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Abstract— In this paper, the linear quadratic Nash games for
infinite horizon multiparameter singularly perturbed systems
(MSPS) are discussed. The uniqueness and the asymptotic
structure of the solution to the generalized cross—coupled
multiparameter algebraic Riccati equations (GCMARE) are
newly established without the nonsingularity assumptions for
the fast state matrices. The main contribution of this paper is
that a construction of high—order approximations to a strategy
that guarantees a desired performance level on the basis of a
new iterative technique is proposed. As a result, it is shown that
the high—order accuracy strategy improves the performance.

I. INTRODUCTION

The control problems for the multiparameter singularly
perturbed systems (MSPS) have been investigated exten-
sively (see e.g., [1] and reference therein). In these various
studies of the MSPS, the linear quadratic Nash games for
MSPS have been studied [2], [3]. Recent advance in theory
of numerical computation for the singularly perturbed sys-
tems (SPS) and the MSPS has allowed a revisiting of Nash
games [4], [7], [8]. The numerical method is a very powerful
tool, it can not only efficiently find feasible solutions, but
also easily handle reduced—order calculation. However, a
limitation of these approaches is that the small parameters
are assumed to be known. Thus, it is not applicable to
a large class of problems where the parameters represent
small unknown perturbations whose values are not known
exactly.

It is well-known that one of the approaches for con-
structing Nash equilibrium strategies of the MSPS is the
composite design method [2], [3]. When the parameters
represent the small unknown perturbations, the composite
strategies are very useful. However, the composite Nash
equilibrium solution achieves only a performance which
is O(p) (where p := ,/g1€2) close to the full-order
performance for small enough p. Therefore, for values of
1 that are not too small, higher order approximations based
on the reduced—order equations are needed to guarantee the
desired performance.

In this paper, the linear quadratic Nash games for infinite
horizon MSPS are studied. We first investigate the unique-
ness and boundedness of the solution to the generalized
cross—coupled multiparameter algebraic Riccati equations
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(GCMARE) and newly establish its asymptotic structure
without nonsingularity assumption that the fast state ma-
trices are invertiable. The main contribution of this paper
is to propose the high—order approximate strategy via a
new iterative method. This leads to effective asymptotic and
numerical algorithm. It is worth pointing out that the pro-
posed high—order approximate strategy can be constructed
by using of the approximate values of the small parameters.
Numerical example shows that the proposed high-order
accuracy strategy improves the performance compared with
the existing parameter independent strategy.

Notation: The notations used in this paper are fairly stan-
dard. The superscript T denotes matrix transpose. I,, de-
notes the n x n identity matrix. E[-] denotes the expection
operator.

II. PROBLEM FORMULATION

Consider a linear time—invariant MSPS [1]

2 2

To = Z Agiz; + Z Boju;, x0(0) =), (la)
i=0 i=1

e1#1 = Aywxo+ Ay + Biiug, x1(0) = 29, (1b)

eafg = Aoowg + Aoy + Bagug, x2(0) = x5 (Ic)

with quadratic cost functions

1 o0
Jq;(uq;, uj) = 5/ [quyq —I—’UJ?TR”’UM +MU?R7;ju]']dt,
0
Rii >0, Rijj >0, p:=+/e1e2, (2a)
¥i = Cizo+ Cyz; = Cix, (2b)
xo(t)
z(t) = z(t) |, i=1, 2
$2(t>

where z; € R™, ¢ = 0, 1, 2 are the state vectors and
u; € R™, ¢ =1, 2 are the control inputs. All the matrices
are constant matrices of appropriate dimensions.

€1 and e, are two small positive singular bounded per-
turbation parameters of the same order of magnitude which
are constrained by the known parameter o; such that

(3a)
(3b)

g —oi <egj <& +o;p", j=1, 2,
€
0<k1§a5—1§kj2<oo,
£2

where [i := y/€1&2, & and o4, j = 1, 2 are known
constants. 1 is some constant which has an appropriate
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degree of accuracy for parameter ;. It should be noted

that the parameter ¢; is unknown but its bound are known.
It is assumed that the limit of « exists as €1 and &5 tend

to zero (see e.g., [1]), that is

lim a. @)

e1—+0
go—+0

a =

It is worth pointing out that the matrices A;;, ¢ = 1,2 may
be singular. In fact such systems arise in some real physical
applications like a flexible space structure [6]. In this case,
it should be noted that the composite design [2], [3] cannot

be applied.
Let us introduce the partitioned matrices
Ao Aor Ao
A=1| A A O ;
Ay 0 Ay
Bo1 B
By = | By |, By = 0 ;
0 Boo
[ Soor  Sotr 0 ]
Sl = BlRl_lle = SoTn 3111 0 5
0 0 0|
[ Soo2 0 Spao |
Sy:=ByRyyBi=1| 0 0 0 |,
| Sg22 0 Sa |
1 1pT _ GgOT1 Gon 0]
Glf = pB1Ryy R Ry By = ng GTH 01,
0 0 0
) - [ Ghoz 0 Gy ]
G’; = puBaRoy R12Ry5 By = OT 0 0 )
| Goze 0 Ghyy |
Qoor Qo1 O
Q:=0C7Ci=| Qf; Qu1 0|,
L0 0 0
[ Qooz 0 Qo22 |
Qq:=Clc, = 0 0 0
| Qbaz 0 Qaz |

We now consider the linear quadratic Nash games for
infinite horizon nonstandard MSPS (1) under the following
basic assumptions (see e.g., [2], [S]).

Assumption 1: There exists a u* > 0 such that the triples
(Ae, Bie, C;), i =1, 2 are stabilizable and detectable for
all € (0, u*], where 1 = \/1€2.

Assumption 2: The triples (A;;, By, Ciy), i=1, 2 are
stabilizable and detectable.

These conditions are quite natural since at least one
control agent has to be able to control and observe unstable
modes. Our purpose is to find a linear feedback controller
(u¥, ud) such that

Ji(uZa u;) < Ji(u’ia u;)? i7 ]: 1a2a 275,7 (5)
Nash inequality shows that u; regulates the state to zero

with minimum output energy. The following lemma is
already known [2], [3].

Lemma 1: Under Assumption 1, there exists an admis-
sible controller such that the inequality (5) holds iff the
following full-order GCMARE

ATX + XTA+Q, - XT8, X

—XTSY — YIS, X +YTGLY =0,  (6a)
ATY +YTA4+ Qo - YTS,Y
~YTS X - XT8 Y+ XTGKX =0, (6b)

have solutions ®.X > 0 and ®.Y > 0, where

_X()() Elejz) EQX%;)

X = X0 Xn \/a_ngTl )
| Xoo VaXo X9
[ Yoo &Y e2Y5h

Y = Yio Yn \/a_lyng ;
| Yoo aYa Yoo
(L, 0 0

o, = | 0 al, o0
L0 0 ey,

Then the closed-loop linear Nash equilibrium solutions to
the full-order problem are given by

ui(t) = =Ry BY Xa(t),
ub(t) = —Ryy BYYa(t).

(7a)
(7b)

It should be noted that it is impossible to solve the GC-
MARE (6) because the small perturbed parameter ¢; are
partially unknown.

ITII. ASYMPTOTIC STRUCTURE

Nash equilibrium strategies for the MSPS will be studied
under the following basic assumption, so that we can apply
the proposed method to the nonstandard MSPS.

Assumption 3: The Hamiltonian matrices Tj;;, ¢ = 1, 2
are nonsingular, where

T = [ o T l ®)

Under Assumptions 2 and 3, using the similar technique
in [9], we can obtain the following zeroth—order equations
of the GCMARE (6) as ;4 — +0

AT Xoo + XooAs + Qs1 — XooSs1Xo00

—X00Ss2Y00 — Yo0Ss2X00 = 0, (%a)
AlYo0 + Yoo As + Qs2 — Yoo Ss2Yoo

—Y50551X00 — Xo00Ss1Yoo = 0, (9b)
AT X1 + X1 A1 — X118111 X1 + Q11 = 0, (9¢)
AL, Yos + Yap Agy — Yo3.5209 Y20 + Qo202 = 0, 9d)

X290 =0, Y11 =0,

xr " . B I, 0
[ YllT(;) ] =[ Xu -1, ]TlﬁTlol [ "o ] (%e)

Xoo Yoo
- T
X1 s _1 0 I,
[ %) = [ Yoo —1,,, ]TQQQTQOQ Koo Yoo , (9)
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A * _ _
= [ 00 ] — TonrT111Tio1 — To22Toes Too2,

*  —Sa | _
[ 0w 2| =Toor — Ton T Thon s
s .
*  —Seo | _
[ Qs 2 | = Tooz — Toa2T535T202,
S
Toor = [ Aco —Soor | Toyy = Ao —Sonr |
| —Qoo1 —Afy |’ | —Qo11 —Afy |
Tio1 = Ay S0, Toos — Aoo —S002
| —Qon —AG | | —Qoo2 —Afp |
Togs — Aoz —So22 Ty — Az —Sgss
| Qo —A3 |’ | —Qo22 —Af2 |

The following theorem shows the relation between the
solutions X and Y and the zeroth—order solutions Xj,, and
Yim, Im =00, 10, 20, 11, 21, 22.

Theorem 1: Suppose that

detl’
_ det AT @ Iy + I, ® AT
—[(Ss1Y00)T @ Ly + Inng ® (Ss1Y00)7]
—[(Ss2X09)T ® Ly 4+ Ing @ A(SszXoo)T]
AT @ I, + I, ® AT
£0, (10)

where /Als = Ay — So1 X0 — Ss2Yyo and the matrix /Als is
stable.

Under Assumptions 1-3, the GCMARE (6) admits the
solutions X and Y such that these matrices possess the
power series expansion at p = 0. That is,

Xoo 0 0
X=X+0()=| X0 X1 0 | +0(p), (11a)
Xo0 0 O
Yoo 0 0
Y=Y+0(u)=|Yo 0 0 |+0(u), (lb)
Yoo 0 Yoo
l
where for any positive integer [, Hlinio O('l; ) < 00

Proof:  Since the proof can be done by using the
similar technique in [9], it is omitted. |
It should be noted that there are no matrices G%,, i =
1, 2 in the CMARE (6) which has been considered in [9].
Therefore, our result is extension of the existing one. In
addition, it is worth pointing out that the asymptotic struc-
tures of the solutions X and Y are established without the
assumption that the matrices A;;, 7 = 1,2 are nonsingular
compared with the existing result in [2].

IV. ITERATIVE TECHNIQUE

The solutions of (11) can be changed as follows.

X = X+uk
. Eo vaXT Ja 'xZ
= X+u| By BEn Va 'EBf |, (122)
Es VaEa  Ea
Y = Y +uF
B Foo vaYiy va 'Y
= Y+u| Py Fu a 'FL |, (12b)

Foo JaFy  Fa

where Xj() = on +MEJ'0 and Y}'Q = ?}'Q—FMFJ'Q, ] = 1, 2.
Substituting (12) into the GCMARE (6) and using

ATX + XTA+Q, — XTS5\ X

—XTSQY — YTSQX = 0, (13&)
ATY 4 YTA+Qy — YT S, Y
YIS X - XT8,Y =0, (13b)
we have
DTE+E'D—LTF —FTL+YTGY
—u(ETS1E + ETSoF + FTS,F) =0, (14a)
DTF+F'D-MTE—-E"M + XTG1 X
—u(FTSyF + FT'S E+ ETS,F) =0, (14b)
where
[ Eoo axZk \/5_1X2To
E = ElO E11 \/a_ E2T1 5
| Fao +aEs Ess
[ Foo aYy \/a_iszo
F= F10 F11 \/a_ ng ’
L Fao +aFa Foo
~ ~ Doo Dzo1  Dyo2
D=A-— SlX — SQY = DgclO Dgcll 0 ’
D20 0 Dya
) Lioo 0 O
L=25X= 0 0 0|,
Ly 0 0
) My 0 0
M=8Y=| Myo 0 0|,
0 00

Dgor = Aor — So11X11, Dz = A — S X,

Dyo2 = Aoz — So22Ya2, Dyoa = Asy — S22V,

Doo = Aoo — So01Xoo0 — Soo2Yo0 — So11X10 — So22Y20,
D10 = A1o — Sgy1X00 — S111X10,

Dy20 = Azg — Sgas Yoo — Sa22Y20,

La00 = So02Xo00 + S22 X20,

La20 = S22 Xo00 + S222X20,
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Myo0 = Soo1 Yoo + So11Y10,
My10 = Sg11 Y00 + S111Y10,

G1 = BiR{'Ro1 Ry ' B, G2 = BoR5; Rio Ry, B .
When the parameters ¢; are known, the GCMARE (14) can
be solved by using the existing results [7], [8]. However,
the exact values are unknown for the considered problem in
this paper. Hence, we propose the new following iterative
algorithm (15) which does not depend on information of
these parameters.

DTE(H-‘,-l) + E(n-‘,—l)TD _ LTF(TL-‘,-l) _ F(n-‘,—l)TL
+Y(7L)TG2y(n) _ ﬂ(E(n)Tle(n)
+EMT G, FM) + pIT G, EM) = 0, (152)
DTF(H-‘,-l) + F(n-‘,—l)TD _ MTE(H-‘,-l) _ E(n-‘,—l)TM
+X(n)T GlX(n) _ ﬂ(F(n)TSQF(n)
+F(7L)T51E(n) + E(n)T‘SvlF(n)) =0, (15b)

where the integer of n means the necessary iteration number
. . ~ € _
to attain the desired performance level. & := 71, o=

€2
VEi€a,
[ By Vaxp" o va 'xy)” |
By By Va ERT
| By VaEgy @?
Fog) Vavig" va v
N VA S R
| B VaRy iy
= X0+ B, Y =Yoo+ iEY, j=1, 2,

E(n) —

F(n) —

)

Xy
with
| By Vaxf
BB
| By VaEy
| Fy

EO —

FO) —

DTEO L pOTH _ T p0) _
+YTG,Y =0,

DTFO 4 pOTH _ pT O
+XTe X =

— EOT pp

Using the iterative algorithm (15), we now give the high—
order approximate Nash strategy (16).

u (1) = —RyBY(X + B V)x(t)

= —R'BIXMx(t), n=1,..., (16a)
ug (t) = —Ryy BY(Y + pF" V) (t)

= —Ryy BIy™z(t), n=1,.... (16b)

Theorem 2: Assume that

g —op"tt <ej <& 4ot j=1,2. (17)

Under Assumptions 1-3, the use of the hlégh—order approx-
imate strategy (16) results in J; ( “pp, ) satisfying

u) +O(p" ),

J app

Ti(ul® ol Y = Ji(u

iapp’ japp
1=1,2, n=1, ...,

(18)

where J;(uf, u}), i =1, 2 are the optimal equilibrium
values of the cost functions (2).

Proof: 'We prove only the case ¢ = 1. The proof of
the case 7 = 2 is similar. When uﬁ;p is used, the value of
the performance index is

Ji( (n) (n) ) =

Uiapps U2app x(O)TWf:)x(O), (19)

2

where W™ is the positive semidefinite solution of the
following multiparameter algebraic Lyapunov equation
(MALE)

(Ae _ SleXén) _ SQeY'e(n))Twl(Z)
AW (A, = 51X — 8o, Y™

+Q1 + XM S XM +YMaL Y =0, (20)

with

A, =d'A, S =050t G =o'l

Subtracting (6a) from (20) we find that Vl(e") = W1(Z) - X,

satisfies the following MALE

— S YTV

+V1(en)(‘4 _ SleX(") S Y("))
X = Xo)S1e (XM - Xe)
+YeSQe(Xén) - Xe) + (Xén) - Xe)SQeY;
+Y MG Y —Y.Gh. Y. = 0.

(Ao — Spe X

21

Using the relations X{™ — X, = o(z"*+), YA — v, =
O(i™*1) and ji — u = O(p"*1), we can change the form
of (21) into (22)

— 8o Y M) Ty

Sy V(™M) + O™ ) = 0.(22)

(Ao — Spe X
+V1(en)(Ae - SleXén)

It is easy to verify that Vl(e") = O(i"*!) because A, —
S1e X — S, V™ = ®71[D + O(p)] is stable by using
the standard Lyapunov theorem [10] for sufficiently small
1. Consequently, the equality (18) holds. [ ]

Consequently, although £; is unknown, we can design the
high—order O(ji"*!) approximate strategy which achieves
the O(zi"*!) approximation for the equilibrium value of the
cost functional.

Using the similar technique of the proof of Theorem 2,
the following conditions are satisfied.
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Theorem 3: Under Assumptions 1-3, the following result
holds.
Ji(us, uS) ) = Ji(us, ) + O (23)
Finally, by using the simllar manner which has been
established in [2], the main result is easily derived.
Theorem 4: Under Assumptions 1-3, the use of the
high—order strategies (16) results in (24)

Ji(ugg’gp, “§2;p> < Ji(u;, ugzl))p) +O(E™ ™. (24
Proof: Let us rewrite an inequality (24) as
(n) (71) (n)
Ji(u Uiapp> Jmp) Ji(uiy u Jmp)
_ () ) *
- J’i (ui'llprﬂ ]u)pp) ( _])
Jilui, uj) — (uz, u;)
+ i, wf) = Jius, ufo)). (25)

J app

Using (18), (5) and (23), the proof of (24) completes. The
other case is similar. [ ]
We will present an important implication. If the parame-
ters £; are unknown and R;; = 0, 7 # j, then the following
corollary is easily seen in view of Theorem 4.
Corollary 1: Under Assumptions 1-3, the use of the
parameter—independent strategies

ufr (1) ~Ry' BT Xu(t), (26a)
us) (t) — Ry, BIVa(t), (26b)

results in
Tl ul) ) < Jiug, w0 )+ 0@). @27

Proof: Since the result of Corollary 1 can be proved
by using the similar technique in Theorem 4 under the fact
that X — X = O(ir) and Y — Y = O(ji), the proof is
omitted. [ ]

It is worth pointing out that the result of (27) is derived
without the nonsingularity assumption of A;; compared
with the existing one [2].

V. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of our proposed
approximate strategy, we have run a numerical example.
The system matrix is given as Appendix A in [1].

0 0 45 0 1
00 0 45 -1
Ap=|0 0 —-005 0 -01 |,
00 0 005 o0l
[0 0 327 327 0
[0 0 0 0
0 0 0 0
App= 01 0|, Ap=1| 0 0 |,
0 0 0.1 0
L 0 0 0 0
00 0 00
Aw—_o 0 -04 0 0]’

000 0 0
AQO_[O 0 0 —04 o]’

—0.05  0.05
A11—A22—[ 0 _0.1],

31123222[0(.)1],

Ri1 = Ra2 =20, Riz2 = Ro1 =0,
Qi=diag(1 1 1 1 1 1 1 0 0),
Qx=diag(1 1 1 1 1 0 0 1 1).

It is assumed that the parameters ¢; satisfy the following
constraint.

Ej—O'jﬂQSEj Sz::j—FO'jﬂQ, j=1, 2. (€2))]

Therefore, the desired approximation on the basis of the
iterative algorithm for the construction of high—order strat-
egy is up to one, that is, n = 1. Using the results of this
paper the solutions X and Y of (11) are given in Tablel.
We evaluate the costs using the approximate Nash strategies

gg)pp which is given by (26) and the proposed high—order
Nash strategies u§ E)pp We assume that the initial conditions
are zero mean independent random vector with covariance
matrix.

Elx(0)z(0)"]
= 10 *diag(1, 1, 0.01, 0.01, 1, 1, 1, 1, 1)(32)

Moreover, let us define the error equations between the
optimal cost and the approximate cost.

BlJi(ui . uled V) = E[J;(uf, ul)]

s . iapp> “japp J
J : ﬂn—f—l ’

j=1,2 n=0, 1.

(33)

The average value of the cost functionals J;(u}, u¥),

j
Ji (uifgp, ngl)m) and the errors (5(" are given in Table

2 and Table 3. These show that ugu)pp

(0) (0) :
Ujanps Ujapp)- Finally, even if the

the cost functional J;(u japp
small perturbation parameters are unknown, the proposed
high—order approximate strategies guarantee the desired

performance level as long as the inequality (31) holds.

(t) has improved

VI. CONCLUSION

The linear quadratic Nash games for infinite horizon non-
standard MSPS have been studied. Firstly, the uniqueness,
the boundedness and the asymptotic structure of the solution
for the GCMARE have been newly proved. Secondly, the
high—order approximate strategy which is based on the
new iterative algorithm has been proposed without the
exact information of the singular perturbation parameters.
As a result, for values of p that are not too small, the
proposed higher order approximations strategies attain the
desired performance. Moreover, since the nonsingularity
assumptions for the fast state matrices are not needed, our
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Table 1.

5.5643 7.7043¢e —1 4.690de +1 —2.9538¢ —2  2.4629¢ — 1
B 7.7043e — 1 3.2860 1.9692¢ —2  2.3452¢ +1 —3.1520e — 1
Xoo = 4.6904e +1 1.9692¢ —2  6.4215e +2 —2.1432¢ + 2 4.7125
—2.9538¢ —2  2.3452¢ +1 —2.1432¢ +2  4.0104e + 2 —5.7292
2.4629¢ —1 —3.1520e — 1 4.7125 —5.7292 1.2843
S, _ [ 9-2357e+1 3.8775¢ —2 1.2397e+3 —4.220le +2 9.2791
1071 4472le+1 1.8776e —2 5.7503e¢ +2 —2.0435e + 2 4.4932
%, — | —5:8162¢—2 4.6178¢ +1 —4.220le +2 7.8967¢ +2 —1.1281e +1 . [ 99473 3.2453
207 | _2.8163e —2 2.236le +1 —2.0435¢ +2 3.8237¢ + 2 —5.4626 |’ 11 T | 3.2453 6.5165
3.2860 7.7043¢ —1 2.3452e +1 1.9692¢ —2  3.1520e — 1
B 7.7043e — 1 5.5643 —2.9538¢ —2  4.6904e +1 —2.4629¢ — 1
Yoo = | 2.3452e +1 —2.9538¢ —2  4.0104e +2 —2.1432¢ + 2 5.7292
1.9692¢ —2  4.6904e +1 —2.1432e +2 6.4215e + 2 —4.7125
3.1520e — 1 —2.4629¢ — 1 5.7292 —4.7125 1.2843
v _ [ 46178e+1 —5.8162e —2 7.8967e +2 —4.220le+2 1.1281e +1
1071 2236le+1 —2.8163¢ —2 3.8237¢ +2 —2.0435e + 2 5.4626
g, _ [ 38775e —2 9.2357e +1 —4.220le +2 1.2397e +3 —9.2791 Voo — | 99473 3.2453
20 = | 1.8776e —2 4.472le+1 —2.0435e¢ +2 5.7503e¢+2 —4.4932 |’ 7227 | 3.2453 6.5165
Table 2.
0 0 0 0 * * * * 0 0
€1 €2 J1(u§a)pp7 uga)pp)Jg(uga)pp, éa)pp) Ji(uy, ud) Ja(u, ud) 55 ) 55 )
102 102 || 1.2637¢ — 3 1.2637¢ — 3 1.2314e — 3 1.2314e — 3 3.2317¢ — 3 3.2317¢ — 3
1072 | 5x 1073 || 1.1773e — 3 1.1602e — 3 1.1611e — 3 1.1644e — 3 2.2959% — 3 5.9933¢ — 4
10-3 1073 || 1.0356e — 3 1.0356e — 3 1.0388¢ — 3 1.0388¢ — 3 3.2315¢ — 3 3.2315¢ — 3
1073 | 5x10~% || 1.0344e — 3 1.0329¢ — 3 1.0361e — 3 1.0361e — 3 2.4272¢ — 3 4.5428¢ — 3
10—4 104 || 1.028% — 3 1.0289% — 3 1.0293¢ — 3 1.0293¢ — 3 3.5009e — 3 3.5009e — 3
Table 3.
1 1 1 1 * * * * 1 1
el e @l W) W@l WS @y wg) [ e, wp) sV sV
102 102 || 1.2252¢ — 3 1.2252¢ — 3 1.2314e — 3 1.2314e — 3 6.1218¢ — 2 6.1218¢ — 2
102 | 5x 1073 || 1.1665e¢ — 3 1.1539¢ — 3 1.1611e — 3 1.1644e — 3 1.0903e — 1 2.1043e — 1
10-3 1073 || 1.0388¢ — 3 1.0388¢ — 3 1.0388¢ — 3 1.0388¢ — 3 5.6898¢ — 2 5.6898¢ — 2
1073 | 5x10~* || 1.0361e — 3 1.0360e — 3 1.0361e — 3 1.0361e — 3 6.3971e — 2 2.0829¢ — 1
10~ 10~% || 1.0293¢ — 3 1.0293¢ — 3 1.0293¢ — 3 1.0293¢ — 3 5.6335¢ — 2 5.6335¢ — 2
ugggpp = [ —2.236le — 1 —9.3878¢ — 5 —2.8752 1.0217 —2.2466e — 2 —1.6226e — 2 —3.2582¢ — 2 0 0] x (28a)
uggjpp = [ —9.3878¢ — 5 —2.2361le — 1 1.0217 —2.8752 2.2466e — 2 0 0 —1.6226e — 2 —3.2582¢ — 2] z (28b)
ugypp = [ —2.2361le — 1 1.5376e — 4 —3.0361 1.0978 3.0086e — 2 —7.4515e¢ — 2 —6.0807e — 2 2.0119¢ — 2 9.7420e — 3] z (29a)
ugypp = [ 1.5376e — 4 —2.2361e — 1 1.0978 —3.0361 —3.0086e — 2 2.0119¢ — 2 9.7420e — 3 —7.4515e — 2 —6.0807e — 2] z (29b)

ui(t) = [ —2.2361le — 1 2.0084e — 4 —2.9106 9.7258e¢ — 1 3.161le — 2 —7.5473e — 2 —6.0799¢ — 2 2.0153e — 2 9.4638e — 3] z (30a)
us(t) = [ 2.0084e — 4 —2.2361le — 1 9.7258e¢ —1 —2.9106 —3.1611le — 2 2.0153e — 2 9.4638e¢ — 3 —7.5473e — 2 —6.0799%¢ — 2 ] z(30b)

proposed method is applicable to wider class of the practical
MSPS.
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