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A Guideline for Low-Force Robotic Guidance for
Enhancing Human Performance of Positioning

and Trajectory Tracking: It Should Be
Stiff and Appropriately Slow

Ryo Kikuuwe, Member, IEEE, Takahiro Yamamoto, and Hideo Fujimoto

Abstract—This paper considers the application of a low-force
robotic manipulator to guide a human user’s movements to place
a tool (or the user’s hand) at a predetermined position or move
it along a predetermined trajectory. This application is poten-
tially useful, e.g., skill training for humans, rehabilitation, and
human–machine coordination in the manufacturing industry. A
proportional-derivative (PD)-type position control can be used
for this application, but the parameters for the controller should
be appropriately chosen for enhancing the human performance
of positioning and trajectory tracking. We hypothesize that the
robot’s position control should be stiff and appropriately slow,
i.e., the proportional gain should be high and the time constant
(the ratio of the derivative gain to the proportional gain) should
be appropriately large. Such characteristic has been difficult to
be realized in ordinary PD position control because it requires
direct high-gain velocity feedback. However, our recent technique,
which is proxy-based sliding mode control (PSMC), is capable of
producing such a hypothetically preferred response and allows us
to empirically validate the hypothesis. The results of experiments
using two distinctly different robotic devices supported the hy-
pothesis, showing that the time constant should be set around 0.1 s
rather than 0.01 and 0.5 s.

Index Terms—Guidance, human–machine coordination, proxy-
based sliding mode control (PSMC), time constant.

NOMENCLATURE

The following symbols appear throughout this paper:
f The force from the robot to the controlled object.
h The force from the human user to the controlled object.
p The actual position of the controlled object.
pd The desired position of the controlled object.
ps The position of the proxy, which is used in proxy-based

sliding mode control (PSMC).
F The upper limit of the magnitude of f .
Fτ The upper limit of the joint torque of the robot.
K The proportional gain for PSMC and PD control.
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H The time constant for PSMC and PD control.
T The sampling interval for PSMC.
B The derivative gain for PSMC.

I. INTRODUCTION

HUMANS and robots have different capabilities. One of
the major ideas of human–robot coordination is to use a

robot as a powerful assistant loyal to the intention of a human
user [2]–[6]. In such applications, a human makes decisions,
whereas a robot produces power. Opposite to this is the ap-
proach in which the human produces power, whereas a robot
(or a device) produces some small forces only for enhancing ac-
curacy and/or safety. For example, robotic devices can be used
to produce some appropriate resistive forces, such as Coulomb-
like friction force, for stabilizing manual tasks [7]. In the field of
aviation, stick controllers that actively produce resistive forces
have been developed for the purpose of improving tracking
performance [8], [9]. Some recent researchers are investigating
the use of haptic devices for displaying virtual walls to constrain
the user on a predetermined path or to prevent the user from
touching predetermined regions [10]–[13].

This paper considers a class of human–machine coordination
that can fall into the latter category but is slightly different from
those described earlier. Specifically, we consider the following
situation.

1) A human user is requested to place his/her hand (or a
grasped tool) at a given position or to move his/her hand
along a given trajectory.

2) A robot actively produces small forces to guide the hu-
man user’s hand toward the desired position or along the
desired trajectory, as shown in Fig. 1.

3) The user knows and can visually recognize the desired
position or trajectory.

4) The data of the desired position or trajectory are provided
to the robot controller in advance.

5) The robot’s actuator force is so small that the user can
easily deviate from the desired trajectory when she/he
intends to do so.

We refer to this application of a robot as low-force kinesthetic
guidance. The application of robotic devices for guiding human
movements has been investigated by several researchers for
the purposes of skill training [14]–[17], haptic cueing [18],
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Fig. 1. Kinesthetic guidance.

and rehabilitation of upper limb function [19]–[22]. In such
cases, a low-powered/low-force robot will be preferred for
safety reasons and for allowing the user to move against the
guidance when necessary. Active guidance will be preferred to
passive guidance (such as virtual walls) if the desired position
or trajectory changes according to time.

The low-force kinesthetic guidance scheme has some po-
tential applications also in the manufacturing industry. This
scheme can be applied to the processes of, for example, cutting,
welding, painting, drawing, and adhesive application at speci-
fied spots or along a specified trajectory. Because the desired
position or trajectory is predetermined, full automation without
human involvement may be technically possible. However, the
low-force kinesthetic guidance scheme can be a solution to re-
move the spatial isolation of high-powered robots from human
workspace. The isolation of human workers from high-powered
robots is usually obliged for the workers’ safety. It requires a
large site area and is inconvenient if the task to be executed
by the robot has some subordinate tasks that require human
involvement, such as visual/haptic inspection, tool changing,
and fine adjustment.

The central question addressed in this paper is what kind of
control scheme is suitable for low-force kinesthetic guidance.
Because the desired position is provided to the robot controller
in advance, it is technically easy to apply ordinary proportional-
derivative (PD) control. For enhancing human performance,
however, the parameters for the controller should be carefully
chosen particularly under the limitation of the robot’s actuator
force. As a potential solution for this problem, we hypothesize
that the guidance should be stiff and appropriately slow. Specifi-
cally, the stiffness should be as high as permitted by the control
stability [12], [23], and the slowness should be around 0.1 s
in terms of time constant. High stiffness will be necessary for
suppressing the influence of disturbance. Being appropriately
slow will be necessary because abrupt changes in guiding force
will not be able to influence the user’s motion, causing the
separation of the user’s position from the desired position. On
the other hand, being too slow will not be preferred because it
will impede the user’s faster motions. The main contribution of
this paper is the empirical validation of this hypothesis.

Aside from the validity of the hypothesis, realizing slow
response characteristic combined with high stiffness in position
control is technically difficult because it requires a high-gain
velocity feedback, which cannot practically be used because
the velocity signal is usually noisy. This difficulty, however,
can now be removed by using a PSMC scheme [24], which
was recently proposed by the authors. Without using high-gain
velocity feedback, PSMC responds slowly, in an overdamped

manner, to large positional errors caused by actuator force
saturation. It however responds fast to small positional errors, as
long as the actuator force is below the saturation level, and thus,
it is as accurate as ordinary high-gain PD control. Our initial
purpose of developing PSMC was enhancing safety of general
position-controlled robots without sacrificing control perfor-
mance. This paper on kinesthetic guidance was motivated by
an incidental finding that the slow response produced by PSMC
was subjectively felt easy to follow when the authors held the
robot’s end effector and moved together. This paper presents
the experimental results on low-force kinesthetic guidance of
positioning and trajectory-tracking tasks by using PSMC as
a tool for producing slow response. The results support the
validity of the hypothesis.

The rest of this paper is organized as follows. Section II
defines the problem to be addressed and presents a hypothesis
as a possible solution to the problem. In addition, this section
overviews the previously proposed PSMC scheme as a techni-
cal tool for testing the hypothesis. Sections III and IV present
the experimental results of positioning and trajectory-tracking
tasks, respectively, using a large parallel link manipulator.
Section V presents another two sets of experiments using a
lightweight robotic device. Section VI provides the concluding
remarks.

II. LOW-FORCE KINESTHETIC GUIDANCE

A. Problem

Let us consider the situation where a robot and a human
user are applying forces to an object to move it toward a de-
sired position in the n-dimensional Cartesian space. Moreover,
let us assume that the control law of the robot is a simple
PD-type position control law with force saturation. The prob-
lem addressed in this paper is what values are suitable for the
gains of the PD-type position controller in this situation.

In the situation described earlier, the equation of motion of
the carried object is described as follows:

M p̈ = f + h + d. (1)

Here, M > 0 denotes the mass of the object, and p ∈ R
n

denotes the position of the object. The vectors f ∈ R
n and

h ∈ R
n represent the forces applied to the object from the robot

and the human user, respectively. The vector d ∈ R
n represents

the disturbance, which is the sum of forces resulted from all
external sources and unmodeled factors such as nonlinearities.

The PD-type position controller with force saturation, which
is implemented in the robot, is described as follows:

f = F sat (K (pd − p + H(ṗd − ṗ)) /F ) . (2)

Here, pd ∈ R
n denotes the desired position of the object, and

F , K, and H are positive real numbers. The function sat :
R

n → R
n is the unit saturation function defined as follows:

sat(x) =
{

x, if ‖x‖ ≤ 1
x/‖x‖, if ‖x‖ > 1.

(3)
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The motivation for (2) can be understood by noticing that the
function sat satisfies the following:

Xsat(x/X) =
{

x, if ‖x‖ ≤ X
Xx/‖x‖, if ‖x‖ > X

(4)

for all X > 0 and x ∈ R
n. It is thus clear that the control law

(2) is the force-limited PD control law of which the proportional
gain is K, the derivative gain is KH , and the force limit is F .
The parameter H is usually referred to as the (derivative) time
constant, which determines how slow the controller responds.

It is straightforward to imagine that the force limit F can be
chosen by considering the safety of the users or the limitations
of the hardware. The problem addressed in this paper is specif-
ically what values are suitable for the proportional gain K and
the time constant H .

B. Hypothesis and Its Rationale

As a potential solution for the problem described in
Section II-A, we hypothesize that, in the control law (2), K
should be as high as possible and H should be an appropriate
value, which is specifically around 0.1 s. We provide here a
possible rationale for this hypothesis.

The necessity for high stiffness K can be intuitively un-
derstood because it generally contributes to the reduction of
the influence of disturbances. The necessity for an appropriate
value for H can be justified because both too large and too small
values of H will produce undesirable effects. Notice that the
control law (2) produces zero actuator force (f = o, where o
denotes the n-dimensional zero vector) if p is moving in the
following trajectory:

p = pd + ((p − pd)|t=t0) exp (−(t − t0)/H) (5)

where t0 is an arbitrary time. This equilibrium position profile
represents an exponential converging motion toward the desired
position pd, and the time constant H characterizes how slow
this convergence is. Imagine that the human user’s movement
toward pd is faster than the equilibrium trajectory (5). In this
situation, the robot will resist the user’s movement and can
cause extra fatigue to the user. On contrary, imagine that the
user’s movement is slower than the equilibrium trajectory (5).
In this situation, the robot will pull the user toward pd even
when she/he is decelerating to stop at pd, causing overshoots.
Thus, we can speculate that some middle value will be suited
for H for the use of low-force kinesthetic guidance. If the user
is moving almost in the same trajectory as (5) and the stiffness
K is sufficiently high, the robot’s force is produced only for
preventing the user from moving away from the trajectory (5)
by canceling disturbances from his/her neuromuscular system
and external physical sources.

We now consider under what value of H the trajectory (5)
becomes similar to that of human voluntary movements. In a
reaching movement toward a given target position, a human
generally produces a smooth bell-shaped velocity profile [25],
[26]. The position profile of a reaching movement, which is
the first-order integral of a bell-shaped profile, is somewhat
different from the trajectory in (5), but at least, the latter part

of the profile exhibits smooth convergence, which is similar
to that of the exponential function (5). By approximating the
user’s reaching movement in (5), we can view the user as a first-
order lag element with a time constant of H , which accepts the
desired position pd as the input and provides the actual position
p as the output.

The literature includes several reports regarding the time
constant of human response. Happee [27] investigated human
movements toward a target position and modeled a human
as an optimal controller that produces a force output. In his
model, the controller output is originally discontinuous, but it
was smoothed by a first-order lag element representing some
neuromuscular dynamics. The time constant of the lag element
is empirically identified as 0.05 to 0.14 s. Kleinman et al. [28]
investigated the human control strategy of operating a vehicle
(an aircraft) and modeled a human operator as an element that
provides the displacement of the control stick of an aircraft as
an output. In their model, the human operator is an optimal
linear state feedback controller of which the output is filtered
through a first-order lag element. Their survey of studies mainly
at the U.S. Air Force in 1950s and 1960s (e.g., [29]) suggests
that the time constant is on the order of 0.07 to 0.3 s.

We can further speculate that the time constant may be
related to the bandwidth of human voluntary movements.
Mann et al. [30] have shown that the predominant frequency
component of the wrist motion for 24 activities of daily living
is 1 Hz, and 75% of the spectral energy is less than 5 Hz.
Hollerbach [31] has reported that the hand movements dur-
ing writing letters are around 6 Hz. Riviere et al. [32] have
reported that, in simulated microsurgery performed by trained
eye surgeons, 98.9% of the total power of voluntary movements
was below 2 Hz. When a human is viewed as a first-order
lag element from the desired (intended) position to the actual
position, the aforementioned literature survey indicates that its
cutoff frequency is roughly around 2 Hz, which corresponds to
the time constant of 1/(2π × 2) ≈ 0.1 s.

As discussed earlier, the literature suggests that we can
use 0.1 s as a typical value of the time constant of human
response and can hypothesize that H = 0.1 s is an appropriate
choice for low-kinesthetic guidance. The choice of H = 0.1 s
is not precise; at this time, we can only say that H = 0.1 s
could be better than, for example, 0.01 and 0.5 s, which are
not included in the ranges of time constants described in the
literature. Nevertheless, the aforementioned rationale for the
hypothesis definitely remains to be validated through more
complete analyses from the control-theoretic and physiological
aspects. Such analyses will not be straightforward because the
control strategy behind the neuromuscular lag element is not
clear and the actuator force saturation in (2) makes the entire
system nonlinear [33], [34]. Leaving such analyses outside the
scope of this paper, this paper concentrates on the empirical
validation of the hypothesis.

C. Technical Challenge and Its Solution: PSMC

The hypothesis in Section II-B suggests that the PD-type
position controller for kinesthetic guidance requires its pro-
portional gain K to be high and its time constant H to be
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Fig. 2. Physical interpretation of PSMC [24].

around 0.1 s. Aside from the validity of this hypothesis, it is
technically difficult to combine high stiffness with 0.1-s time
constant because this combination requires the gain KH of the
derivative (velocity) feedback to be high. The velocity signal
is usually noisy due to discrete measurement of position and
time. Although there are some filtering techniques to attenuate
the discretization errors [35], high-gain velocity feedback is still
practically difficult. Moreover, high-gain velocity feedback will
deteriorate the tracking performance even below the force limit.

The technical difficulty in combining high stiffness and slow
response in position control has been overcome by the proxy-
based sliding mode control (PSMC) scheme, which has been
proposed in a previous paper [24] of the authors. Fig. 2 shows
the underlying concept of PSMC. The controlled object is
connected to a massless virtual object, which is referred to
as proxy, through a virtual spring-damper element, which is
referred to as virtual coupling.1 Thus, the force f that acts from
the proxy to the virtual coupling is written as follows:

f = K(ps − p) + B(ṗs − ṗ) (6a)

where ps ∈ R
n is the position of the proxy, and K and B are the

stiffness and the viscosity, respectively, of the virtual coupling.
This force f is applied to the controlled object through the
actuator. The proxy is also connected to another controller that
performs a sliding mode control, which is described as

f = F sgn (pd − ps + H(ṗd − ṗs)) (6b)

where F and H are positive real numbers, and the function
sgn : R

n → R
n is defined as

sgn(x)
{

= x/‖x‖, if x = 0
∈ {e ∈ R

n| ‖e‖ ≤ 1} , if x �= 0.
(7)

Because the proxy is massless, the forces from the virtual
coupling and that from the sliding mode controller always
balance each other. Thus, both of these forces are denoted as
f . In other words, the force f is determined so as to satisfy
both (6a) and (6b).

The physical meanings of (6b) can be made clear by consid-
ering that (6b) is equivalent to

f = lim
κ→∞

F sat (κ (pd − p + H(ṗd − ṗ)) /F ) . (8)

1The terms “proxy” and “virtual coupling” are borrowed from the area of
haptic rendering [36], [37].

The equivalency between (6b) and (8) is obvious because of the
relation

sgn(x) = lim
X→∞

sat(Xx) ∀x ∈ R
n. (9)

Thus, we can see that the control law (6b) is the force-limited
PD control in which the proportional gain is infinite, the time
constant is H , and the force limit is F .

Based on the backward Euler approximation, we have the
discrete-time representation of (6) as follows:

f(k) =K (ps(k) − p(k)) + B
∇ps(k) −∇p(k)

T
(10a)

f(k) =F sgn
(

pd(k) − ps(k) + H
∇pd(k) −∇ps(k)

T

)

(10b)

where T is the sampling interval, and the argument k in the
parentheses is an integer indicating the time index. The operator
∇ is the backward difference operator, which is defined by
∇x(k) = x(k) − x(k − 1). In order to determine f(k) accord-
ing to a provided pd(k) and a measured p(k), we have to solve
(10). After some derivations [24], we have the computational
procedure for solving (10) as follows:

s(k) = (pd(k) − p(k)) + H (∇pd(k) −∇p(k)) /T (11a)

f ∗(k) =
(B + KT )s(k) + (KH − B)e(k − 1)

H + T
(11b)

f(k) =F sat (f ∗(k)/F ) (11c)

e(k) =
Be(k − 1) + Tf(k)

B + KT
. (11d)

Here, e(k) is the displacement of the proxy with respect to
the actual position, i.e., e(k) = ps(k) − p(k). The algorithm
(11) is the control law of PSMC to be implemented in digital
controllers.

With setting the stiffness (proportional gain) K to be suffi-
ciently high, the control law (11) of PSMC becomes closer to
the force-limited PD control in which the proportional gain is
infinite, the time constant is H , and the force limit is F . Because
of (11d), e(k) satisfies the following:

e(k) =
(

B

B + KT

)k

e(0) +
k−1∑
i=0

(
B

B + KT

)i+1
Tf(k − i)

B

(12)

for all k ∈ {1, 2, . . .}. When we set e(0) = 0, the aforemen-
tioned expression implies that

lim
K→∞

ps(k) = p(k) ∀k ∈ {0, 1, 2, . . .}. (13)

Therefore, because of (10b), the limit of f(k) with K → ∞
becomes as follows:

lim
K→∞

f(k) = F sgn
(

pd(k) − p(k) + H
∇pd(k) −∇p(k)

T

)

(14)
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for all k ∈ {1, 2, . . .}. Thus, we can see that PSMC can achieve
the response characteristics hypothetically preferred for kines-
thetic guidance, which are high stiffness and slow response,
without using the direct high-gain feedback of the velocity
measurements.

Setting B = KH reduces the algorithm (11) into the ordi-
nary PD control scheme with force limit, which is as follows:

f ∗(k) = K

(
pd(k) − p(k) + H

∇pd(k) −∇p(k)
T

)
(15a)

f(k) = F sat (f ∗(k)/F ) . (15b)

As mentioned earlier, this control scheme cannot achieve both
high stiffness and slow response. The advantage of PSMC (11)
over the conventional force-limited PD control (15) can be said
to be the separation of large-scale and small-scale responses.
A large-scale response can be defined as a response to a large
positional error that resulted from actuator force saturation,
whereas a small-scale response can be defined as a response to
a small positional error that can be recovered without actuator
force saturation. The speed of large-scale response depends on
H , which should be set around 0.1 s according to the hypothesis
in Section II-B. The speed of small-scale response depends on
B/K, which should be set small so that B/K � H in order
to quickly attenuate the influence of small (microscopic) dis-
turbances such as irregular frictional behaviors in the hardware
mechanism. That is, K should be chosen as high as permitted
by the stability of the controlled system, and B should be
chosen small but large enough to suppress oscillation.

The algorithm (11) of PSMC has some possible variations.
In a multilinkage mechanism, the force limit should usually be
specified in terms of the torque of each actuator. Let us consider
a nonredundant rigid manipulator with n degrees of freedom.
Let p and pd denote the actual and desired positions of the end
effector in the Cartesian coordinate system, respectively, and
f denote the force vector at the end effector that is statically
equivalent to the forces from the actuators. Let J ∈ R

n×n be
the Jacobean matrix that transforms the joint angular velocity to
the end-effector velocity in the Cartesian space. Then, the joint
actuator torque that is statically equivalent to f is described as
τ = JTf ∈ R

n. By using this, we have the modified version
of PSMC in which the force limit is specified in terms of the
maximum actuator torque, which is written as follows:

s(k) = (pd(k) − p(k)) + H (∇pd(k) −∇p(k)) /T (16a)

f ∗(k) =
(B + KT )s(k) + (KH − B)e(k − 1)

H + T
(16b)

τ ∗(k) =J(k)Tf ∗(k) (16c)

τ (k) =
{

τ ∗(k), if ‖τ ∗(k)‖∞≤Fτ

Fττ ∗(k)/‖τ ∗(k)‖∞, if ‖τ ∗(k)‖∞>Fτ
(16d)

f(k) =J(k)−T τ (k) (16e)

e(k) =
Be(k − 1) + Tf(k)

B + KT
. (16f)

Fig. 3. Setup for Experiments I and II. (a) Manipulator and LCD monitor.
(b) A participant using the manipulator.

Here, Fτ > 0 indicates the limit on the actuator torque, and
‖x‖∞ denotes the L-infinity norm of x ∈ R

n, which returns
maxi |xi|, where xi is the ith element of x.

III. EXPERIMENT I: POSITIONING

We performed experiments to test the influence of stiffness
and the time constant of the position controller in low-force
kinesthetic guidance. This section describes the experiments to
test its application to a positioning task, and the next section de-
scribes that to a trajectory-tracking task. The modified version
(16) of PSMC was used as the position controller to produce
a wide range of response speed (time constant) combined with
high stiffness. We did not compare PSMC with the conventional
PD control because the purpose of the experiments was to
test the hypothesis in Section II-B and not to demonstrate
the advantage of PSMC. The advantage of PSMC over the
conventional PD control in combining high stiffness and large
time constant has already been demonstrated in a previous
paper [24] of the authors.

A. Setup

We used the two-DOF planar parallel manipulator shown
in Fig. 3. This manipulator had two actuators on the joints,
which were AC servomotors with Harmonic drive gearings.
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Fig. 4. Dimensions of the setup for Experiments I and II. (a) Top view.
(b) Side view.

This manipulator had large friction in its joints; the maximum
static friction torque was approximately 10 N · m, and there
were some nonuniformities in its distribution. A minimum
external force to the end effector that was required to move
the end effector depended on the Jacobian matrix J , which
depended on the end-effector position. At the origin of the
coordinate system, at least 16 N of an external force is required
to rotate one of the joints and 22 N for both joints. The
manipulator also had large link inertia, which also depended
on the end-effector position. At the origin, the nominal inertia
were approximately 3.0 and 1.3 kg in x and y directions,
respectively.

The position of the end effector was measured with two
optical encoders attached to the joint actuators. A force sensor
was attached to the end effector, and a handle grip was attached
to the force sensor. The force sensor was used for measuring the
force from a participant, but its measurements were not used
in the control algorithm. A 37-in liquid crystal display (LCD)
monitor was placed horizontally about 0.2 m below the handle
grip. The manipulator and the LCD monitor were arranged as

Fig. 5. Graphic representation on the LCD monitor during Experiment I.

TABLE I
PARAMETER SETTINGS USED IN EXPERIMENTS I AND II

shown in Fig. 4. The whole system was controlled using a
personal computer running ART-Linux.

B. Methods and Stimuli

Eight male volunteers participated in Experiment I. All
participants were university or graduate students. All of them
classified themselves as right handed and had no known injury
in their right arms.

During the experiment, the LCD monitor displayed four solid
circles with diameters of 0.009 m, as shown in Fig. 5. One of
the circles was located at the position P c = [0 m,−0.05 m]T.
The other three circles P 0, P 1, and P 2 were at the vertices
of an equilateral triangle with 0.15 ×

√
3 m sides centered at

P c. A blue solid circle with a diameter of 0.008 m was drawn
immediately below the end effector to indicate the position of
the end effector. A “target” was randomly chosen out of P 0,
P 1, and P 2, and the participants were asked to move the end
effector from P c to a “target” as quickly as possible. The solid
circles at P 0, P 1, and P 2 were drawn in red when chosen as
the target and in black if otherwise.

The manipulator was controlled by using the control law
described in (16); the end effector’s position in the Cartesian
coordinate system measured by the optical encoders was used
as the input position p, and the output torque τ was commanded
to the actuators. Six parameter settings C0 to C5, which are
listed in Table I, were used. The sampling interval was T =
0.001 s. Notice that the manipulator was not actuated (i.e., the
guidance was disabled) in the setting C0. Moreover, notice that
the torque limit Fτ = 7 N · m (in the settings C1 to C5) was
lower than the maximum static friction torque in the joints; the
manipulator hardly moved without forces from a participant.

A single trial of the experiment was performed in the follow-
ing procedure.

Step 1) The end effector was fixed at P c.
Step 2) A 3-s countdown was given with beep sounds.
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TABLE II
RESULTS OF EXPERIMENT I: TWO-SIDED p-VALUES BASED

ON PAIRED t-TESTS ON THE DIFFERENCE IN T

Step 3) At the instant of the “start” beep (t = 0), one of the
P 0 to P 2 was chosen as the target and changed its
color into red. The control law (11) was activated
with one of the settings C0 to C5. The participant
moved the end effector to the target.

Step 4) After the end effector’s staying within 0.0005 m of
the target (i.e., the blue circle’s staying within the
red circle) for 0.5 s (t = T ), the end effector was
judged to reach the target.

Step 5) The end effector returned to P c.
The trials were repeated at 3-s intervals. For each trial, the time
length T and the traveled path length D =

∫ T
0 ‖ṗ(t)‖ dt were

recorded.
Every single participant performed 18 trials. All of the 18

possible combinations of the six settings (C0 to C5) and three
targets (P 0, P 1, and P 2) were presented to each participant.
The order of presentation was randomized for each participant.
Prior to the experiment, the participants performed at least 18
unrecorded trials as practice.

According to the hypothesis in Section II-B, H = 0.1 s and
a higher K are expected to be suitable for kinesthetic guidance.
Thus, the setting C2 is expected to be the best among the six
settings in Table I. The proportional gain of K = 60 000 N/m
was close to the highest value with which the entire system was
stable.

C. Results

The total number of trials under each setting of C0 to C5 was
24 (three targets × eight participants). The obtained data of the
time T and the path length D were analyzed by using paired
t-test based on the pairs of data from different settings, the same
target, and the same participant. This is because the data can
be influenced not only by the parameter settings but also by the
choice of targets and the physical capability of participants. The
p-values for the comparisons are shown in Tables II and III.
Here, the single asterisk (∗) and double asterisk (∗∗) indicate
significant differences at p < 0.05 and p < 0.01, respectively,
and ns indicates no significant difference (p ≥ 0.05).

Fig. 6 shows the averages and the standard deviations of the
time T and the path length D under the settings C0 to C5. Note
that these averages and standard deviations are not used in the
statistical analysis because the paired t-tests were performed
by basing on the paired differences. The data are arranged in
an order that is convenient for comparison, and the result with
the setting C2 is presented at two places. The asterisks indicate
the results of the statistical analysis, which are also presented
in Tables II and III.

TABLE III
RESULTS OF EXPERIMENT I: TWO-SIDED p-VALUES BASED

ON PAIRED t-TESTS ON THE DIFFERENCE IN D

Fig. 6. Results of Experiment I: Averages and standard deviations of T and D.
These values are not used in the statistical analysis but are shown for reference
only. The vertical dotted line in the right pane indicates the direct distance of
the targets, which is 0.15 m. The result with C2 (K = 60 000 N/m, and H =
0.1 s) is presented at two places for the convenience of comparison.

Tables II and III and Fig. 6 show that the performance under
the setting C0 is significantly worse than those under the other
settings. This means that even a small guiding force below
the maximum static friction level is capable of improving the
efficiency of positioning tasks.

The result of the setting C2 (H = 0.1 s) is better than those
of the settings C1 and C3, which have the same K value
but different H values. This result supports our hypothesis
in Section II-B. The difference between C2 and C3 is not
significant in time length T , but it is significant in the path
length D. This indicates that a small H value (H = 0.01 s in
C3) can increase the speed of the reaching movement but can
cause overshoots. The comparisons C2–C4 and C4–C5 suggest
that a large K value is desirable for guiding positioning tasks.
This is probably because, as the K value increases, the force
attracting the end effector to the target becomes larger up to the
saturation level determined by Fτ .

Fig. 7 shows the typical example data of motions from P c

to P 0 performed by one of the participants. It is apparent that
the position approaches to the target P 0 faster under the setting
C3 than under the setting C2, but the setting C3 results in an
overshoot. The setting C2 creates more smooth and efficient
motions than the settings C0, C1, and C3. Fig. 8 shows the data
of the motion and the participant’s force measured in the same
trials as Fig. 7. It shows that, under the setting C0 (no guidance),
the participant’s force is fluctuating at the target P 0 probably
due to his effort of final fine positioning. The setting C1 causes
a larger force because it produces resisting actuator forces to
decelerate the motion. Under the setting C2, the participant
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Fig. 7. Typical examples of the measured position data (from P c to P0) in
Experiment I. The data are distributed into two figures for the convenience of
comparison. (a) C0 and C2. (b) C1, C2, and C3.

Fig. 8. Typical examples of the measured data of position and force in
Experiment I. The force data are the forces applied from the participant to the
force sensor. (a) C0: No guidance. (b) C1: H = 0.5 s. (c) C2: H = 0.1 s.
(d) C3: H = 0.01 s.

makes almost no effort of final fine positioning. Although
such qualitative observations can be made, the establishment
of reliable quantitative measures based on force data is left for
future study.

IV. EXPERIMENT II: TRAJECTORY TRACKING

We performed another experiment to test the influence of
stiffness and the time constant of position control onto the
performance of trajectory tracking. We also used the setup
introduced in Section III-A and shown in Figs. 3 and 4. The
control law (16) was used also in this experiment with the
parameter settings C0 to C5 in Table I.

A. Methods and Stimuli

Eight male volunteers participated in this experiment. All
participants were university or graduate students. All of them
classified themselves as right handed and had no known injury
in their right arms.

In this experiment, the desired trajectory to be tracked was
chosen as a Lissajou’s trajectory described as follows:

pd(t) = [Ax sin(Ωt), Ay sin(2Ωt) + By]T (17)

Fig. 9. Graphic representation on the LCD monitor during Experiment II.

where Ax = 0.25 m, Ay = 0.15 m, By = −0.06 m, Ω =
0.5 π rad/s. This trajectory was drawn as a red solid curve
on the LCD monitor, as shown in Fig. 9. The desired position
pd at each time instant was indicated by a solid red circle
with a diameter of 0.012 m. In addition, a solid blue circle
with a diameter of 0.008 m was drawn immediately below the
end effector to indicate the measured end-effector position p.
A single trial of the experiment includes two laps around the
trajectory (i.e., t ∈ [0, 8 s]).

A single trial of this experiment was performed in the follow-
ing procedure.

Step 1) The end-effector position was fixed at the position
[0, By]T.

Step 2) A 3-s countdown was given with beep sounds.
Step 3) At the instant of the “start” beep (t = 0), the red

circle started to move along the trajectory (17).
The control law (11) was activated with one of the
settings C0 to C5. The participant started to move
the end effector to follow the red circle as accurately
as possible.

Step 4) After two cycles (t = 8 s), the end effector stopped
at the position [0, By]T.

The trials were repeated at 3-s intervals. Every single partici-
pant performed six trials. All of the six settings (C0 to C5) were
presented to each participant. The order of presentation was
randomized for each participant. Prior to the experiment, the
participants performed at least six unrecorded trials as practice.

B. Results

We chose the following criterion for evaluating the tracking
accuracy in a single trial:

L =
1

t1 − t0

t1∫
t0

log10 (‖p(t) − pd(t)‖) dt (18)

where t0 = 0.2 s, t1 = 7.8 s, and ‖p(t) − pd(t)‖ is measured
in meters (m).

The total number of trials under each setting of C0 to C5 was
eight (one trial × eight participants). The obtained data of the
L value were analyzed by using paired t-test based on the pairs
of data from different settings and the same participant. The
p-values for the comparisons are shown in Table IV.
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TABLE IV
RESULTS OF EXPERIMENT II: TWO-SIDED p-VALUES BASED

ON PAIRED t-TESTS ON THE DIFFERENCE IN L

Fig. 10. Results of Experiment II: Averages and standard deviations of L.
These values are not used in the statistical analysis but are shown for reference
only. The result with C2 (K = 60 000 N/m, and H = 0.1 s) is presented at
two places for the convenience of comparison.

Fig. 10 shows the averages and the standard deviations of the
L values under the settings C0 to C5. Again, note that these
averages and standard deviations are not used in the statistical
analysis. The data are arranged in the same order as in Fig. 6.
The asterisks indicate the results of the statistical analysis.

Table IV and Fig. 10 show that the setting C2 created better
results than the other settings. The results show that, in order
to reduce the tracking error, the proportional gain K should be
chosen high and the time constant H should be around 0.1 s. It
is consistent with our hypothesis in Section II-B.

Fig. 11 shows the typical example data of motions produced
by one of the participants. It is apparent that the setting C2
produces a better result than C0 and C3, and the setting C3
results in repeated overshoots. The difference between C1 and
C2 is not apparent in Fig. 11, but it is already shown in Table IV
and Fig. 10.

As a supplementary experiment, we tried the parameter set-
ting Fτ = 7 N · m, K = 60 000 N/m, B = 6000 N · s/m, and
H = 0.1 s. This parameter setting is the same in K and H as
the setting C2, but because of H = B/K, it makes the control
law to be equivalent to the ordinary torque-limited PD control
law, as explained in Section II-C. With this parameter setting,
the actuator often created undesirable noisy sound, particularly
when the end-effector position was very close to the desired
position and the velocity was very low. It is probably because
the large B value amplified the influence of the measurement
noise in the velocity signal. This indicates that PSMC is a
necessary choice to realize an appropriately large time constant
and a high stiffness.

Fig. 11. Typical data of motions produced by a participant in Experiment II.
(Thick gray curves represent the desired trajectories.) (a) C0: No guidance.
(b) C1: H = 0.5 s. (c) C2: H = 0.1 s. (d) C3: H = 0.01 s.

Fig. 12. Setup for Experiments III and IV.

V. EXPERIMENTS III AND IV: POSITIONING AND

TRAJECTORY TRACKING USING A LIGHTWEIGHT DEVICE

Because the experimental results obtained so far are based
on a single specific device, there still remains a possibility
that the appropriate time constant, which is 0.1 s, may not
be a characteristic of humans but of the device used in the
experiments. In order to reduce this possibility and strengthen
the support for the hypothesis in Section II-B, we performed
another two sets of experiments with a robotic device that
was distinctly different from the device used in Experiments I
and II.

A. Setup

We used the experimental setup shown in Figs. 12 and 13.
It is composed of a SensAble PHANTOM Omni haptic device
and a 17-in LCD monitor. The haptic device was capable of
three degree-of-freedom actuation and six degree-of-freedom
measurements. Because it was difficult to match the end-
effector position to a specified position in the 3-D space, all
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Fig. 13. Dimensions of the setup for Experiments III and IV. (a) Top view.
(b) Side view.

TABLE V
PARAMETER SETTINGS USED IN EXPERIMENTS III AND IV

tasks were performed and evaluated in the x−y plane, which
was parallel to the screen of the LCD monitor.

The end effector was controlled to stay on the x−y plane
by using the ordinary proportional control with respect to the
z coordinate with a proportional gain of 700 N/m. The x−y
coordinate of the end effector was controlled by using PSMC
in the Cartesian coordinate, which is (11). The parameter sets
were defined as in Table V. Due to technical reasons con-
cerning the stability of the device, the proportional gain K in
Experiment IV was set lower. Note that the force in z direction
is not limited, whereas the magnitude of the force in x−y plane
is limited by F in Table V. The sampling interval was set to be
T = 1/1600 = 0.000625 s.

During the experiments, the measured position of the end
effector and the desired positions (in the x−y plane) were
indicated by solid circles on the LCD monitor. The origin of
the coordinate system was matched to the center of the LCD
monitor. The motion of the end effector was mapped at the same
scale on the LCD monitor.

The participants were asked not to put their elbows on the
desk during trials. They were also asked to firmly grasp the

Fig. 14. Results of Experiment III: Averages and standard deviations of T
and D. These values are not used in the statistical analysis but are shown for
reference only. The vertical dotted line in the right pane indicates the direct
distance of the targets, which is 0.10 m. The result with C2 (K = 800 N/m,
and H = 0.1 s) is presented at two places for the convenience of comparison.

TABLE VI
RESULTS OF EXPERIMENT III: TWO-SIDED p-VALUES BASED

ON PAIRED t-TESTS ON THE DIFFERENCE IN T

stylus in a pen-hold posture, because a loosely grasped stylus
can be easily moved by the forces from the haptic device
without inducing any motion in the participant’s hand.

B. Experiment III: Positioning

Experiment III was performed in mostly the same manner
as Experiment I. The differences from Experiment I are listed
hereafter.

1) The targets were placed at the vertices of an equilat-
eral triangle with 0.10 ×

√
3 m sides centered at P c =

[0, 0 m].
2) The targets were 0.005 m in diameters, and the blue

circle, which is the indicator of the end-effector position
p, was 0.004 m in diameter.

3) In the end effector’s staying within 0.001 m of the target
(i.e., the blue circle’s staying within the red circle) for
0.5 s (t = T ), the end effector was judged to reach the
target.

Fourteen male volunteers participated in this experiment.
The results are shown in Tables VI and VII and Fig. 14.

The relations among the parameter settings C0, C1, C2, and
C3 are almost the same as those in Experiment I. There is no
significant difference between C0 and C5, but it will probably
be because the stiffness of 8 N/m is too low. These results
support the hypothesis that the stiffness should be high and the
time constant should be 0.1 s rather than 0.01 and 0.5 s.
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TABLE VII
RESULTS OF EXPERIMENT III: TWO-SIDED p-VALUES BASED

ON PAIRED t-TESTS ON THE DIFFERENCE IN D

C. Experiment IV: Trajectory Tracking

The procedure of Experiment IV was mostly the same as
Experiment II. The differences are listed hereafter.

1) The desired trajectory was chosen as (17), where the
parameters were set as Ax = 0.085 m, Ay = 0.051 m,
By = 0 m, Ω = 1.25 πrad/s. Thus, the time length for
one trial (two cycles) was 3.2 s.

2) The red circle (the indicator of the desired position pd)
was 0.005 m in diameter, and the blue circle (the indicator
of the tool position p) was 0.004 m in diameter.

Eighteen male volunteers and one female volunteer participated
in this experiment.

The obtained data are evaluated by using the L-value crite-
rion defined in (18), where t0 = 0.08 s and t1 = 3.12 s. The
results are shown in Table VIII and Fig. 15. As is apparent,
the difference between C3 and C2 is not significant. This is
probably because C3 and C2 (having the same K but different
H) do not make any difference after a sufficient time elapses
because the force f comes below the saturation level F . This
is also the case with the parameter setting C1, but a time
constant of 0.5 s may not be short enough compared to the
cycle of the motion (1.6 s) or the time length of the trial
(3.2 s). As a characteristic of PSMC (see Fig. 2), when f is
being smaller than F for a sufficient time, the proxy position
ps almost coincides with the desired position pd, and thus,
the behavior of the tool position p is governed only by the
virtual coupling, which depends on K and has nothing to do
with H . Once the tool was “locked” to the target (i.e., the
proxy reached the target), in this experimental condition, it
was not so difficult for participants to keep moving along the
target pd because of almost homogenous friction and inertia of
the device. The dotted line in Fig. 15 shows the displacement
1.0/400 = 0.0025 m, which is the maximum allowed length
F/K of the virtual coupling in the parameter settings C1,
C2, and C3. In average, the positional error ‖pd − p‖ was
below F/K for 35% and 34% of the time periods of the
trials with the settings C3 and C2, respectively. This implies
that the participants succeeded to maintain accurate track-
ing for considerable lengths of time with the actuator forces
unsaturated.

Nevertheless, the results show that the reduction of H has
little effect below 0.1 s, and thus, we can conclude that the time
constant should be set around 0.1 s, when the actuator force
saturation is probable.

Fig. 15. Results of Experiment IV: Averages and standard deviations of L.
These values are not used in the statistical analysis but are shown for reference
only. The dotted line represents the displacement 1.0/400 = 0.0025 m, which
is the maximum allowed length F/K of the virtual coupling in the parameter
settings C1, C2, and C3. The result with C2 (K = 400 N/m, and H = 0.1 s)
is presented at two places for the convenience of comparison.

TABLE VIII
RESULTS OF EXPERIMENT IV: TWO-SIDED p-VALUES BASED

ON PAIRED t-TESTS ON THE DIFFERENCE IN L

VI. CONCLUSION

This paper has considered the application of a low-force
robotic manipulator to guide a human user’s positioning or
trajectory-tracking tasks toward a predetermined desired posi-
tion or trajectory. We hypothesized that the position controller
for low-force kinesthetic guidance should be as follows:

1) as stiff as possible;
2) as slow as approximately 0.1 s in terms of time constant.

Experiments were performed to validate the aforementioned
hypothesis by using the authors’ recent technique, which is the
PSMC [24], because ordinary PD control has technical limi-
tations to realize the aforementioned preferred characteristics.
The experimental results from two distinctly different robotic
devices supported the hypothesis, showing that a time constant
of 0.1 s was better than 0.01 and 0.5 s in most cases. However,
when the task was not so difficult as to result in the constant
or frequent saturation of the actuator forces, the difference
between 0.1 and 0.01 s was not apparent. Nevertheless, we can
conclude that a time constant of around 0.1 s is desirable at least
when the actuator force saturation is probable.

Although this paper limited its scope to empirical validation
of the hypothesis, attempts should be made to clarify physical
and physiological mechanisms that can explain the hypothesis
and the experimental results. The relation between the neuro-
muscular dynamics [28], [38] and the physical dynamics of
human movements may still need some clarifications, which
will require nonlinear system and optimal control theories.
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The preferred choice of the time constant (H-value) should be
investigated from both empirical and theoretical points of view.
It may be related to the frequency or impedance characteris-
tics of human muscles and motor control strategies [39]–[41].
Moreover, the sensitivity of the human performance against the
choice of H-value will be an important topic of study. A more
precise identification of the preferred H-value may contribute
to a better human–machine coordination.

We expect that the results obtained in this paper provide
some insights regarding rehabilitation robotics, particularly for
active-assistive exercise. The recent robotic devices for active-
assistive rehabilitation employ impedance control [19], [20]
or position control along a preprogrammed smooth trajectory
[21], [22]. To the best of the authors’ knowledge, the literature
includes no studies regarding the influence of the choice of the
damping (the velocity feedback gain) in this application. Slow
overdamped responses produced by PSMC may be effective for
this application, although the effectiveness will need to be eval-
uated through more reliable performance measures other than
reaching time and average positional errors. The application of
PSMC for guiding different portions of the human body, such
as lower limbs [42], will also be an important topic.
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