. Then we have that

exp{V—1€ - X, +q(€)s/2} = f(Xs, As)

€ Blf(Xy, )| F) = Elexp{V=1¢ - X; + q(€)t/2}|F] for all € € R,
Consequently we reach that

exp{—q(&)(t — 5)/2} € Elexp{v/—1¢ - (X; — X,)}|F] for all £ € RY.

This means that X; — X, is independent of F, and normally distributed with mean 0 and
covariance (t — s)d;;. O

12.10 Corollary. Suppose that X. is a d-dimensional stochastic process whose almost every
sample path is continuous. Then X. — Xy is a standard F.-Brownian motion if and only if
X is F.-adapted and f(X.) — R[Af(X)dN]./2 is an F.-martingale for each f € C$°(RY).

Proof. Let g € C*°(R%). We show that t — g(X;)— R[Ag(X)d)];/2 is an F-local martingale.
Once this is established, choosing ¢ as coordinate functions x +— 2% and their quadratic
monomials x — z'z?, we infer with the help of Lemma 10.6(ii) that

X is an F-local martingale and ;. € Crv[X?, X7 ; F].
Then the claim derives by Theorem 12.9. The followings are F. VV Null(P)-optional times:
7(k) .= inf{t € Rso : | X}| > k}, k € N,

Given k € N, there exists f € C5°(R?) such that g(z) = f(z) for all z € R? with |z| < k+ 1.
We select and fix ©y € F such that P(€) = 1 and ¢ — X;(w) is continuous for all w € Q.
If we Qyand 7(k,w) > 0 then |X;(w)| <k for all t € Ry with ¢t < 7(k,w). It follows that

tAT (k) tAT (k)
9(Xins) — 9(X0) = F(Xons) — f(Xo) and / Ag(X,) ds = / AF(X,)ds

for all t € R>y on €)y. This means that

1
9(Xinry) = 9(Xo) = 5 RIAGX)dN]inr(r)
for all t € R>¢ a.s.

= F(Xunrt) = F(X0) = 3 RIAF(X)dNnrg

The right hand side is a stopped process of the F.-martingale f(X.)—R[Af(X)d\]./2—f(X)).
Therefore g(X.arr)) — 3 RIAG(X)dA].Arr) — 9(Xo) is an F.VNull(P)-martingale. On the other
hand E[[g(Xo)|;7(k) > 0] < sup,., <k [9(x)] < +o00. It follows that k — 7(k) is a reducing
sequence for the F.-local martingale g(X.) — R[Ag(X)dA]./2. O
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13 Burkholder-Davis-Gundy inequality

Let (Q, F, P) be a complete probability space and F. be a filtration of sub o-fields. The
index set is R>y. The following is known with the keyword domination relation and the
inequality (i) is called the Lenglart inequality.

13.1 Lemma. Suppose that X. is an F.-adapted process such that almost every sample path
is right continuous and Xy > 0 a.s. for allt € Rsq, A. is an F.-increasing process such that
almost every sample path is continuous and 7 is an F. V Null(P)-optional time. If

E[X,; Xo <\ < E[Xo; Xo < Al + E[A,]
for all bounded F.-optional times o and A\ € R+ then the following holds:
E[Xo A ) n E[A; N €]

(i) P(sup X; > \) < + P(A; > ¢) Ve € Ry
t<rt A A
. df
(ii) Elf(sup Xy)] < E[X, — + f(Xo); Xo > 0]
t<t [Xo,400) L
df
+ E[A, — +2f(A;); A, > 0]
[Ar,+00) L

where f is any left continuous, non-decreasing function Rsq — R with f(0) =0 = f(0+).
1 2—p
(iii) Elsup X¢¥] < ——E[X"] + ——=E[A;F] for all p € R ).
t<r 1—p l—p

Proof. There exists {0y € F such that P(€y) = 1, the following holds for every w € Qy:

X.(w) is right continuous and X.(w) > 0 on Ry,
A.(w) is finite valued, continuous and non-decreasing and Ag(w) = 0.

The process with sample path t — 1q,X; (respectively t — 1q,A;) is F. V Null(P)-adapted.
Given A € Ry and € € R.(, we introduce the following F. V Null(P)-optional times:

T :=inf{t € R>p : 1, Xy > A}, S :=inf{t € Ry : 1g,4; > €}.
According to Lemma 4.8, there exist F.-optional times T, S and 7 such that
T=Tas.,S=28as and 7 =7 as.
Observe that {T" < +oo} C Q. Due to the right continuity of ¢t — 1, X,
Xr > Aon {T < +o0}.

To save the space we write B := {Xy < A}. Let n € N. We have that X7x-x, > 0 on Qq. It
therefore follows that

P(T S T7T < ’TL,B) S E[XT/\T/\TL;T S TvT < TL,B]//\ S E[XT/\T/\TL;B ﬁgo]/)\
On the other hand, T A 7 A n being a bounded F-optional time,
E[Xfpi0n i Bl < E[Xo; Bl + E[Af,z 0]
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Here the last inequality is due to the monotonicity of A. on £2y. Consequently
P(T <7,T<n,Xo<A) <FE[Xo;Xo < A/A+ E[A;;Q]/A for all n € N.
The monotone convergence theorem shows
P(T <7,T < +00,Xy <\) < E[Xo; Xo <N/ + E[A;; Q] /.
Thus we reach

(%) P(sup X; > A\, Xo <\, Qo) < E[Xo; Xo < AJ/A+ E[A-; Qo] /A

t<t

since sup{lo, X;;t <7} > Aimplies T' < 7 or ‘T" =7, T < +o00 and X > \’. Applying (x)
with 7 replaced by 7 A S, we get

P( sup Xt >/\,X0 S/\,QO) < E[Xo,XO < >\]/>\+E[A7—/\S7Q()]/)\

t<TAS

The left hand side dominates

P(sup X; > A\, 7 < 5, X <\, Q).

t<t

Consequently it follows that

E[Xo; Xy < ElA o Q
P(sup X; > \, Q) < [Xos O—A]Jr [Arns 5 Qo]

+ P(r > 8) + P(Xo > N).
t<rt /\ /\

According to Lemma 8.13(iii), A;ps = A- Ae on Qy and {7 > S} = {A, >} N Q.
(ii) Put € = A and apply Lemma 13.3.
(iii) If f : 2 a? then f(a) +a [, |, df/z =a?/(1 —p) for a € R O

13.2 Remark. Let X. be an F.-adapted process whose every sample path is continuous and
non-negative valued, A. an F.-adapted process whose every sample path is finite valued,

continuous and non-decreasing and takes the value 0 at time 0 and 7 an F.-stopping time.
If B[X,; X0 <\ < E[Xo;Xo <A+ E[A,] for all bounded F.-stopping times ¢ then

P(sup X; > \) < E[Xog AAN/A+ E[A: ANe]/XA+ P(A, > ¢e).

t<t
Proof. We introduce the following stopping times:
T := mf{t € RZO : Xt Z )\}, S = mf{t S RZO . At Z E}.
Note that sup{X;;t € Rjg )} > X implies T' < 7 and that {7 > S} = {A, > ¢}. O

13.3 Lemma. Let X be a non-negative random variable and f : R>y — R be a left contin-
uous and non-decreasing function such that f(0+) =0 (f(+o00) :=sup f). Then

d E[X;X <
E[f(X);X>0]=/ P(X > )df, E[X _f;X>o]:/ Mdf
(0,400) [X,+00) €T (0,400) T
Proof. Fubini’s theorem. 0
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13.4 Lemma. Suppose that M. is an F.-adapted process with almost sure right continuous
sample path and A. is an F.-increasing process such that |M.|* — A. is an F.-local martingale.
If o is an F. vV Null(P)-optional time and o < +00 a.s. then

E[|M,|*; B] < E[|M|*; B] + E[A, ; B] < E[sup{|M,|*;t < o} ; B] for all B € F,.
Proof. See the proof of Theorem 7.17(iii). Invoke Fatou’s lemma instead. O

13.5 Theorem. Suppose that M. is an F.-adapted process with almost sure right continuous
sample path, A. is an F.-increasing process such that |M.|?> — A. is an F.-local martingale,
and 7 is an F. V Null(P)-optional time.

(i) If almost every sample path of A. is continuous then

E[|M|* A N2 E[A
P(sup|Mt|>)\)§ H 0| A ]+ [ T/\E]

t< >\2 )\2 + P(AT > 5) fOT all )\,5 S R>0.

2 4 —
Blsup M) < 5= B[ MpP’] + riE[ATp/Q] for all p € R..

t<rt

(ii) If almost every sample path of M. is continuous and My =0 a.s. then

E M,|> A
[SUPt<7/\| ' ne + P(sup [M,[* > €) for all A, e € Rs,.
t<rt

P(A;, > )\) <

4 .
E[APP] < 2—p Elsup |My[*] for all p € Ryoz).
-Pp

t<rt

Proof. (i) We get the claim by Lemma 13.4 and Lemma 13.1.
(i) Since t — sup{|M,|?*;s < ¢} is an F-increasing process with almost sure continuous
sample path, we get the claim by Lemma 13.4 and Lemma 13.1. O

Recall that 9Mart®(F.) denotes the space of all F-local martingales with almost sure
continuous sample path.

13.6 Example. Suppose that M" is a sequence of Mart®(F.), A" € Qvar[M";F] and
7 € Time(F. V Null(P)). Then sup{|M|;t € Rso,t < 7} converges to 0 in probability if
and only if both MJ and A” converge to 0 in probability.

So far the martingale property of M. itself is redundant. The lack of martingale property
prevents us from extending the moment estimate to the case p = 2 in Theorem 13.5.

13.7 Example. Suppose that M. is an F-local martingale such that almost every sample
path is right continuous, A. is an F.-increasing process such that almost every sample path
is continuous and |M.|? — A. is an F-local martingale and 7 € Time(F. V Null(P)).

(i) If E[|Mo|; 7 > 0] < 400 and E[v/Ainr] < 400 for all t € Ry then ¢ — M, — My is an
F. Vv Null(P)-martingale.

(i) If 7 < 400 a.s., E[|[Mp|;7 > 0] < 400 and E[\/A,] < +oo then E[|M,|;7 > 0] < +o00,
E[M, ;7> 0] = E[My;7 > 0] and E[|M,]*;7 > 0] = E[|M|*; 7 > 0] + E[A,].
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Proof. We show (ii). According to Theorem 13.5(i), the family {M,p;1,50;0 € Time(F)}
is uniformly integrable. Let o € Time(F. V Null(P)). we infer by Lemma 7.15 that

Mcr/\7'17'>0 € E[M717>0|(f Vv Null(P))0+]
In particular E[M,1,~0] = E[Myl,~0]. Theorem 1.13 tells us that
EHMO'/\T]-G'/\T>O|2} S E[|Mo/\717>0’2] S E[|M717'>0‘2]'

The left hand side equals E[|Mylonrso|?] + E[Agr;] provided the latter is finite according to
Theorem 7.17(iii). For each n € N the following is a bounded F. V Null(P)-optional time:

1nf{t € R>O . At > 77/} if ’M()' <n
o(n) = = ) .
0 if [Mo| > n

Lemma 8.13(ii) shows that o(-) is non-decreasing and supo(-) = +o0o. Hence E[A,m)n-]
tends to E[A;]| by the monotone convergence theorem. Thus

EHM01T>0‘2] + E[AT] < EHM7'17'>0|2]'
The converse inequality E[|M,1,50|*] < E[|Mol,>0]?] + E[A,] holds by Lemma 13.4. O

13.8 Remark. The difference between Theorem 7.17 and the present situation is that A. is
merely right continuous in the former while A. is continuous in the latter.

13.9 Lemma. Suppose that M. € Mart®(F.), My = 0 a.s., A € Qvar[M. ; F] and o is an
F. V Null(P)-optional time with 0 < +00 a.s. Then the followings hold:

(i) If E[VA,] < 400 then E[A,?] < pPE[|M,|*"] for all p € Rx.
(i) B[M,|*] < {p(2p — 1)}*{2p/(2p — 1)}PP"DE[A?] for all p € R>,.
(iii) E[|M,[*] < {p(2p — D}IPE[A,"] for all p € Rxz)s.

Proof. (i) Let p € R+;. According to Example 12.3, |M.|*> € Tt6[2MdM] + A.. Since A. is
continuous and nondecreasing a.s., we have that pR[AP"'dA], = AY for all t € R5 a.s. We
therefore see by Example 12.3 that

1
IMLJ2AP~L € Tto[AP-12MdM] + = AP + R[|M|?dAP]
p
with Lemma 12.1(ii), (iii), Lemma 12.2(i) and Lemma 8.16 taking into account. The second

and the third terms are increasing processes. Let 7 be a bounded F. V Null(P)-optional time
such that

sup{|M(w)|;t € Ry, w € 2} < +o00 and sup{|A4;(w)];t € Rjp,w € O} < 400.

It then follows that E[R[|AP~'2M|?dA|,] < +oc. This implies that

L4z < BIRIMPAA™ ), + 247) = E[M, 247
p p

61



by Corollary 11.5(ii) and Example 13.7(ii). Invoking Hélder’s inequality we get
ELA?) < pB[|M, |}/ /7 E[Ar)o=D/r

If E[A?] = 0 then E[|M.]?] < E[A,] = 0 by Lemma 13.4 and hence M, = 0 a.s. Otherwise
dividing by E[AP]®~D/P we get the claim (i) for optional times 7 with additional require-
ments. As for general optional times with E[\/A,] < 400, since My = 0 a.s., it follows by
the proof of Example 13.7 that M, is integrable and

MT/\O’ € E[Mg|(f \/ Null(P))(T/\U)+]
Invoking the claim (i) for the optional time 7 A o and Theorem 1.13, we see that

E[A?

Prol S PPE(|Mopo ] < P B[ M, [].
The inequality above is valid for 7(k) in place of 7 where
7(k) :=inf{t > 0:|M;| >k} Ainf{t >0: A, > k} ANk for k € N.

Tending k to oo we get the full statement by the monotone convergence theorem.
(i) & (iii) Fix § € Rsg and set f : z +— (§ + 2*)? where p > 1. Tt follows that

f'(z) = 2p(6 + 2*)P~1x and f"(x) = 2p(6 + 22)P72(6 + (2p — 1)z?).

Invoking Ito’s formula we get
(6 + | M2 € 67 +Tto[2p(6 + |[M|[*)P " MdM] + Rlp(6 + |M|*)P~2(5 + (2p — 1)|M|*)dA]..
Let 7 be as above. It follows that
E[(0+ M [*)] = 6" + pE[R[(0 + |M[*)"7*(6 + (2p — 1)|M[*)dA]].

Since (2p — 1) > 1, the integrand in the last term is dominated by (2p — 1)(6 + M,*)P~1.
Therefore tending § to 0 we get by the dominated convergence theorem that

B[|M; "] = p(2p — D E[R[|M[*P~*dA],].
Up to the factor p(2p — 1), the right hand side is dominated by
Elsup{| M| ;s € Ry} 2A;] < E[sup{|M;];s € R[OVT]}zp](”_l)/pE[ATp]l/”.
where Holder’s inequality is applied. We reach that
E[|M ] < p(2p — 1){2p/(2p — 1)} B[ M, [~/ B[A PP

by invoking Lemma 6.2 to the F.-submartingale [M.,,|. When p € Rx3/, since | M., [*P~2 i

an F-submartingale, another discussion works. First observe that as n tends to co

S

Z | Mopi1ynl P2 (Arngis1)m — Arnijn) converges to R[|M[*72dA], a.s.

1i<nT
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Since the integrand is non-negative, it follows by Fatou’s lemma that
ER[|M|2P_2dA]T] < hrl;rl)g.}f Z E[lMT/\(i—l—l)/n|2p_2(A7'/\(i+1)/n - AT/\Z/TL)]
i=0

|2p—2

The submartingale property of | M., and monotonicity if A. yield that

EHMT/\(i-l—l)/n‘2p_2(AT/\(i+1)/n - AT/\Z/H)} S E[|MT|2p_2<AT/\(i+1)/TL - AT/\z/n)]
Consequently we obtain that
E[R[M|*"*dAl,] < E[|M,[**"*A;] < E[|M,[*|*"V/PEIAP]VP.

If M, =0 a.s. then E[A,] = E[|M.]?] = 0 and hence A, = 0 a.s. Otherwise dividing by
E[|M,|?)P=D/P we get the claims (ii) and (iii). As for general optional times o we start from

E(|Moneo ] < {p(2p = DI E[Apr ] < {p(2p — 1)}P E[A,"].
We reach the full statement by Fatou’s lemma. O

13.10 Example. The Burkholder-Davis-Gundy inequality: Suppose that M. € Mart®(F.),
My =0 as., A€ Qvar[M.; F], 7 € Time(F. V Null(P)), ¢ € R>3/2 and p € R(g9). Then

= a(20 = 1) EI(A )

4 _
E[(A 2] < L7 L w2 Blsup |M,[P] and Efsup |M,]P] <
2q—0p t<t t<r

Proof. The claim (i) and (iii) in Lemma 13.9 read

E[A,] < ¢"B[|M,*] < q*Elsup |M,|**] and E[|M,|*"] < (¢(2q — 1))?E[A,"]
t<o

for all F-optional times o with 0 < +00 a.s. and E[A,] < +o0o. Thus we get the present
claim by Lemma 13.1(ii). O
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14 Sample path regularity of submartingale

Let (2, F,P) be a complete probability space and F. be a filtration of sub o-fields. We
discuss submartingales with continuous parameter. So the index space is Rx.

14.1 Lemma. Suppose that Q is a subset of R, f € Map(Q,R) and a and b is a pair of

real numbers with a < b. If liminfyy f(s) < a and limsupgy, f(s) > b for some t € @left or

liminfy, f(s) < a and limsupy ), f(s) > b for somet € @right then

sup{tA; A family of disjoint closed intervals s.t.
minJ € Q,maxJ € @, f(minJ) < a, f(max J) > b VJ € A} = +oo.

14.2 Lemma. Suppose that Q is a subset of R, f € Map(Q,R) and a and b is a pair of real

numbers with a < b. If either §{t € @left ﬂ@right s liminfyyy f(s) < a,limsupy, f(s) > b} =

—left  —right

xort{te @ NQ

liminfy, f(s) < a,limsupgy, f(s) > b} = oo then

sup{tA; A family of disjoint closed intervals s.t.
minJ € Q,maxJ € Q, f(minJ) < a, f(maxJ) > b VJ € A} = +oo.

14.3 Lemma. Let f € Map(Qso,R). Define g : Rsg — R and h : Rog — R as follows:
g(t) :=liminfy|, f(s) for t € Rso and h(t) := liminfsy, f(s) fort € Reg.

(i) liminf,, g(s) > g(t) for allt € Rxo and g is Borel measurable. If g(t) = limsup,,, f(s)
for allt € Rs( then g is right continuous.

(ii) liminfyy, h(s) > h(t) for allt € Rso and h is Borel measurable. If h(t) = limsup, f(s)
for all t € Ryq then h s left continuous.

Proof. The discussion being the same, it suffices to show (i). Let t € Rs¢ and n € N. Then

inf flu) < inf f(u) <liminf f(u) = g(s) for all s € R p41/n).-

weQit<u<t+1/n weEQ:s<u<t+1/n ulls

This implies that inf,cq.icuctr1/n [(1) < infaicscrrim g(s). Therefore, tending n to oo, we
get g(s) < liminf,|; g(s). To see the measurability we observe that

{teRso: inf  f(s)<al= |  [max{s—1/n,0},s) € Borel(Rx)

seQ:t<s<t+1/n
/ s€Q:s>0,f(s)<a

for all a € R. It follows that g is Borel measurable. Changing the role of inf and sup we get
limsup, |, ¢'(s) < ¢'(t) for all t € Ry
where ¢’ : Rsg — R, t + lim sup, |, f(s). Thus if g = ¢’ then g is right continuous. H

14.4 Lemma. Suppose that F. is a filtration with index space Qg and X. is an F.-adapted
stochastic process with index space Qso. Then (t,w) — liminf, |, X (w) is F.-progressively

measurable where Fyy = ﬂseQ:Dt Fs fort € Rsy.
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Proof. Let t € Ryg. If s € Rigyy, n € Nand n > 1/(t — s) then

W) ERp X Q:u<s,  inf  X,(w)<
{<u W) 0.4 = qEQ:u<qu§u+1/n q(W) CL}

= U fueRpg:u<s,g—1/n<u<q x{weQ: X (w) <a}

q€Q:0<q<t

for all @ € R. The right hand side is a Borel(Rjyy) ® Fi-measurable set where we write
Fi = 0(Uyeqo<q<t Fa)- (The right hand coincides with the old F; if t € Q). It follows that

{(u,w) eRgy x N u < s,linhinf Xy(w) > b} € Borel(Rp ) ® F
qllu

for all s € Rpy) and b € R. Since {w € Q : liminf,); X,(w) > b} € Fpy, we get

{(u,w) € Rpgyy x 2 linhinf Xy(w) > b} € Borel(Ryg ) ® Fite
qllu

for all b € R. Consequently (¢,w) — liminfy); X,(w) is F..-progressively measurable. ]

14.5 Corollary. Suppose that X. is an F.. V Null(P)-adapted process whose almost every
sample path is right continuous (left continuous). Then there exists an F.,-progressively
(F._-progressively) measurable process Y. such that X; =Y; for allt € Rsq a.s.

Proof. There exists {0y € F such that P(€y) = 1 and
t — X;(w) is right continuous for each w € ).

Given t € Qx¢, we select an JF; -measurable random variable X, so that X, = X, a.s. By
choosing a proper subset of €2y if necessary, we have that X;(w) = X;(w) for all t € Q> and
w € y. The process t — liminfy||4scq X is a desired one by Lemma 14.4. O

14.6 Lemma. Suppose that X. is an F.-submartingale, a and b is a pair of real numbers
with a < b and Q) is a countable subset of Rxy.

N(Q) :=sup{tA; A family of disjoint closed intervals s.t.
minJ € Q,maxJ € Q, Xpins < @, Xmaxs > b VJ € A}

Then N(Q) is F-measurable and

EIN(@Q)] < (flelg Elmax{X;, a}] — E[max{Xo, a}])/(b - a).

Proof. 1f @) is a finite set then the claim holds according to Lemma 5.2. Given a countably
infinite set () there exists a sequence F}, of finite sets such that

F,CF,yforallneNand | J , F,=Q.

Then, since N(F},) < N(F,41) and N(Q) = sup,cy NV (Fy,), we get the claim by the monotone
convergence theorem. O
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14.7 Corollary. Suppose that X. is an F.-submartingale with a.s.-right continuous sample
path, a and b is a pair of real numbers with a < b and T" € R~y. Then

N = sup{tA; A family of disjoint closed intervals s.t.
max J < T, Xpins < a, Xpaxs > 0 VJ € A}

is F-measurable and E[N| < (E[max{Xr,a}] — E[max{Xy,a}])/(b—a).

Proof. There exists €y € F such that P() = 1 and ¢ — X;(Q2) is right continuous for
all w € Qy. Due to the right continuity we have that N = N(Qjo U {T'}) on €. Thus,
invoking Lemma 14.6, we get the claim. Note that Null(P) C F. O

14.8 Theorem. Let X. be an F.-submartingale with a.s.-right continuous sample path.

(i) Almost every sample path is locally bounded on Rsq, admits left-hand limits everywhere
and at most countably many discontinuous points on Ryy.

(ii) If sup;s¢ E[max{X;,0}] < +oo then X := liminf, . X; = limsup,_,, . X; a.s. and
E[|X,|] < +oo for all F. v Null(P)-optional times o.

(iii) If X. is uniformly integrable then X. converges to X in L'-sense and

Xy € E<[X;|(F VNull(P))s]
for any pair o and T of F. vV Null(P)-optional times with 0 < 7 a.s.

Proof. (i) derives from Lemma 6.1, Lemma 14.1, Lemma 14.2 and Corollary 14.7. The
discussion for (ii) and (iii) is the same as in the proof of Theorem 5.4. Few technical points
we must take into account: Since | X, | = liminf, . [Xoan| a-s.,

E[|X,|] = E[liminf | X,r,|] < liminf E[| Xoas|] < 2sup E[max{X;,0}] — E[X,].
n—00 n—00 t>0

We also have that E[liminf, . X;; A] = E[liminf, . X, ;4] for all A € F.
EX,;An{oc <n} = EXom;AN{o <n}] < E[X;nn; AN{o < n}l.
for A € (F VvV Null(P)),+ and n € N where we use Corollary 3.17(i) this time. O

14.9 Remark. Let X. be an F.-submartingale with almost sure right continuous sample path.
Unlike the discrete parameter case, even if the family {X;;t € Rs(} is uniformly integrable
the family {X, ;o F.-stopping times} need not be uniformly integrable. This is the subtle
point related to the Doob-Meyer decomposition theorem.

14.10 Lemma. Suppose that X. is an F.-submartingale.

(i) sup{|Xs|;s € Quor} < +oo for all T € Ry a.s.

(ii) liminf,pseq Xs = Mmsupgp.eq Xs for all t € Ryg a.s.

(ili) E[|iminfspypseq Xs|] < 400 and iminfipescq Xs € E<[Xy|Fi] for all t € Ryy.
(iv) liminfy) eq Xs = limsupy ;. eq Xs for allt € Ry a.s.

(v) E[|liminfs ) sseq Xs|] < 400 and Xy € E<[liminfy|j;.scq Xs|Ft] for all t € Rsy.
(vi) iminfy) .5e0 Xs € E<[Xr|Fiq] for allt € Rsp and T € R,.

Proof. We get (i) by Lemma 6.1. (ii) and (iv) derive from Lemma 14.1 and Lemma 14.6.
To show (iii) given ¢t € R, fix a sequence ¢(-) of positive rational numbers such that
q(n) < q(n+ 1) and sup,cy ¢(n) =t. We have that
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liminf,ppseq Xs = liminf, oo Xy) a.s. and | liminfapseq Xs| = liminf, o [ Xy | as.

Using the latter relation we deduce that E[|liminfgseq Xs|] < +o00 as in the proof of
Theorem 5.6. Let Y, € E[X;|Fyn)] for n € N. It then follows by Theorem 5.6 that
liminf, .o Y, € E[X3|F_]. Since Xyp) < Y, as. for all n € N and liminf,pp5c0 X5 is
Fi—-measurable, we infer that lim inf,p.eq Xs € E<[Xi|Fi].

To show (v) and (vi) given t € R>g and T € R, fix a sequence ¢(+) of rational numbers
such that "> ¢(n) > q(n + 1) and inf, ey ¢(n) = t. According to (iv),

the sequence Xy converges to liminfys..cq X a.s.

On the other hand, its uniformly integrability derives as in the proof of Lemma 3.8. Hence
liminfg| ;.o X, is integrable. Let A € F, and B € F;;. Observe that

E[X;; Al < EXym): Al and E[Xy; B] < E[Xp; B] for all n € N.
We thus get E[X;; A] < Elliminf,|);seq Xs; A] and Elliminfy)jpse0 X5 B] < E[Xr; B]. O

14.11 Theorem. Suppose that X. is an F.-submartingale.

(i) The process t — lminf | ;.seq X5 is an F.-progressively measurable F. o -submartingale
such that almost every sample path is locally bounded and right continuous on Rsq, admits
left-hand limits on R<q and at most countably many discontinuous points.

(i) If X. is right continuous in probability or t +— E[X;] is right continuous and Fyy C
F: vV Null(P) for all t € Rso’ then the process t — liminf,| ;.cc0 Xs is a modification of X..
(Being an F., -adapted modification of an F.-submartingale, X. is an F.,-submartingale.)

Proof. (i) We get the progressive measurability by Lemma 14.4, the almost sure right continu-
ity by Lemma 14.3 and Lemma 14.10(iv), and the submartingale property by Lemma 14.10(v)
and (vi). Theorem 14.8 shows the other properties.

(ii) The stochastic right continuity implies X; = liminf | ;scq Xs a.s. for all t € Ry
by Lemma 14.10(iv). We discuss the other sufficient condition. Let t € R>o. Then, since
Fiy C Fi V Null(P), we see by Lemma 14.10(v) that

Xy <liminf,;.5c0 Xs a.s.
On the other hand Lemma 14.10(vi) shows
Elliminfg) .5c0 Xs] < E[X7] for all T € R.,.

Since ¢t +— E[X,] is right continuous, it follows that E[liminfy|j;.scq Xs] < E[X;]. Conse-
quently we obtain X; = liminf,|j;..cq X5 a.s. O

Recall that our definition of F, is not {A € o(F.)VNull(P) : An{o <t} € F;Vt € Ry}
but {Ae F:An{o <t} € F;Vt € Roy}, where there is no prescript for AN {o = +oo}.

14.12 Corollary. Let X be an integrable random wvariable. Then there exists an F.,-
progressively measurable stochastic process X. such that almost every sample path is right
continuous on Rsq, admits left-hand limits everywhere on R~g, and Xy € E[X|Fy] for all
t € Ryo. If X is o(F.) V Null(P)-measurable and o is an F. V Null(P)-optional time then

X, € E[X|(F VNull(P)),+] where Xoo = X.
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Proof. Set X :=liminf; ., X;. Then we see by Theorem 14.8(iii) that
X, € E[Xoo|(F vV Null(P)),.].
Let A € ;50 Fi- There exists n € N such that A € F,,. It follows that
E[Xw; Al = E[X,; Al = F[X ;A
The monotone class theorem shows that E[X, ; A] = E[X ; A] holds for all A € o(F.). Since
X is o(F.) V Null(P)-measurable, this implies that X, = X a.s. O
15 Natural increasing process and martingale

Let (92, F, P) be a complete probability space and F. be a filtration of sub o-fields. We
discuss the relation between martingales and finite variation processes.

Given v : Ry — Randt e R>o we set

var, (v) == limg | p.seq vary (dv|g ; Reo,s)  limgjjo:seq var (dv|g i R,s) =0
! t 0 thllO:sGQ Var+(dU|Q ;R(O,s]) 7é 0 .

var (U) o hmslltISEQ var_ (dU|Q ; R(O,s]) limSLLO:SEQ var_ (dU|Q ) R(O,s]) =0
— t »— . )

0 lim y0:seq var— (dvlg ; Roo,q) 7 0

Here var (dv|g ; Ro,s) = +o0 if v(a) € {400, —o0} for some a € Q).

15.1 Lemma. (i) The functions t — vary(v); and t — var_(v); are right continuous and
non-decreasing and takes the value 0 at time 0.
(ii) Suppose that v : Rsg — R is right continuous and of finite variation. Then

vary (dv;Ry) = vary(v); and var_(dv;Ry) = var_(v); for all t € Rxo.
If v is continuous in addition then t — var, (v), and t — var_(v); are continuous.

15.2 Corollary. Let A. be an F.-finite variation process.

(i) The processes vary(A.). and var_(A.). are F.-progressively measurable as well as F. V
Null(P)-progressively measurable, and right continuous almost surely.

(i) vary (dA.;Ry) = vary (A.); and var_(dA.;Ry) = var_(A.); for allt € R>q a.s.

(iii) If A. is continuous a.s. then so are var, (A.). and var_(A.)..

(iv) If every sample path of A. is right continuous and of finite variation then var, (A.). and
var_(A.). are F.-adapted.

Proof. There exists €y € F such that P(€y) = 1 and ¢t — A;(w) is right continuous and of
finite variation for all w € 3. We then have that

Var+(A.(w))t = Var+(dA.(w) ;R(O,t}) = Var+(dA. (w)](@u{t} ;R(O,t])

for all t € R>p and w € €. O
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Given a metrizable topological space E we denote by D(Rsq, F) the set of all
right continuous mappings R>y — E which admit left-hand limits everywhere.

15.3 Lemma. Ifw € D(Rxg, R) then w is locally bounded and {t € Ryq : |w(t)—w(t—)| > ¢}
18 locally finite for all e € Ryy.

Proof. Suppose that T € N, g : Rjg7) — R is right continuous and sup,¢o 1 [g(t)| = +o0.
Then {t € Q17 : |g(t)| > k} is a non-empty set for all & € N. Exploiting an enumeration of
Q (this is simply to avoid the axiom of choice) we can choose a sequence a. such that

ap € Qo) and |g(ax)| > k for all k € N.

Then clust(a.) # @ due to the sequential compactness of Rjg7). Let ¢ € clust(a.). Since
t € Rjor and g is right continuous, {k € N: ¢ < a, < t+ 4} is a finite set for some § € R.
Hence {k € N:t —¢ < a; < t} is an infinite set for all ¢ € Ryy. Thus we infer that ¢ > 0
and limsup,, |g(s)| = +oo, which denies the existence of left-hand limit at ¢ € R7y.

Suppose that ¢ € Ryy and a € Ryy. Due to the right continuity and the existence of
left-hand limit there exists 6 € R4y such that

lw(t) —w(a)| <e/2 for all t € Rig a4 and |w(t) — w(a—)| < e/2 for all t € Ryy_s4)

It follows that |w(t—) —w(a)| < /2 for all t € Ry q44) and |w(t—) — w(a—)| < /2 for all
t € Rg—s5q)- We thus infer that |w(t) —w(t—)| < e forallt € Rigets and t € Rg_sq). O

15.4 Corollary. Suppose that E is metrizable, p is a compatible metric on E, w € D(Rxg, E)
and F is a closed set. Then

inf{t € Rsg:w(s) € F} <t or inf{t € Ryp:w(s—o0) € F} §t<:>irgp(w(s),F):O

Proof. If f :R>9 — R is right continuous and admits left-hand limits everywhere then
Js € Ry s.t. m = infycpyq f(u) = f(s) or 3s € Ry s.t. m = f(s — o).

Indeed we may assume that f(0) > m and f(¢) > m else the above is obvious. Since m is
finite by Lemma 15.3, there exists a sequence b. such that b, € Qg and f(by) <m — 1/k
for all £ € N. Let s € clust(b.) # (). It follows that either {k € N: s < ap < s+ ¢} is an
infinite set for all ¢ € Ryg or {k € N: s —¢ < a; < s} is an infinite set for all ¢ € Ryq. If
the former holds then f(s) =m and 0 < s < ¢. Otherwise f(s —o) =m and 0 < s <t. We
apply this result to ¢t — p(w(t), F'). Then we get

inf,<¢ p(w(s), F) =0 & Is € Ry s.t. w(s) € For Is € Ry s.t. w(s —o) € F.
Taking into account that lim,; w(s — o) = w(t) for all t € R>g, we reach the statement. [J

15.5 Remark. If w : R>g — F is right continuous then
inf p(w(s), F) = min{_inf_ p(w(s), F), p(w(t), F)}.

s<t s€Q:s<t
15.6 Lemma. Suppose w € D(R>o,R) and f : Rsg — R is of finite variation
(i) If f is left continuous then .. on {w(t A (i +1)/2") —w(t ANi/27)} f(i/2") converges to
- f[O,t] wdf + f(t+ o)w(t) — f(0)w(0) as n tends to oo for all t € Rxy.
(ii) If f is right continuous then ) . on{w(t A (i +1)/2") —w(t Ni/2")} f(i/2") converges
to — f(O,t] wdf + f(t)w(t) — f(0)w(0) as n tends to oo for all t € Rxy.
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Proof. (i) Fix n € N and write ¢(i) = i/2" for i € Z>o. We see that

D Aw(tAgli+ 1) —w(@(D)}f(6) + D {FEA GG +1)) = F(@0) bw(t A i + 1))
(i) <t ip(i)<t
equals f(t)w(t)— f(0)w(0). Note that — f()t wdf + f(t)w( f[Ot]wdf—Ff(H—o) w(t). O

15.7 Corollary. Suppose that f is an F..-adapted process whose almost every sample path
is of finite variation and left continuous (right continuous). If X. is an F.-adapted process
with almost sure D(Rxq, R)-sample path then so is t — R[fdX];.

We see that R[l(a,b]dX]t = Xt/\b — Xt/\a = R[l[a,b)dX]t and R[]-[O,b]dX]t = Xt/\b — X().

Given v : R5g — R and t € Rsq we set var(v); := var, (v); + var_(v);.

15.8 Lemma. Suppose that M. is an F.-submartingale (F.-local martingale) with almost
sure right continuous sample path, f. is a non-negative F.-finite variation process (F.-finite
variation process) and o is an F. V Null(P)-optional time. If

E[ sup |M|(var(f)ine + |fo]) ;0 > 0] < 400 for allt € R
s€EQ:s<tAo

then t — R[fdM|ipn, is an F.V Null(P)-submartingale (F.\ Null(P)-martingale).

Proof. We see by Corollary 15.7 and Corollary 3.14 that t — R[fdM];,, is F. V Null(P)-
adapted. Set M. := M., and f = fro. Then we see by Lemma 15.6(ii) that

(%) Z (MM(Z-H)/Qn — Mt/\i/Qn)ﬁ/zn converges to R[fdM]in, a.s.

1€2:0<9<2m

Since M. is an F. V Null(P)-submartingale by Corollary 3.17, fl/zn is Fijon V Null(P)-

measurable and non-negative a.s. and both MM(ZH )/2n fZ on and th Jon fl on are integrable,
it follows by the proof of Lemma 8.2 that

t— (Mt/\(i+1)/2n — MtM/Qn)fi/gn is an F. V Null(P)-submartingale.
Let n € N. Invoking Abel’s trick, we see that
Z (Miniy1yan — Minijan) fijan
i€Z:0<i<2nt

= Mtft - Z (ft/\(i+1)/2" - ]Et/\i/2")Mt/\(i+l)/2" - Mofo-

1€2:0<e<2mt

Since 2 Sup, <4, | Ms|(var(f.)ine + fo)loso is a dominating function, the above convergence (x)
occurs in L', Being an L'-limit of a sequence of submartingales, the process t — R[fdM];o
is an F. V Null(P)-submartingale.

Let S(-) be a reducing sequence for the local martingale M.. It follows that

t = R[fdM]irons is an F. vV Null(P)-martingale.

The function 2sup <, |Ms|(var(f.)ins + | fo|)1o>0 serves as a dominating function. Tending
k to oo, we infer that t — R[fdM];ss is an F. V Null(P)-martingale. O
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15.9 Lemma. Suppose f. is an F.-adapted process whose almost every sample path is locally
bounded and admits left hand limits everywhere, M. is not only an F.-local martingale but
also an F.-finite variation process and o is an F.\V Null(P)-optional time. If

E[ sup |fs|var(M.)ine] < +00 for allt € Ry

s€Q:s<tAo
then R[fdM]|.r, is an F.V Null(P)-martingale.
Proof. Let S(-) be a reducing sequence for M.. Then ¢ — Mgty — My is an F. V Null(P)-
martingale. In what follows set M. := M.x;r5() and f. := f.aons(n)- Then
Z (MtA(i+1)/2n — Mt/\i/Qn)ﬁ/gn converges to R[fdM|irons(n) a.5.
i€7:0<i<2n

as n tends to oo by Lemma 9.6. Since sup,,., | fs|var(M.):r, is a dominating function, the
above convergence occurs in L!. Repeating the discussion for Lemma 15.8, we infer that
R[fdM].n, is an F. V Null(P)-martingale. O

15.10 Lemma. (i) If f : R>¢ — R is locally bounded and right continuous, and v : Rsg — R
15 of finite variation and right continuous then

Z {vAN@E+1)/2") —v(ENi/2")}f(EA (P +1)/2") converges to fdv ¥t € Rs.

i:0<i<2nt (0,¢]

(i) If f : Rso — R is of finite variation and right continuous, and w € D(Rxq,R) then

> {wA (i +1)/2") —w(t A i/2) (A (E+1)/27)

1:0<i<2nt

converges to f(t)w(t) — f(0)w(0) — f(O,t] w(-—o)df for allt € Rsg.

Given t € R>( and finite valued processes f. and X., we set

R{de}t = h,ﬂioﬂf Z (Xt/\(i+1)/2” - Xt/\i/2">ft/\(i+1)/2"-

1€7:0<i<2nt

15.11 Corollary. Suppose that Y. is an F.-adapted processes whose almost every sample
path is right continuous and locally bounded, and G. is an F.-finite variation process.
(i) t — R{YdG}; is an F.-finite variation process and

Gy — YoGo — R{YdG}, = R[GAY]; for allt € Rsq a.s.
(ii) If almost very sample path of Y. admits left hand-limits everywhere then
Y:Gy — YoGo — R[YdG|; = R{GAY }; for allt € R>q a.s.

Proof. Lemma 15.6(ii) and Lemma 15.10. O
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Given t € R>( and locally bounded processes Y. and Z., we set

mpv(Y,G)y = > max{(Y.—Y._)(Z,— Z,-),04+ Y min{(Y,—Y,_)(Z,— Z,_),0}

5:0<s<t 5:0<s<t

with convention Y;_ := liminf y;5cq Ys for ¢ € Ry and oo — oo = —o0.

15.12 Lemma. Let Y. be an F.-adapted processes with almost sure D(Rsq, R)-sample path
and G. an F.-finite variation process.
(i) If Z. is an F.-adapted process such that t — Zy — Gy is continuous almost surely then

R{YdG}; — jmpv(Y, Z); = R[YdG]; for allt € Rxq a.s.

In particular t — jmpv (Y, Z), is indistinguishable from an F.-finite variation process.
(i) If f. is an F.-adapted process whose almost every sample path is locally bounded and
admits left-hand limits everywhere then

jmpv(Y, R[fdG]); = R[fdjmpv(Y, G)]; for allt € Rsq a.s.

Proof. (i) There exists €y € F such that P(Qy) = 1, Y.(w) is right continuous admits left-
hand limits everywhere for every w € €y, G.(w) is right continuous and of finite variation,
and Z.(w) —G.(w) is continuous for every w € Q. Let w € Qp and t € R5y. Then Lemma 9.6
and Lemma 15.10 show that

R{YdG}(w) — R[YdGi(w) = /

(0,¢]

V(@) dGuw) = [ Violw)dGi(o).

(0,¢]

According to Lemma 15.3 the set {s € Ry : Ys(w) — Ys—(w) # 0} is countable. Therefore
the right hand side reads ), (Ys(w) = Y (w))(Gs(w) — Gs—(w)) = jmpv(Y, Z);(w). O

Mart, (F.) stands for the space of all bounded F.-martingales with
almost sure right continuous sample path.

15.13 Definition. An F -finite variation process A. is said to be natural if
Elvar(A.);] < 400 and E[R{MdA};| = E[R[MdA]] for all t € Ry and M. € Mart,(F..).

15.14 Lemma. Let A. be an F.-finite variation process. If its almost every sample path is
continuous and Elvar(A.);] < +oo for all t € Rsq then it is natural.

Proof. Let M. € Mart,(F.o). According to Theorem 14.8, almost every sample path of M.
admits left-hand limits everywhere. Since ¢ — A; is continuous a.s., jmpv(M, A), = 0 a.s.
On the other hand R{MdA}; — jmpv(M, A); = R[MdA]; a.s. by Lemma 15.12(i). O

We prove the uniqueness part of the Doob-Meyer decomposition theorem.
15.15 Lemma. If A. and B. are natural F.-finite variation processes then so is A. — B..

Proof. Let M. € Mart,(F.4). There exists 2y € F such that P(£2y) = 1 and for each w € Qy,
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t — M(w) is right continuous and admits left-hand limits everywhere,
t— Ay(w) and t — By(w) are right continuous and of finite variation.

Let t € Rxg. If w € Q then R{Md(A — B)}4(w) = R{MdA};(w) — R{MdB}(w). Indeed

o M(w) d(As(w) — Bs(w)) = o M(w) dAg(w) — o M;(w) Bs(w).

Similarly we get RIMd(A— B)|i(w) = [MdA];(w) — R[MdB];(w) for all w € Qy. On the other
hand we have that var(A. — B.);(w) < var(A.);(w) +var(B.);(w) for all w € Q. Consequently
the difference A. — B. is natural. O

15.16 Remark. We also infer that linear combinations of natural F.-finite variation processes
are natural. We shall later verify that a natural F.-finite variation process admits F.,-natural
positive variation part in Corollary 18.9(iv).

Given finite valued processes f. and X, set

R[fdX]w = l}erinfR[de]t and R{fdX} = ltim+inf R{fdX}:.

15.17 Lemma. Suppose that M. is an F., V Null(P)-martingale whose almost every sample
path is right continuous and o is an F. V Null(P)-optional time. Then there exists an F. -
martingale N. such that Myn, = N, for allt € R>¢ a.s.

Proof. Lemma 4.8(i) shows that (F. v Null(P)).;, = F4 V Null(P). In particular the set
of F. v Null(P)-optional times coincides with the set of F. V Null(P)-stopping times. We
see by Corollary 3.17(ii) that ¢ — M;, is an F.; V Null(P)-martingale, whose almost every
sample path is right continuous. Corollary 14.5 shows that there exists an F.,-progressively
measurable process N. such that M, = N, for all ¢ € R> a.s. O

15.18 Lemma. Suppose that A. is an F.-finite variation process, M. is an F._-local mar-
tingale with almost sure right continuous sample path, o is an F. V Null(P)-optional time,
Elvar(A),] < +00 and sup,. .., |Ms| is bounded. Set M, := liminf, ., . M.

(i) If [|Ao|; 0 > 0] < +o0 then E[M,A, ;0 > 0] = E[MyAy ;0 > 0] + E[R{MdA},].

(i) If A. is natural then E[R{MdA},] = E[R[MdA],].

Proof. (i) We see that t — Mz, Aipng — MoAg — R{MdA}r, is an F.; V Null(P)-martingale
by Corollary 15.11(i) and Lemma 15.8. Clearly this is dominated by the integrable random
variable 2 sup,.,, |Ms|(|Ao| + var(A),)1y=0. Thus, taking Theorem 14.8(ii) into account, we
reach the equality E[M,A, — MyAy — R{MdA},] = 0

(ii) According to Lemma 15.17, ¢t — M,,, is indistinguishable from a bounded F.-
martingale, say, ¢t — ;. Since A. is a natural F.-finite variation process, we infer that

E[R{M ,,dA};] = E[R{NdA};] = E[R[NdA];] = E[R[M.n,dA];] for all t € Rx.
There exists K € R and Qy € F such that P(£2y) = 1 and for each w € €,

t +— A;(w) is right continuous and of finite variation, var(dA(w); (0, 0(w)]) < +o0
t +— M;(w) is right continuous and admits left-hand limits, |M;(w)| < K.
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Here read (0, +00] = Rs. Let w € Q. The we see that

lim Mpo (w) =

M, (w) 0<t<o(w)
st '

M,(w) t>o(w)

Therefore for each ¢ € R>q the difference R{M 5,dA}(w) — R[M.rodA]:(w) equals

(Mopo @) = (Mre)om @)} dA@) = [ (M) = M)} dA,(0),

(0,t] (0,tAo]

The right hand side coincides with R{MdA};p,(w) — R[MdA]ip,(w). Consequently
E[R{MdA}in,| = E[R[MdA]p,] for all t € Rx.

If w e Qp then R{MdA};n.(w) converges to f(o ()] M(w) dAs(w) while R[MdA]ire(w)
0.0()] M, (w)dA4(w) as t tends to +o0o. Both of them are dominated by the
integrable random variable sup,.,., |M|var(A),. Tending ¢ to +o0o we get the claim. O

converges to f(

15.19 Theorem. Suppose that A. and B. are natural F.-finite variation processes. If A.— B.
is an F.-martingale and Ay = By a.s. then Ay = By for allt € R a.s.

Proof. Let A € F. According to Corollary 14.12; there exist a stochastic process X. such
that almost every sample path is right continuous and

Xt S E[1A|f't+] for all t € Rzo.

We may regard that 0 < X;(w) < 1forallw € Q. Indeed (X.V0)A1 is a desired modification.
Hence X. is a bounded F.-martingale. Let ¢t € R>o. Since A. — B. is a natural F.-finite
variation process by Lemma 15.15 and Ay = By a.s., it follows by Lemma 15.18 that

E[A; — By s A] = E[Xy(Ay — By)] — E[Xo(Ao — Bo)] = E[R[Xd(A — B)J].

The right hand side vanishes by Lemma 15.9. Indeed A. — B. is an F.,-martingale due to
the F.-martingale property and the right continuity. Thus we conclude that

E[A; — Bi;A] =0 for all A € F,t € Rso.

This together with the right continuity implies that A; — B, = 0 for all ¢ € R>¢ a.s. O

16 Local martingale with finite variation path

Let (92, F, P) be a complete probability space and F. be a filtration of sub o-fields. We
discuss the relation between martingales with continuous sample path and martingales with
finite variation sample path. So the index space is R>.

Mart(F.) denotes the set of all F-local martingales with almost sure right contin-
uous sample paths. Mart®(F) := {M. € Mart(F) : t — M, continuous a.s.}
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16.1 Lemma. Suppose that M., N. € Mart’(F.), F. and G. are F.-finite variation processes,
and C. € Crv[M,N; F]. SetY. :=tvw— M, + F, and Z. .=t — N; + G,.

(i) There exists an F.-finite variation process Q. such that
t — Y1Z, — RIYdG]; — R[ZdF), — Q, € YoZo + Ito]Y dN| + Ito[Zd M].
(i) Let Q. be an F.-finite variation process with Qo = 0 a.s. Then

t v Y2, — RIYAG], — R[ZAF], — Q; € Mart*(F)
& Q= jmpv(F,G) + C; for allt € R a.s.
&t Y,Z, — RIYAG), — R[ZdF], — Q, € Mart(F)
Qi — Qi = (F, — F,_)(Gy — Gy_) forallt € Ry a.s.

Proof. (i) Since t +— M, and t — N, are continuous a.s., it follows that jmpv(M,G); = 0
and jmpv(N, F), = 0 for all t € R5( a.s. We get

MGy — MyGy = RIMdG]; + R[GdM];, N F; — NoFy = R[NdF]; + R[FdN],
for all £ € R5¢ a.s. by Corollary 15.11(i) and Lemma 15.12(i). On the other hand
F,.G; — FyGy — jmpv(F,G); = R[FdG|; + R|GAF]; for all t € R a.s.

Since Y;Z;, — MyN, = F;N, + MG, + F,G,, the process t — Y;Z, — R[YdG]; — R[ZdF), is
indistinguishable from

t— YOZO + MtNt — M()NQ —{—JmpV(F, G)t + R[GdM]t + R[FdN]t

Finally M.N. € MyNy + It6[MdN] + It6[NdM] + Crv[M, N; F.] by Example 12.3.
(ii) Write X. :=t — Y;Z; — R[YdG]; — R[ZdF];. Then we see that

t— X, —Qp € Mart(F) &t — Cp+ jmpv(F, G); — Qy € Mart(F. V Null(P))

t — X, — @, continuous a.s. < t — jmpv(F, G), — @y continuous a.s.

On the other hand any local martingale whose almost every sample paths is continuous and
of finite variation, and starts from 0 is evanescent according to Corollary 8.17. [

16.2 Lemma. Suppose that f,g: R>o — R are right continuous and of finite variation and
A runs through locally finite partitions of Rso. Then as mesh(A) tends to 0

> {f(tAsupJ) — f(t Adnf J)H{g(t AsupJ) — g(t Ainf J)}
JeA:inf J<t

converges to Y ..., 1f(s) — f(s —0)H{g(s) — g(s — o)} locally uniformly on Rx,.

Proof. We denote the union of discontinuous points of f and g by D, which is countable set.
Suppose that T'€ Rygand 0 < a < b <T. Then

F0)g(b) = fla)g(a) = Y {f(s) = f(s —0)}g(s) — g(s = 0)}

s€D:a<s<b

— .~ 0)dg + . —o)df.
<a,b]( 0)dg /(a,b]g( 0)
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Since f(b)g(a)+ f(a)g(b) — 2f(a = Sy F(@)dg + [,y 9(a) df, it follows that

{f0) = f@}g®) —g(@)} = > {f(s) = f(s —o)Ha(s) = g(s —0)}

s€D:a<s<b

=), b}{f(-—O)—f(a)}ngr ( b}{g('—O)—g(a)}df

Let A be a locally finite partition of R and ¢ € Ry 7). The absolute value of the difference

Z {f(tAsupJ) — f(t Ninf J)}{g(t AsupJ) — g(t Ainf J)}
JEA:inf J<t

— D> {f(s) = f(s —0)Hyls) — g(s — 0)}

seD:s<t

is dominated by

Aﬁﬂ—

This converges to 0 as mesh(A) tends to 0. O

= 3 flnt )1 vardg ) [ gl =)= 3 glint Ly var(dfi-)

JEA (0,7] JeA

16.3 Example. Let N. be an F.-Poisson process. If A runs through locally finite partitions
of R>¢ and mesh(A) tends to 0 then D .. J<t(NtAsupJ — Niping 7)? converges to Ny locally
uniformly on Rsg a.s. Indeed > _ (N, — N,_)? = N, for all t € Ry a.s.

s:5<t

16.4 Corollary. Suppose that M., N. € Mart’(F.), F. and G. are F.-finite variation pro-
cesses, and C. € Crv[M,N;F]. SetY. :t — My, + F, and Z. : t — Ny + Gy. If A runs
through locally finite partitions of R>o and mesh(A) tends to 0 then

sup ’ Z (Y;/\supJ - Yts/\ian)(Zs/\supJ - Zs/\ian) - CS - JmpV(Fa G)t‘

S9SE Jensint J<s
converges to 0 in probability for all t € Rxo.

Proof. Lemma 10.3, Lemma 8.16 and Lemma 16.2. ]

16.5 Definition. An F -locally bounded process is an F.-adapted process f. such that there
exist a sequence S(-) of F. V Null(P)-optional times and K. € Seq(R) such that

S(n) < S(n+1) as., sup,ey S(n) = +00 a.s. and | fiasm)Llsmyso| < Ky, for all t € Ry a.s.
Such pair S(-), K. is called a reducing sequence.

16.6 Example. (i) Any left continuous function R>y — R which admits right hand limits
everywhere is locally bounded on Rx.

(i) If f. is an F.-adapted process and its almost every sample path is left continuous and
locally bounded then it is an F.-locally bounded process.
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Proof. (i) Invoke Lemma 15.3 with the role of the left and the right interchanged.

(i) Set 7(k) := inf{t € Rsq : |fi| > k}. We select and fix Qy € F such that P(€) =1
and f.(w) is left continuous and locally bounded for all w € Qp. Let w € Qp. If k is
sufficiently large then |fi(w)| < k for all ¢ € Rjgy;, which means that 7(k,w) > 0 and, due
to the left continuity, |fir-)(w)| < k for all ¢ € Rs. (Different from continuous case it
may happen that 7(k) < +oo0 and |fr4)| < k.) The local boundedness also implies that
SUpgen T (k,w) = +00. Thus the pair k +— 7(k), k +— k is a reducing sequence. O

Mart™ (F) := {F € Mart(F) : t — F, of finite variation a.s.}

16.7 Lemma. Suppose F. € Mact” (F) and 7(k) := inf{t € Rs : var(F), > k} for k € N,
(i) If o is an F. VvV Null(P)-optional time and t — F,5, — Fy is an F. NV N -martingale then

E[{var(F)inonr 117 < 2k + E[|Fing — FoP]Y/? for all t € Rsg,k € N and p € R;.
(ii) There exists a reducing sequence S(-) such that E[var(F )i sm)] < +oo Vt € R5o Vn € N.
Proof. We select and fix 0y € F such that P(£y) = 1 and F.(w) is is right continuous and
of finite variation for all w € €. Let w € {2y and t € R.
var(dF.(w); Rq) = var(dF.(w); Ry) + [Fi(w) — Fi—(w)]
< var(dF (w); R ) + B (w) = Fo(w)| + [Fi(w) = Fo(w)|
< var(dF (w); Roy) + [Fi(w) = Fo(w)].
We see that var(F)ark))—(w) < k. It therefore follows that
var(F)vw) < 2k + | Fiargy — Fol for all t € Rxq as.
Since t — F,, — Fy is a martingale, we have by Corollary 3.17(i) that
Finonrky — Fo € E[Fipne — Fol(F. V Null(P)) )+ ]-
Lemma 1.13(i) shows that E[|Finonra) — Fol?] < El|Fine — Fol?] for p € Rxq. O

16.8 Theorem. Suppose that F., G. € Mart™ (F).

(i) If £. is an F.-adapted process whose almost every sample path is locally bounded and
admits left-hand limits then R[(dF], € Mart™ (F).

(ii) t — F,Gy — jmpv(F, G); € Mart™ (F. v Null(P)).

(i) If €. is as in (i) then t — R(AF],G; — R[(djmpv(F, )], € Mart™ (F v Null(P)).

Proof. (i) With the help of Example 16.6 and Lemma 16.7, we apply Lemma 15.9.
(ii) t — F,Gy — jmpv(F, G); is indistinguishable from ¢t — FyGy + R[FAG|; + R[GAF ;.
(iii) jmpv(R[(AF], G); = R[{djmpv(F, G)]; for all t € R>q a.s. by Corollary 15.11(iii). O

Marty(F.) stands for the space of all square integrable F-martingales
with almost sure right continuous sample path.
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16.9 Theorem. Suppose M., N. € Mart’(F.), C. € Crv[M, N; F] and F.,G. € Mart™ (F).
SetY :t— M, + F, and Z. : t — N; + G,.

(1) There exists an F.-finite variation process indistinguishable from t — Cy + jmpv(F, G);.
(ii) An F -finite variation process Q. is indistinguishable from t — C; + jmpv(F, G),

St KZt — Qt € ﬁﬁatf(}-.), QO = O, Qt — Qt, = (Ft — Ft,)(Gt — Gt,) YVt € RZO a.s.

(iii) If Y. € Marty(F.) then M., F. € Marty(F.) and E[jmpv(F, F)] < oo for all t € Rxy.
(iv) If Y., Z. € Marty(F.) then t — Y Z, — Cy — jmpv(F, G); is an F. V Null(P)-martingale.

Proof. (i) By Lemma 16.1(i). (ii) By Lemma 16.1(ii) and Theorem 16.8(ii).
(iii) We select and fix a reducing sequence S(-) for ¢ — |Y;|? — A; — jmpv(F, F); where
A. € Qvar[M; F]. Since t — |Y;|? is a submartingale, it follows that

E[|Yol"] + ElAus(m) +Impv(F, F)ins)] = El[Yinse '] < E[|Yi[*] < +o0

for all t € R>o and n € N. Note that t — A; + jmpv(F, F); is an increasing process. The
monotone convergence theorem shows that

E[A; + jmpv(F, F);] < E[|Y,|’] — E[[Yo]?] < +oc for all ¢ € Rs.

This implies the martingale property of ¢ — |Y;|* — A; — jmpv(F, F); by Theorem 7.17(ii).
On the other hand we also have that E[A;] < 400 for all t € R>. Invoking Theorem 7.17(ii)
again we infer that M. € Marty(F).

(iv) The polarization identity 4jmpv(F, G); = jmpv(F+G, F+G);—jmpv(F -G, F —G),
for all ¢ € R a.s. establishes the statement with the help of Lemma 10.6(iii). O

17 Predictable process and martingale with finite variation path

Let (2, F, P) be a complete probability space and F. be a filtration of sub o-fields.

Assume that F. is an F.-local martingale whose every (not almost every) sample
path is of finite variation and right continuous.

If ¢ is an F.-adapted process whose every sample path is locally bounded and left con-
tinuous then
Rl{AF)i(w) = / ((-,w)dF (w) for all (t,w) € R>g x 2
(0,4]
and hence the process with finite variation sample path t +— f(07 q ((-,w) dF (w) is an F-local
martingale by Theorem 16.8(i). We shall extend this result with keeping our eye on the
measurability.

17.1 Definition. We denote by Pred(F.) the o-field on R>o x € generated by the set of all
left continuous F.-adapted processes. A stochastic process X. is said to be F.-predictable if
the mapping (t,w) — X;(w) is Pred(F.)-measurable.

17.2 Lemma. (i) If 7 is an F.-optional time then {(t,w) : 7(w) < t} € Pred(F.).

(ii) Pred(F.) is generated by {Re x Asu,v € R,0<u <v, A€ F,}U{{0} x A;Ac Fo}.
(iii) Pred(F.) is generated by {{(t,w) : o(w) < t},{0} x {o = 0}; 0 F.-stopping time}.

(iv) Pred(F.) is generated by the set of all continuous F.-adapted processes.
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Proof. (i) We see that Rsg — R, t — ¢ A 7(w) is continuous for each w € Q and 2 — R,
w — tAT(w) is Fr-measurable for each t € Rx (see the prof of Lemma 3.13). It then follows
that (t,w) +— t A 7(w) is Pred(F.)-measurable. Therefore we have that

{(t,w) : T(w) <t} ={(t,w) : t A7(w) < t} € Pred(F.).

(ii)) We write [z] ;== max{i € Z :i < x} for x € R. If f : R5y — R is left continuous then
f([2"t]/2™) converges to f(t) for all t € R.y. Note that max{t — 1/2",0} < [2"t]/2" < t.

(iii) Suppose that u,v € R, 0 <u < v and A € F,,. The function o such that ¢ = u on
Aand o =von Q\ Ais an F-optional time (F.-stopping time if A € F,). Indeed

{(t,w) : o(w) <t} = (R x A) U (Rs, x Q)

We see that Ry, x A ={(t,w) : o(w) <t} N(R<, X Q).

(iv) Suppose that u,v € R, 0 < u < v and A € F,. For each n € N the function
fn i Rsg — R, t — max{min{n(t — u),1,n(v —t) + 1},0} is continuous and the sequence
fn converges to lg,, point wise. Since f,(t) = 0 for t < w, the process with sample
path ¢ — f,(t)1a(w) is F-adapted. Finally observe that for each n € N the function
gn : t — max{1 — nt,0} is continuous and the sequence g, converges to 1{0y point wise. []

17.3 Lemma. Suppose that F. is a filtration with index space Q>o and X. is an F.-adapted
stochastic process with index space Qso. Then (t,w) — liminfsy, Xs(w) is G.-predictable
where liminfg Xs(w) == Xo(w), G == Fs fort € Ryg and Gy == Fy.

seQ:s<t

Proof. Let s € Ryg. If n € N and n > 1/s then

{(t,w) ER5g x Q:t > s, inf X,(w) < a}

qeQ:t—1/n<q<t

= U {teRsp:t>s,qg<t<qg+1/n}x{weQ:X,(v) <a}foralaecR,

q€Q:q>0

The right hand side belongs to Pred(G.) according to Lemma 17.2(ii). It follows that

{(t,w) ERso x Q1 t > s,limﬁitnf X,(w) > b} € Pred(G.)
q

for all s € Ryy and b € R. Since {Xy > b} € Fo, we get by Lemma 17.2(ii) that
{(t,w) S RZO x € hmﬁltnf Xq(W) > b}
q

= {(t,w) € Rao x Q2 ¢ > 0,liminf X,(w) > b} U ({0} x {Xo > b}) € Pred(G)

for all b € R. Consequently (¢,w) — liminfg, X(w) is G.-predictable. O

17.4 Corollary. Suppose that X. is an F.. V Null(P)-adapted process whose almost every
sample path is left continuous. If X is Fo V Null(P)-measurable then there exists an F.-
predictable process Y. such that X, =Y, for allt € R>( a.s.

Proof. There exists {2y € F such that P(€y) = 1 and

t — X;(w) is left continuous for each w € .

79



Given t € Q-q, we select an F;,-measurable random variable X, so that X; = X, a.s. Set
Xy := X,. By choosing a proper subset of ) if necessary, we have that Xi(w) = Xy(w) for all
t € Q>0 and w € €)y. The process ¢ — liminf,ps.5cq X is a desired one by Lemma 17.3. [

We first establish the F.-adaptedness of the process with sample path

e [l w)dF W)
(0,t]

for each F.-predictable process ¢ with locally bounded sample path. See Corollary 17.8.
17.5 Definition. Prog(F.) := {A C R5o xQ: AN (R x ) € Borel(R>o) ® F; Vt € Rxo}.
17.6 Lemma. (i) Prog(F.) is a o-field on R x 2. Pred(F.) C Prog(F.).

(ii) A stochastic process X. with state space E is F.-progressively measurable if and only if
Rso x Q — B, (t,w) — Xi(w) is Prog(F.)-measurable.
(iii) 7 : Q — RygU{+00} is an F.-stopping time if and only if {(t,w) : 7(w) < t} € Prog(F.).
If 7 is an F.-optional time then {(t,w) : T(w) < t} € Prog(F.;).
Proof. (i) Ry x © € Borel(R>o) ® F;. Lemma 3.12 and Lemma 17.6.

(ii) Let By respectively By be o-fields on 77 and T. Given ¢y : S1 — 17 and ¢y @ So — T,

(1B1) @ (p3B2) = o (01 B1 * ©3B82) = a((p1 X w2)"(B1 * Ba)) = (1 X 2)"(B1 ® By).

Let t € R>o and ¢ be the canonical mapping Ry — Borel(Rxg). Since ¢(*Borel(R>g) =
Borel(Ryo,4) and Ry x Q € Borel(R>g) ® F3, it follows that

BOI‘GI(R[QJ]) & Ft = {A c BOTGI(RZ()) X .7:15 A C R[()’t} X Q} for all t € Rzo.

Consequently, given B C E, we have that {(s,w) : s < ¢, X (w) € B} € Borel(Rpy) ® F; if
and only if {(s,w) : Xs(w) € B} N (R x ) € Borel(R>o) ® F.

(iii) Let 7 be an F.-stopping time. We see that R>g — R, ¢ — L) 4o0)(t) is right
continuous for each w € € and that @ — R, w +— 1jg4(7(w)) is Fi-measurable for each ¢ €
R>. It follows by Lemma 3.12 that (¢,w) = 1jr() +00)(t) is F.-progressively measurable. [

17.7 Lemma. Lett € R and v : Ry x Q@ — R. Suppose v(-,w) is finite valued, right

continuous and non-decreasing for each w € Q and v(s, -) is Fy-measurable for each s € Ry .

(i) (s,w) = dv(ANRjy,w) is Borel(Rjo4) ® Fy-measurable for every A € Borel(Rjgy).

(i) The function Ry yxQ — R, (s,w) — f(o g 1(-,w) dv(-,w) is Borel(Ryg ) ®F;-measurable

for every B € Borel(Rjgy) ® F;.

Proof. (i) We set J := {Rq);a,b € Ry, a < b} U {0} and consider the following family:
D := {A € Borel(Rpy) : (s,w) — dv(AN Ry, w) is Borel(Rp ) ® F;-measurable}.

Clearly J is closed under intersection and J U {Rjg4} C D. The monotone convergence
theorem shows that D is a Dynkin system. Consequently Borel(Rjo4) C D.
(ii) The body of the discussion is the same as that for (i). The Dynkin system

{B € Borel(Ry ) ® F; : (s,w) — 1g(,w) dv(-,w) is Borel(Rp ) ® Fi-measurable}

(0,5]

contains Borel(Ry ) * F; by (i). O
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17.8 Corollary. Let A. be an F.-adapted process whose every sample path is finite val-
ued, right continuous and non-decreasing and X. a non-negative JF.-progressively measurable
process. Then t +— f(o q X dAg is F.-progressively measurable and hence F.-adapted.

17.9 Remark. The sample path ¢t — [, (0.] X, dA, is not necessarily right continuous. It may
happen that f(o q X, dA, < +o0 but f(o » X,dA; = +oo for all u > t.

17.10 Definition. An F-increasing process A. is said to be F.-locally integrable if there
exist a sequence S(-) of F. V Null(P)-optional times such that

S(n) < S(n+1) as., sup,ey S(n) = 400 a.s. and E[Agm)] < 400 for all t € Rx,.

Such S(+) is called a reducing sequence.

Mart(F.) denotes the set of all F.-local martingales with almost sure right continuous
sample paths. Mact™ (F) := {M. € Mart(F) : t — M, of finite variation a.s.}

17.11 Lemma. Suppose that A. is an F.-locally integrable increasing process and S(-) is a
reducing sequence for A.. If M. € Mart(F.), E[|Mo|] < +oo and | My — My| < Ay for all
t € R>g a.s. then S(-) is a reducing sequence for M. as well.

Proof. Let 7(-) be a reducing sequence for M.. Since M, is integrable, it follows that t —
Mipr ey is an F. V Null(P)-martingale for each £ € N. Fix n € N. We see that

t = Miasmyark) is an F. V Null(P)-martingale for each k € N
by Corollary 3.17(ii). On the other hand

‘Mt/\S(n)/\T(k)‘ < ’Mo‘ + At/\S(TL)/\T(k) < ’Mo‘ + At/\S(n) a.s. for all t € RZO and k € N.
Thus t — Mias(n is an F. vV Null(P)-martingale by the dominated convergence theorem. [J

17.12 Corollary. Suppose M" is a sequence of Mart(F.), M. is a process with almost sure
right continuous path, and sup,., |M? — M| converges to 0 in probability for all t € Rxy.

Thent — M; € Mart(F.VNull(P)) provided there exists a sequence A* of F.-locally integrable
increasing processes and a sequence S(-) of F. V Null(P)-optional times such that

S(k) < S(k+1) as., sup,ey S(k) = +00 a.s. and [M], 5| < AF for allt € Rsq a.s.
Proof. By choosing a subsequence we may assume that

lim sup sup | M} — M| = 0 for all ¢ € R a.s.

n—oo s<t

It follows that M; = liminf,_ .., M a.s. for all t € R> and hence M. is F.V Null(P)-adapted.
Fix k € N. It suffices to show that

N.:t— Miasm) € Mart(F. V Null(P)).
We write N™ : t — M!

ins(r for each n € N, which is an F.V Null(P)-local martingale by

Lemma 7.5(ii). Let 7(-) be a reducing sequence for A*. We have that |N'| < AF for all
t € R a.s. In particular VJ = 0 a.s. Therefore, according to Lemma 17.11,
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7(-) also serves as a reducing sequence of ¢ — N;* for each n € N.

On the other hand we see that

[Ninriy = Nenrn | < Sgl?WS - Ny| < Sg1t3|Mn M| and |Ngj )| < Afri:

Tending n to oo, we infer that ¢ — Niyar(;) is an F. V Null(P)-martingale for each i € N by
the dominated convergence theorem. Thus 7(-) also serves as a reducing sequence of the
F. Vv Null(P)-local martingale ¢ — N,. O

17.13 Definition. A family of F-locally bounded processes is said to be equi-locally
bounded if there exist a common reducing sequence.

17.14 Lemma. Suppose that ¢, is an F.-equi locally bounded sequence of F.-predictable
process with locally bounded sample path and the sequence converges to a function ¢ point
wise. If the process with sample path t — f[)t] ,w)dF.(w) is an F.-local martingale for

each n € N then so is the process with sample path t — fOt] ,w)dF (w).

Proof. Corollary 17.8 shows that the process in question is F.-adapted. There exist {2 € F,
a sequence S(-) of Time(F. V Null(P)) and a sequence K. of R such that P(wy) = 1,

S(t,w) < S(i+ 1,w), sup;en S(4,w) = +oo for all w € Qy and
|0, < K;on{(t,w): :we Q,0<t<I(,w)}

By Lemma 16.7 the F.-increasing process t — var(F), is locally integrable. Moreover
‘ / . ,w)dF (w )‘ < Kyvar(F)(w) for all t € Rsg and w € €.
0,EAS (i)
If t € Ryp and w € Qp then ¢ < S(i,w) for sufficiently large i and hence
ln(+,w) dF (w) converges to ((-,w)dF (w) as n tends to co

(0,¢] (0,¢]

by the dominated convergence theorem. According to Corollary 17.12, the limit process
inherits the F. vV Null(P)-local martingale property. O

17.15 Theorem. If { is an F.-locally bounded F.-predictable process with locally bounded
sample path then the process with finite variation sample path I. : t — f(o q (-, w)dF (w) is

an F.-local martingale. jmpv(I,I);(w) = f(o . |0(-,w)|? djmpv(F, F).(w)
Proof. We write C := {R(y X A;u,v € R,0<u<v,Ae F,}U{{0} x A;A € Fy}. Since

(u,v] N (v, v

= (uVvu,vAd] ifu<v and v <w
a 0 otherwise

the family C is closed under intersections. If A € C then the process with sample path
t— 14(t,w) is a bounded F.-adapted process with left continuous sample path. Hence C is
included in the following family D by Theorem 16.8(i):

D :={A € Pred(F) : t— 14(+,w)dF (w) is an F.-local martingale}.

(0s¢]
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We see by Lemma 17.14 that D is a Dynkin system. On the other hand the o-field Pred(F)
is generated by C as Lemma 17.2(ii) shows. Thus D = Pred(F.). Invoking the dominated
convergence theorem and Lemma 17.14, we get the statement. [

17.16 Lemma. Suppose that a process X. is indistinguishable from an F.-predictable process.
Then there exists Qo € F such that P(Q) =1 and t — X, is an F. N Qq-predictable process
on the probability space (Qo, F N Qo, Pla,)-

Proof. Let Y. be an F.-predictable process indistinguishable from X..

There exists {2y € F such that P(Q) = 1 and X;(w) = Yi(w) for all t € R>p and w € .

We work on the probability space (Qq, F N Qq, Plg,) equipped with the filtration F. N Q.
Accordingly introduce the system

C:={Ruu X B;u,v € R,0<u<wv,BeF}U{{0}x B;B e F}

so that we have Pred(F.) = ¢(C) by Lemma 17.2(ii). On the other hand let ¢ be the canonical
mapping R>q x 2 — Ry x . Since

U'C = {Rpuy X Biu,v e R,0<u<v,Be F,NQ}U{{0} x B;B € FyNQ},
it follows that Pred(F. N Q) = 0(+*C) = t*0(C) = Pred(F.) N (R x ). Therefore
t — Yi(w) is an F. N Qp-predictable process on (€2, F Ny, Pla,)-
The statement is now trivial. O

17.17 Corollary. Suppose M. € Sﬁattfv(}".), f. is an F.-locally bounded F.-adapted process
with almost sure right continuous sample path. If f. is indistinguishable from an F.VNull(P)-
predictable process then t — R{fdM}, € Mart™(F) and jmpv(R{fdM}, R{fdM}), =
R{|f|?> djmpv(M, M)}, for all t € Rsq a.s.

Proof. We see by Lemma 17.16 that there exists {2y € F such that P(£) = 1 and

t — My(w) is of finite variation and right continuous for each w € Q,
t — fi(w) is locally bounded and right continuous for each w € €y, and
t— fi(w) is an (F. VvV Null(P)) N Qg-predictable process on (29, F N Qo, Plg,)-

Moreover f. is (F. V Null(P)) N Qg-locally bounded. Since

f(w)dM.(w) = R{fdM };(w) for all t € R>y and w € g,
(0,4]
we see by Theorem 17.15 that
t — R{fdM}; is an (F. V Null(P)) N Qp-local martingale on (£2q, F N Qp, Plg, ).

As a process on (€, F, P), being F.-adapted, it is an F.-local martingale. O
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17.18 Theorem. Suppose that M. € Emuttfv(]:.), f. is an F.-adapted process with almost
sure locally bounded sample path, and o € Time(F. vV Null(P)).
(i) If almost every sample path of f. admits left-hands limits everywhere, and

E[R[| f|dvar(M)]ine] < +00 for all t € Rxq

then t — R[fdM]irs is an F. V Null(P)-martingale.
(ii) If almost every sample path of f. is right continuous it is indistinguishable from an
F. V Null(P)-predictable process and

E[R{|f|dvar(M)}irs] < 400 for allt € R

then t — R{fdM }p, is an F.V Null(P)-martingale.

Proof. The argument being parallel, we concentrate on the claim (ii). We introduce a se-
quence of functions ¢, : R — R, z +— max{min{x,n}, —n}. The composition process
t — max{min{ f;,n}, —n} is right continuous almost surely and |¢,(f;)| < n for all t € R,.
Moreover it is also indistinguishable from an F. V Null(P)-predictable process. We see by
Corollary 17.17 (as for (i) use Theorem 16.8 instead) that

t > R{pn(f)dM}, € Mart™ (F).
The stopped process t — R{¢,(f)dM }r, is an F. V Null(P)-martingale. Indeed
|B{on(f)dM }ino| < R{|f|dvar(M)}ino ass.
and Lemma 17.11 shows the martingale property. On the other hand

|B{¢n(f)dM }ipo — R{fdM }ino| < B|dn(f) — fldvar(M)}ine < R{|f|dvar(M)}ino a.s.

Therefore we infer that R{¢,(f)dM }in, converges to R{fdM};r, in L;. Thus we get the
martingale property of the stopped process t — R{fdM }iro- ]

18 Doob-Meyer decomposition theorem

Let (2, F, P) be a complete probability space and F. be a filtration of sub o-fields.

’ Let X. be an F.-submartingale with stochastic right continuity.

According to Theorem 14.11(ii), X. is an F.  -submartingale as well. It follows that if
t,s € Rsg, s<tand Y € F[X; — X;|Fsi] then Y >0 aus.

18.1 Lemma. Let n € Z<o. If Yy € E[X; — Xqon|Fg—om)4| for g € 2"N then

B Yp:) Yo>a<6 swp  sup E[Xrnl;B]
q<T g<T o€Time(F.,Q) BEF:P(B)<§

for allT € N, a € Rog and 6 € Rog with 2E[ Xy — Xo] < da where

Time(F., Q) := {o € Time(F.) : 0(w) € QU {o0} Vw € Q}.
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Proof. Since max{Y,, 0} is a modification of Y, we may regard that Y,(w) > 0 for all w € 2.
We have that E[Y,] < 400 for all ¢ € 2"N.

The process t — X; — qut Y, with index set 2"Z> is an G.-martingale.
Here G. denotes the filtration g — F,4 with index set 2"Z>(. For each a € R we set

O'(Cl) = mf{t S QnZZO : Z qu > a}.

q<t+2m
Then o(a) is a G.-stopping time since o(a) € 2"Z>o U {+oo} and
{o(a) <t} ={> ciion Yg > a} € Fiy for all t € 27Z>,.
We fix T' € N and a € R.y. The G.-martingale property of t — X; — qut Y, shows

ED Yy Yy >al = E]) Yyi0(a)

q<T q<T q<T
E[ Y Ygio(a) <T)+ E[Xr;o(a) < T] = E[Xzpe( i o(a) < T).
q<TNo(a)

Clearly > 7o) Yo < 2_g<r Y- On the other hand
Z Y, <a/2on {o(a/2) < +o0} and ZYfl>aon {o(a) < T}.
q<o(a/2) q<T

Since o(a/2) < o(a), it follows that

Z Y<22Y—2 Z Y, on {o(a) < T}.

g<TAo(a) q<T g<TAo(a/2)
Taking into account that quT/\a(a/z) Yy <D <r Yy, we get
E[ ) Yyola) <T]<2E[ Y Y] =2E[Xr — Xrpe(asa)-
q<TAo(a) o(a/2)<q<T

The right hand side reads 2E[X7;0(a/2) < T| — 2E[X1ac(as2) : 0(a/2) < T]. Consequently

E[Y Y, 3V, > al < Bl Xr|50(a) < T] + E[| Xraso ;0(a) < T

q<T q<T

+2E(|X1];0(a/2) < T) 4+ 2E[| Xrnotay| s 0(a/2) < T).

Invoking Markov’s inequality we see that

P> Y, >a/2) < EZY E[X71 — Xy).

q<T q<T

Suppose that 6 € R.y and 2E[X7 — Xg] < da. Then we have that

P(o(a) <T) < P(o(a/2) <T) = P()_ Y, >a/2) <

q<T

Finally o(a) is an F-optional time. Indeed {o(a) <t} =, {o(a) < g} forallt € Ryp. O
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18.2 Definition. Let X. be an F.-adapted process. It is said to be of class DL over Q if
the system {Xrp, ;0 € Time(F.,Q)} is uniformly integrable for each 7" € N.

For each n € Z<( choose a stochastic process Y." with index space 2"N such that

Y >0, B[Y'] < +4ocand Y]" € E[X — X, _on|F(4-2n)4] for all ¢ € 2"N.

18.3 Corollary. If X. is of class DL over Q then there exist ¢ € Map(N, Z<y) and a sequence
of integrable random variables AT such that ¢(k) > ¢(k+1) and D ge20(ON:q<T Yf(k) converges
to AT L>®-weakly as k — oo for all T € N.

Proof. According to Lemma 18.1, the sequence of random variables geanNg<T Yq' 1S uni-
formly integrable for each 7" € N. Invoking the Dunford-Pettis compactness criterion and
the diagonal trick we get the claim. O

Let ¢ and AT be as in Corollary 18.3. For each T' € N choose a stochastic process Z1
with index space R 7) such that almost every sample path is right continuous and

zl' € E[Xy — A"|Fy] for all t € Ry ),

which exists by Corollary 14.12. AT :=liminf,| ;.0 Xs — ZF. Q®) := Unezinco 2"Z.

18.4 Lemma. If X. is of class DL over Q then Y costoin.q<y Yf(k) converges to Al L>-
weakly asn — oo for allT € N and t € @Eg)T)'

Proof. If n € Z< is sufficiently negative so that ¢ € 2"Z~ then
Xi— Y YPEEXr— > Y|F4]
qe2"N:q<t qe2"N:q<T

Let f be a bounded F-measurable function and g € E[f|F;.]. We may suppose that g is
bounded. If k is sufficiently large so that ¢ € 2¢®)Z- then

Bl(X,— Y Y/f=E(Xr— ) Y¥)g

qe29(F)N:q<t q€2¢(F)N:q<T

The right hand side converges to E[(X7 — AT)g] as k tends to co. Since g € E[f|Fii],
ZI € B[ Xy — AT|F,y] and AT = X; — ZI a.s. by Theorem 14.11(ii), we have that

E((Xr — A")g] = B[Z/ f] = E[(X: — A}) f].

The bounded F-measurable function f being arbitrary, we infer that Zq@ S ONg<t Yq(ﬁ(k)
converges to AT L>®-weakly as k — oo. O

Mart,(F.) stands for the space of all bounded F.-martingales with
almost sure right continuous sample path.

We prove the existence part of the Doob-Meyer decomposition theorem. The uniqueness
part is discussed at Theorem 15.19. Before we start we note the following:
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18.5 Remark. We have that (F.y ). = Fup for all ¢ € Rsg. Thus an F. -increasing process
A. is natural if E[R{MdA},] = E[R[MdA]] for all t € R>¢ whenever M. € Mart,(F. ).

18.6 Theorem. Suppose that X. is an F.-submartingale whose almost every sample path is
right continuous. If X. is of class DL then there exists a natural F., -increasing process A.
such that t — Xy — Ay is an F.-martingale.

Proof. For each T' € N, according to Lemma 18.4, AT = 0 a.s. and if s,t € @ES)T) and

s <t then AT < AT a.s. Moreover almost every sample path of AT is right continuous by
Theorem 14.11(i). Hence there exists €y € F such that P(£y) = 1 and

t — Al'(w) is finite valued, right continuous and non-decreasing and Al (w) =0

for each w € Qy and T" € N. Suppose that ST € Nand S < T. Ift € @Eg)s) then, since

both A7 and AT are L*-weak limits of Zq@dﬁ(k)qugt 3/},¢(k), they must coincide a.s. We set

Q:= ) N {weQ: A (w)=Al(w)} and A, :=inf{A] ;T €N, T > t}.
teQ®2):¢>0 S, TeN:S>t,T>t
Then Q € F, P(Q) = 1 and, each AT being F; -measurable, A. is F ,-adapted. Moreover
Ay(w) = AT(w) forallw € Q, T € Nand t € Ro,7).-

Consequently ¢ +— A;(w) is finite valued, right continuous and non-decreasing and Ag(w) = 0
for all w € Q. Thus A. is an F.;-increasing process. Since X; — A} = Z] a.s. for all t € Ry )
by Theorem 14.11(ii) and X, is F;;-measurable, we see that

X, — A € E[Xr — AT|F ] forall T € N and t € Ry 7y,

which means that ¢t — X; — A; is an F.;-martingale. Given M. € Mart,(F.o) and t € Q(>2()J
Suppose that n € Z<y and t € 2"Z>(. Then

E[Mt}/:ln] = E[Mq_Qn (Xq — Xq_Qn)] = E[Mq_gn (Aq — Aq_gn)] for all qc 2"N with q S t.

Indeed if ¢ € 2"N and ¢ < ¢ then My o € E[M|F(yony4], Y € E[Xy — Xy on|Fg-on)4]
and Xg_on — Ag_on € E[X; — Ag|Fg—2n)4+]. On the other hand by Lemma 18.4

o(k)
Zq62¢(k‘)N:q§t Yy

We thus get E[M;A;] = E[R[MdA];], which hold for all ¢ € R>, due to the right continuity.
Since E[M;A;| = E[R{MdA};| by Lemma 15.18(i), it follows that A. is natural. O

converges to A; L>®-weakly as k — oo for all ¢ € Q(;g.

The conclusion in Theorem 18.6 remains valid for F-submartingales of class DL over Q
with stochastic right continuity.

Given a stochastic process X., we set

DM[X, F] := {A. : natural F-increasing process, t — X; — A; F.-martingale
with stochastic right continuity}.
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18.7 Theorem. (i) If A, B. € DM[X ., F] then A; = B; for allt € Rs¢ a.s.

(i) If A. € DM[X., F], B. is an F.-adapted process with almost sure right continuous path
and Ay = By a.s. for allt € Rsq then B. € DM[X., F].

(iii) If DM[X., £] N\ DM[Y., | # 0 then DM[X., F] = DM[Y., F].

(iv) DM[X,F] ¢ DM[X,, F.]|. X is F.-adapted and DM[X., F.,] # 0 if and only if X. is
an F.-submartingale of class DL over Q with stochastic right continuity.

(v) If X. and Y. are F.-adapted and DM[X.,F ] N DM[Y., F,] # 0 then t — X, =Y} is
an F.-martingale with stochastic right continuity. If t — X; —Y; is an F.-martingale with
stochastic right continuity then DM[X_, F.| = DM[Y., F].

(vi) If Xo =0 a.s., X; >0 a.s. Vt € Ry and 0 € DM[X., F] then X; =0 a.s. Vt € Rx.

Proof. (iv) An F.-martingale with stochastic right continuity is an F.,-martingale by The-
orem 14.11(ii). This shows the first implication. O

Let X. be an F.-submartingale (with almost sure right continuous path). According to
Lemma 7.12; if X; > 0 a.s. for all t € R>( then X. is of class DL over Q (of class DL).

18.8 Definition. (i) An F-increasing process A. is said to be integrable if F[A4;] < +o0o for
all t € R>g. (Recall that Ay = 0 a.s. by definition.)

(ii) Let X. be an integrable F.-increasing process. An F.-compensator of X. is a natural
F-increasing process A. such that ¢t — X; — A; is an F.-martingale.

(iii) Let X. be an F.-finite variation process such that E[var(X.);] < +oo for all t € R>g. An
F-natural projection of X is a natural F.-finite variation process Y. such that Yy = X a.s.
and t — X; — Y, is an F.-martingale.

18.9 Corollary. Let X. be an F.-finite variation process with Elvar(X.);] < 400 Vt € Rxy.
(i) An F.-natural projection of X. exists. F.i-natural projections are indistinguishable.

(i) If t — X, is non-decreasing a.s. then so are F.,-natural projections.

(iii) If Y. is an F.-natural projection of X. then t — vary(X.); — var.(Y)); as well as
t— var_(X.), — var_(Y.); are F._-submartingales.

(iv) If X. is natural then both var,(X.) and var_(X.) are natural F., -increasing processes.

Proof. (i) An integrable F.,-increasing process is an F.,-submartingale and, by Lemma 7.12,
it is of class DL. We apply Theorem 18.6 to F.,-increasing processes t — var,(X.); and
t — var_(X.);. There exist natural F.-increasing processes A. and B. such that ¢t —
vary (X.); — Ay and t — var_(X.); — By are F.,-martingales. According to Lemma 15.15,
Y :t— Xg+ A; — B; is a natural F.-finite variation process. The uniqueness is due to
Theorem 15.19. (iii) We have that var (Y.); — var (Y)), < A; — A, for s <t a.s. Hence

Elvary(Y.); — vary (Y))s;C] < E[A; — As; C] = Elvary (X.); — vary (X .)s; C]

for s <t, C € Fsi. The equality is due to that ¢t — var, (X.); — A; is an F. -martingale.
Consequently ¢t — var, (X.); — var, (Y.); is an F. -submartingale.

(iv) Suppose that X. is natural. It is a natural F. -finite variation process as well. Due
to the uniqueness, we have that X; =Y, for all ¢ € R5( a.s. It follows that var, (X.); < A;
a.s. and Elvar,(X.);] = E[A] for all t € Rsy. We thus infer that vary(X.); = A; for all
t € Ry a.s. Consequently t — var, (X.); is a natural F.,-increasing process. O
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18.10 Definition. An F.-Poisson process INV. is an F.-adapted process such that its almost
every sample path is right continuous, Ny = 0 a.s., and for each pair s,¢ € R>g with s < ¢
the increment N; — N, is independent of F, and Poisson distributed with mean ¢ — s.

18.11 Example. (i) Let N. be an F.-Poisson process. Then t — Ny(N; — 1) -+ (N, — n) is
an F-increasing process with F.-compensator ¢ — (n+ 1)R[N.(N. —1)---(N. —n + 1)d\};
for each n € Zsy where \. : (t,w) — t. Moreover \. € DM[(N. — \.)% F].

(ii) Let N. and M. be two mutually independent Poisson processes. Then X. : ¢t — N, — M,
is a martingale, and var, (X.); = N; and var_(X.); = M, for all t € Ry a.s.

Proof. Since k(k—1)---(k—n) = (n+1)3F (i—1)--- (i —n) for all k € N, we have that

=1

NN, = 1) (Ny—n)=(n+1) [ N_(N_—1)---(N_ —n+1)dN.
(0,¢]

Taking into account that A. is an F.-compensator of N., we get the first statement by
Lemma 15.9. Indeed the right hand side below is integrable:

sup [Ng— (Ng— — 1) -+« (Ns— —n+ 1)[var(NV. = X))y < Npy(Np — 1) -+« (Np —n+ 1)(Ny + t).

s<t

The F.-martingale property of ¢ — (N; — t)? — t derives from
t
(N —t)* = N;(N; — 1) —2/ N.d\. —2/ Ad(N.— M)+ N,
0 (0.4]

The second term of the right hand side is a compensator of the first term.
(i) {t : Ne(w) # Ne—(w)} N {t : My(w) # My_(w)} =0 P-as. O

19 Compensator of bounded increasing process

Let (2, F, P) be a complete probability space and F. be a filtration of sub o-fields. Given a
submartingale M. we write My := liminf,_. . M; provided sup,,,so E[max{M;,0}] < +oo0.

19.1 Lemma. Suppose that X. is an F.-finite variation process such that E[var(X);] < 400
forallt € Rsg, A. is a F.4-natural projection of X., M. is an F.-martingale whose almost
every sample path is right continuous, and o is an F. V Null(P)-optional time.

(i) If M. is bounded and [|Xo|;0 > 0] + E[var(X),| < +oo then E[var(A),] < 400 and

E[M,A, ;0 > 0] = E[MyXo;0 > 0] + E[R[MdX],].

(ii) If t — X; is non-decreasing a.s., Xo > 0 a.s., My > 0 for allt € R>q a.s. and o0 < T
a.s. for some T € Ryq then

E[M,Ay;0 > 0] = E[MyXo:;0 > 0] + E[R[MdX],].

Proof. (i) Lemma 4.8(i) shows that (F.VNull(P)).,. = F. VNull(P). In particular the set of
F. V Null(P)-optional times coincides with that of ., V Null(P)-stopping times. According
to Corollary 18.9(iii), ¢ +— var(X); — var(A); is an F.,-submartingale. It follows that

Elvar(A)ins| < Elvar(A)ine] + Evar(X)ine — var(A)ine| = Elvar(X )i
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by Corollary 3.17(ii). Since E[var(X),| dominates the right hand side, we get
Elvar(A),] < E[var(X),] < +00
by invoking the dominated convergence theorem. Therefore Lemma 15.18 shows that
E[M,A, ;0 > 0] = E[MyXo;0 > 0] + E[R[MdA],].

On the other hand t — R[Md(X — A)]ir, is an F. V Null(P)-martingale by Lemma 15.9
and this is dominated by the integrable random variable sup,. ., |M|(var(A), 4+ var(X),).
This implies that E[R[MdX],] — E[R[MdA],] = E[RIMd(X — A)],] = 0.

(ii) Observe that E[var(X),] < Elvar(X)r] < +oo. Let n € N. There exist a stochastic
process M™ such that almost every sample path is right continuous and

M} € Elmin{Myp,n}|F;] for all t € R

according to Corollary 14.12. We may regard that 0 < M;*(w) < n for all w € . Indeed
(M"™ Vv 0) An is a desired modification. Hence M™ is a bounded F.-martingale. We get

EM}(A, — Xo);0 > 0] = E[R[M"dX],] for all n € N

by applying (i) to the pair X. — Xy and A. — Ay. Since E[M};A] = E[M] ; A] for all A € Foy,
and the integrands are non-negative, we see by the monotone convergence theorem that

EM!)Xy;0 > 0] = E[M]Xy;0 > 0].
Adding side by side we infer that
EM!A, ;0 > 0] = E[M}Xy;0 > 0]+ E[R[M"dX],] for all n € N.
There exists {2y € F such that P() = 1 and

t — M} (w) is right continuous and admits left-hand limits everywhere
for each w € )y and n € N.

We infer by Lemma 1.8 that
M (w) < M (w) < My(w) for all t € Rygzp,n € N and w € Q
where we replace {2y by a smaller set with full measure from F if necessary. It follows that

M (w) < ijl(w) and 0 < M,;_(w) — sup Mtk_ (W) < My (w) — M (w)
keN

for all t € Ry, n € Nand w € €. Let € € Ry. Example 6.4 shows that

P(sup |M]'— M| > ¢) < E[|M} — My||/e < E[Mr; My > nl]/e for all n € N.
te[0,7

The right hand side vanishes at the limit n tends to oco. Consequently

P(sup |sup M} — M,_| > £,€Q) =0 for all € € Ry,
t€[0,7] keN

which means that

90



supgeny M (w) = M;_(w) for all t € Ry 7 and w € Q.
Here we choose a smaller set with full measure from F if necessary. Similarly we have that
o(w) <T, M™(w) < MM (w) and supyey MF(w) = M, (w) for all w € Qg

with a necessary modification of €2g. Thus the monotone convergence theorem shows that

sup E[RIM"dX],] =sup B[ [ M dX,: Q] = E| / M,_dX,: Q| = E[R[MdX],].
(0.0]

neN neN (0,0]

Similarly sup,, .y E[M} Ay ;0 > 0] and sup,cy E[MJXo;0 > 0] equal E[M,A, ;0 > 0] and
E[MyXy ;0 > 0] respectively. O

19.2 Lemma. Suppose that X. and Y. are integrable F.-increasing process, A. € DM[X, F.4],
B. € DM[Y, F.4], o is an F. V Null(P)-optional time, and Yoo < K a.s. for some K € Rxy.
Then E[A,By] + E|[(Yo — Y,)A,| < E[X,B,_] + KE|[X,] and E[(B,)?] < 2KE|Y,] < +oc0
where By_ 1= By and By_ = liminf,y4.5cq Bs for t € Ry.

Proof. Let n € N. According to Corollary 14.12, there exist a stochastic process M. such
that almost every sample path is right continuous and

M, € E[B,|Fi;] for all t € Rx,.

We may regard that 0 < M;(w) for all w € €2. Indeed max{M.,0} is a desired modification.
Hence M. is a non-negative F. ,-martingale. We get by Lemma 19.1(ii) that

E[BnAorn] = ElMopnAgnn] = E[RIMAX] o).
Let t € Rsg. Then E[B,|Fi.] = E[Ya|Fis] + Bian — Yian implies that
E[M;;A] = E[B,;A] = E[Y,,; A] + E[Bipnn — Yian; A] for all A € Fy.
The right hand side is dominated by E[K + B, — Yian ; A]. It follows that
M, <K+ B, —Y, forallt € Ry, a.s.

due to the right continuity of sample paths and hence

M, <K+ B,_ —Y,_ <K+ Ban- forall t € Rigspn a.s.
due to the left hand regularity of sample paths. We thus get

RIMdX|snn < (K + Boan)—)Xoan < (K + Bo_)X, a.s.
Consequently we infer that
E[BopnAonn] + El(Yen — Yorn)Aonn) = E[BnAonn] < KE[X,| + E[X,B,_] for all n € N,

Tending n to co we reach the statement by the monotone convergence theorem. Finally, since

E[Bypn] = E[Y;pn), we have that E[B,] = E[Y,]. On the other hand F[B,_| < E[B,]. O
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Marty(F.) stands for the space of all square integrable F.-martingales with
almost sure right continuous sample path.

19.3 Lemma. Let X. be an F.-increasing process such that Xoo, < K a.s. for some K € R,
A € DM[X ., F.], and o a bounded F. V Null(P)-optional time. Then E[(A,)*] < 2K? and

E[M,X,] = E[R{MdX},] and E[M,A,] = E[R[MdX],] for all M. € Marty(F...).

Proof. Let M. € Marty(F. ) and n € N. According to Corollary 14.12 there exist a stochastic
process M™ such that almost every sample path is right continuous and

M} € Elmax{min{Mr,n}, —n}|F;] for all t € R>o.

We may regard that |M*(w)| < n for all w € Q. Indeed max{min{M",n}, —n} is a desired
modification. Hence M"™ is a bounded F.,-martingale. We get that

E[M"X,] = E[R{M"dX},] and E[M"A,] = E[R[M"dX],] for all n € N
by Lemma 15.18(i) and Lemma 19.1. Choose T' € R such that ¢ < T a.s. Then

|M™ — M,| < sup | M — M,| a.s. and |[R[M"dX], — RIMdX],| < sup |M]" — M| Xr.

te[0,7] t€[0,7)
According to Lemma 19.2, E[(A,)?] < 2K E[X,] < +oo while Example 6.4 shows that

E[sup |M" — M,|!] < 4E[|M} — Mp|*] < 4E[|Myp|*; My > n] for all n € N.
te€[0,T]

The right hand side vanishes at the limit n tends to co. Consequently we reach the claim. [J
19.4 Lemma. If A € Prog(F.) then {w € Q:3s € Ry s.t. (s,w) € A} € F; vV Null(P).

19.5 Corollary. Suppose that E is a metrizable topological space and X. is an E-valued
process indistinguishable from an F. V Null(P)-progressively measurable process. Then for
each F' € Borel(E) both the entry time inf{t € Rso : X; € F} to F and the hitling time
inf{t € Ry : X; € F} to F are F. V Null(P)-optional times.

Proof. We may assume that X. itself is F.-progressively measurable. We have that
A :={(s,w) € R5¢g x Q: X, € F} € Prog(F.).

On the other hand if 7 :=inf{s > 0: X, € F'} and t € R, then
{r<t}={weQ:3IseRyy st. (s,w) € A}.

Thus we get {7 <t} € F; V Null(P) for all t € Ry. O

Marts(F) == {M. € Marty(F) : t — M, continuous a.s.}.
Mart (F) := {M. € Marty(F) : t — M, of finite variation a.s.}.

19.6 Theorem. Suppose that M. € Marty(F.). Then M. is indistinguishable from a process
in Macty(F) if and only if t — M,F, is an F.,-martingale whenever F. € Marty (F.,).
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Proof. We have that MMarty(F.) C Marty(F.4) by Theorem 14.11(ii). Thus the implication
= is stated in Theorem 16.9(iv) with the filtration F. replaced by F..

Conversely suppose that t — M, F} is an F.-martingale for all F. € Martd (F,). Given
an F. V Null(P)-optional time o there exists an F.-optional time 7 such that ¢ = 7 a.s. by
Lemma 4.8(iii). We see that

X it 1o (t) — 1= is a bounded F._-increasing process.
Theorem 18.6 shows that DM[X, F.\] # (). We select and fix A. € DM[X, F.;]. Then
F:t— Xt — At € mﬂttQ(er).

The square integrability derives by Lemma 19.2. Clearly it is of finite variation almost surely.
It then follows that t — M, F; is an F.,-martingale and hence

E[MTXT] = E[MTAT] + E[MTFT] = E[MTAT] + E[M()Fo] = E[MTAT] for all T € R>0.

The left hand side equals F[R{MdX}r] while the right hand side equals E[R[MdX]r]
according to Lemma 19.3. Consequently we get that

(*) E[R{Md(l[ﬂoo) — 17—:0)}T] = E[R[Md(].[ﬂoo) — 17—:0)]7“] forall T € R>0.

We select and fix Qp € F such that P(€y) = 1 and ¢t — M;(w) is right continuous and admits
left-hand limits for each w € Qy. Let w € Q. We see that

0 T(w)=0or 7(w) >t

M, (w) dlj o0\ (s) = {Mf—(w) 0<7(w) <t

(0.¢]
Let T' € Rug. Since R[Md(1ro0) — Lrmo)l7(w) = [o.1y Ms—(w) dlire0)(5), we get by (x)
EMy,;0<0<T)|=E[M;0<7<T|=FE[M,_,;0<7<T|=E[M,_,;0<0<T].
Now for each € € R.( we introduce the following:
o(e) :=inf{t € Rug: My — My > ¢} and 7(¢) :=inf{t € Rog: My — M, < —¢}

which are F. V Null(P)-optional times by Corollary 19.5. We see that o(e,w) > 0 and
7(e,w) > 0 for all w € Qy by Lemma 15.3. It also shows that if w € {o(g) < 400} Ny then
My(ey(w) — My(ey—(w) > €. Therefore

0<eP(o(e) T)=eP(0<o(e) LT) < EMye) — Mye)-;0 < o(e) <T) =0,

which implies that P(o(e) < T) = 0 for all T € Ry, that is, P(o(e) < +o0) = 0.
Similarly we obtain that P(7(¢) < +o00) = 0. The number ¢ € Ry, being arbitrary, we
conclude that M; = M, for all t € Ry a.s. Consequently M. is indistinguishable from
t — liminfsyp5eq9 Ms, which is F-adapted and continuous almost surely. O

19.7 Lemma. Suppose that T is an F.-optional time, Y. is an integrable F.-increasing pro-
cess, A. € DM[1j; o) — 1r—0, F.1], B. € DM[Y, F4], o is an F. V Null(P)-optional time. If
there exists K € Rxo such that Yoo := sup,;~¢ Yy < K a.s. then

E[A;B,]+ E[A;(Yoo — Y,)| < E[B,_+ K—-Y,_ ;0<7<0,7 <+
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Proof. Since E[By] = supy>q E[B;] = sup,;>o E[Y;] < K, the . -martingale t — Y; — B,
is uniformly integrable. It follows by Theorem 14.8 that

Y; — B; € E[Ys — Boo|Fii] for all t € Rso.
According to Corollary 14.12, there exist a stochastic process M. and 2y € F such that

M; € E[By|Fsi| for all s € Rsg, P(2) = 1 and t — M,(w) is right continuous
and admits left-hand limits for each w € €.

Observe that M. is a non-negative F.,-martingale. Let w € 5. We see that

My () 1 () = {O T(w)=0or 7(w) >t |

(0,4] M._ (w) 0< T(w) <t

Since R[Md(1jr00) — Lr=0)lonr(w) = [ig ynzy Ms— (W) dLjr,00)(5), Lemma 19.1(ii) shows that
E[BoAsrr] = E[MyAonr| = EIM,_ ;0 <17 <0 AT].

The first equality is due to that E[Bs;A] = E[Mear;A] for all A € Foaryy and Agar is
non-negative. Let s € Rsg. Then E[Buo|Fsi| = E[Yoo|Fsi] + Bs — Y implies that

M, <K+ B,_—Y,_ forall seRy; a.s.
according to the proof of Lemma 19.2. Thus we get
EBoAorr) < EK+ B, =Y, ;0<17 <o AT].
The left hand side equals E[(Byar + Yoo — Yorr) Aoat]- O

19.8 Corollary. Let 0,7 € Time(F.), A. € DM[l,,), F.4] and B. € DM[1f; o0y, F4].

(i) E[A{] = P(0 < 0 <t) = E[Aipo] for allt € Rsg. Ainy = Ay for allt € Rsg a.s.

(i) E[A:B] + E[A;;t <7 < +00] < E[By_;0< 0 <t]+P(0<o <tAT) for all t € Rs.
(ili) If o < 7 a.s. then E[ABy] < E[A;;7 = o0 + E[Ay;7 < t]+ E[B,—;0 < 0 < t] and
El(ly<t — A) (it — By)] < P(1=0) + E[A;;7 =00] + E[B,-;0 <0 <t]+ E[B;;0 > t].
(iv) If T < 0 a.s. then E[A;B] + E[A;;t <7 < +00] < E[B;;0 <o <t.

Proof. (i) We see that E[A;] = P(c <t)— P(oc =0) = P(0 <o <t) < 1. The compensator
of t = Ayps is given by t = 1o o) (t A o) = Lig.00)(t).

(ii) Lemma 19.7.

(iii) P(t <t)=P(tr=0)+ E[By]. Bo— = (Bpr)o— = B on {o > 7}. O
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20 Stable spaces of square integrable martingales

Let (Q, F, P) be a complete probability space and F. be a filtration of sub o-fields.

Marty(F.) stands for the space of all square integrable F-martingales
with almost sure right continuous sample path.

20.1 Lemma. Suppose that M. is an F.-adapted process whose almost every sample path is
right continuous. If T € Rsq, E[|M,|] < 400 and E[M,] = E[My] for any F.-stopping time
o with o < T then M. is an F.-martingale up to T

Proof. Suppose that s,t € R, 0 <s<t<T and A € F,. We see that

0 ifu<s A
{o<u}=qA ifs§u<twhere0::{8 O;A.
Q ift<u 0

It follows that o is an F.-stopping time with ¢ < T'. The constant function w + ¢t is also an
F.-stopping time. The relation E[M,] = E[My| = E[M,] reads E[M,; A| = E[M,; A]. O

20.2 Corollary. Let M., N. € Marty(F.) and T € Ryy. If E[MrpoNp| = E[MoNo| for any

F.-stopping time o then t — M Niar is an F.-martingale.
Proof. Suppose that T' € R.o and ¢ is an F.-stopping time. We see that

My po is (F.V Null(P))rpe)+-measurable and Ny, € E[Np|(F. V Null(P)) o) +]
by Corollary 3.17. It follows that

E[MrpoNrpol = E[Mpa,Nr| = E[MyNy| for all F.-stopping times o.
Lemma 20.1 shows that t — M, N, is an F.-martingale up to 7T'. ]

20.3 Definition. A set M of F-martingales whose almost all sample paths are right con-
tinuous is said to be F.-stable if for each M. € M and an F.-stopping time o there exists
M. € M such that M;s, = M, for all t € R>q a.s.

20.4 Example. All of the followings are F.; V Null(P)-stable.

(1) Marty(F.4) as well as the set Mart,(F.4) of all bounded F.;-martingales whose almost
all sample paths are right continuous.

(ii) Mart) (F.y) := {M. € Marty(F) : t — M, of finite variation a.s.}.

(iii) Macts(F.) == {M. € Marty(F.) : t — M, continuous a.s.}.

Proof. Let M. be an F.,-martingale whose almost every sample path is right continuous and
o be an F.; V Null(P)-stopping time. Since F.; V Null(P)-stopping times are F. V Null(P)-
optional times, according to Lemma 15.17, there exists an JF. -martingale M. such that
Myp, = M, for all t € Ry a.s. Since My, € E[M,|(F. V Null(P)),4] by Corollary 3.17(ii),
Theorem 1.13(i) shows that

E[|Mi[*] = E[|Mupo|] < B[IM:[] < +o0.

On the other hand Mart;(F) C Marty(F.) C Marty(F.4). If almost every sample path of
M. is continuous then Lemma 10.2 shows the existence of an F.-adapted process M. such
that M, = M, for all t € R> a.s. O
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20.5 Example. Let M. € Mart®(F.) and A. € Qvar[M.; F|. Then
\J{1t6[fdM : F); f € £ BR[| f2dAL] < 400Vt € Rag} s Fyp v Null(P)-stable

where £ denotes the set of all F-adapted process whose almost all sample paths are locally
bounded and admit left hand limits everywhere.

Proof. Suppose that f € £, F[R]|f|*dA];] < +oo for all t € Rsq and I. € Ito[fdM ; F].
Given an F.; V Null(P)-stopping time o, being an F. vV Null(P)-optional time as well, there
exists & € Time(F.) such that o = & a.s. by Lemma 4.8(iii). Then we have that 14 f € £,
E[R[|1(0,5f|*dA],] < E[R]|f|*dA],] < +o0 and

if J. € Ito[ls fdM ; F] then Jy = Iips = Iino for all t € Ry aus.
by Lemma 11.6(v). Thus the set in question is F.; V Null(P)-stable. O

20.6 Lemma. Let M be an F.-stable subset of Marty(F.), T € Roo and N. € Marty(F).
If E[MpN7| =0 for all M. € M then t — MirNiar is an F.-martingale for all M. € M.

Proof. Let M. € M. Given an F.-stopping time o, the stopped process t — My, is indis-
tinguishable from a process M. in M. It follows that E[Mpa,Np| = E[MpN7| = 0. This is
valid for the constant stopping time 0. Since Ny € E[Nr|Fo], we have that

E[MyNy] = E[MrpnoNr] = 0 = E[Mrp, Ny for all F-stopping times o.

According to Corollary 20.2, this implies that ¢ — Ny M7 is an F.-martingale. O

We introduce the following family of semi-norms to the space 9Macty(F.):

M. — E[|Mr|*] where the parameter 7 runs through R.

20.7 Lemma. (i) Let M., N. € Marty(F.). Then they are indistinguishable from each other
if and only if E[|Mr — Nr|*] =0 for all T € N.

(i) If M™ is a sequence of Marty(F.) and limsup,, ,, o, E[| M — M}’] =0 for all T € N
then there exists M. € Marty(F) such that E[|My — M["|*] converges to 0 for all t € Rxy.

Proof. (ii) We can find ¢ € Seq(N, 1) such that E[|M® — MZ[*] < 1/237 for all T € N and
m,n € N>g). Let T' € N. It then follows by Example 6.4 that

P(sup |M™ — M}'| > 1/27) < 22T E[|M7* — M7} < 1/27 for all m,n € Nsy).

t:t<T
The Borel-Cantelli lemma shows that there exists €y € F such that P(€) = 1 and

t — M*(w) is right continuous for all n € N and
SUPyy<n M (w) — MP™ (w)] < 1/27 except for finitely many n € N
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for all w € €y. We set

M;(w) := lim inf M (w) for t € Rsp and w € €.

n—oo

The process t — M, is F.-adapted. Let w € €2y and T" € N. Then, since

Zsup M) () — M) |<Zsup|M““><> M (W) < 1727

t:t<T tt<k
for all n € N>p, it follows that
Mt(W) — 1/2n—1 S Mgb(n)((xJ) S Mt(W) + 1/2n—1 fort € R[07T] and n € NZT‘

Therefore the right continuity of ¢ — M,(w) derives from that of ¢t — M (w). Moreover
MY () (w) converges to M;(w) uniformly on Ry as n tends to co. Exploiting the sub-
martingale property of ¢ — |M™ — M2, we see that

E[M™ — M) < B[|MS™ — ME|?] < 1/2°T for T € Nsy, k € Nag and 1 € Nagr).
Let t € R>g. It then follows by Fatou’s lemma that

B||M, - M;'[] < lim inf B[|M{™ — M]'|?) < 1/2°7 for all T € N3, and n € Nso(1)

This implies that E[|M; — M]"|?] converges to 0 for all ¢ € Rs(. Taking the F-adaptedness
into account we infer that ¢t — M; is an F.-martingale. O]

20.8 Definition. A subset M of Marty(F.) is said to be Lo-closed if the statement (ii) of
Lemma 20.7 holds for M in place of 9Marty(F.).

20.9 Lemma. Suppose that M is an F.-stable subset of Marty(F.1). Set
L= {N € Marty(F.,) : E[MrNy| =0 for all M € M,T € N}.

(i) If M € M and N € M* then t — M;N; is an F., -martingale with E[MyN,] = 0.
(i) M* is an F. i -stable and Ly-closed linear subspace.

Proof. (i) If M € M and N € M~ then, t — M;\pNiar being an F._ -martingale for all
T € N by Lemma 20.6, t — M, N, is an F.,-martingale.

(ii) Given N € M* and an F. -stopping time o, there exists N € Marty(F.) such
that Nyjny = N; for all t € Rsg a.s. by Lemma 15.17. Since Mrn, € E[Mr|G] and, by (i),
MppoNrpo € E[MpNrp|G] where G := (F. V Null(P))rpq)+, it follows that

E[MypNy] = E[MyNrao] = E[MpngNrao] = E[MpNp) = 0 for all M € M and T € N.
This means that N € M*. Consequently M= is F., -stable. m

20.10 Lemma. Suppose that M is an F.-stable subset of Marty(F.). Then the closure
M of M in Marty(F.1) remains to be F.y-stable.
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Proof. Suppose that M. € M, that is, M. € Marty(F.,) and there exists a sequence M" of
M such that E[|MZ} — Mr|?] converges to 0 as n tends to oo for all T € N. Let o be an
F. . -stopping time. Since M is stable, there exists a sequence M"™ of M such that M™ is
indistinguishable from M’} for all n € N. We see by the submartingale property that

E[|M} — My 2] = E[|M2,, — Mppo|?] < E[|M2 — My|?] for all n, T € N.

On the other hand there exists ]\;{6 mﬁttg(}]r) such that Mn, = M, for all t € R>g a.s.
by Lemma 15.17. It follows that M. € M and hence M is F.,-stable. m

20.11 Lemma. Suppose that M is an F.-stable and Lo-closed subset of Marty(F.). Then
{[My]; M. € M} is a closed subset of Lo(F, P) for all bounded F.-stopping times o.

Proof. Suppose that Y is an square integrable random variable, M" is a sequence of M, ¢ is
an F_, -stopping time and E[|Y — M?|?] converges to 0 as n tends to co. Since M is stable,
there exists a sequence M™ of M such that M™ is indistinguishable from M7, for all n € N.
We see by the submartingale property that

E[|M™ — M| = E[|M — M _|*] < E[|M™ — M"|?] for all m,n € N and t € Rx

Since M is Ly-closed, there exists M. € M such that E[|M; — M |?] converges to 0 for all
t € R>o. We have that M} = M} a.s. for all n € N. It follows by Example 6.4 that

E[|My = MJ’] = E[|My — MJ|’] < Elsup M, — M) < 4B[|Mr — M7?)
t<

where T € R.q satisfies 0 < T a.s. Thus we get Y € [M,]. O
20.12 Theorem. Let M be an F.;-stable linear subspace of Marty(F. ). Then

{[Mg]; M. € M} +{[Ng]; N. € M*} = Lo(Fry, P) for all T € Rsy.
where M the closure of M, M* = {N € Marty(F,): E[MrNr] = 0YM € MVT € N}.

Proof. We see that {[Myz]; M. € M} is an closed linear subspace of Ly(Fr,, P) by invoking
Lemma 20.11 and Lemma 20.10. On the other hand E[M7Y] = 0VM. € M implies the
stronger condition E[MrY] = 0VM. € M. Therefore it suffices to show that

{Y € Ly(Fry, P) : E[MpY] =0VYM. € M} = {Ny;N. € M*}.

Suppose that Y € Lo(Fry, P) and E[M7Y] = 0 for all M. € M. Corollary 14.12 shows
the existence of N. € Marty(F.;) such that N, € E[Y|F] for all t € Rsy. Since Y is

Fri-measurable, we may assume that N, =Y for all ¢ € R>7. In particular Np =Y. We
shall verify that N. € M=. Indeed

E[MiN;] = E[M;Y]| = E[M7Y] =0 for all M. € M and t € Rxp.
According to Lemma 20.6 this implies that ¢ — M7 Nyar is an F.,-martingale. Hence
E[M;N,] = E[MpNr] = 0 for all M. € M and t € Ry 1.

Consequently N. € M+ and Y € [Ny]. We thus get the relation C. The converse relation
derives by Lemma 20.9(i). O
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20.13 Theorem. Suppose that M is an F., -stable linear subspace of Marty(F..). Then
M 4+ Mt = Marty(F,) and t — M;N, is an F..-martingale for all M. € M, N. € M~*
where M the closure of M, M* = {N € Marty(F,): E[MrNr] = 0YM € MVT € N}.
Proof. Let L. € Marty(F.4). Since
ML ={N € Marty(F.,) : E[MypNy] = 0VM € MVT € N},
there exist a sequence N — M, T'— M" and a sequence N — M=+, T'— N such that
Ly = M} + NF as. forall T € N

by Theorem 20.12. We see by Lemma 20.9(i) that ¢ — (M} — M})(N}» — NJ™) is an F. -
martingale with vanishing expectation with the help of Lemma 20.10. In particular

(%) E[(M\y — M) (N — Np)] = 0 for all m,n, T € N and ¢t € Ry.
Since L; € E[Ly|Fiy], M € E[M}|F4] and N € E[N}|F,4] for all t € Ryypy,
L, = MtT + NtT for all t € Rjg 7} a.s. for all T' € N.

Let T' € N. It then follows that

M + Ny = M + Njp for all t € Rsg a.s. for all m,n € Nop.
Two processes t — M\, — M/, and t — N/, — N/}, being indistinguishable, we get

E[|M™ — M"|’] =0 and E[|N;’ — N*|*] =0 for all t € Rjg 7] and m,n € Nor
by (). Since M is Ly-closed, this implies that there exists M. € M such that
E[|My — M/|?] =0 for all t € Rgz) and T € N.

We have that M; = M for allt € Rjo,77 a.s. for all T" € N. Similarly we deduce the existence
of N. € M+ such that N, = NtT for all £ € Ryg) a.s. for all T € N. Thus we reach that
Lt = Mt -+ Nt for all t € RZO a.sS. ]

20.14 Example. (i) Marts(F) + Mart) (F) = Marty(F) where  denotes the closure.
If M. € MartS(F) and N. € Marty (F.,) then t — M, N, is an F._-martingale.
(11) {MT ; M. e matt;(f)} + {NT ; N. € Qﬁattgv(f+)} = £2(FT+) forall T € Rzo.

Proof. According to Lemma 20.9(i) and Theorem 19.6, we have that

{N € Marty(F,) : E[MpNy] =0 for all M € Marty (F,) and T € N}
= {N € Marty(F) : Ng =0 a.s., IN. € Marts(F) s.t. N, = N, for all t € Rsg as.}.

On the other hand Mart) (F) is an F._-stable linear subspace of Marty(F.,) by Exam-
ple 20.4(ii). Thus we get (i) by Theorem 20.13 and (ii) by Theorem 20.12. Note that

{My; M. € Marty(F)} N {Np; N. € Marty (F,)} = Lo(Foy) for all T € Ry

and Marts(F) N Mart) (F,) N {My = 0 a.s.} consists of evanescent processes. O
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21 General square integrable martingale

Let (Q, F, P) be a complete probability space and F. be a filtration of sub o-fields.

Marty(F.) stands for the space of all square integrable F.-martingales with
almost sure right continuous sample path.

Mart) (F) := {M. € Marty(F) : t — M, of finite variation a.s.}
Marts(F) == {M. € Marty(F) : t — M, continuous a.s.}

21.1 Lemma. Let f, : T — R be a sequence of functions such that f,(t) >0 for allt € T
and Y yeq fu(t) == sup{d_,cp fu(l) : F finite subsets of T} < 400 for alln € N. Then

> liminf f,(t) <liminf » ~ f,(t).

n—00
teT teT

Proof. We see that D :=J>7 {t € T': f,(t) > 0} is an countable set. If ¢ ¢ D then f,(t) =0
for all n € N and hence liminf,, . f,(t) = 0. It follows that

> liminf f,(t) = Y liminf f,(t) < liminf > f(t) = liminf Y  f,(2)
teT e teD nee el teD neee teT

where we applied Fatou’s lemma to deduce the inequality. O]

21.2 Theorem. Let M. € Marty (F). Then there exists an F.-increasing process Q. such
that t — |M;|* — Q; is an F.-martingale and it is indistinguishable from t — jmpv(M, M);.

Proof. We select and fix a sequence M" € Marty (F) such that E[|Mp — Mz|?] converges
to 0 for all T € N. The argument of Lemma 20.7 shows that there exist ¢ € Seq(N, T) and
Qg € F such that P(Qg) = 1 and for each w € € the following holds:

t +— M;*(w) is right continuous and of finite variation for all n € N,
t +— M;(w) is right continuous and admits left-hand limits everywhere, and

SUDy.p< |Mt¢(n) (w) — My(w)| converges to 0 for all T € N.
In what follows we use the notation M" in place of M?™ . For each n € N introduce
Q" :=t+— R{M"dM"}, — RI]M"dM"];,
which is an F.-finite variation process. Observe that

QW) =Y [M!w) — M (w)|? for all w € Qg and ¢ € Ry,.

s:8<t
Since t — |M|> — Q7 is an F-martingale by Corollary 16.9(iv), it follows that
(%) Efliminf Q7] < liminf E[Q}] = liminf E[|M]"|?] = E[|M,|*]

by Fatou’s lemma. Let w € €}y and 7" € N. Then we have that

M"? (w) — M,_(w)| < sup |M*(w) — My(w)] for all s € R and n € N,
S t (7]

tit<T
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and hence |My(w) — M,_(w)|* < liminf,, o |M™(w) — M™ (w)[*. Therefore

(%) Z |M,(w) — My_(w)|* < liminf Z |M?(w) — M (w)]* = liminf Q7 (w)
s:8<t s:8<t

for all t € R>o by Lemma 21.1. Since liminf, . Q} is integrable, we may assume that

jmpv (M, M), Z | M, (w) — M,_(w)|* < 400 for all t € Rsq and w € Qg

s:s<t

with suitable shrink for €. Let n € N and write f; :== My — M — (M, — M ). Then

Z |M5(W) - Ms—(w)|2 - Q?(w> = Z fs(w>(Ms(w) - Ms—(w) + Mg(w) - M:—(w))

s:8<t s:5<t
for all t € R>y and w € §2y. The absolute value of the right hand side is dominated by
Vimpy(M — M", M — M), (w)(v/jmpv(M, M), (w) + /Qj (w
as Schwarz inequality shows. According to (%), the above is further dominated by

M (w) == /liminf,, s QP (w)(v/liminf,, .o Q' (w) + v/ QP (w))
where Q"™ :=t — R{NdN}; — RI[NAN]; with N. : ¢t — M;"* — M}*. Consequently

ljmpv (M, M) (w) — QF (w)| < g (w) for all t € Rsp,w € Qp and n € N,

Let t € R>g. Invoking Schwarz inequality we get

Elg"] < v/ E[liminf,, .. Q7")(v/E[liminf,, ... Q7] + /E[Q}]) for all n € N.
Due to (%), the right hand side is dominated by

VE[|M; - 2(VE[| M2 + v/ E[|MP?),

which converges to 0. Note that ¢t — g is an F.-increasing process. Thus, choosing a suitable
subsequence and a suitable subset, we may realize an almost sure convergence

limsup g;'(w) = 0 for all t € R and w € .

n—oo

Then ¢t — liminf, . Q} is an F-increasing process. Indeed it is F.-adapted and

Qt(w) :=liminf Q7 (w) = jmpv(M, M) (w) for all t € Rsy and w € Q.

This also implies that |Q¢(w) — QF(w)| < g7 (w) for all t € Rsp, w € Qp and n € N. Let
t € Rsg. As we have seen g' converges to 0 in L' and hence Q7 converges to Q; in L;. Since
t — |M"|* — Q7 is are F-martingales, it follows that ¢ — |M;|> — Q; is an F.-martingale. [J

21.3 Corollary. Let M., N. € Mart) (F).

(i) var(jmpv(M, N)), < \/jmpv(M, M), jmpv(N, N), for all t € Rsq a.s.

(ii) There exists an F.-finite variation process Q. such that t — M;N;—Qy is an F.-martingale
and it is indistinguishable from t — jmpv(M, N);.
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Proof. The existence derives by Theorem 21.2 with the help of polarization trick. O

Given X. € Marty(F.) we denote the following set by Mart[X. ; F.]:

{M. € Mact(F) : My =0 as.,t — X, — M, € Marcty (F4)).

The requirement reads not € Marty (F) but € Marty (F.,). Since Marty(F) C Marty(Fo),
Mart’[X. ; F] # 0 for all X. € 9Marty(F) according to Example 20.14.

Given X.,Y. € Marty(F.), we introduce the following spaces:

[X; F] := {A.: F-increasing, t — | X;|* — A; F-martingale,
A — A =X, — X, |*Vt € Rsg a8.}
[X,Y; F]:={A. : F-finite variation, Ag = 0 a.s., t — X;Y; — A, F-martingale,
A=A = (Xie — X)) (Vi = Yo )Vt € Ryg ass.}.

21.4 Theorem. Suppose that X.,Y. € Marty(F). Then [X,Y;F. ] #0.

(i) If M. € Mart°[X.; F], N. € Mart[Y.; ] and C. € Crv[M, N; F] then Q. € [X,Y; F.] is
indistinguishable from t — Cy+jmpv(X — M, Y — N);. In particular [ X, X; F.,| = [X; F.].
(i) If Q. € [X,Y; F4], A € [X;F.] and B. € [Y; F.4] then

(var(Q.); — var(Q.)s)* < (A; — A)(By — By) for allt,s € Rsg a.s.

Proof. (i) We see that M;N, — C; is an F.,-martingale. According to Example 20.14 both
t — M(Y; — Ny) and t — Ny(X; — M,;) are F._-martingales. Corollary 21.3 shows the
existence of F.,-finite variation process D. such that

t— (Xy — M) (Y, — N;) — D, is an F._-martingale and
D; = jmpv(X — M,Y — N), for all t € R>¢ a.s.

Since sample paths of M and N are continuous a.s., Dy — D, = (X; — X3 )(Y; — Y;_) for
all t € R>g a.s. Define Q; := Cy + D;. Then it follows that

t — XY, — Q, is an F.,-martingale and
Qt — Qt— = Dt — Dt_ = (Xt — Xt—)(}/t — }/t—) for all ¢ S RZO a.s.

Suppose that R. shares the same property as ().. Their difference is continuous a.s. because
Qt — Qt, = (Xt — Xt,)(}/; — K,) = Rt — Rt, forall t € Rzo a.s.

The difference being an F.,-martingale with almost sure continuous and of finite variation
sample path, Q; — R, = Qo — Ry for all t € R5( a.s. by Corollary 8.17.
(ii) Let ¢ € R. We see by the bilinearity of the condition that

c(cA+Q)+cQ+BeE[cX+Y,cX+Y;F,] ie, PA+2cQ+ B € [ecM + N; F,].
There exists 2y € F such that P({)) = and

t — A (w) + 2cQ¢(w) + By(w) is finite valued, right continuous and non-decreasing

102



for all c € Q and w € . Since ¢ € Q is arbitrary, we infer that

(Qt(w) — Qus(w))? < (A(w) — Ag(W))(Bi(w) — By(w)) for all ¢, s € Rsg and w € €.
Let t,s € R5¢ with s < ¢ and w € {}y. The Schwarz inequality shows

(Zu@( ) (Z\/dA )/ AB(J; >2§(ZdA(J;w)><ZdB(J;w)>.

JEA Jea Jea
for any finite partition A of R, 4. The right hand side equals (A;(w)—As(w))(Bi(w) — Bs(w))
and this dominates (var(Q. )t(w) —var(Q.)s(w))% O

21.5 Lemma. Suppose that C is a pre o-field on a set S and m, p, v are finite measures
on o(C). If m(J)? < u(J)v(J) for all J € C then

(/ngm> S/SfQu/SgQV

for all non-negative o(C)-measurable functions f,g: S — R. Here we interpret 0oo = 0.

Proof. Let A € 0(C)xp. Given € € Ry, there exist countable disjoint C-coverings ®(1) and
®(2) of A such that > cqq)u(J) < p(A) +eand Y- g0 v(J) <v(A) +e. We set

A={JNK;(JK)e®(1) xP(2),JNK #0}.
Then A is a countable disjoint C-covering of A and
S o= > Z (JNE)< Y p(]) < p(A) +e
IeA JeP(1) Ked(2 Jed(1)
We also have that ), . v(I) < v(A) + €. Invoking the Schwarz inequality we see that
2 2
2 (mn) < (X Vuvem) < (X wn) (X wvn)
IeA Iea Iea IeA
The right hand side is dominated by (u(A) + €)(v(A) + ¢). Consequently
m(A)? < u(A)v(A) for all A € o(C).

We next prove the inequality for simple functions. Suppose that f, g are non-negative o(C)-
simple functions. Write F' := Image f, G := Image g and E(y, z) := f~'({y}) Ng ' ({z}) for
(y,2) € F x G to save the space. It follows that

/ fom=3 wrmBE@) < S VPuBw )/ E -

yeEF,zeG yeF 2eG

The Schwarz inequality shows that the right hand side is dominated by the square root of
> B Y 2B = [ Puf ¢
yEF 2€G yEF,2€G S X

Thus the inequality in question is shown for non-negative o(C)-simple functions. Finally gen-
eral non-negative ¢(C)-measurable functions are monotone increasing limits of non-negative
o(C)-simple functions. O
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21.6 Theorem. Suppose that X.,Y. € Marty(F), Q. € [X,Y; F.], A € [X;F.] and
B. € [X;Fi]. Then there exists Qo € F such that P(y) = 1 and the following holds on y:

[ seaa@.s ([ geran) ([ aepan)”

for all non-negative Borel measurable functions f,q: Rsg — R.
Proof. Combine Corollary 21.4 and Lemma 21.5. m

21.7 Lemma. Suppose that M. and N. are square integrable F.-martingales with stochastic
right continuity. Then there exists a natural F.,-finite variation process A. such that Ay = 0
a.s. and t — M;N, — A; is an F.,-martingale.

Proof. Clearly t — M,; + N; as well as t — M; — N; are right continuous in probability
and square integrable F.-martingales. So their squares t — |M; + N;|? and t — |M; — N,|?
are F.-submartingales, which are of class DL over Q by Lemma 7.12. We select and fix
B € DM[t — |M; + N;J?, F.1] and C' € DM[t +— |M; — N¢|?, F.,]. Since

4MtNt - Bt + Ct = (Mt + Nt)2 - Bt - (Mt - Nt)2 + Ct?

we see that ¢ — M;N, — (B, — C})/4 is an F.,-martingale. Moreover ¢t — B; — C; is a natural
F . -finite variation process by Lemma 15.15. [l

Given square integrable F.-martingales M. and N. with stochastic right continuity,

(M, N;F) :={A. : natural F-finite variation process, Ay = 0 a.s.,
t — M;N; — A; F-martingale with stochastic right continuity}.

We also introduce (M;F.) := DM[t — |M,|*, F].

21.8 Remark. Suppose that X Y. € Marty(F.,). If Q. € [X, YV ;F ] and A € (X, Y ;F,)
then A. is an F.,-natural projection of @)..

21.9 Lemma. Suppose that M. and N. are square integrable F.-martingales with stochastic
right continuity. Here (...):=(...;F) C {...; Fy).

(i) (M,N;F.)#0. (M,N)=(N,M). (M, M) = (M)= (M — X) where X € Lo(Fp). If
My = My a.s. Yt € Rsq then 0 € (M, N). If0 € (M) then M, = My a.s. Vt € Ro.

(ii) If A. € (M, N), B. is an F.-adapted process with a.s.-right continuous path and A; = By
a.s. Vt € Rsq then B. € (M,N). If A, B. € (M,N) then Ay = B; Vt € R>q a.s.

Proof. (i) Lemma 21.7 shows (M,N;F..) # 0. Clearly (M,N) = (N,M). The rela-
tion (M) C (M, M) is obvious. We note that (M;F. ) U (M, M) C (M,M;F.). Since
(M; F.) # 0, each A. is indistinguishable from an element in (M;F.,) by Theorem 15.19,
that is, A. is an increasing process and hence A. € (M). Since t — 2M; X — X? is an F-
martingale, Theorem 18.7(v) shows that DM[(M. — X)?, F] = DM[M?, F]. The last claim
is by Theorem 18.7(vi). (ii) The second claim is by Theorem 15.19. O

104



21.10 Lemma. Suppose M., N. and L. are square integrable F.-martingales with stochastic
right continuity. Here (...) :=(...;F) C {...;F.4).

(ii) If A. € (M,L), B. € (N,L) and c € R then A.+ B. € (M + N, L) and cA. € (cM,N).
(iv) If (M, L)y (N, L'y # () then (M,L) = (N,L'). If0 € (M — N, L) then (M,L) = (N, L).
If (M,L;F,)N(N,L;F.y)#0 then0€ (M — N, L).

(V) If (M, L; F,)N(N,L;F.)#0 for all L. then My — My = N; — Ny a.s. for all t € Rxy.
(vi) If A. € (M,N), B. € (M) and C. € (N) then

(var(A.); — var(A.),)?* < (B; — B,)(Cy — C) for all t,s € Rxg a.s.

Elvar(A.); — var(A.)s] < /E[|M|? — |M2]\/E[|Ne|2 — |Ng|?] for all t,s € Rsq with s < t.

Proof. (iv) If 0 € (M — N,L) then A. +0 € (N,L) for all A. € (M,L). Conversely if
(M,L;F,)N(N,L;Fy) # 0 then 0 € (M — N, L;F.), that is, t — (M; — N,)L; is an
F i -martingale and, being F.-adapted, it is an F.-martingale.

(v) Combine Lemma 21.9(i) and (iv). O

22 Predictable process and square integrable martingale

Let (Q, F, P) be a complete probability space and F. be a filtration of sub o-fields.

Marty(F.) (resp. Mart,(F.)) stands for the space of all square integrable (bounded)
F.-martingales with almost sure right continuous sample path.

Marth (F) := {M. € Marty(F) : t — M, of finite variation a.s.}
Marty(F.) = {M. € Marty(F) : t — M,; continuous a.s.}

22.1 Lemma. Let M. € Marty (F) and A. a bounded F.-finite variation process.

(i) I : t — R[AAM], € Marty (F), and t — jmpv(I, N), is indistinguishable from t s
R[Adjmpv(M, N)]; for all N € Mart) (F).

(ii) If A. is F. Vv Null(P)-predictable modulo evanescence then J. := R{AdM}. € Marty (F),
and jmpv(J, N). is indistinguishable from t — R{Adjmpv(M, N)}; for all N € Mart) (F).

Proof. We select and fix a sequence M™ € Mart) (F) such that E[|M} — Mr|?] converges
to 0 for all "€ N. We may assume that MJ = M,. Corollary 15.11(i) shows that

I' := RIAAM™); = M]'A; — MJ Ay — R{M"dA}, for all t € Ry a.s.
J' = R{AAM"}; = M Ay — M Ay — RIM"dA]; for all t € Ry a.s.

The argument of Lemma 20.7 shows that there exist ¢ € Seq(N, T) and €y € F such that
P(€y) = 1 and for each w € € the following holds:

t +— M]*(w) is of finite variation and right continuous for all n € N,
t +— M;(w) is right continuous and admits left-hand limits everywhere

SUDy.p< |Mt¢(n) (w) — My(w)| converges to 0 for all T € N, and
t — Ay(w) is of finite variation and right continuous
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In what follows we use the notation M" in place of M?™. We see that
IRDMPAAN() = RIMAAL) < [ M (@) = Mo (o) dvar(4) ()
(0,1]
for all t € R5y and w € §y. Therefore

I" converges to MyA; — MyAg — R{MdA}, in probability for all ¢ € Rso.
J}' converges to My Ay — MyAg — R[MdA]; in probability for all t € Rx.

The argument being parallel, we concentrate on the statement (ii). So we further assume that

A. is indistinguishable from an F.VNull( P)-predictable process. According to Corollary 17.17

J":t e R{AAM"}, € Mart™ (F),
jmpv(J", J"), = R{|A|* djmpv(M", M™)}, for all t € Rs a.s. and
jmpv(J" — J™ )y = R{| AP djmpv(M™ — M™,---)}, for all t € Rxg a.s.

There exists K € Rx such that |A;] < K for all t € R a.s. Since
Ejmpv(M", M"),] = E[|M'[*] — E[|Mg]*] < +o0

by Theorem 21.2, it follows that E[jmpv(J", J");] < 400, which implies J" € Marty(F.) by
Theorem 16.8(ii) and Theorem 7.17(ii). Invoking Theorem 21.2 again

E|J7 = J7')?] = Eljmpv(I" = I™, -+ )1]
< K?E[jmpv(M™ — M™,---)7] = K*E[|M}; — Mj)?] for all T € N.
The right hand side converges to 0 as m,n tends to co. Thus we infer that .J;* converges to

MA; — MyAy — RIMdA]; in Ly for all t € Rsp. Lemma 20.7(ii) shows that the limit is a
square integrable martingale. Finally we observe that

Jt - Jt— = MtAt - Mt—At— - Mt—(At - At—) - (Mt - Mt—>At-
This shows that jmpv(J, N); = R{Adjmpv(M, N)};. O

22.2 Lemma. Suppose that A. is a natural F.-finite variation process.

(i) If f. is an F.-adapted process whose almost every sample path is locally bounded and
admits left hand limits everywhere and E[R|[|f|dvar(A.)];] < +oo for allt € Rsq then t —
R[fdA]; is a natural F.-finite variation process.

(ii) If f. is an F.-adapted process with almost sure locally bounded and right continuous sample
path, indistinguishable from an F.V Null(P)-predictable process and E[R{|f|dvar(A.)}] <
+00 for allt € Rsq then t — R{fdA}; is a natural F.-finite variation process.

Proof. Let M. € Mart,(F.1). By Lemma 15.18(ii)
E[R{MdA}, — R[MdA],| = 0 for all bounded F. vV Null(P)-optional times o.

Since all F.-stopping times are F.-optional times, according to Lemma 20.1, this implies
that t — R{MdA}; — R[MdA]; is an F.,-martingale. In view of Lemma 15.12(i)

t +— jmpv(M, A); is an F.,. V Null(P)-martingale.
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Clearly almost every sample is of finite variation. Actually we have that

ljmpv (M, A); — jmpv(M, A)s| <2 sup |M,|(var(A); — var(A)) Vs < Vt a.s.

w:u>0

(i) Suppose that f. is F.,-adapted, its almost every sample path is locally bounded and
admits left hand limits everywhere. According to Corollary 9.7, t — R[fdA]; is an F -finite
variation process. We see by (i) and (ii) of Lemma 15.12 that

R{MAR[fdA]}, — RIMARI[fdA]}, = jmpv(M, R[fdA]), = R[fd jmpv(M, A)]
for all ¢ € R>( a.s. On the other hand, since

R[|f|dvar(jmpv(M, A))]; < 2 sup |M,|R]|f|dvar(A)]; for all t € Rx a.s.,

wu:u>0

it follows that ¢ — R[fdjmpv(M, A)]; is an F. V Null(P)-martingale by Theorem 17.18(i).
Thus we get E[R{MdR[fdA]};] = E[R[MdR[fdA]:].

(ii) Suppose that f. is indistinguishable from an F. V Null(P)-predictable process and
its almost every sample path is locally bounded and right continuous. According to Corol-
lary 15.11(i), t — R{fdA}, is an F-finite variation process. We see by (i) and (ii) of
Lemma 15.12 that

R{MAR{fdA}}, — RIMAR{fdA}], = jmpv(M, R{ fdA}), = R{fd jmpv(M, A)},

for all £ € R5¢ a.s. Of course we have to modify Lemma 15.12(ii). Theorem 17.18(ii) shows
that t — R{fdjmpv(M, A)}; is an F.; V Null(P)-martingale. O

22.3 Theorem. Suppose that X. € Marty(F), Y € Marty(Fy), Q € [X, YV F,], C €
(X,Y ; Fi) and f. is a bounded F.-finite variation process.

(i) I : t — R[fdX]; € Marty(F), R[fdQ). € [[,Y ; F] and R[fdC]. € (I,Y ; F.1).

(ii) If f. is F. v Null(P)-predictable modulo evanescence then J. : t — R{fdX}, € Marty(F.),
R{fdQ} € [JY ;F ] and R{fdC} € (JY;F.). t — R{Xdf}, — R[Xdf]; € Marty(F)

Proof. Let M. € Mart) (F) such that t — X, — M, € Mart°[X ; F]. A posteriori M. is
F.-adapted. The argument being parallel for (i) and (ii), we concentrate on the latter. So
we further assume that f. is indistinguishable from an F. V Null(P)-predictable process. We
see by Lemma 22.1(ii) that

L. :t— R{fdM}, € Marty (F.,).
According to Corollary 15.11(ii) this is indistinguishable from
t— M f; — Xofo — R[Mdf];.
Being F-adapted, the above belongs to Marty(F.). Corollary 15.11(i) shows that
(Xy — M) fy — R{(X — M)df}; = R[fd(X — M)); for all t € R>q a.s.

Due to the sample path continuity of X — M the process in the left hand side is indistin-
guishable from ¢ — (X; — M;) f; — R[(X — M)df];. Therefore

Jy — Ly = (X; — My) f, — R[(X — M)df]; = R[fd(X — M)]; for all t € Rs a.s.
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The right hand side belongs to 9Marts(F.). Indeed let B. € Qvar[X. — M.; F]. Then
E[B,)) = E[| X, — M|?] < +o0
by Theorem 8.15. We see by Theorem 9.10 that
t— R[fd(X — M), € Mart°(F) and R[|f|*dB]. € Qvar[L.;F)].
Since there exists K € Rsq such that |f;| < K for all t € Ry a.s., we have that
E[R]|f|*dB],] < K*E[By] < 4.
Therefore Theorem 8.15 and Theorem 7.17(ii) shows that
t— Jp— Ly € Marty(F).

We next select and fix N. € DMarty (F,) such that t — Y; — N, € Mart°[Y; F]. Let
A € Crv[X — M,Y — N; F]. Tt follows by Theorem 21.4 that
Q. is indistinguishable from ¢t — A; + jmpv(M, N);.

We see that R[fdA]. € Crv[J — L, Y — N;F] by Theorem 10.10. Since A has continuous
sample path and the discontinuous points of f. is countable almost surely, it follows that

R{fdA} € Crv]J— L)Y — N; F].
On the other hand according to Lemma 22.1(ii)
R{fd(Q— A)}; = R{fdjmpv(M, N)}; = jmpv(L, N), for all t € R a.s.
Thus we conclude by invoking Theorem 21.4 that
R{fdQ}. € [1.Y ; ).

Observe that t — @; — C; is an F. -martingale. Since f. is bounded and indistinguishable
from an F. vV Null(P)-predictable process, it follows by Theorem 17.18(ii)that

t— R{fd(Q — C)}; is an F.,-martingale.

This implies that ¢ — J;Y; — R{fdC}; is an F -martingale. Finally, since f. is bounded
and indistinguishable from an F. V Null(P)-predictable process, the F._ -increasing process
t — R{fdC}, is natural by Lemma 22.2(ii). O

22.4 Theorem. Suppose that A. is an F.-finite variation process indistinguishable from an
F. V Null(P)-predictable process.
(i) Let X. € Marty(F.) and o € Time(F. V Null(P)). If

Esup,.cing | Xs|(|Ao| + var(A)ine) ;0 > 0] < 400 for all t € Rxg

then t — Xino Atne — XoAo — R[XdA]ip, is an F. V Null(P)-martingale.
(ii) If E[var(A)¢] < o0 for allt € Rsg then t — R{XdA}; — R[XdA]; is an F.-martingale
for all X. € Marty,(F.1), and hence A. is F.-natural.
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Proof. (i) We introduce a sequence of functions ¢,, : R — R, z — max{min{x,n}, —n}. The
composition process t — max{min{A;,n}, —n} is of finite variation. Indeed we have that

var(¢n(A.))e — var(én(A.))s < var(A.), — var(A.), for all s,t € Rso with s <t a.s.

Clearly |¢n(Ar)| < n for all t € R and the F. V Null(P)-predictability modulo evanescence
is preserved. We see that

I" it — Xion(Ar) — Xoon(Ao) — R[Xdg,(A)]; € Marty(F)
by Corollary 22.3(ii). In view of Example 20.4 we have that that
t— I}, € Marty(F. vV Null(P)).

If T'e N,ne€Nand |Ag| + var(A)p < n then ¢,(A;) = A, for all £ € Rjg 1. Therefore
supy..<p |1 — I¢| converges to 0 almost surely for all 7' € N,

where we write I. : t — X;A; — XoAg — R[XdA];. On the other hand

‘Xt/\a¢n(At/\U) - X0¢n(AO) - R[Xd¢n(A)]tAU| S 2 sup ’Xs‘(‘AO‘ + Var(A)t/\a) a.8.

s:s<tAo

Thus we deduce the F. Vv Null(P)-martingale property of the stopped process t — I;\, by
applying the dominated convergence theorem.

(ii) We may assume that Ag = 0 a.s. Observe that A. is an F.,-finite variation process
F.4+ V Null(P)-predictable modulo evanescence as well. Let X. € Mart,(F). Thus (i)
shows that ¢t — X;A; — R[XdA]; is an F.,-martingale. The F.,-martingale property of
t — XAy — R{XdA}, is discussed in Lemma 15.8. O

23 Square integrable martingale as integrator

Let (92, F, P) be a complete probability space and F. be a filtration of sub o-fields.

Marty(F.) stands for the space of all square integrable F.-martingales
with almost sure right continuous sample path.

23.1 Lemma. Let X. € Marty(F), Q. € [X;F4], Y € Marty(F.1) and B. € [X,Y; F].
(i) If almost every sample path of f. is locally bounded and admits left-hand limits everywhere
then

E[R[|f|dvar(B.)};] < /E[R[|f|2dQl]v/ E[|Y:|2] — E[|Yo|?] for all t € Rx.

(i) If almost every sample path of f. is locally bounded and right continuous then

E[R{|fldvar(B.)}] < v B[R{|fPdQ}]V E[Y:]?] — El[Yo]?] for all t € Rxo.
Proof. Let C. € [Y ; F.4]. Note that E[Y;] < o0 for all t € R>. We have that

R{|f|dvar(B.)}; < v/ R{|f]?dQ}+C; for all t € R> a.s.

by Theorem 21.6. Thus we get the claim by invoking Schwarz’ inequality. O]
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23.2 Theorem. Suppose that X. € Marty(F.), Q. € [X;F.4], f is an F.-finite variation
process, Y. € Marty(F.1) and B. € [X,Y; F.].

(i) E[R]|f|2dQ),] < +oo Vt € Rug = R[fdX]. € Marts(F) and R[fdB]. € [R[fdX],Y;F.].
(ii) If f is F. V Null(P)-predictable modulo evanescence and E[R{|f|*dQ};] < +oo for all
t € Rug then J. < t — R{fdX}, € Marty(F) and R{fdB}. € [J,Y; F.].

(iii) If f is F.VNull(P)-predictable modulo evanescence, E[R||f?dQ];] < +oc for allt € R
and E[R{|f|?dQ}:] < +oo for all t € Rsq then t — R{Xdf}; — R[Xdf]; € Marty(F).

Proof. (ii) We partly repeat the proof of Lemma 22.1 and Theorem 22.4. As before we
introduce a sequence of functions ¢, : R — R,  — max{min{x,n}, —n}. Then

It Xedn(fr) — Xodn(fo) — R[Xdn(f)]e € Marty(F),
supy.q<p |J;" — Ji| converges to 0 almost surely for all 7' € N and

t= R{|¢n(f) = om(f)dQ}e € [J" — ™ Fiy.
The third line drives by Theorem 22.3(ii). Invoking Theorem 21.4(i), we get

v EUTE = TP = VER{6n(f) — om(f)PdQ}r]
< VE[R{|6u(f) = fPdQ}r] + V EIR{|f — ¢ (f)2dQ}7] for all T € N.
The right hand side converges to 0 as m,n tends to co. Indeed
R{|6a(f) — FPdQ}r < R{|f12dQ}r and 6, (f) converges to f point wise.

Thus we infer that J* converges to X;f; — Xofo — R[Xdf]; in Ly for all ¢ € Rsy. Finally
Lemma 20.7(ii) shows that the limit is a square integrable martingale. By Theorem 22.3(ii),

J1Y; — R{¢,(f)dB}; is an F.-martingale.
The first term converges to J;Y; in Ly. On the other hand Lemma 23.1 shows that
E[|R{¢u(£)dB}d — R{fABY|] < VEIR{|0u(f) — fIPdA}Y]V E[YiI?] - E[[Yo]?]
Consequently R{¢,(f)dB}; converges to R{fdB}; in L;. It follows that

JYy — R{fdB}, is an F.,-martingale.
Finally we see that

(Je = S ) (Vi =Y ) = fiu(Xe = X ) (Vs = Vi) = fo( By — By)
for all t € R>g a.s. Consequently ¢ — R{fdB}, € [J,Y; F.]. O

23.3 Lemma. Let X. € Marty(F.), A € (X;F,), Y € Marty(F.1) and B. € (X, Y; F.L).
(i) If almost every sample path of f. is locally bounded and admits left-hand limits everywhere
then

E[R[|f|dvar(B.)],] < /E[R[|f|2dAl]\/E[|Y:2] — E[|Yo|?] for all t € Rs.
(i) If almost every sample path of f. is locally bounded and right continuous then

E[R{|fldvar(B.)}e] < V/E[R{|fPdA}]/ E[[Yi?] = E[[Yo]?] for all t € Rxo.

110



Proof. The proof is a repetition of that of Lemma 23.1 with square brackets replaced by
corresponding angle brackets. O]

23.4 Theorem. Suppose that X. € Marty(F.), A. € (X;Fy), [ is an F.-finite variation
process, Y. € Marty(F.4) and B. € (X,Y; F4).

(i) E[R]|f|?dA];] < 400 Vt € Rsg = R[fdX]. € Marty(F.) and R[fdB]. € (R[fdX],Y;F.).
(ii) If f is F. V Null(P)-predictable modulo evanescence and E[R{|f|*dA};] < +oo for all
t € Ryg then J. : t— R{fdX}; € Marta(F.) and R{fdB}. € (J,Y;F.,).

(iii) If f is F.VNull(P)-predictable modulo evanescence, E[R||f|*dA];] < +oc for allt € R
and E[R{|f|?*dA}/] < 4+oo for allt € Rsq then t — R{Xdf}; — R[Xdf]; € Marty(F).

Proof. The proof is a repetition of that of Theorem 23.2 with square brackets replaced by
corresponding angle brackets. O]

23.5 Lemma. Suppose that Y. and Z. are F.-adapted processes whose almost all sample
paths are right continuous and locally bounded, F. and G. are F.-finite variation processes,
Fo=0as,G =0as, M :t—Y,—F,N :t— Z,— G, € Marty(F), A € (M;F.),
B € (N;F.), E[R||G|*dA];] < oo Vt € R>g, E[R[|F|*dB);] < oo Vt € Rxq, C. is a natural
F.o -finite variation process and E[|Cy|] < +00. Then

t— Y;Zt — MtNt — R{YdG}t - R{ZdF}t +JmpV(F, G)t S mattQ(f),
moreover C. — Cy € (M, N; F..) if and only if is the following is an F.y-martingale:

Proof. R{MdG}; + R{NdF}; = M,G; — R|[GdM]; + F;N; — R[FAN]; for all t € Rx a.s.
by Corollary 15.11(1). R{FdG}: + R{GdF}; — jmpv(F,G); = FiG; for all t € Ry a.s.
by (i) and (ii) of Lemma 15.12. Thus the process in question is indistinguishable from
t — R|GdM]; + R[FdN];, which belongs to Marty(F.) by Theorem 23.4. O

We will get the next statement with the help of Lemma 20.7.

23.6 Theorem. Suppose that M. € Marty(F.), Q. € [M;F.1]|, A. € (M;F.) and f. is an
F.-adapted process with almost sure locally bounded and right continuous sample path and
indistinguishable from an F.\V Null(P)-predictable process.

(i) If E[R{|f|?dQ}/] < 400 for all t € Rsq then there exists I. € Marty(F.) such that Iy =0
a.s. and if N. € Marty(F.4) and B. € [M, N; F..| then R{fdB}. € [I.,N;F.,].

(ii) If E[R{|f|?dA}:] < +oo for allt € Rsq then there exists I. € Marty(F) such that Iy = 0
a.s. and if N. € Marty(F.4) and B. € (M, N; F.,) then R{fdB}. € (I, N;F..).

Given M. € Marty(F.), A € [M;F.] and an F-predictable process f.
with almost sure locally bounded and right continuous sample path, and
E[R{|f|?dA};] < +oo for all t € Rs, we set

Ito[fdM; F) = {I € Marty(F.) : Iy =0 a.s., and R{fdB}. € [I.,N;F.]
for any N. € Marty(F) and B. € [M, N; F..|}.
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24 Predictable processes

Let (Q, F, P) be a complete probability space and F. be a filtration of sub o-fields. The
index set is R>.

24.1 Lemma. Suppose that T is an F.-optional time. If there exists a sequence o(-) of F.-
optional times such that o(n) < o(n+ 1), sup,eyo(n) =7 and {7 > 0} C {o(n) < 7} then
{(t,w) :t >0,7(w) <t} € Pred(F).

Proof. We observe that {(t,w) : t > 0,7(w) <t} =), {(t,w) : 0(n,w) < t}, which belongs
to Pred(F.) by Lemma 17.2(iii). Incidentally {w : 7(w) <t} = ()~ {w: o(n,w) < t} for all
t € R.y, whence 7 is an F.-stopping time provided {7 = 0} € Fy. n
24.2 Definition. An F-optional time 7 is said to be predictable if {r = 0} € Fy and
there exist a sequence o(-) of F.-optional times such that o(n) < o(n+ 1), sup,enyo(n) =7

and {7 > 0} C {o(n) < 7} (a posteriori 7 is a stopping time). Such sequence is called an
announcing sequence.

24.3 Example. Let s,t € Ry, s <t, A€ Fy, B € F, and AN B = (). We set

0 on A 0 on A
Ti=4t on B on):=4s/(n+1)+nt/(n+1) onB
+oo off AUB t+n off AUB

Then 7 is a predictable F.-optional time, which is announced by the sequence o(-). Indeed
{r =0} = A € Fy, each o(n) is an F-stopping time and o(n) 1T 7 on {7 > 0} = A°.

24.4 Lemma. If F.-optional times o and 7 are predictable then so are c AT and o V T.
Proof. Let o(-) respectively 7(-) be announcing sequences for ¢ and 7. We see that
okyAnTk) <ok+1)ATk)<ok+1)AT(k+1)<oAT

o AT(k) =supo(n) A7(k) <supo(n) A7(n) =supo(n) At(n) <o AT
n>k n>k neN

because (x,y) — = Ay is continuous and separately non-decreasing. Moreover
{oANT>0}={o>0}N{r>0} C{ok)<o}n{r(k) <7} {ok)ANT(k) <o AT}
On the other hand if ¢ = 0 and 7 > 0 then o(k) =0 and 7(k) <7 < o V T. O

24.5 Lemma. Suppose that o is an F.-optional time, ) C Rsg and for t € Rsq with
Q=i :={q€Q:q>t}#0 there exists r € Qs such that r < q for all ¢ € Q.
(i) 7:=min{q € Q : ¢ > o} is an F.-stopping time.
(i) If #{q e Q : q <t} < oo for allt € Rsq then T is predictable.
Proof. (1) {r <t} ={o <sup{ge @Q:q<t}} e F foraltecRs.

(ii) For each n € N the following set satisfies that whenever {q € Q,, : ¢ > t} is not void
it has a minimum element:

Qn={2"max{ie QU{0}:i<q}+(1—-2")g;k € Zsn,q€QIUQ.

It follows by (i) that 7(n) := min{g € @, : ¢ > o} An is an F-stopping time. Clearly
Qnt1 C @, implies that 7(n) < 7(n + 1). Observe that if ¢ € @ and t < ¢ then there exists
r € @, such that ¢ < r < ¢, which means 7(n) < 7. Moreover sup,,cy7(n) = 7. O
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24.6 Corollary. (i) For each F.-optional time o there exists a sequence 7(-) of predictable
F.-optional times such that 7(n) > 7(n+ 1), inf,en7(n) = 0 and {0 < 400} C {0 < 7(n)}.
(ii) Pred(F)) is generated by {{(t,w) : T(w) < t}; T predictable F.-optional time}.

Proof. (i) 7(n) := min{q € 27"Z : ¢ > o} provides us with a desired sequence.
(ii) We have that C := {{(t,w) : 7(w) < t}; 7 predictable F.-optional time} C Pred(F.).
Indeed, according to Lemma 24.1, if 7 is a predictable F.-optional time then

{t,w) : 7(w) <t} ={(t,w) : t > 0,7(w) <t} U ({0} x {T =0}) € Pred(F).
Lemma 17.2 shows that Pred(F.) is generated by
{({t,w) : o(w) < t};o € Time(F)}U{{0} x A; A € Fo}.

Let 0 € Time(F.). There exists a sequence 7(-) of predictable F.-optional times such that
7(n) > 7(n+ 1), infey 7(n) = 0 and {0 < 400} C {0 < 7(n)} by (i). It follows that

{(t.w):ow) <t} = J{tw): 7(n,w) <t} € 0(C).

Let A € Fy. Example 24.3 shows the existence of an predictable F.-optional time 7 such
that A = {7 =0} = {7 < +00}. Since

Rogx A={(t,w) : 7(w) <t} €0(C)and R>y x A= {(t,w) : T(w) < t},
we see that {0} x A € ¢(C). Thus we get the claim. O

24.7 Question. Suppose that 7 is an F-optional time and {(t,w) : 7(w) < t} € Pred(F)
(t = 11 100y (t) is a predictable and right continuous increasing process). Is 7 predictable?

24.8 Lemma. Suppose that N is a o-consistent exceptional family on Q with N C F. If
7 is an F.-optional time, {7 = 0} € Fo VN and there exist a sequence o(n) of F.-optional
times such that {sup,eno(n) # 7} € N and {r > 0,0(n) > 7} € N then there exists a
predictable F.-optional time T such that {T # 7} € N.

Proof. We write S(n) := maxgenk<n 0(k) and S := sup, oy o(n). All of them are F.-optional
times. Clearly S(n) < S(n+ 1) and sup,,cy S(n) = S. We see that

{§>0,0k)=S}Cc{S#7tU{S=717>0,0k)=7C{S#7U{r>0,0(k)>T}.
Since the right hand side belongs to N, it follows that {S > 0,0(k) = S} € N. Therefore

J{Stn) =5>0} = J{S>0,0(k)=5}eN.
n=1 k=1

Observe that {S(n) < S} € Fgy by Lemma 3.15(iii). Hence {S < t} N —,{S(n) < S}

belongs to F; for all ¢ € Rog. Select and fix A € Fy with {r =0} x A € N. We introduce

the following F.-optional time

on A
T =485 on (2, {S(n) < S} N A
+oo  on |2, {S(n)=S}nA°

e}
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so that we have {T =0} = A € Fy and {7 # 7} € N. Indeed
{77&7'}C{S#T}U{S:T,S#?}C{S#T}UU{S(n):S>O}U({S:O}MA).

To show the predictability of 7 we further introduce for each n € N

0 on A
(n):==1<Sn)An on{S(n)<S}n A
n on {S(n) =S5} NA°

This is an F.-optional time because {S(n) < S} € Fg@)+ and hence

{S(n) <t}n{Sn)<S}HUAecF, 0<t<n
Q t>n

{o(n) <t} = {

On ()2, {S(n) < S} N A° we have that

(k) =SE)Ak<SE+DAR<SE+DAK+1)<Sk+1)<S=7

TANk=SNk=supS(n) ANk <supas(n)=supa(n) <7
n>k n>k neN

While on {S(n) = S} N A° we have that
(k) =k < 400 =7 for all k € N5,,.
Thus (k) < 6(k+ 1) and sup,y(n) = 7. Moreover (k) < 7 off {7 =0} = A. O

24.9 Definition. Let X. be an F.-adapted process with almost sure right continuous path. It
is said to be F.-quasi left continuous if almost every path admits left hand limits everywhere
and for any sequence 7(n) of F.-optional times such that 7(n) < 7(n+1) a.s. and 7(n) <T
a.s. for some T' € R the sequence X,y converges to X, a.s. where o := sup,,cy 7(n).

24.10 Lemma. Suppose that E is a metrizable topological space and X. is an F.-adapted
process with almost sure D(Rsq, E)-sample path. Then X. is F.-quasi left continuous if and
only if P(X, # X,_,0 <1 < +00) =0 for all predictable F.-optional times T.

Proof. Suppose that X. is F-quasi left continuous and 7 is a predictable F.-optional time
with an announcing sequence o(-). Fix T" € N. Then X,ar converges to X 7 a.s. Since
{0<7<T}C{o(m)ANT =0(n), T \NT =71,0(n) <7}, it follows that

PX,#X,_,0<7<T)=0forall T € N

Conversely suppose that P(X, # X, ,0 < 7 < 400) = 0 for all predictable F.-optional
times 7. Given a sequence 7(-) of F.-optional times such that 7(n) < 7(n + 1) a.s. and
0 :=sup, ey 7(n) < +00 a.s., we introduce

{O’ on (2 {7(n) <o}
= g}

o0

+oo  on |, {r(n)
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This is a predictable F.-optional time according to the proof of Lemma 24.8. Taking
{0 <7 <400} ={0 < +400,7(n) <oV¥n} C{r =0}
into account we infer that
P(X, # X,_,0 < 400,7(n) < o¥n)=0.
Since P(o < +00) = 1, the following set has full measure
{X, =Xs_,0 <+00,7(n) <o¥n}U{o < +oo, Ins.t. 7(n) =0c}.
Moreover on this set X, converges to X. O

24.11 Lemma. Suppose that T is an F.-optional time and f : R>o — R is bounded, strictly
increasing and continuous. If M. € Mart,(F.4) and My € E[f(7)|Fes] for all t € Rso with
f(00) = supysq f(t) then sup,eyinf{t € R>o: My — f(T At) <1/n} =7 a.s.

Proof. According to Corollary 14.12; we have that M., = f(7) a.s. and
M, € E[f(7)|(F. v Null(P)),] for all . v Null(P)-optional times o.
Since f is continuous, t — f(7 At) is a continuous F.-adapted process. Set
C:=inf{t € Rsg: My — f(T At) <O} Ainf{t € Rog: My — f(T A t) <0}

Observe that M, = f(7) a.s. and M; > f(7 At) if t < ¢. This implies that
(¢ <T1as.

For each n € N denote the F. V Null(P)-optional time inf{t € Rs¢ : M; — f(t At) < 1/n}
by 7(n). Then sup,cy7(n) = ¢ a.s. by Lemma 4.5. Recall that M., = f(7) a.s. Therefore

E[f(7)] = E[M:)] = E[f(7);7(n) = +00] + E[M:(); 7(n) < +o0].
Since M,(n) — f(7 A7(n)) < 1/n on {7(n) < 400}, the right hand side is dominated by
Elf(t AT(n));7(n) =400+ E[f(r AT(n))+ 1/n;7(n) < +00].
This reads E[f(7 A 7(n))] + P(1(n) < +00)/n. It follows that
Elf(n)] < E[f(rAT(n)]+1/n < E[f({)]+1/n foralln € N
where we used that 7(n) < ¢ a.s. and f is non-decreasing. Tending n to co, we get

E[f(r)] < E[f(Q)].

Since f is strictly increasing and ¢ < 7 a.s., we reach that sup, .y 7(n) = ( =7 a.s. O]

24.12 Lemma. Suppose that 7 is an F.-optional time, {7 = 0} € Fy vV Null(P) and
E[M; ;7> 0] = E[M,_;7 > 0] for all M. € Mart,,(F.).

Then there exists a predictable F.-optional time T such that 7 = T a.s.
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Proof. Set f:Rsop — R, t — t/(14t), which is bounded, strictly increasing and continuous.
We select and fix M. € Mart, (F.) such that My € E[f(7)|F:] for all ¢ € Rsy. Then

sup,ey 7(n) = 7 a.s. where 7(n) :=inf{t € Rsq : M; — f(t At) < 1/n}
by Lemma 24.11. Since M, € E[f(7)|(F. V Null(P)),] by Corollary 14.12,
M. = f(1) as.
On the other hand ¢ +— 7 At is F.-adapted and f(7 At) < f(7), which implies that
f(rAt) < M, as. for all t € Rs.
With the help of the sample path right continuity, we see that
f(r At) < M, for all t € Rsg a.s. and hence f(7) < M,_ a.s. on {7 > 0}.
Consequently, due to E[M, ;7 > 0] = E[M,_ ;7 > 0], we get
f(r) = M,_ as. on {1 > 0}.

Let n € N. Since M- — f(r A7(n)) > 1/n a.s. on {7(n) > 0}, it follows that

%p(o <7(n) = 7) < E[Mym- — f(r AT(n));0 < 7(n) = 7]
FE

(M,_ — f(1);0 < 71(n)=1] =0.

Thus we conclude that P(0 < 7(n) = 7) = 0 for each n € N. Now apply Lemma 24.8
together with Lemma 4.8(iii). O

24.13 Theorem. Let o € Time(F.). Then the followings are equivalent to each other:
(i) There exists a predictable F.-optional time & such that 0 = & a.s.

(ii) t = Lo, 400)(t) is indistinguishable from an F.V Null(P)-predictable process.

(iii) The F.-finite variation process t — lis o0y is natural and {o =0} € Fy VvV Null(P).

Proof. (i) = (ii) by Corollary 24.6(ii). (ii) = (iii) by Theorem 22.4(ii). (iii) = (i) by
Lemma 24.12. [

24.14 Lemma. Suppose that E is a metrizable topological space and X. is an E-valued
process with almost sure right continuous sample path and it is indistinguishable from an
F. VvV Null(P)-predictable process. Then for each closed subset F there exists a predictable
F.-optional time T such that inf{t € Rs>o: X; € F} =17 a.s.

Proof. We see by Lemma 17.16 that there exists 2y € F such that P(g) = 1 and

t — Xi(w) is an (F. V Null(P)) N Qp-predictable process with right continuous
sample path on (o, F N Qo, Pla,)-
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We work on the probability space (g, F Ny, Plg,) with filtration F. := (F. Vv Null(P)) N Q.
Then o := inf{t € Rsq : X; € F} is an F-optional time by Corollary 19.5. It follows by
Lemma 17.2 that

{(t,w) : 0(w) < t} € Pred(F).

Due to the sample path right continuity of X.

{(tw):t=0(w)} C {(t,w): Xi(w) € FY € {(t,w) : o(w) < t}.

The set in the middle belongs to Pred(F.) due to the predictability. Therefore

{(t,w) :o(w) <t} ={(t,w) : Xi}(w) € F} U{(t,w) : 0(w) < t} € Pred(F).

This means that ¢ — 1}, ;o) (t) is an F-predictable process. Thus, invoking Theorem 24.13
together with Lemma 4.8(iii), we get the statement. O

24.15 Corollary. Suppose that X. is an F.-adapted process with almost sure right continu-
ous and locally bounded sample path and indistinguishable from an F. vV Null(P)-predictable
process. Then X. is F.-locally bounded.

Proof. There exists a sequence 7(-) of predictable F-optional times such that
inf{t € Ry : |X¢| >k} =7(k) as. forall k € N

by Lemma 24.14. We have that 7(k) < 7(k + 1) a.s. and, since almost every sample path is
locally bounded, sup,cy 7(k) = +00 a.s. We select and fix €y € F such that P(£y) =1 and

inf{t € Rsq : | X¢| > k} =7(k), 7(k) < 7(k+ 1) and supyey 7(k) = 400 on €.
In particular we that

| X (w)| <k for all t € Ry r(rw)) for all w € {7(k) > 0} N Q.
For each k € N there exists a sequence o(k,-) of F.-optional times such that
o(k,l) <o(k,l+1), supjeyo(k,l) = 7(k) and {7(k) > 0} C {o(k,l) < 7(k)}.
We introduce the following F.-optional times:
S(n) = max{o(k,n);k € Ng, }.

Since o(k,n) < o(k,n+ 1) for all k£ € N, we have that S(n) < S(n+1). On the other hand
T(k) = SUPyeN 0(k7 n) = SupneN:nzk U(ka n) S SuanN:nZk S(’fl) = SUPyeN S(n) Therefore

S(n) < S(n+1) and sup S(n) = +oo on €.
neN

Let w € {S(n) > 0} N €. There exists k € No,, with S(n,w) = o(k,n,w). It follows that
0<S(n,w)=o0(k,n,w)<7(k,w) and hence o(k,n,w) < 7(k,w) < 7(n,w).
We thus get S(n) < 7(n) on {S(n) > 0} N Q. This implies that
| X (w)| < n for all t € Rjg g(nwy for all w e {S(n) > 0} N Q.

Consequently the pair S(-) and n — n is a reducing sequence. O
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Given an F.-stopping time 7 we set F._ :=o({{T >t} NA;t € Ry, A € F})VF.

24.16 Lemma. Suppose that T is an F.-stopping time.

(i) Fre C Fr. Ift € Ryg and 7(2) = {t} then Fro =\, o, Fs-

(ii) If o is an F.-stopping time and o < T then F,_ C F,_.

(iii) Suppose that o is an F.-optional time, o < 7 and {0 < +oo,7 > 0} C {0 < 7}. If
Ae F,y (and AN{o =0} € Fy) then An{o < 4+o00,7 >0} € F,_ (AN{o < +oo} € F,_).
(iv) Suppose that there exist a sequence o(n) of F.-optional times (F.-stopping times) such
that o(n) < o(n+1), sup,eyo(n) =7 and {7 > 0} C {o(n) <7}. Then Fr- C ;" Fomy+
and AN{T >0} € Fr_ for Ac ;| Fomyr (Fre =\ ey Fom))-

Proof. (i) If t € Ryp and A € F; then {7 >t} N A € F, by Lemma 3.15(iv).
(ii)IfteRpand A€ Fithen {o >t} nNA={r>t}n{o>t}NA) eF_.
(iii) We have that Q@ = {oc < 7} U{oc=7=0}U{oc =7 = +o0}. Let A € F,. Then
An{o <t} e F forall t € Ry.

An{o < +oo,7>0}=An{o <7} = U {T>r}n(An{o <r})

reQ:r>0

On the other hand AN {0 < +00,7 =0} = (AN {oc =0}) N {r =0}.
(iv) Since BN {o(n) >t} € (F1)om) = Fowm)+ for all B € F;y by Lemma 3.15(iv),

{T>t}nA= U ({r>t}nA)n{o(n) >1t}) e \/ Fom)+ forallt € Ryg and A € F.

n=1 n=1

It follows that F._ C \/,—, Fo@m)+. This time we have that {o(n) = +oo} = (). Therefore if
A€ Fomyy then AN{7 >0} = An{o(n) < 4+o0,7 > 0} € F,_ by (iii). m

24.17 Lemma. Suppose that T is a predictable F.-optional time and f : Q — R is F,_-
measurable. Then the process with sample path t — f(w)1fr(w)4o00)(t) is F.-predictable.

Proof. The optional time 7 being predictable, there exist a sequence o(n) of F.-optional
times such that o(n) < o(n + 1), sup,eyo(n) = 7 and {7 > 0} C {o(n) < 7}. Given
B € Upe Foti)+, there exists n € N such that B € F,,)+. The process with sample path
t — 15(wW)1((kw)+00)(t) is left continuous and F.-adapted provided k > n. As k tends to oo
this sequence of processes point wise converges to the process with sample path

t = 1p(W) 1 (w),+00)n(0,4+00) (1),
which is F.-predictable. The F.-predictability is preserved for B € \/;_, Fom)+ as the
monotone class theorem shows. Let A € F,_. We infer by Lemma 24.16(iv) that
the process with sample path ¢ — 14(w)1}7(w) +00)n(0,400)(t) is F.-predictable.

On the other hand, since 7 is an F.-stopping time and, by Lemma 24.16(i), F,_ C F,, we
have that AN {7 =0} € F,. This means that

the process with sample path ¢ — 14n(;=0y(w)10y(t) is F.-predictable.
Being the sum of two predictable processes, t = 14(w)1jr(w),+00)(t) is F.-predictable. O]
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24.18 Lemma. Suppose that M. is an F.,-martingale with almost sure right continuous
path and T 1s a predictable F.-optional time. Then

EM,_;An{0<7 <t} =FE[M,;An{0 <7 <t}
forall Ae F,_ andt € Ryy.

Proof. Since t — 141 1o0)(t) is an F.-predictable finite variation process by Lemma 24.17,
we see by Theorem 22.4(ii) that ¢ — 141}, o)(t) is natural. This is exactly what we want.
However we give a more straightforward discussion. The optional time 7 being predictable,
there exist a sequence o(n) of F.-optional times such that o(n) < o(n+1), sup,cyo(n) =7
and {7 > 0} C {o(n) < 7}. Recall that Time(F.) = Time(F.;). Let t € Ry(. According to
Corollary 3.17(i), we have that

Moyt € E[Mope| (Foi vV NUll(P)) iy for all & € N.

Let B € Up—; Fo(r)+, that is, B € F, )4 for some n € N . Since {o(k) < t} € F, ) for all
ke N and Fymy+ C Foty+ C (Fgp VNull(P)),+ for all k € N, it follows that

EMygyne; BN{o(k) <t} = E[M;n; BN {o(k) < t}] for all k € N>,
We see that {o(k) <t} ={r=0,0(k) =0} U{r > 0,0(k) < t}. Therefore
EMyuy; BN{T > 0,0(k) <t} = E[M;n; BN {7 > 0,0(k) < t}] for all k € N5,.
Since {o(k + 1) < t} C {o(k) < t} and, by Lemma 4.3, (,_,{o(k) < t} = {r < ¢}, the
right hand side converges to E[M;,; BN {0 < 7 < t}] as k tends to co. On the other hand
there exists 2y € F such that P() = 1 and M.(w) admits left-hand limits everywhere

for all w € €. Since (k) < 7 on {7 > 0}, the sequence M,()l{r>00(k)<t} converges to
M;_119<7<s on . Taking the uniform integrability of M, u)a; into account, we infer that

EM,_:BN{0<7<t}|=FE[Mpn;BN{0<7<t}]=E[M;BN{0<7<t}].

The above extends to \/,~ | Fo(n)+ automatically. Since F,— C \/,_, Fy(n)+ by Lemma 24.16,
we reach the statement. O
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25 Semigroup of measure kernel and Markov process

Let (Q, F, P) be a complete probability space and F. be a filtration of sub o-fields.

S is a locally compact Hausdorff space with countable base and r;(+; %) is a one
parameter family of probability measure kernels on S x Borel(.S) such that

//@t(g A) ks(x;+) = Kys(z; A) for all t,s € Ryg, 2z € S, A € Borel(5).
S

We additionally assume that kg(z;-) = 6, for all x € S and

t— / f ke(z;+) is right continuous at 0 for all x € S, f € C(5).
S

Then, given t(1),...,t(n) € Ry with ¢(1) < --- < t(n) and A,,..., A, € Borel(5), we
can inductively define a Borel(S)-measurable function by (z;t; A) = ki(x; A) and

k(z;t(1),...,t(n); Ay, ..., Ay) = /A K(1(2) —t(1), ..., t(n) —t(1); Aa, ..., Ay) kyny (2 -).

25.1 Lemma. Suppose that0 < s(1) < --- < s(m—1) < s(m) and Ay, ..., A,—1 € Borel(S).
Then k(+;s(1),...,8(m); A1, ..., Apm_1,-) is a probability measure kernel on S x Borel(S) and

/A/ﬁ(-;t(l), ooy t(n); By, ..., By) k(s s(1), ..., s(m); A, ooy Aty -)
= k(z;s(1),...,s(m),t(1) + s(m),...,t(n) +s(m); Ay, ..., Am_1, A, By, ..., By)

for allt(1),...,t(n) € Ryp with 0 < t(1) <--- <t(n) and A, By, ..., B, € Borel(5).

Given ty,...,t, € Rsg, Ay,..., A, € Sbset(5), and fi,..., f, € Map(S,R), we set

eyldr(ty, ... th; A, ..., Ay) == {w € Map(Rso,S) : w(ty) € Ay, ..., w(t,) € An},
eyldr[ty, ... to; fi, -y fu] - Map(Rs0,S) — Ryw — fi(w(ty)) -« fu(w(ty)).

Given a subinterval I of R>(, denote by Cyldr(/,S) the collection of all the sets
eyldr(ty, ... tn; Ay, ..., Ay) withn € Ny ty,...,t, € I and Ay,..., A, € Borel(95).

25.2 Theorem. There exists a unique measure kernel u(-;%) on S x o(Cyldr(Rxg, S)) such
that

p(x;eylde(t(1),...,t(n); Ay, ..., Ay)) = k(z; t(1), ... t(n); Ay, ..o, Ay)
for all t(1),...,t(n) € Ryp with t(1) < --- < t(n) and Ay,..., A, € Borel(S).

Proof. We can apply the Kolmogorov extension theorem to show the existence and the
uniqueness by virtue of Lemma 25.1. One deduces the Borel(S)-measurability of  — u(z; A)
for each A € o(Cyldr(R>¢,S)) from that of the functions © — r(z;t(1),...,t(n); A1,..., A4,)
by invoking the monotone class theorem. O
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We denote by x° the probability measure kernel described in Theorem 25.2. ‘

25.3 Corollary. For all x € S,;r € Rxy, A € o(Cyldr(Ry,,5)) and B € o(Cyldr(Rx,5))
/ k°(eval.; B) k°(z;-) = k°(x; {eval 4, € B} N A)
A

where eval; : Map(R>g, S) — S is the evaluation w — w(t) for each t € Rsq. In particular
T;f(eval,) € E[f(evaly,)|o(Cyldr(Ryp,,S))] for allt € Rsq and f € Co(S)
where the conditional expectation refers to the probability measure k°(x;-).

Proof. Theorem 25.2 and Lemma 25.1. [

Given t € R, f € bBorel(S,R) denote by T; f the function z — [ f k¢(x;-) on S.

25.4 Lemma. Suppose that s € Rsg and X. is an F.-adapted S-valued process, and
Tif(X,) € E[f(Xisr)|Fr] for allt € Rsg, 7 € Rsg and f € Co(9).

(i) k°(X,; B) € P({X 4+, € B}F,) for allr € Rss and B € o(Cyldr(Rs, S)).
(ii) t — Xy and t — f(X;) with f € C(S) are right continuous in probability on Rs.

Proof. (i) It suffices to show the following claim: if 0 < ¢(1) < t(2) < --- < t(n), r € Ry,
By, By, ..., B, € Borel(S) and A € F, then

E[r°(X,;cyldre(t(1),...,t(n); By, ..., By)); 4]
= P({X 4, € cyldr(t(1),...,t(n); B,...,B,)} NA).

This reads by Theorem 25.2 that

E[r(X,.;t(1),...,t(n); By,...,B,); 4]
= P({X 4 € cyldr(t(1),...,t(n); By,...,B,)} N A).

We carry out the proof by using the induction. The assumption implies that
B[ £5(X, )i A) = B (Xea) A for all £ € Cuc(S).
S

Since the indicator function of any open subset of S is a monotone increasing limit of func-
tions in C(S), we get the equality in question for n = 1 by the Dynkin class theorem:

Elri1)(Xy; Br) s Al = P({ Xy1)4r € B1} N A),

which is a special case of E[[, fri(X, -);A] = E[f(Xi4);A] where f € bBorel(S,R).
Suppose that £ € N and the equality in question holds for all n € N<;. We set g :=
k(5t(2) —t(1),...,t(n+ 1) —t(1); By, ..., Bpy1). Then it follows that

E[H(Xr,t(l), e ,t(n + 1), B17 ey Bn+1) ; A]

=B g (X39)54] = Pl(15,9) (Kir) s 4
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The right hand side equals
ElR(Xuqwyeri 1(2) = (1), .. t(n+ 1) = £(1); Bay .., Bua)s {Xoqyer € Bi} N AL
The induction assumption with r replaced by ¢(1) + r shows that the above coincides with

P({X-—l-t(l)—i—r € Cyldr(t(Q) — t(l g ,t(n + 1) — t(l), BQ, . 7Bn+1)7 Xt(1)+7a € Bl} N A)
— P({X.y, € eyldr(t(1),...,t(n+1); By,..., Bui1)} N A).

Thus the equality in question also holds for n = k + 1.

(ii) We exploit the additional property of the measure kernels: k;(z;-) converges to J, in
Cy(S)-weak topology as ¢ | 0, which so far played no role. Suppose that r,t € Rsg, s <r <t
and g : S x S — R is bounded and continuous. Then we have that

Elg(X,. X,)] = E| / 9(X,, Y (X1 )]

according to (i). Since [g g(z, )k, (x;-) converges to g(x,x) as t | r for all z € S, the
right hand side above converges to F[g(X,, X,)] by the dominated convergence theorem.
Specifying g as min{dist(-, x), 1} respectively min{|f(-) — f(x)|, 1}, we get the claim. O

25.5 Lemma. (i) If f € Cu(95) then t — T,f(x) is right continuous for all x € S.
(ii) If f € bBorel(S,R) then (t,z) — T;f(x) is Borel(R>q) ® Borel(S)-measurable.

Proof. Let f € Cy(S). Since Tif(z) = [ f(eval) 5°(x;-), it follows by Corollary 25.3 and
Lemma 25.4 that t — T, f(x) is rlght continuous for all z € S. Taking into account that
x +— T f(x) is Borel(S)-measurable for all t € Rsq, we see that (¢, z) — T; f(z) is measurable.
The indicator function of any open subset of S'is a non-decreasing limit of functions in Cy.(.5).
We therefore get (ii) by the usual monotone class argument. O

Given a € Rso, f € bBorel(S,R), set Uf : S =R, a — [ e T f(z) A(dE).

25.6 Lemma. (i) If f € bBorel(S,R) then U“f is Borel(S)-measurable for all o € Rq. If
f € Cy(S) then aU%f(x) converges to f(x) as o tends to +o00 for all x € S.

(i) If Ty sends Cwo(S) into itself for all t € Rsg then so does U* for all a € Ryp.

(iii) If U™ sends Cw(S) into itself for all « € Ry then aUf converges to f uniformly as «
tends to +oo for all f € C(S).

Proof. (i) We get the measurability of U®f by Lemma 25.5(1) and Fubini’s theorem. Let
f € Cy(S). Since Ty f(x) converges to f(x) for all z € S as ¢ tends to 0 by Lemma 25.5(i),
it therefore follows by the dominated convergence theorem that

aUf(z) = / Tijof(x)e”" dt converges to f(z) for all z € S as a tends to + oo.
0

(i) Suppose that T} f € C(S) for all t € Ry and f € C(S). Since |Tif(z)| < || f]| for
all t € Ry and x € S where || f|| := sup,eg|f(x)], we infer by the dominated convergence
theorem that U%f € C(5).
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(iii) Fubini’s theorem shows that
/ Uf ke(x;+) = / Tof(y)e”** Ads)ky(x; dy) = / Torof(z)e™* A(ds)
S (0,00)x S (0,00)
for a € Ry, f € bBorel(S,R), t € R>g and z € S, which reads
T,Uf(z) = / T, f(x)e D \(ds).
(t,00)
We first deduce the resolvent equation. We see that
/ TU f(x)e P A(dt) = / T, f(z)e DB X\(ds)A(dt)
(0,00) (s,t):0<t<s

for o, 5 € Rsg, f € bBorel(S,R) and x € S. If & # 3 then the right hand equals

s 1 B UPf(z) — U“f(x)
/(O,oo) T.f(x)e R A(ds) = P :

Thus we get the resolvent equation (o — B)UPUf = UPf — U®f. Since U® sends Cw(9)
into itself for all a € R, this implies that

Ut = UP(f — (a— B)Uf) € UPC(S) for all f € Cu(S).

The role of parameters a, 3 being symmetric, we see that U%C,.(S) = UPC,(S). Denote
this common linear subspace of Co(S) by R. Let g € R. Then g = U f for some f € C,o(S).
Since BUPU'f — U'f = UP(U'f — f) by the resolvent equation, it follows that

BU%(@) ~ g(a) < [ 10T - Plalle*de < U = 75 forall 2 € 5,
0
The right hand side converges to 0 as § tends to +oo. Hence

18UPg — g|| converges to 0 as 3 tends to +oo for all g € R.

We identify the norm closure of R. Being a convex subset, its norm closure coincides with
the weak closure. Let f € C(S). According to (i),

BUP f(x) converges to f(z) for all x € S as 3 tends to +oo.

The dual space of C(S) is canonically identified with the set of all finite signed Borel
measures on S. Invoking the dominated convergence theorem, we infer that

BUP f weakly converges to f as 3 tends to +o0o0.

Consequently the weak closure of R coincides with Cy(S) and so does the norm closure.
Finally, given ¢ € Ry, choose g € R such that ||f — g|| < e. Taking into account that
IUP(f = )l < If — gll/B we reach that

IBUPf = fIl < 18U%g — gl + 1BU°(f = g)ll + |If — gll < 18U"g — gl + 2.

The first term of the right hand side converges to 0 as 3 tends to +oc. O
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We characterize the Markov property in terms of Laplace transform.

25.7 Lemma. Suppose that r € Rxg, f € Cy(S), X. is an F.-adapted S-valued process, and
t— f(Xy) is right continuous in probability. Then

Tif(X,) € E[f(Xisr)|Fr] for all t € Rsq if and only if
BlU*f(X,); Ale™ = [Z E[f(X,); Ale=**dt for all « € Ry and A € F,.

Let s € Rsqg. If f(z) > 0 for all x € S and the above condition holds for all r € R> then
t— U*f(Xy)e " is an F.-supermartingale after time s.

Proof. Let a € Ryg and A € F,.. Since (t,x) — T;f(x) is measurable by Lemma 25.5(ii),
invoking Fubini’s theorem, we see that

EK”ﬂXﬁvﬂ—LmeMf@w»ﬂemﬁ-

Note that t — E[T;f(X,); A] is right continuous by Lemma 25.5(i). Since ¢t — f(X;) is right
continuous in probability, t — E[f(X;..); A] is also right continuous. We see that

| B e = e [T B ) s dr
0 T

by the translation invariance of the Lebesgue measure. It follows that

+00 +oo
/ EIT,f(X,): Ale=otdt — / Elf(Xy0) : Ale—tdt
0 0
if and only if E[U° f(X,); Ajle—" — / ELF(X): AJe= dt.

Thus we get the equivalence in question by applying the uniqueness of Laplace transform. [J

25.8 Definition. Suppose that X. is an S-valued process. A subset © of €2 is called an
X.-cylinder set based at time parameters up to t € Ry if there exists B € Cyldr(Ryy, S)
such that © = {w € Q: X.(w) € B}.

Let t € R>g. Cyldr{X }<; stands for the family of all X -cylinder sets based at time
parameters up to ¢t and o{X.}<; the o-field over 2 generated by Cyldr{X. }<;.

25.9 Theorem. Suppose that X. is an F.-adapted S-valued process, t — U®f(X;) is right
continuous in probability for all o € Ry and f € Cy(S), and

Tif(X,) € E[f(Xigr)|Fr] for allt € Rsg, 7 € Rsg and f € Cio(5).

(i) For each lower semi-integrable and o{X.} V Null(P)-measurable random variable Y the
class E[Y|Fi+ V Null(P)] contains a 0{X.}<i-measurable representative for all t € Rxy.

(ii) (Fey VNull(P)) N (o{X.} vV Null(P)) = o{X . }<; VNull(P) for all t € Rsy.

(iii) A process M. is a o{X.}<. V Null(P)-martingale if and only if it is an F.. V Null(P)-
martingale and My is o{X.} V Null(P)-measurable for each t € Rxy.
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Proof. (i) Let f € Cx(S), s € Ryg and A € Fsi. According to Lemma 25.4(ii), ¢ — f(X})
is right continuous in probability. Since A € F, for all r € R, we see by Lemma 25.7 that

ElU“f(X,); Ale " = / E[f(X;); Ale " dt for all r € R, and a € R,.
Since t — U*f(X;) is right continuous in probability, tending r to s, we get
ElUf(Xs); Ale™ = / E[f(X;); Ale " dt for all & € Ry and A € F,,.

Applying Lemma 25.7 with Lemma 25.4(ii) taking into account, we infer that
T,f(X,) € E[f(Xiys)|Fsr VN for all t € Rsg, s € Ry and f € Coo(9).

Here N := Null(P). Let t € Rxo. Given © € 0{X.}, there exists A € Cyldr(Rjy4,S) and
B € Cyldr(R>g, S) such that © = {X. € A, X, € B}. It follows by Lemma 25.4(i) that

k°(Xi; B) € E[lp(X 40)|Fes VN
Since {X. € A} € o{X.} <4 C Fiy, we see that
La(X)r*(Xy; B) € E[La(X)1p(X4)|Fiy VN] = Ello| Fir VN
Observe that 14(X.)k°(X¢; B) is 0{X }<;-measurable. We introduce the following family:
D :={0 € o{X .} : FY 0{X }-measurable, non-negative and Y € E[lg|F;, V N},

which is a Dynkin system by Theorem 1.10. Since Cyldr{X.} C D, we reach the statement
by invoking the monotone class theorem.

(i) Let A € (Fiu VN) N (6{X.} VN). Since 14 € E[l4]|F V N], there exists a
0{X }<;-measurable modification Y of 14 by (i), which means A € o{X }<, VN.

(iii) Suppose that M. is a 0{X }<. V N-martingale, s,t € R and s < ¢. Then there
exists a 0{X.}<s-measurable random variable Y such that Y € E[M,|F,, VN] by (i). Since
0{X }<s C Fs C Fsy, we have that Y € E[M;|o{X.}<s V N]. The right hand contains Mj
as well. It follows that M, =Y a.s. and hence M, € E[M;|F,, vV N]. O

25.10 Theorem. Suppose that X. is an F.-adapted S-valued process such that
Tif(X,) € E[f(Xisr)|Fr] for allt € Rsg, 7 € Rog and f € Coo(S).

(i) If U f converges to f uniformly as a tends to 400 for all f € Cy(S) then X. has a
modification with D(R>o, S‘) sample path where S is a one point compactification of S.

(i) If U™ sends Cx(S) into itself for all o € Rsg then X. has a modification with D(Rxq, S)
sample path.

Proof. (i) Suppose that f € C(S), f > 0 and a € Rsy. Then it follows by Lemma 25.7
that t — U*f(X;)e~* is an F.-supermartingale. Invoking Lemma 14.10, we see that

liminf, )| ;.scq U f(Xs) = limsup, | ;..c0 U f(X;) for all t € Ry a.s.
liminf,pscq U f(X) = limsupyp.sc0 U f(Xs) for all t € Ry aus.
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Due to the linearity of U® the above holds for any f € C(S). Let R be a countable dense
subset of C(S). We select and fix €y € F such that P(£2) =1 and
)

liminfyp.seq U™ f(Xs(w)) = limsup,) ;. eq U™ f(Xs(w)) for all £ € Ryq and
liminf,pscq U™ f(Xs(w)) = im supgypp.seq U™ f(Xs(w)) for all £ € Ry

forallw € g, n € Nand f € R. Let w € Qy, t € Ryg and f € R. Given € € Ry, there
exists n € N such that [nU"f(x) — f(z)| < e for all x € S. It follows that

limsup f(Xs(w)) < limsup nU" f(Xs(w)) + ¢

sllt:s€Q sllt:s€Q
_ Un +¢e < lim + 2¢.
}sﬁ?s}gén fXow)) +e illlt jgéf( o)) + 2

The same argument works for the left hand limits. Thus the following holds for all w € Q:

liminf,)j;.scq f(Xs(w)) = imsup, ;.. f(Xs(w)) for all t € Ry, f € R and
lim infypseq f(Xs(w)) = imsup,gpeeq f(Xs(w)) for all t € Ry, f € R.

Since R is dense in C(.5), this implies that if w € 2y then
limg) .seq Xs(w) # 0 for all t € Rg and limgppseq Xs(w) # 0 for all ¢ € R,

Here the limit is considered in the one point compactification S. Consequently there exists
an S-valued process Y. such that its every sample path is right continuous and admits left
hand limits everywhere, and limg)|4.5cq Xs(w) = {Yi(w)} for all w € Qy and ¢ € R5y. On the
other hand, according to Lemma 25.4(ii), ¢ — X is right continuous in probability. This
implies that ¥; = X; a.s. for all ¢ € Rx,.

(ii) Suppose that U%f € Cy(S) for all @ € Ry and f € C(S). We regard func-
tions in Cx(5) take the value 0 at the infinity of the compactification S. According to
Lemma 25.6(iii), the premise in (i) is fulfilled. Let Y. be as in the discussion for (i). Its every
sample path is right continuous and admits left hand limits everywhere. We select and fix
f € C(8S) such that f(x) > 0 for all x € S. Note that U' f(z) > 0 for all z € S. Set

=inf{t € Rso: U'f(YVy)e " <0} Ainf{t € Rug: UM f(Vi,)e ' < 0}.
For each n € N introduce the following F. vV Null(P)-optional time:
7(n) = inf{t € Rs¢: Z; < 1/n} where Z. : t — U' f(Y;)e™"

Since sup,,cy 7(n) = ¢ by Lemma 4.5, ¢ is an F. V Null(P)-optional time. On the other hand
Z :t— Ul f(Yy)e tis an F VNull(P)-supermartingale by Lemma 25.7. Moreover its sample
path is right continuous and Z; > 0 for all ¢t € R>¢. Invoking Lemma 7.7(i), we see that

E|Z: ;¢ < 400] < E|Zyny;7(n) < 400] < P(1(n) < 400)/n < 1/n for all n € N.

The second inequality derives by Z.,) < 1/n on {7(n) < 4+o00}. Tending n to oo, we reach
that E[Z;;( < 4o00] = 0 and, due to the non-negativity, Z, = 0 a.s. on {¢ < +oo}. This
argument works for any optional time o with ( < ¢. Taking the right continuity into account
we infer that there exists €y € F such that €y C Qy, P(€) =1land Zqy; =0for allt € Ry
on {¢ < +oo} N . Since U f(z) > 0 for all z € S, this reads as follows:
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if w e Q; and ((w) < 400 then Yi(w) € S for all t € Rx¢ ().

On the other hand if w € Q; and T < {(w) then T' < 7(n,w) for some n € N, which means
U'f(Yy(w)) > Zy(w) > 1/n for all t € Ry ). Since {z € S: U'f(z) > 1/n} is compact,

if we Qy and T' < ((w) then {Y;(w);t € Rjo 1} is a relatively compact subset of S.
Let t € Rsp. Then we see that {t < (} N Qy = {Y; € S} NQ; and hence

Pt < () =PY; € 5)=P(X; € 5) = E[r(Xo; 5)].

The right hand side equals 1. Therefore, tending ¢ to +o00, we conclude that ( = +o0 a.s. [J

26 Strong Markov property and quasi left continuity

Let (92, F, P) be a complete probability space and F. be a filtration of sub o-fields.

S is a locally compact Hausdorff space with countable base and r(-;%) is a
semigroup of probability measure kernels on S x Borel(S) such that ko(x;-) = d,
and t — ky(x; ) is Co(S)-weak right continuous at 0 for all x € S.

We still keep the same scheme of notations as in the previous section.

26.1 Lemma. Suppose that s € Rsq, f € bBorel(S,R), X. is an F.-adapted S-valued
process, t — f(X;) is right continuous a.s., and

Tif(X,) € E[f(Xisr)|Fr] for all t € Rsg,r € Ry

(i) t — U*f(Xy)e ® + R{e~™ f(X)dA}; is an F.-martingale after time s for all a € Rxo.
(ii) Let o € Rug. If t +— U f(X}) is right continuous a.s. then

E[Uf(X,)e " ; AN {o < +oo}] = /OOO E[f(X,); AN {o < t}]edt

for all F. v Null(P)-optional times o with o > s and A € (F. V Null(P)), .
Proof. (i) There exists Qp € F such that P(€) = 1 and t — f(X;(w)) is right continuous
for every w € €y. Let @ € R, 7 € R>5 and A € F,.. According to Fubini’s theorem,

/Oo Ef(X)): Ale—" dt — E[/(O FOXOe @A = [ F(X)e N AN Q)

1+00) (0,)

If w € Qp then f(o ne Tf(X(w)A= R{e™ f(X)dA}+(w) for all t € RygU{+o00}. Therefore
it follows by Lemma 25.7 that

E[U“f(X,)e ™ ; Al = E[R{e* f(X)dA\} oo ; A] — E[R{e~* f(X)dA},; 4] for all A € F,.

This implies that U f(X,)e " + R{e~* f(X)dA}, € E[R{e~ f(X)d\}u|F,].
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(ii) Suppose that ¢ — U® f(X;) is right continuous a.s. Then so is the martingale discussed
in (i). We also verified its uniform integrability. Let o be an F.V Null(P)-optional time with
o > s. It follows by Theorem 14.8(iv) that

Utf(Xs)e  lpctoo + R{e™ f(X)dA}, € E[R{e™® f(X)dA}oo|(F. V Null(P)), 4]
Let A € (F. vV Null(P))y4. The notation € in (i) is still in force. We infer that
ElUYf(X,)e " ;AN{o < +o0}| = E[R{e “ f(X)dA\}oo — R{--- }s; AN {0 < +00}]

= E[/ F(XDe A ANn{o < +oo} N = /OO Elf(Xy); An{o < t}e *dt.
[0 400) 0

The last equality derives by Fubini’s theorem. O

X. is an F.-adapted S-valued process whose almost every sample path is right
continuous, and o is an F. V Null(P)-optional time unless otherwise stated.

26.2 Lemma. Suppose that f € Cy(S), and for all &« € R-g and A € (F.V Null(P))q+

ElUf(Xs)e " AN{o < +o0}] = /OOOE[f(Xt) AN {o < t}e ™dt.

(i) Ti—o f(Xo)1lo<t € E[f (Xi)lo<t|(F V Null(P)),4] for all t € Rsy.
(i) If f > 0 then T f(Xo)locioo € Elf (Xtho)locioo| (F. VNUll(P)),4] for all t € Rsy.

Proof. (i) Let a € R5g. Due to the translation invariance of the Lebesgue measure,

vy = [

[0,400)

T, f (z)e ) \(dt) = / To_of (x)e™*t \(dt) for all s € Rxg.

[s,+00)

Let A € (F v Null(P)),. Since (t,x) — T;f(x) is measurable by Lemma 25.5, we see that
+oo
E[Uf(X,)e="": AN {or < +o0}] = / BT, f(X,): AN {o < t}]e-tdt
0

by Fubini’s theorem. The right continuity of ¢ — T, f(z) for each x € S implies the right
continuity of t — E[T;_, f(X,); AN{o < t}]. While, due to the sample path right continuity,
t— E[f(Xy); An{o < t}] is also right continuous. Thus we conclude that

ElT o f(Xs);An{o <t} = E[f(X;);An{o <t}] for all t € Rx
by applying the uniqueness of Laplace transform.

(ii) Suppose that o € R.g and A € (F. V Null(P)),,. Observe that e*’ is non-negative
and (F. V Null(P)),,-measurable. The integrands being non-negative, we infer that

ElUf(X,);AN{o < +o0}] = /0+<>0 Elf(Xy)e =) An{o < t}]dt
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by the monotone convergence theorem. There exists €y € F such that P(€y) = 1 and
t — f(Xi(w)) is right continuous for every w € €. The right hand side equals

E[/[ )f(X.)e_a('_”)/\ QW NAN{o < +oo}] = /0+<><> Elf(Xiio)e *; AN{o < +oo}]dt

7,400

by Fubini’s theorem. While, (¢,x) — T,f(x) being measurable, the left hand side is the

Laplace transform of ¢ — E[T; f(X,); AN{c < +oo}]. Therefore it follows that
ET,f(X,);An{o < +o0}] = E[f (Xt10); AN {0 < +00}] for all t € Rxy

by applying the uniqueness of Laplace transforms. O]

26.3 Lemma. (i) Suppose that s € R>q and the followings hold for all f € Co(S5):

Tif(X,) € E[f(Xitr)|Fr] for all t € Rsg,r € Ry,
T f(Xs) € E[f(Xeys)|Fsy] for allt € Rsg, and
T of(Xo)lo<s € E[f (Xs)1o<s|(F vV Null(P)),4].

Then, given B € o(Cyldr(Rss, S)), there exists g € bBorel(S,R) such that
T 69(Xs)lo<s € P(X. € B,o < s|(F. vV Null(P)),4).

(1) If Tof (Xoir)loctoo € Elf(Xitoir)loctoo (F. V NUl(P))(54r)4] for all t,r € Rso, f €
Cx(S) then k°(X,; B) € P({X 4o € B}H(F. vV Null(P)),+) for all B € o(Cyldr(R>g, .5)).

Proof. (i) Let A € (F. V Null(P)),4 and C € o(Cyldr(R>o,S)). Set G; := F; for t € R
and G, := F,,. Applying Lemma 25.4(i) with the filtration G. we get

K*(XS,C) € P(X.+5 € C|FS+)
Since AN {o < s} € (F VNull(P))sy = Fsr V Null(P) by Lemma 4.8(i), it follows that
P(X.,s€C0<sA)=FE[r(Xs;C);AN{o < s}] forall Ae (F VNul(P)),.

Thus the statement holds for B := 0;1(C) and g := x*(+; C).
(ii) The discussion is the same as that for Lemma 25.4(i). Consider the process t — Xy,
with the filtration ¢ — (F. V Null(P)) 44+ under the measure P(-|oc < 400). O

26.4 Theorem. Suppose that s € Ry, 0 > s,

Tif(X,) € E[f(Xeyr)|Fr] for allt € Rsg,r € Rog and f € C(S),
t — Uf(Xy) is right continuous a.s. for all a € Roq, f € Cx(S).

Ift € Ry and A € o(Cyldr(R>y, S)) then there exists g € bBorel(S,R) such that
Ti09(Xs)lo<t € P(X. € Ajo < t|(F. VNull(P)),y).

If B € 0(Cyldr(R>g,S)) then °(X,; B) € P{X .4+ € B}H(F. VNull(P))y4 ).

Proof. Lemma 26.1, Lemma 26.2 and Lemma 26.3. O]
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26.5 Lemma. Suppose that limgyy X5 # 0 for allt € Ryg a.s., f € Cu(S), f >0,

T;:f(XT) S E[f(Xt+r)|fr] fOT all t € RZO’ re RZO7
Uo‘f(ligl Xs) = ligl U®f(Xs) for allt € Rsg a.s. for all a € Ry,

Uaf(h% Xs) = hTITItl U*f(Xs) for allt € Ryg a.s. for all a € Ryy.

If 7(+) is a non-decreasing sequence of F.V Null(P)-optional times then

liminf f( X)) lrcqoo € E[f(Xr)lrcioo \/(]—" V Null(P));(n)+| where T := sup7(n).

n—oo el neN

Proof. Suppose that a € Ry and o is an F. V Null(P)-optional time. Observe that U*f > 0
and e is a non-negative (F.V Null(P)), -measurable function. Since t — U“f(X,) is right
continuous a.s., it follows by Lemma 26.1(ii) and the proof of Lemma 26.2 that

E[U°f(X,): AN {o < +00}] — /0 T Bl (Xen): AN {0 < +ooledi

for all A € (F. vV Null(P)),. Suppose that 7(-) is a sequence of F. V Null(P)-optional times,
7(n) < 7(n+1) for all n € N. Clearly

liminf, o f(Xrm)lrctoo is Vyoy (F. V Null(P))(,)+-measurable.
Let k,m € Nand A € (F.V Null(P))-(m)+. Then

EUf(Xem); Asm(n) < k] = /0 E[f (Xeprim) ; A, 7(n) < Kle'dt

for « € Ryp and n € N5,,,. Observe that {r(n+1) < k} C {r(n) < k} for all n € N and
Mo {r(n) <k} = {7 < k}. There exists Qy € F such that P(Qy) = 1 and for every w €
the sample path ¢t — X;(w) is right continuous and admits left hand limits everywhere,
and U f(X;_o(w)) € limgp, U f(Xs(w)) for all £ € Roy. We tend n to co. The dominated
convergence theorem shows that the left hand side converges to

ElUf(Xs-0); ANQo, 7(n) < 7Vn,7 < k] + E[U*f(X,); A, 3n:7(n) =7,7 <K

while the right hand side converges to
/ E[f(X(t4r)-0) ; AN Qo, 7(n) < 7Vn, 7 < kle"*'dt
0
+/ Elf(Xisr); A, In 7(n) = 7,7 < kle~*dt.
0

We see that 7 is an F. V Null(P)-optional time and the event {In : 7(n) = 7,7 < k} belongs
to (F. V Null(P)),;. Therefore the second terms of the two limits coincide. Thus we get

ElaU*f(X,—,); ANQy,7(n) < 7Vn, 7 < k|
= / ae " E[f(X+r-0); AN Qo, 7(n) < 7Vn, 7 < k]dt
0
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for all @ € Ry and k € N, where we multiplied both sides by a. Since aU®f(x) converges
to f(x) as a tends to o0 for all x € S by lemma 25.6(i), we infer that

Elf(X:—0); ANQy,7(n) <7Vn,7 < k| = E[f(X;); AN Q, 7(n) < 7¥n,7 < K]

by the dominated convergence theorem. We add E[f(X,);A,3n : 7(n) = 7,7 < k| to the
both sides. Since f(X;_o(w)) € limy, oo f(X7ny(w)) for w € Qo N {7(n) < 7Vn,7 < 400},
tending k to oo, we reach that

Elliminf f(X;0); AN{T < 4oo}] = E[f(X;); AN {T < +oo}].

n—oo

This holds for all A € (J;_,(F. V Null(P))(m)+- O

26.6 Theorem. Suppose that limgy; X # 0 for allt € Ry a.s.,

Tif(X,) € E[f(Xisr)|Fr] for all t € Ry, 7 € Rog, f € Cu(S),
Uaf(lings) = ligl U®f(Xs) for allt € Rsg a.s. for all « € Ryg, f € Coo(5),

Uaf(liTrTrng) = liTrTrtl Uf(Xs) for allt € Rsg a.s. for all a € Ry, f € Coo(5),

7(-) is a non-decreasing sequence of F.\/ Null(P)-optional times and T := sup,cy 7(n).

(i) P(X; € limy o0 X7y, T < +00) = P(T < 400).

(ii) For each lower semi-integrable and o{X.} V Null(P)-measurable random variable Y the
class E[Y|(F. vV Null(P)),4] contains a \/;_;(F. V Null(P)) )+ -measurable representative.
(iii) If F C of X.} V Null(P) then (F.V Null(P)).1 = \/,—(F. VNull(P)) ;¢4

Proof. (i) We may assume that P(7(n) < 7Vn,7 < +00) > 0. Otherwise the statement
becomes trivial. There exists Qg € F such that P(€y) = 1 and ¢ — X;(w) admits left hand
limits everywhere for every w € €)y. We make use of the following fact: if p, v is a finite
measure on S x S and [ (f®@gp = [¢ of ® gv forall f,g € Co(S) then pp = v. It
then follows by Lemma 26.5 that (X, X,;_,) induces the same law as (X,_,, X,_,) under
P(-|Q0,7(n) < 7Vn,7 < +00). Thus P(X,_, = X;|Q,7(n) < 7Vn,7 < +00) = 1.

(ii) Suppose that ¢t € R>g and A € o(Cyldr(Rs¢, S)). According to Corollary 26.4, there
exists g € bBorel(S,R) such that

Tirg(X) 1ozt € P(X. € A7 < H(FV Null(P)),).

Clearly 7 is G := \/,_(F. V Null(P)),(n)+-measurable. We verified in (i) that the same
measurability holds for X, 1,4 . Thus due to the joint measurability (¢, z) — T;g(x), we
infer that T;_,g(X,)1,<; is G-measurable. Consequently

P(X. € A,7 <t|(F VNull(P)),4) contains a G-measurable representative.

We next suppose that 0 < s(1) < --- < s(m) and Aq,..., A, € Borel(S). Set
A::cyldr((),..., ( )i Ar, . Ay,
B(i) :== cyldr(s(l) ,s(i—1); Ay, ..., Aiy) for i € Ny 1) and
C(i) := cyldr(s(i),...,s(m); A;, ..., Ap) for i € Np
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so that we have A = C(1), A= B(i) N C(7) for i € Ny}, and A = B(m + 1). We make use
of the following decomposition:

m

1A(X) = Loy (X )1y + Z Lp(o) (X)) Lsi-1y<r<syLo@ (X.) + 1pams1) (X) Lsgmy<r

=2

Observe that {X. € B(i)} € F<y4-1) for i € Nig,pqq) and C(i) € o(Cyldr(Rsy,5)) for
i € Npi ). We see by Lemma 3.15(iv) that

{X. e Bli)} n{r(n) > s(i — 1)} € (F. vV Null(P))r(n)+ for all n € N

Since |J)— {7(n) > s(i — 1)} = {sup,en7(n) > s(i — 1)}, we get

{X. e B(i)}n{s(i— 1) <7} € \/(F VNull(P)),()1 =G

n=1

On the other hand there exist G-measurable functions g; such that
g € P(X. € Ci), 7 <s()|(F vVNul(P)),)

by Corollary 26.6. It follows that
g1+ Z L) (X ) Lsi-1)<r8i + 1ams1)(X.) Lsmy<r € P(X. € A|(F. V Null(P)),).
i=2

Observe that g1 + > .5 153)(X.)1si—1)<r i + LBm+1)(X.)Lsm)<- is G-measurable. We intro-
duce the following family:

D := {0 € o{X.} : Y G-measurable, non-negative and Y € E[lg|(F. V Null(P)),+]}.

We see that D is a Dynkin system by Theorem 1.10 and Cyldr{X.} C D. Thus, invoking
the monotone class theorem, we get the statement. O

27 orthogonality of martingales

Let (2, F, P) be a complete probability space and F. be a filtration of sub o-fields.

S is a locally compact Hausdorff space with countable base, X. is an
F-adapted S-valued process whose almost every sample path is right con-
tinuous, and L is a linear mapping from a subspace of C(S) into Co (S).

27.1 Definition. Let X. be an S-valued process. We say a triplet (X, F., P) solves the L-
martingale problem if X. is F.-adapted and its almost every sample path is right continuous,
and t — f(X;) — R{Lf(X.)d\}; is an (F.,, P)-martingale for every f € Dom(L).

Marty(F.) stands for the space of all square integrable F.-martingales
with almost sure right continuous sample path.
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27.2 Lemma. (i) Let f € Dom(L), a € Ry and s € Rsg. Thent — f(X;)—R{Lf(X.)d\};
1s an F.-martingale after time s if and only if

/OO El(a— L) f(Xy); Ale™®dt = E[f(X,)e " ; A] for allr € Rs, and A € F,.

(ii) Suppose that (X.,F., P) solves the L-martingale problem after time s € Rs¢ and o is an
F.-optional time with ¢ > s. Then for o € Ryg, f € Dom(L) and A € F,+

/000 Ella—L)f(X;);An{oc < t}e™dt = E[f(X,)e " ;AN {o < +0}].

Proof. (i) To save the space we assume that s = 0, which cause no loss of generality. The
latter condition reads that ¢ — f(X;)e ™ + R{e™*(a — L) f(X)dA}; is an F-martingale.
Suppose that Y. and h. are F.-adapted processes whose almost sure sample paths are right
continuous and locally bounded. Let 3 € R. We set F. : t — R{hd)\};, Z. : t — €’ and
G :tw— e’ — 1. Since R{ZAR{hd\}}; = R{Zhd\}; for all t € R>q a.s., it follows that

YiZ,— (Y — F)(Z — Gi) — R{YdG} — R{ZdF}, + Y, — Fy
= Y,e® — R{Y (Be”)d\}, — R{e” hd\}; = Yie®' — R{e” (BY + h)d\}, for all t € Rs a.s.
Clearly Z. — G. € Marty(F.). Therefore if ¢ — Y; — R{hd\}; belongs to Marty(F.) then so
does t — Y;ePt — R{e#(BY + h)dA}; by Lemma 23.5. The correspondence of process pairs

(Y., h) — (Y., % (BY +h)) is inverted by changing the parameter 3 to its negative. Indeed
e P (—B)Y,e’ + % (BY; + hy)} = hy. Consequently we infer that

t — Y, — R{hd)\}; € Marty(F) if and only if t — Yie?' — R{e” (BY + h)d\}; € Marty(F).

(ii) The discussion is the same as that for Lemma 26.1. O

W := D(Rx, S) and eval; : W — S is the evaluation w — w(t) for each ¢ € Rx.

27.3 Lemma. Borel(WW) = o{eval.}. (eval. : W — Map(Rx, S))

T is a conservative Feller semigroup on Cw(5).

Given ¢(1),...,t(n) € Rso with ¢(1) < --- < #(n) and fi,..., [, € Cx(S), we can
inductively define a function belonging to C.(S) by T[t; f] :== T, f and

T[t(1)7 s ’t(n);flv s 7fn] = T;f(l)[flT[t(Q) - t(l)’ cee 7t(n) - t(l);f% o 'afn])'

27.4 Theorem. There exists a unique measure kernel u(-;%) on S x Borel(W) such that

/W eyldr[t(1),...,t(n); f1,..., fal(eval) pu(z;-) = T[t(1),...,t(n); f1,..., fu] ()

forallx € S, t(1),...,t(n) € Ryg with t(1) < --- <t(n) and f1,..., fn € Cx(5).
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Proof. We write ro(z;-) := 0, for z € S. According to the Riesz-Markov theorem, for each
t € Ry and z € S there exists a unique probability measure r;(z ;) such that

/flit ) for all f € Cx(S).

Let t € R.g. Being continuous, = — [, f k;(x;-) is Borel(S)-measurable for each f € Co(S).
The indicator function of any open subset of S is a non-decreasing limit of functions in Ci, (5).
Therefore, if A € Borel(S) then z — k;(x; A) is Borel(S)-measurable by the Dynkin class
theorem. In other words

K¢(+; %) is a probability measure kernel on S x Borel(S5).

Let t,s € R5y and = € S. The semigroup property of 7' reads

/5 / F i 0) a5 ) = / [ resalws) for all f € Coo(S).

This implies that [ r(+; A) k(23 ) = Kigs(2; A) for all A € Borel(S). We denote by x° the
probability measure kernel described in Theorem 25.2. We have that

/ flevaly) k°(z, ) = Ty f(x) for all x € S,t € Ryp and f € Co(5)
Q

where  := Map(R>¢, S). Suppose that z € S, £(1),...,t(n) € Ryo with ¢(1) < --- < t(n)
and fi,..., fn € Co(S). It follows by Corollary 25.3 that

[ el ) o £ )
= /QTt(n)_t(n_l)fn(evalt(n_l))cyldr[t(l) (TL — 1) fl; ceey fn—l] KO(ZE, )

The integrand int the right hand side equals cyldr[t(1),...,t(n —1); f1,..., fn_19] with g :=
Ty(n)—t(n—1)fn- Therefore we obtain by invoking the induction that

/Qcyldr[t(l),...,t(n);fl,...,fn] R(z,-) =T[Q),...,t(n); fr,..., fu](2).

We see that t — [, f #(x;-) is continuous for each x € S and f € C(S). On the other
hand the resolvent U sends C () into itself for each a € R+ according to Lemma 25.6(ii).
We fix x € § for the time being. Invoking Theorem 25.10(ii), we infer that the canonical
process eval. on (§2, F, P), where (F, P) is the completion of the pair o(Cyldr(R>o, .S)) and
k°(z,-), has a modification, say X., with D(R>q, S)-sample path. If A € o(Cyldr(Rx,5))
then {X. € A} = A mod Null(P). Since X.(w) € W for all w € €, it follows that

{X.€e AnW}=A mod Null(P) for all A € o(Cyldr(Rx,5)).

Lemma 27.3 means that Borel(W) = {ANW; A € o(Cyldr(R>0, S))}. Therefore the mapping
X. : Q — W is measurable with respect to the pair F and Borel(I¥). Denote by p(x;-) the
image measure (X.),P. Then

k°(x,A) = P(A) = PH{X. € ANW}) = p(z; ANTV) for all A € o(Cyldr(R>g,.5)).

This also implies the measurability of x — p(z; B) for each B € Borel(WW).
The uniqueness derives by Lemma 27.3 and the monotone class theorem. O]
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We denote by (7°)°(-; x) the probability measure kernel described in Theorem 27.4
Feller process measure kernel associate with 7.

27.5 Lemma. (i) There exists a linear mapping L from a subspace of Cyo(S) mto C (S)
such that o — L is the inverse mapping of U for all « € R.y, that is, Dom(L) = U*C(5),
(a = LYUf = f forall f € Cx(S), and U*(a— L) f = f for all f € Dom(L). Moreover
{f € CulS): lim_a(all"f — ) £ 0} = Dom(L) = {f € Cue(S) : Im(TLf — )/t # 0}
If f € Dom(L) then Lf € lirf alaUf — f) and Lf € 111%(th - f)/t.

(ii) Let L be as in (i), « € Rsg and D is a subspace of Dom(L). Then (o — L)D is dense in
Cw(S) if and only if D is dense in Dom(L) with respect to the graph norm.

Proof. (i) The resolvent U® sends Cy(.S) into itself for each a@ € Ry by Lemma 25.6(ii)
and, according to the proof of Lemma 25.6(iii), U*C,.(S) = U'C(9) for all a € R and

Usf —UPf = (8 —a)UU*f for all a, 3 € Ryg and f € Co(S).

Suppose that a € Ry, f € C(S) and U*f = 0. Then it follows by the resolvent equation
that UPf = 0 for all 3 € Rsq. Since BUPf converges to f uniformly as 3 tends to +oco by
Lemma 25.6(iii), we get f = 0. Thus we verified that

U induces a linear bijection from Cy(S) — U'Cy(S) for all v € Ryy.

We denote by L the linear mapping U'Coo(S) — Cwo(S), f — f — (U') 7! f so that we have
(1—L)U'f = f for all f € C(S). Then the resolvent equation shows that

(a— LU f = (a—1)Uf+ (1 - LU (1 - a)U*f+ f) = f for all f € C(9).

Due to the bijectivity, this also implies that U*(a— L) f = f for all f € U'C4(S). Thus the
first part is proved. We next suppose that f € U'C4(S). Then

a(@Uf — f)=alaU%f —U%a—L)f) = aU*Lf.

The right hand side converges to Ljf uniformly as « tends to +oo by Lemma 25.6(iii).
Conversely suppose that f,g € C(S) and g € lim,_ oo a(@U*f — f). We have that

Ula(aU*f — f) = «(U'U*f — U“f)

by the resolvent equation. The left hand side converges to U'g uniformly as « tends to 400
while the right hand side converges to U'f — f by Lemma 25.6(iii). It therefore follows that
f=U'—U'g € U'C,(S). Finally we directly relate L to the semigroup 7. In the proof

of Lemma 25.6(iii) we obtained the following:
ﬂWf:Wﬂf:a/ T,fe *ds for all t € Ry, f € Cso(S).
¢

Therefore we see that

1 1 1 11 et—1 [ s 1 /[t s
E(EUf_Uf):UZ(Ef_f): t Tsfe dS—% Tsfe *ds.
t 0
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The right hand side converges to U' f — f = LU f uniformly as ¢ tends to 0, which means that
if g € U'Co(S) then Lg € lim;_o(Tyg—g)/t while if f,g € Co(S) and g € limy_o(T3f — f)/t
then Ulg=U'f — f and hence f = U'f — Ulg € U'C,(95).

(ii) Let f € Dom(L). Since ||f|| = [[U*(a — L) f]| < |[(«w — L) f||/cx, we see that

AT+ ILA < A+l f T+ 1l = (a = D) F < @+ 1/a)|l(a = L) f]-
On the other hand ||(ae — L) f]| is dominated by max{a, 1}(|| f|| + ILf]|)- O

27.6 Definition. The linear mapping described in Lemma 27.5(i) is called the generator of
the Feller semigroup 7'. If the condition in (ii) holds then D is called a core of the generator.

’ In what follows L is a restriction of the generator of the Feller semigroup 7. ‘

We will refer to the canonical filtration o{eval } <. on (W, Borel(IV)).

27.7 Theorem. Suppose that Dom(L) is a core of the generator of the Feller semigroup T.
(i) If (X., F., P) solves the L-martingale problem after time s € Rxq then (T))°(X,; BOW) €
P({X 4, € B}|F,) for all B € o(Cyldr(R>o,S)) and r € Rss.

(ii) Let x € S. Then (T)°(x,-) is the unique probability measure on W under which the pair
(eval,,o{eval }<.) solves the L-martingale problem starting from x.

Proof. (i) Let @« € Ryg and f € (oo — L)Dom(L). Then U*f € Dom(L) and (o« — L)U*f = f
by Lemma 27.5(i). Applying Lemma 27.2(i), we see that

EUf(X,)e " ; Al = / E[f(X;); Ale*dt for all r € R>, and A € F,.
Since (a— L)Dom(L) is dense in C,(S) by Lemma 27.5(ii), the above holds for all f € C(5)
provided oo € R+q. It therefore follows by Lemma 25.7 that
Tif(X,) € E[f(Xir)|Fr] for all t € Rsg,7 € Rsg and f € Cyo(5).

Denote by k;(+; %) the family of measure kernels associate with the semigroup 7. and by «°
the measure kernel described in Theorem 25.2. Then, since T;f(z) = [ f si(z;-) for all
t€Rsp, z € Sand f e Cy(S), it follows by Lemma 25.4 that

k°(X,; B) € P{X 4, € B}|F,) for all B € ¢(Cyldr(R>¢,5)) and r € R;.

Since (T°)°(-; N W) = k°(+; %) according to the proof of Theorem 27.4, we get the claim.
(ii) Let © € S and ¢, € Rs¢. It follows by Corollary 25.3 that

/mWth(evalr) (T)°(a; ) Z/Bth(evalr) Ko () :/Bf(eValt+r)n°(x;-)
— /Bmw flevalyy,) (T0)°(x;-) for all f € Cu(S) and B € o(Cyldr(Ry,, S)).

Since {BNW ; B € o(Cyldr(Ry,,S))} coincides with o{eval.}<,, we get
Tif (eval,) € E[f(evalyy,)|o{eval }<,] for all f € C(S)

where the conditional expectation refers to the probability measure (T")°(x;-). Reverting the
argument in (i) we infer that (eval,o{eval }<., (T")°(z;-)) solves the L-martingale problem.
The uniqueness follows from (i). O
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27.8 Theorem. Suppose that for each x € S there exists at most one probability measure
on W under which the pair (eval.,c{eval. }<.) solves the L-martingale problem starting from
xz. If (X, F., P) solves the L-martingale problem then

P(X. € B) = E[(T))°(Xo; BNW)] for all B € o(Cyldr(Rxy, 5)).

27.9 Theorem. Suppose that Dom(L) is a core of the generator of the Feller semigroup T.
and (X., F., P) solves the L-martingale problem. If M. € Marty(F.), My is o{X.} V Null(P)-
measurable for allt € R>g and t — M(f(X:) — R{Lf(X)dA\}) is an (F., P)-martingale for
every f € Dom(L) then My = My for allt € R a.s.

Proof. Let s € Rsg, A€ Fs, a € Ryg and g € (o« — L)Dom(L). Then
+o00o
ElU%(X,)e "M, ; A] = / Elg(X;)M, ; Ale=*dt for all r € R,
according to the proof of Theorem 27.7(i). Therefore the following holds for all r € Rx:
+oo r
(%) / E[Mopg(Xy); Ale™ dt = E[M,U%g(X,)e " ; A] + / E[Mg(X;); Ale”* dt.

We set f:=U%g € Dom(L). Since R{MdR{Lf(X)dA}}; = R{MLf(X)d\}, for all t € R,
a.s. and M. € Marty(F.), it follows by Lemma 23.5 that

t — MyR{Lf(X)d\}; — R{MLf(X)d\}; € Marty(F).
Adding the martingale ¢ — M, (f(X;) — R{Lf(X)d\};), we see that
to M f(X,) — R{MLF(X)d\}, € Marty(F).
Consequently we infer by the proof of Lemma 27.2(i) that
t— M f(X)e ™ + R{e”*M(a — L) f(X)dA}; is an F-martingale.

Recall that f = U%g and (o — L)f = g. Therefore this implies together with (x) that
T f:oo E[Mpng(Xy); Ale @ dt is constant on Rsg. In particular the following holds:

+oo +00
/ E[Mog(X,): Ale=otdt — / E[M.g(X,): Ale='dt for all r € Ro.,.

Since (a— L)Dom(L) is dense in C(S) by Lemma 27.5(ii), the above holds for all g € C(5)
provided oo € R+(. Due to the sample path right continuity we conclude that

E[M,p9(X1): A] = E[M,g(Xy); A] for all r,t € R,

by the uniqueness of Laplace transforms. We may take r = ¢. Then, provided ¢ € R, the
following holds for all A € F; and g € C(95):

(N) E[Myg(X,); A] = E[M,g(X,); A] = E[M,T,_,9(X,) ; A]
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where we invoked Theorem 27.7(i) to get the second equality. Given 0 < ¢(1) < --- < t(n)
and f1,..., fn € Cxo(S), with the help of Theorem 27.4 and (X), we can inductively verify
the following by mimicking the argument of Lemma 25.4:

E[Mypmyeyldr[t(1), ..., t(n); fi, ..., fa](X))]
= E[M, /W eylde[t(1),...,t(n); fi, ..., ful(T)°(Xo; )]
Let t € R>o. Then, applying the monotone class argument, we deduce that
E[M;; X. € Bl = E[My (T')°(Xo; BN W)] for all B € o(Cyldr(Rp, 5)).
The right hand side coincides with E[My; X. € B] by Theorem 27.7(i). It follows that
E[M;;X. € Bl = E[My; X. € B] for all B € o(Cyldr(Ry, 5)).

Since (X.)*o(Cyldr(Rpy,S)) = o{X.}<; and, according to Theorem 27.7(i) and Theo-
rem 25.9, 7N (0{X.} VNull(P)) C o{X .} < VNull(P), we infer that M; = M, a.s. Thus we
reach the statement due to the sample path right continuity. O]

27.10 Theorem. Suppose that Dom(L) is a core of the generator of the Feller semigroup,
T € Rog and (X., F., P) solves the L-martingale problem. If Y is a square integrable and
(Fr+ VNull(P)) N (o{X.} V Null(P))-measurable random variable, and

EY (f(Xrar) = R{Lf(X)dA}rar)] = EY f(Xo)]
for every f € Dom(L) and o{X.}<.-optional time 7 then Y is o{Xo} V Null(P)-measurable.

Proof. We write N' := Null(P). Since o{X.}<;y C 0{X }<, VN for all t € R5y and Y is
o{X }<r V N-measurable by Theorem 27.7(i) and Theorem 25.9, it follows that

there exists M. € Marty(0{X.}<. VN) such that My =Y
by Theorem 14.11. Let f € Dom(L). Since o{X.}<; C F; for all t € R>(, we see that
N. it f(Xy) — R{Lf(X)dA}; is a 0{X .} <. V N-martingale.
Hence (X, 0{X.}<. VN, P) solves the L-martingale problem. Let o be a 0{X.}<. VN -optional
time. Since there exists a 0{X.}<.-optional time 7 such that 7 = ¢ a.s. by Lemma 4.8(iii),
E[MyNpso] = Y (f(Xgar) — RILF(X)dNpar)] = EIY £(X0)] = E[MyNo).

Corollary 20.2 shows the o{ X }<.VAN-martingale property of t — M7 Nipr. Adding another
martingale ¢ — M7 (N; — Nyar), we obtain that

Miar(f(Xy) — R{Lf(X)d\},) is a 0{X }<. V N-martingale for all f € Dom(L).
Consequently, applying Theorem 27.9, we deduce that M;,r = M, for all t € R5( a.s. O
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27.11 Corollary. Suppose that Dom(L) is a core of the generator of the Feller semigroup
and (X., F., P) solves the L-martingale problem. Then for each T € R~q the linear span of
the random variables below is dense in Lo((Fry VN) N (0{X.} VN)) where N := Null(P):

{f(Xzar) = R{Lf(X)dA}rar + Y5 f € Dom(L), 7 € Opt(o{X.}<.),Y € La(o{Xo})}.
The linear span of the martingales below is dense in Marty(c{X.}<. VN):
{f(Xonr) = R{LF(X)dA}pr +Y5 f € Dom(L), 7 € Opt(o{X.}<), Y € Lo(0{Xo})}.

27.12 Lemma. Suppose that (X.,F., P) solves the L-martingale problem and Dom(L) is a
subalgebra of Coo(S). Then the following is an F.-martingale for each f,g € Dom(L):

t= (f(Xe) = R{LF(X)dA})(9(Xe) — R{Lg(X)dA}e) — R{(L(fg) — fLg — gL[)(X)dA}:.

Proof. Due to the bilinearity and the symmetricity it suffices to prove the statement for
g=1/f.SetY :t— f(X}), F:t— R{Lf(X)d\}; and C. : t — R{(L(f?) — 2fLf)(X)d\};.
Since R{YAR{Lf(X)dA}}; = R{YLf(X)dA}; for all t € R a.s., it follows that

Y2 = 2R{YdF}, — C;
= f(X;)? = 2R{f(X)Lf(X)d\}; — R{(L(f?) — 2fLf)(X)d\}; for all t € R5 a.s.

The right hand side is indistinguishable from ¢ — f(X;)? — R{L(f?)(X)dA};, which is an
F -martingale. Thus we obtain the statement by Lemma 23.5. [

Denote by k*(z,-) the outer measure induced by x°(x,-) Mble(k°(z, -)).

28 Integrands for stochastic integration
Let (Q, F, P) be a complete probability space and F. be a filtration of sub o-fields. The
index set is R>.

28.1 Lemma. Suppose that p € R>1, T' € Ry, [ : R x Q — R is Borel(Ryp 7)) ® F-
measurable and E[f[O 1] |f|PA] < 400 where X is the Lebesque measure. Then

timsup [ B([ |f(n- = s)) /et s06) = S0)PNds =0
n—oo  J[0,1) (0,7]

where f(t,w) =0 fort <0 and [x] :=max{i € Z :i < z} for x € R.

Proof. Let n € N, t € Ry 7p and w € €. Since —1/n <t — ([nt] + 1)/n < 0, we have that

n—[nt]
0.1)c |J [t+ (i —1)/n,t +i/n) (disjoint union).

i=—[nt]

Observe that [n(t —s)]/n+s=s—i/nfor se€[t+ (i —1)/n,t +i/n). It follows that

/[01) ‘f(['Il(t — S)]/n + S,w) — f(taw)‘pds
n—[nt]

<3 / (s —ifn,w) — f(t,w)|Pds.
t+(i—1)/n,t+i/n)

i=—[nt]
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The summand in the right hand side reads f[f1 /n0) |f(t+s,w) — f(t,w)|P ds. Consequently

AUuwm—smn+am—fwwwwwun+w/‘ F(E+ 5,0) — F(tw) P ds.

[=1/n,0)

The translation of functions g +— ¢(- 4+ s,%) for s € R induces a strongly continuous one
parameter isometry group on LP(R x Q,A ® P). Therefore, given ¢ € Ry, there exists
0 € R such that if —§ < s < 0 then

BU[ A7) = lnPa <=

[0,7]

Suppose that nd > 1. Then, invoking Fubini’s theorem, we infer that
[ U 1= st sox) = 5o PN
[0,1) [0,T7]

< (n+1) /an E[/M 1f(+ 5,%) — F(, %) |PAlds < (n + 1)e/n < 2¢.

Thus we reach the statement. O

28.2 Corollary. Suppose p € Rsy, f : Rsg x Q@ — R is Borel(R>g) ® F-measurable and
E[f[o 7 |fIPA] < 400 for all T € Rsyg. Then, given n. € Seq(N) tending to oo, there exist
s €[0,1) and ¢ € Seq(N, 1) such that

lim sup E[/[O (= )]y 3,0 = FCAPA =0 for all T € B

where f(t,w) =0 fort <0 and [z] :=max{i € Z :i < x} for x € R.

Let § € Ry and s € R. We see that t — f([(t —s)/0]0 + s,w) is left continuous for each
we Qand that t — 3§ < [(t —5)/0]d + s < t.

28.3 Lemma. Suppose that f : R>qx € — R is Borel(R>o) ® F-measurable. If f(t,-) is Fiy-
measurable for allt € Rsq then there exists a Pred(F.)-measurable function g : R>oxQ — R
such that (A ® P)({f # g}) = 0.

Proof. We first assume that there exists K € Rs( such that |f(t,w)| < K for all t € Ry
and w € Q). According to Corollary 28.2, there exist s € R and ¢ € Seq(N, T) such that

imsup B[ 17([0n)( — 9)/6(n) + 5.#) = SN =0 for all T € Rep
n—o0 [0,T]

By choosing a subsequence if necessary, we may assume that f([¢p(n)(- — s)]/o(n) + s, %)
converges to f(-,*) almost everywhere with respect to A ® P. Since the process with sample
path ¢ — f([p(n)(t — s)]/p(n) + s,w) is left continuous and F.-adapted, it follows that

g: R x Q= R (t,w) — limsup f([p(n)(t — s)]/d(n) + s,w)
is Pred(F.)-measurable and (A ® P)({f # g}) = 0. For general functions we consider the
contraction min{max{f, —n},n} where n € N. For each n € N there exists a Pred(F.)-
measurable function g, : Rsg X 2 — R such that min{max{f, —n},n} = g, a.e. It follows
that limsup,,_,. gn is Pred(F.)-measurable and (A ® P)({f # limsup,,_,.. g»}) = 0. O
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29 Quasi-left continuous increasing process

Let (2, F,P) be a complete probability space and F. be a filtration of sub o-fields. We
discuss submartingales with continuous parameter. So the index space is Rx.

29.1 Lemma. Let X. be an F.-supermartingale with almost sure right continuous sample
path, and o, T be F.V Null(P)-optional times with o0 <7 < T a.s. for some T € R~y. Then

P(sup{Xs;s € Ryp,0 < s <7} >\ B) < (E[X,;B] — Emin{X,,0}; B])/A
for X € Ry and B € (F. V Null(P)),+

Proof. There exists a right continuous stochastic process Y. such that X, =Y, for all t € R
a.s. Then Y. is an F. V Null(P)-supermartingale. Given A € R, we write

S:=inf{s €eRsg:s >0 AT, Y, > A},
which is an F. V Null(P)-optional time. Indeed

{S<tt= |J {oAT<sY.>\}eF VNull(P) forall t € R

s€Q:0<s<t

due to the right continuity of sample path. We have that
sup{Ys; s €ER50, 0o AN T <s<TAT} >\ & S<7ANTor'S=7AT,Yopr >N
Note that (F. vV Null(P))oar)+ = (F. V Null(P)),+ and 0 AT < S. We see that
EY,ar; Bl = E[Ysprnr; B] for B € (F.V Null(P)) g+
by Theorem 3.9. The right hand side equals
ElYs;S <TANT, B+ EYirr;S =7 AT, Y00 > N\ Bl + EYoar; S > 7 AT, Yoo < A, BJ.

The second term dominates AP(S = 7 AT,Y;nr > A B) and the last term dominates
Elmin{Y;,r,0}; B]. On the other hand, since Yg > A on {S < +oo} due to the right
continuity of sample path, it follows that

AP(S<TAT,B)+ AP(S=17AT,Yrr >\, B) < E[Yopr; Bl — E[min{Y; 7,0} ; B].

Thus we get the claim. O

’ Let A. be an integrable F.-increasing process. ‘

29.2 Corollary. Suppose that ¢ € R~q and M. is a stochastic process such that almost every
sample path is right continuous and M, € E[A,|Fiy] for allt € Rsg. Then

P(sup{M, — As;s € Rpg} > N\, B) < E[A; — Ay ;0 < q,B]/A
for allp € Ry gy, A € Ry and B € Fpy V Null(P) where o := inf{t € Ry, ; M, — A, > A}.

Proof. There exists Qy € F such that P(€) =1 and for each w € €
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t — Ay(w) is finite valued, right continuous and non-decreasing,
t — M,(w) is finite valued and right continuous.

Since A, € E[A,|Fi+] if t > ¢, we can choose an appropriate subset so that
Mi(w) = Ay(w) < Ay(w) for all t € R, and w € .

Clearly M. is an F.  -martingale and A. is an F . -increasing process. So the difference M. — A.
is an F.;-supermartingale. Note that M, = A, a.s. It follows by Lemma 29.1 that

P(sup{M; — As;s € Rop,0 ANg <5< q} >\ C) < E[Mspg — Aong; Cl/A

for all C' € (F. V Null(P))(snq)+- Since My(w) — Ag(w) = 0 for all w € Qy,
sup{ M, — Ag;s € R g} > A if and only if sup{M, — As;s € R0} > A

on €2y. The latter is equivalent to o < ¢q. If 0 < ¢ and M, — A, > A then, due to the right
continuity of the sample path, {t € Ryg;0 <t < q,M; — A, > A} # 0 on Qy. Obviously
o < qand M, — A, < X imply the same conclusion. Therefore we have that

{sup{M; — As;s € Rppg} > A} N Qo C {sup{M, — A;;5 € Rg,0 <5 < q} > A}
Since E[Mypq;C] = E[M,; C] by Theorem 3.9 and M, = A, a.s., it follows that
P(sup{M, — As;5 € R g} > N\, C) < E[A; — Agng; C]/A for all C € (F.V Null(P))(org)+-

Finally, taking p < o into account, we see that 7, V Null(P) C (F. V Null(P))@orq+. O

We write Q® := UnGZ:nZO 27"Z. For each q € @(33) choose a stochastic
process N9 such that almost every sample path is right continuous and

N{ € E[A | Fiy] for all t € R,

which exists by Corollary 14.12. We set A} := Ntmﬂ/ " fort € R-p and
n € Zso where [z] := minZs,.

29.3 Lemma. Letn € Z>g, € € Ryg and T € N. Then 7 :=inf{t € Rog; A} — Ay > e} AT
is an F.V Null(P)-optional time and P(sup{A} — Ay;s € Rom} > ¢) < E[A 100 — A;]/c.

Proof. There exists )y € F such that P(€y) = 1 and for each w € €

t — Ay(w) is finite valued, right continuous and non-decreasing,
t — N{(w) is finite valued and right continuous for all ¢ € Q(f()),
Nl (w) = Ay(w) for all ¢ € Q(fg and t € R,

For each p,q € @(33 with p < ¢ we introduce
o(p,q) :=inf{t € Ry, ; Ny — A; > ¢},
which is an F. vV Null(P)-optional time. Since o(p,q) € Ry q) U {+00} on Q,

inf{t € Rog; A} — Ay > e} =min{o(¢ —27",q);q € 27 "Z~o} on .
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This implies that 7 is an F. V Null(P)-optional time. Moreover
{r<Tin=|J {ole—2"g<ggn [ {folp—27"p) >p}NQ).
qe2—"7:0<q<T peE2~"Z:0<p<q
We write B(q) = ())co-nz.00pecql@(p — 27", p) > p} to save the space. It follows that
P(r<T)= >  P({olg—2"q) <q}NB(g).
q€2-"7:0<q<T

Recall that sup{N¢ — A,;s € Ry, 4} > ¢ if and only if o(p, q) < ¢ on Qy. On the other hand
B(q) € Fy—o-» vV Null(P) for all ¢ € 27"Z~. Thus we see by Corollary 29.2 that
P({olqg—27",q) <q} N B(q)) < E[Aq — As(q—2-nq);:{ola —27",q) < q} N B(g)]/e.

Since ¢ < o(q —27",q) + 27", the right hand side is dominated by
E[Ag(g-2-mq42-n = Asg-2-ng) 1 {0(q0 = 27",q) < q} N B(q)]/e,
which coincides with E[A, o-n — A;;{0o(q—27",q) < q} N B(q)]/e. Consequently
P(tr<T)<FE[A;0n— A ;7 <T|/e <E[A;19-n — A;]/e.
Finally, since A} = Ar a.s., we have that P(sup{A} — As;;s € Rop} >¢)=P(r <T). O

29.4 Corollary. If A. is F.-quasi left continuous then the sequence A" converges to A.
uniformly on any bounded interval as n tends to oo a.s.

Proof. We fix e € Ryy and T' € N. For each n € N with we introduce
7(n) :=inf{t € Rog; Ay — Ay > €},

which is an F V Null(P)-optional time by Lemma 29.3. We have that A7 > Apth > A,
a.s. for all t € Ry since A} € E[Aang jon|Fii], AP € E[Apntigjons1|Fpy] and [27¢] /27 >
[27 1] /27T > ¢, The sample paths being right continuous off 27"7!N a.s., it follows that

A > APt > A, for all t € Ry aus.

Consequently we have that 7(n) < 7(n+ 1) a.s. for all n € N. According to Lemma 4.8(iii),
there exists a sequence 7(-) of F.-optional times such that 7(n) = 7(n) a.s. for all n € N.
Since 0 = sup,,cy 7(n) a.s., the quasi-left continuity reads that Az)ar converges to A,ap as
n tends to oo a.s. It follows that

Armyar converges to Asar as n tends to oo a.s.

On the other hand A a7 < Argyarie—n < Agario—n. Taking into account that almost
every sample path is right continuous, we infer that

Armyar42-n also converges to A, 7 as n tends to oo a.s.
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Recall that A? — Ay > 0 for all s € R.( a.s. Therefore Lemma 29.3 shows that
P(sup{| A} — Al;5 € Rom} > €) < E[Armyarsa—n — Armyar]/c-

Since E[Ap;1] < 400 and 0 < A pyario—n — Arar < Arqq ass., invoking the dominated
convergence, we thus get that

limsup P(sup{|A} — As|;5s € Roq} >¢) =0foralle € Rygand T'€ N.

The convergence in probability implies the existence of almost sure converging subsequence.
There exists ¢ € Map(N,Zs¢) and Qg € F such that ¢(k) < ¢(k + 1), P(€p) =1 and

lim sup sup{| A?") (w) — A,(w)|; 5 € Ry} = 0 for all w € Q.

k—o0

Since A7 > A for all t € Rog a.s., by choosing a proper subset if necessary, we see that

lim sup sup{|A} (w) — As(w)|;5 € R} = 0 for all w € Q.

Finally, T' € N being arbitrary, we get the claim. O]

29.5 Remark. Fix t € R5y. Then A} converges to A; as n tends to oo a.s. Indeed we have
that A7 > AP as. and AP € E[Afgng/n|Fi4] for all n € N. However one can not expect
that ¢ — liminf, ., A} is right continuous without extra cost like quasi left continuity.

29.6 Lemma. Let X. be an F.-finite variation process. If it is F.-quasi left continuous then
so are var, (X.) and var_(X.) as F.,-increasing processes.

Proof. Given a sequence 7(+) of F.-optional times such that 7(n) < 7(n+1) a.s. and 7(n) < T
a.s. for some T' € R-. Set 0 := sup,,y7(n). There exists )y € F such that P(£)) =1 and

t — X;(w) is right continuous and of finite variation for each w € ).
If w e Qp then inf,o; vary (dX.(w); R(sy) = max{X;(w) — X;—(w), 0}, ie.,
vary (X.); — vary (X)), = max{X; — X;_,0} for all ¢t € R on .
By choosing a proper subset, we may regard that
T(n,w) < 7(n+1,w) and 7(n,w) < T for all w € Q.

The quasi-left continuity of X. means
P{w e Qy: X,(w) # Xo_(w), 7(n,w) < o(w) for allm € N}) =0

It follows that var,(X.).u,) converges to vary(X.), as n tends to oo a.s. Consequently
var; (X.) is quasi-left continuous as F.-increasing process since Time(F.) = Time(F.;). O

29.7 Theorem. Let A. and B. be F.-finite variation processes. If A. is bounded and F.-quasi
left continuous and B. is natural then E|R{AdB};] = E[R[AdB];] for all t € R.

Proof. In view of Lemma 29.6, we prove the statement when A. is an F., -increasing process.
There exist g € F and K € R such that P(€) = 1 and for each w €
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t — Ay(w) is finite valued, right continuous and non-decreasing,

t — By(w) is right continuous and of finite variation,

t — N}(w) is right continuous and admits left hand limits for all ¢ € Q(f()),
0 < N(w) < K for all t € R.g, N/(w) = A,(w) for all t € R, for all ¢ € Q(fg

Here t — N/ are defined before Lemma 29.3. Note that (F. ),y = Fp for all t € Ryy.
According to Corollary 29.4, by choosing a proper subset if necessary, we have that

lim sup,,_ . sup{| A} (w) — As(w)];s € R} =0 for all T € N and w € Q

where A7 := NI"*//*" Let t € Roo. It then follows that [,
R{AdB}(w) for all w € Q. Since Kvar(B.); serves as an dominating function, we have that

A (w) dBg(w) converges to

E[/ AT dBs : Q| converges to E[R{AdB},]
(0,]
by the dominated convergence theorem. The same reasoning works for the following:

E| A?_dBg : ) converges to F[R[AdB]].
(0,¢]

Fix n € N for the time being. Observe that

/ A" dB, = / NPdB,= [ NPdB, - / NYdB,
(p_27’n7u] (p—Q*",u] (O,U] (07p_277b]

for all p € 27"N and u € R(,_3-» 5 on €}y. Consequently E[f(o,t} AT dB; : ] equals
S° (BIR{N?dBY,| - E[RIN?dBY, »]) + EIR{N'AB}] — BIR{NdB}, -
pe2~"Nip<q

where ¢ := 27"[2"t]. On the other hand

/ A" dB, = / NP dB, = NP dB, — / N?_dB,
(p_27n7u] (p_27n7u] (O,U} (07p_27n]

for all p € 27"N and u € R(,_5-n ;) on . Thus E[f(o g Ai_dBs : Qo] equals
Z (E[R[N?dB],| — E[R[N?dB],_2-»]) + E[R[N%dB],] — E[R[NdB],_o-n].
pe2—"N:ip<q

Since B. is natural and all N? are bounded F.,-martingales we reach that

E[/ AMdB, : Q) = E[/ A" dB, : Q] for all n € N.
(0,¢] (0,¢]

Tending n to co we get the claim. O]

29.8 Theorem. Let A. be an F.-finite variation process. If A. is F.-quasi left continuous
and natural then almost every sample path is continuous.
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Proof. There exists Qy € F such that P(€y) = 1 and for each w € €
t — A;(w) is right continuous and of finite variation.

Let n € N and T € N. The truncate process t — var, (A.); A n is a quasi-left continuous
F. i-increasing process by Lemma 29.6. It follows by the proof of Theorem 29.7 that

E| /( (s (A), A 5] = B /( | e (4), Am)a,;0)

The difference of the integrand is non-negative. Indeed for each w € €y

/( A (A)6) A e () () ) A

= 3 (var (A, (@) An = vars (A),— () An)(vars (A )y (@) — vars(A),- (w)).

s<T

The right hand side converges to >, ... o(vary(A.)s(w) — vary(A.),_(w))?* as n and T tend
to oo. The convergence being monotone, it follows that

E[ ) (vary(A), — var (A.),)*; Qo] = 0.

sER:s>0

The same argument works for the negative variation var_(A.). Thus, by choosing a subset
of Q if necessary, we infer that > (Ag(w) — As_(w))* =0 for all w € Q. O

s€R:5>0

29.9 Corollary. Given a quast left continuous F.-finite variation process X. such that
Elvar(X.){] < 4+oo for all t € Rs, there exists an F.-finite variation process Y. such that
Yy = Xo a.s., almost every sample path is continuous and t — X; — Y, is an F.-martingale.
Any such process Z. is also an F.,-natural projection of X..

Proof. Let A. be an F . -natural projection of X., which exists by Corollary 18.9(i). We
verify that A. is quasi-left continuous. Suppose that 7(+) is a sequence of F.,-optional times
such that 7(n) < 7(n+ 1) a.s. and 7(n) < T for some T" € R.g. Corollary 18.9(iii) shows
that t — var(X.); — var(A.); is an F.;-submartingale. According to Theorem 3.9,

Elvar(A.)s — var(A.) -] < Elvar(X.), — var(X.) o] < Elvar(X.)r] < 4o00.

where o := sup,,cy 7(n), which is an F. -optional time. We see by Lemma 29.6 that var(X') is
quasi-left continuous as F., -increasing process. It then follows by the monotone convergence
theorem that

Elvar(A.), —supvar(A.),;qm)] < Elvar(X.), — sup var(X.),um)] = 0.

neN neN

Since |A;q) — As| < var(A.), — var(A.);( a.s., this means that A, converges to A, a.s.
Being natural and quasi-left continuous, it follows by Theorem 29.8 that

almost every sample path of A. is continuous.
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We see by Lemma 10.2 that there exists an F.-adapted process Y. such that A, =Y, for all
t € Ry a.s. It follows that Y. is an F-finite variation process whose almost every sample
path is continuous. Being an F.-adapted modification of ¢t — X;— A;, the process t — X;—Y,
is an F.-martingale. Finally we see that ¢t — Y, — 7, = X;— 7, — (X, —Y;) is an F.-martingale
such that almost every path is continuous and of finite variation. It follows by Corollary 8.17
that YV, — Z, = Yy — Zy = 0 for all £ € R>g a.s. Therefore Z; =Y, = A, for all t € Ry a.s.
Being F-adapted, Z. is F.,-adapted and hence it is a natural F. -finite variation process.
Moreover t — X; — Z; is an F. -martingale since it is F..-adapted and a modification of
t — X; — A;. We thus infer that Z. is an F.,-natural projection of X.. O

29.10 Definition. Let X. be an F.-submartingale whose almost every sample path is right
continuous. It is said to be regular if for any sequence 7(-) of F.-optional times such that
7(n) < 7(n+1) as. and 7(n) < T for some T' € R the sequence E[X,(] converges to
E[X,| where ¢ := sup,,cy 7(n), which is an F.-optional time.

29.11 Lemma. (i) An integrable F.-increasing process is F.-quasi left continuous if and only
if it is reqular as an F.-submartingale.

(ii) Every martingale with almost sure right continuous path is regular.

(iii) Let X. be an F.-submartingale whose almost every sample path is right continuous. If it
15 of class DL and F.-quasi left continuous then it is regular.

Proof. Let 7(-) be a sequence of F.-optional times such that 7(n) < 7(n + 1) a.s. and
7(n) < T for some T € R.y. We write o := sup,,cy 7(n). Since A, < Ar a.s., we have that
E[A,] < 400. Due to the non-decreasing property of t — A; we see that the sequence E[A, (]
converges to E[sup,cy A-(n)], by the monotone convergence theorem, and sup,,cy A-(n) <
a.s. Consequently the sequence E[A.(,] converges to E[A,] if and only if sup,cy Arm) =
a.s. Thus we get (i). Theorem 3.9 immediately shows (ii). (iii) is obvious.

As
A

q

We prove the existence of continuous compensator for regular submartingales.

29.12 Theorem. Suppose that X. is an F.-submartingale whose almost every sample path is
right continuous. If X. is of class DL and reqular then there exists an F.-increasing process
A. such that almost every sample path is continuous and t — X; — A; is an F.-martingale.

Proof. According to Theorem 18.6, there exists B. € DM[X., F.,]. Theorem 3.9 shows that
E[X;] = E[Xo] + E[B;] for all bounded 7 € Time(F.;). Since Time(F.) = Time(F.), the
regularity of X. implies that B. is F.,-quasi-left continuous by Lemma 29.11(ii). The rest of
the discussion is the same as in the proof of Corollary 29.9. ]

Given a stochastic process X. we set

cDM[X ., F] :={A. : F-increasing process, t — A; continuous a.s.,

t — X, — A, F-martingale with stochastic right continuity}.

29.13 Theorem. Let X. be an F.-submartingale with almost sure right continuous path.
cDM[X ., F] C DM[X., F.]. cDM[X ., F] # 0 if and only if X. is of class DL and regular.

Proof. Let A. € ¢cDM[X_,F]. Tt follows that t — X; — A, is an F.,-martingale by Theo-
rem 14.11(ii). Observe that A; < |X;| + |X; — A;|. Being an integrable increasing process
with almost sure continuous path, A. is natural by Lemma 15.14. O
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29.14 Lemma. Suppose that M. is a square integrable F.-martingale with stochastic right
continuity. If M. is almost surely right continuous and F.-quasi left continuous then A. has
an F.-adapted and almost sure continuous modification.

Proof. We see by Lemma 29.11(iii) that the F-submartingale ¢ ~— M,* with almost sure
right continuous path and quasi-left continuity is regular. O

Given a square integrable F.-martingale M. with stochastic right continuity, we set

c(M; F) := cDM[t — |M,|?, F]

29.15 Theorem. Let M. be a square integrable F.-martingale with a.s.-right continuous
path. Then ¢(M;F) C (M;F.). ¢(M;F.) # 0 if and only if M. is F.-quasi left continuous.

Proof. Theorem 29.13 claims that ¢(M; F.) C (M;F.,). Suppose that ¢(M; F.) # (). Choose
A. € (M;F.). Given a sequence 7(-) of F.-optional times such that 7(n) < 7(n+ 1) a.s. and
7(n) < T for some T" € R.y. We write 0 := sup,,cy 7(n), which is an F.-optional time. It
follows by Lemma 6.1 that

P(sup{(M; = Myn))*; 5 € Ry, 7(n) < 5 <0} > €) < E[(My — Mr))°] /e
for all n € N and € € R.q. Since
(Mg — Myn))? = (M5)? = (My(n))? = 2(My — My (n)) M,
we have that E[(M, — M;)?] = E[(My)* — (M;())?]. The right hand side coincides with
E[A; — A;)]. We thus infer that
P(sup{(M; — M;(n))*; s € Rsg,7(n) < s <o} >¢) < B[4, — Arm))/e.
Since t — A; is continuous almost surely, the dominated convergence theorem shows that

limsup P(sup{(Ms — M;(n))?;s € R, 7(n) < s <o} >e)=0for all e € Rog.
This implies that M., converges to M, a.s., that is, M. is quasi left continuous. The
converse implication is discussed in Lemma 29.14. O

Given square integrable F.-martingales M. and N. with stochastic right continuity,

(M, N; F.) := {A. : F-finite variation process, Ay = 0 a.s., t — A, continuous a.s.,

t — MyN; — A; F-martingale with stochastic right continuity}.

29.16 Corollary. If M., N. are square integrable F.-martingales with a.s.-right continuous
path and F.-quasi left continuity then ¢(M, N;F.) # 0 and ¢(M,N;F.) C (M,N;F.,).
Proof. Let A. € (M, N;F.), which exists by Lemma 21.7. We verify that ¢t — A, is

continuous a.s. According to Theorem 29.15, ¢(M;F) # 0, ¢(N;F) # 0, ¢(M;F) C
(M; F.,) and ¢(N;F) C (N;F,). Choose B. € ¢(M;F) and C. € ¢(N;F.). We see that

(var(A.); — var(A.)s)?* < (B; — B,)(Cy — Cy) for all t,5 € Ry as.

by Lemma 21.9(v). It follows that almost every sample path of A. is continuous. We see by
Lemma 10.2 that there exists an F.-adapted process Y. such that A, =Y, for all ¢ € R
a.s. Then Y. is an F -finite variation process whose almost every sample path is continuous.
Being an F.-adapted modification of t — M;N;, — Ay,
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the process t — M;N; —Y; is an F.-martingale.

Finally suppose that Z. € ¢(M, N;F.). Then the process ¢t — Y, — Z; is an F.-martingale
such that almost every path is continuous and of finite variation. It follows by Corollary 8.17
that V; — Z, =Yy — Zy = 0 for all ¢ € R5( a.s. Therefore Z, =Y, = A, for all t € R as.
Being F-adapted, Z. is F.,-adapted and hence it is a natural F. -finite variation process.
Moreover t +— M;N; — Z; is an F. -martingale since it is F.,-adapted and a modification of
t — M;N, — A;. We thus infer that Z. € (M, N; F.,). O
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