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Abstract— In this paper, the linear quadratic Nash games for
infinite horizon multiparameter singularly perturbed systems
(MSPS) are discussed. The uniqueness and the asymptotic
structure of the solution to the generalized cross–coupled
multiparameter algebraic Riccati equations (GCMARE) are
newly established without the nonsingularity assumptions for
the fast state matrices. The main contribution of this paper is
that a construction of high–order approximations to a strategy
that guarantees a desired performance level on the basis of a
new iterative technique is proposed. As a result, it is shown that
the high–order accuracy strategy improves the performance.

I. INTRODUCTION

The control problems for the multiparameter singularly
perturbed systems (MSPS) have been investigated exten-
sively (see e.g., [1] and reference therein). In these various
studies of the MSPS, the linear quadratic Nash games for
MSPS have been studied [2], [3]. Recent advance in theory
of numerical computation for the singularly perturbed sys-
tems (SPS) and the MSPS has allowed a revisiting of Nash
games [4], [7], [8]. The numerical method is a very powerful
tool, it can not only efficiently find feasible solutions, but
also easily handle reduced–order calculation. However, a
limitation of these approaches is that the small parameters
are assumed to be known. Thus, it is not applicable to
a large class of problems where the parameters represent
small unknown perturbations whose values are not known
exactly.

It is well–known that one of the approaches for con-
structing Nash equilibrium strategies of the MSPS is the
composite design method [2], [3]. When the parameters
represent the small unknown perturbations, the composite
strategies are very useful. However, the composite Nash
equilibrium solution achieves only a performance which
is O(µ) (where µ :=

√
ε1ε2) close to the full–order

performance for small enough µ. Therefore, for values of
µ that are not too small, higher order approximations based
on the reduced–order equations are needed to guarantee the
desired performance.

In this paper, the linear quadratic Nash games for infinite
horizon MSPS are studied. We first investigate the unique-
ness and boundedness of the solution to the generalized
cross–coupled multiparameter algebraic Riccati equations
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(GCMARE) and newly establish its asymptotic structure
without nonsingularity assumption that the fast state ma-
trices are invertiable. The main contribution of this paper
is to propose the high–order approximate strategy via a
new iterative method. This leads to effective asymptotic and
numerical algorithm. It is worth pointing out that the pro-
posed high–order approximate strategy can be constructed
by using of the approximate values of the small parameters.
Numerical example shows that the proposed high-order
accuracy strategy improves the performance compared with
the existing parameter independent strategy.
Notation: The notations used in this paper are fairly stan-
dard. The superscript T denotes matrix transpose. In de-
notes the n× n identity matrix. E[·] denotes the expection
operator.

II. PROBLEM FORMULATION

Consider a linear time–invariant MSPS [1]

ẋ0 =
2∑

i=0

A0ixi +
2∑

i=1

B0iui, x0(0) = x0
0, (1a)

ε1ẋ1 = A10x0 + A11x1 + B11u1, x1(0) = x0
1, (1b)

ε2ẋ2 = A20x0 + A22x2 + B22u2, x2(0) = x0
2 (1c)

with quadratic cost functions

Ji(ui, uj) =
1
2

∫ ∞

0

[yT
i yi + uT

i Riiui + µuT
j Rijuj]dt,

Rii > 0, Rij ≥ 0, µ :=
√

ε1ε2, (2a)

yi = Ci0x0 + Ciixi = Cix, (2b)

x(t) =

⎡
⎣ x0(t)

x1(t)
x2(t)

⎤
⎦ , i = 1, 2,

where xi ∈ Rni , i = 0, 1, 2 are the state vectors and
ui ∈ Rmi , i = 1, 2 are the control inputs. All the matrices
are constant matrices of appropriate dimensions.

ε1 and ε2 are two small positive singular bounded per-
turbation parameters of the same order of magnitude which
are constrained by the known parameter σj such that

ε̄j − σjµ̄
η ≤ εj ≤ ε̄j + σjµ̄

η, j = 1, 2, (3a)

0 < k1 ≤ α ≡ ε1

ε2
≤ k2 < ∞, (3b)

where µ̄ :=
√

ε̄1ε̄2, ε̄j and σj, j = 1, 2 are known
constants. η is some constant which has an appropriate
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degree of accuracy for parameter εj . It should be noted
that the parameter εj is unknown but its bound are known.

It is assumed that the limit of α exists as ε1 and ε2 tend
to zero (see e.g., [1]), that is

ᾱ = lim
ε1→+0
ε2→+0

α. (4)

It is worth pointing out that the matrices Aii, i = 1, 2 may
be singular. In fact such systems arise in some real physical
applications like a flexible space structure [6]. In this case,
it should be noted that the composite design [2], [3] cannot
be applied.

Let us introduce the partitioned matrices

A :=

⎡
⎣ A00 A01 A02

A10 A11 0
A20 0 A22

⎤
⎦ ,

B1 :=

⎡
⎣ B01

B11

0

⎤
⎦ , B2 :=

⎡
⎣ B02

0
B22

⎤
⎦ ,

S1 := B1R
−1
11 BT

1 =

⎡
⎣ S001 S011 0

ST
011 S111 0
0 0 0

⎤
⎦ ,

S2 := B2R
−1
22 BT

2 =

⎡
⎣ S002 0 S022

0 0 0
ST

022 0 S222

⎤
⎦ ,

Gµ
1 = µB1R

−1
11 R21R

−1
11 BT

1 =

⎡
⎣ Gµ

001 Gµ
011 0

GµT
011 Gµ

111 0
0 0 0

⎤
⎦ ,

Gµ
2 = µB2R

−1
22 R12R

−1
22 BT

2 =

⎡
⎣ Gµ

002 0 Gµ
022

0 0 0
GµT

022 0 Gµ
222

⎤
⎦ ,

Q1 := CT
1 C1 =

⎡
⎣ Q001 Q011 0

QT
011 Q111 0
0 0 0

⎤
⎦ ,

Q2 := CT
2 C2 =

⎡
⎣ Q002 0 Q022

0 0 0
QT

022 0 Q222

⎤
⎦ .

We now consider the linear quadratic Nash games for
infinite horizon nonstandard MSPS (1) under the following
basic assumptions (see e.g., [2], [5]).

Assumption 1: There exists a µ∗ > 0 such that the triples
(Ae, Bie, Ci), i = 1, 2 are stabilizable and detectable for
all µ ∈ (0, µ∗], where µ =

√
ε1ε2.

Assumption 2: The triples (Aii, Bii, Cii), i = 1, 2 are
stabilizable and detectable.

These conditions are quite natural since at least one
control agent has to be able to control and observe unstable
modes. Our purpose is to find a linear feedback controller
(u∗

1, u∗
2) such that

Ji(u∗
i , u∗

j ) ≤ Ji(ui, u∗
j ), i, j = 1, 2, i �= j. (5)

Nash inequality shows that u∗
i regulates the state to zero

with minimum output energy. The following lemma is
already known [2], [3].

Lemma 1: Under Assumption 1, there exists an admis-
sible controller such that the inequality (5) holds iff the
following full–order GCMARE

AT X + XT A + Q1 − XT S1X

−XT S2Y − Y T S2X + Y T Gµ
2Y = 0, (6a)

AT Y + Y T A + Q2 − Y T S2Y

−Y T S1X − XT S1Y + XT Gµ
1X = 0, (6b)

have solutions ΦeX ≥ 0 and ΦeY ≥ 0, where

X :=

⎡
⎣ X00 ε1X

T
10 ε2X

T
20

X10 X11
√

α
−1

XT
21

X20
√

αX21 X22

⎤
⎦ ,

Y :=

⎡
⎣ Y00 ε1Y

T
10 ε2Y

T
20

Y10 Y11
√

α
−1

Y T
21

Y20
√

αY21 Y22

⎤
⎦ ,

Φe :=

⎡
⎣ In0 0 0

0 ε1In1 0
0 0 ε2In2

⎤
⎦ .

Then the closed–loop linear Nash equilibrium solutions to
the full–order problem are given by

u∗
1(t) = −R−1

11 BT
1 Xx(t), (7a)

u∗
2(t) = −R−1

22 BT
2 Y x(t). (7b)

It should be noted that it is impossible to solve the GC-
MARE (6) because the small perturbed parameter εi are
partially unknown.

III. ASYMPTOTIC STRUCTURE

Nash equilibrium strategies for the MSPS will be studied
under the following basic assumption, so that we can apply
the proposed method to the nonstandard MSPS.

Assumption 3: The Hamiltonian matrices Tiii, i = 1, 2
are nonsingular, where

Tiii :=
[

Aii −Siii

−Qiii −AT
ii

]
. (8)

Under Assumptions 2 and 3, using the similar technique
in [9], we can obtain the following zeroth–order equations
of the GCMARE (6) as µ → +0

AT
s X̄00 + X̄00As + Qs1 − X̄00Ss1X̄00

−X̄00Ss2Ȳ00 − Ȳ00Ss2X̄00 = 0, (9a)

AT
s Ȳ00 + Ȳ00As + Qs2 − Ȳ00Ss2Ȳ00

−Ȳ00Ss1X̄00 − X̄00Ss1Ȳ00 = 0, (9b)

AT
11X̄11 + X̄11A11 − X̄11S111X̄11 + Q111 = 0, (9c)

AT
22Ȳ22 + Ȳ22A22 − Ȳ22S222Ȳ22 + Q222 = 0, (9d)

X̄22 = 0, Ȳ11 = 0,[
X̄T

10

Ȳ T
10

]T

=
[

X̄11 −In1

]
T−1

111T101

[
In0 0
X̄00 Ȳ00

]
,(9e)

[
X̄T

20

Ȳ T
20

]T

=
[

Ȳ22 −In2

]
T−1

222T202

[
0 In0

X̄00 Ȳ00

]
, (9f)
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where
[

As *
* −AT

s

]

=
[

A00 *
* −AT

00

]
− T011T

−1
111T101 − T022T

−1
222T202,[

* −Ss1

−Qs1 *

]
= T001 − T011T

−1
111T101,[

* −Ss2

−Qs2 *

]
= T002 − T022T

−1
222T202,

T001 =
[

A00 −S001

−Q001 −AT
00

]
, T011 =

[
A01 −S011

−Q011 −AT
10

]
,

T101 =
[

A10 −ST
011

−QT
011 −AT

01

]
, T002 =

[
A00 −S002

−Q002 −AT
00

]
,

T022 =
[

A02 −S022

−Q022 −AT
20

]
, T202 =

[
A20 −ST

022

−QT
022 −AT

02

]
.

The following theorem shows the relation between the
solutions X and Y and the zeroth–order solutions X̄lm and
Ȳlm, lm = 00, 10, 20, 11, 21, 22.

Theorem 1: Suppose that

detΓ

= det
[

ÂT
s ⊗ In0 + In0 ⊗ ÂT

s

−[(Ss1Ȳ00)T ⊗ In0 + In0 ⊗ (Ss1Ȳ00)T ]
−[(Ss2X̄00)T ⊗ In0 + In0 ⊗ (Ss2X̄00)T ]

ÂT
s ⊗ In0 + In0 ⊗ ÂT

s

]

�= 0, (10)

where Âs := As − Ss1X̄00 − Ss2Ȳ00 and the matrix Âs is
stable.

Under Assumptions 1–3, the GCMARE (6) admits the
solutions X and Y such that these matrices possess the
power series expansion at µ = 0. That is,

X = X̄ + O(µ) =

⎡
⎣ X̄00 0 0

X̄10 X̄11 0
X̄20 0 0

⎤
⎦ + O(µ), (11a)

Y = Ȳ + O(µ) =

⎡
⎣ Ȳ00 0 0

Ȳ10 0 0
Ȳ20 0 Ȳ22

⎤
⎦ + O(µ), (11b)

where for any positive integer l, lim
µ→+0

O(µl)
µl

< ∞.

Proof: Since the proof can be done by using the
similar technique in [9], it is omitted.

It should be noted that there are no matrices Gµ
ie, i =

1, 2 in the CMARE (6) which has been considered in [9].
Therefore, our result is extension of the existing one. In
addition, it is worth pointing out that the asymptotic struc-
tures of the solutions X and Y are established without the
assumption that the matrices Aii, i = 1, 2 are nonsingular
compared with the existing result in [2].

IV. ITERATIVE TECHNIQUE

The solutions of (11) can be changed as follows.

X = X̄ + µE

= X̄ + µ

⎡
⎣ E00

√
αXT

10

√
α
−1

XT
20

E10 E11
√

α
−1

ET
21

E20
√

αE21 E22

⎤
⎦ , (12a)

Y = Ȳ + µF

= Ȳ + µ

⎡
⎣ F00

√
αY T

10

√
α
−1

Y T
20

F10 F11
√

α
−1

F T
21

F20
√

αF21 F22

⎤
⎦ , (12b)

where Xj0 = X̄j0 +µEj0 and Yj0 = Ȳj0 +µFj0, j = 1, 2.
Substituting (12) into the GCMARE (6) and using

AT X̄ + X̄T A + Q1 − X̄T S1X̄

−X̄T S2Ȳ − Ȳ T S2X̄ = 0, (13a)

AT Ȳ + Ȳ T A + Q2 − Ȳ T S2Ȳ

−Ȳ T S1X̄ − X̄T S1Ȳ = 0, (13b)

we have

DT E + ET D − LT F − F T L + Y T G2Y

−µ(ET S1E + ET S2F + F TS2E) = 0, (14a)

DT F + F TD − MT E − ET M + XT G1X

−µ(FT S2F + F T S1E + ET S1F ) = 0, (14b)

where

E =

⎡
⎣ E00

√
αXT

10

√
α
−1

XT
20

E10 E11
√

α
−1

ET
21

E20
√

αE21 E22

⎤
⎦ ,

F =

⎡
⎣ F00

√
αY T

10

√
α
−1

Y T
20

F10 F11
√

α
−1

F T
21

F20
√

αF21 F22

⎤
⎦ ,

D = A − S1X̄ − S2Ȳ =

⎡
⎣ D00 Dx01 Dy02

Dx10 Dx11 0
Dy20 0 Dy22

⎤
⎦ ,

L = S2X̄ =

⎡
⎣ Lx00 0 0

0 0 0
Lx20 0 0

⎤
⎦ ,

M = S1Ȳ =

⎡
⎣ My00 0 0

My10 0 0
0 0 0

⎤
⎦ ,

Dx01 = A01 − S011X̄11, Dx11 = A11 − S111X̄11,

Dy02 = A02 − S022Ȳ22, Dy22 = A22 − S222Ȳ22,

D00 = A00 − S001X̄00 − S002Ȳ00 − S011X̄10 − S022Ȳ20,

Dx10 = A10 − ST
011X̄00 − S111X̄10,

Dy20 = A20 − ST
022Ȳ00 − S222Ȳ20,

Lx00 = S002X̄00 + S022X̄20,

Lx20 = ST
022X̄00 + S222X̄20,
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My00 = S001Ȳ00 + S011Ȳ10,

My10 = ST
011Ȳ00 + S111Ȳ10,

G1 = B1R
−1
11 R21R

−1
11 BT

1 , G2 = B2R
−1
22 R12R

−1
22 BT

2 .

When the parameters εj are known, the GCMARE (14) can
be solved by using the existing results [7], [8]. However,
the exact values are unknown for the considered problem in
this paper. Hence, we propose the new following iterative
algorithm (15) which does not depend on information of
these parameters.

DT E(n+1) + E(n+1)T D − LT F (n+1) − F (n+1)T L

+Y (n)T G2Y
(n) − µ̄(E(n)T S1E

(n)

+E(n)T S2F
(n) + F (n)T S2E

(n)) = 0, (15a)

DT F (n+1) + F (n+1)T D − MT E(n+1) − E(n+1)T M

+X(n)T G1X
(n) − µ̄(F (n)T S2F

(n)

+F (n)T S1E
(n) + E(n)T S1F

(n)) = 0, (15b)

where the integer of n means the necessary iteration number

to attain the desired performance level. α̃ :=
ε̄1

ε̄2
, µ̄ :=

√
ε̄1ε̄2,

E(n) =

⎡
⎢⎣

E
(n)
00

√
α̃X

(n)T
10

√
α̃
−1

X
(n)T
20

E
(n)
10 E

(n)
11

√
α̃
−1

E
(n)T
21

E
(n)
20

√
α̃E

(n)
21 E

(n)
22

⎤
⎥⎦ ,

F (n) =

⎡
⎢⎣

F
(n)
00

√
α̃Y

(n)T
10

√
α̃
−1

Y
(n)T
20

F
(n)
10 F

(n)
11

√
α̃
−1

F
(n)T
21

F
(n)
20

√
α̃F

(n)
21 F

(n)
22

⎤
⎥⎦ ,

X
(n)
j0 = X̄j0 + µ̄E

(n)
j0 , Y

(n)
j0 = Ȳj0 + µ̄F

(n)
j0 , j = 1, 2,

with

E(0) =

⎡
⎢⎣

E
(0)
00

√
α̃X̄T

10

√
α̃
−1

X̄T
20

E
(0)
10 E

(0)
11

√
α̃
−1

E
(0)T
21

E
(0)
20

√
α̃E

(0)
21 E

(0)
22

⎤
⎥⎦ ,

F (0) =

⎡
⎢⎣

F
(0)
00

√
α̃Ȳ T

10

√
α̃
−1

Ȳ T
20

F
(0)
10 F

(0)
11

√
α̃
−1

F
(0)T
21

F
(0)
20

√
α̃F

(0)
21 F

(0)
22

⎤
⎥⎦ ,

DT E(0) + E(0)T D − LT F (0) − F (0)T L

+Ȳ T G2Ȳ = 0,

DT F (0) + F (0)T D − MT E(0) − E(0)T M

+X̄T G1X̄ = 0.

Using the iterative algorithm (15), we now give the high–
order approximate Nash strategy (16).

u
(n)
1app(t) = −R−1

11 BT
1 (X̄ + µ̄E(n−1))x(t)

= −R−1
11 BT

1 X(n)x(t), n = 1, ... , (16a)

u
(n)
2app(t) = −R−1

22 BT
2 (Ȳ + µ̄F (n−1))x(t)

= −R−1
22 BT

2 Y (n)x(t), n = 1, ... . (16b)

Theorem 2: Assume that

ε̄j − σjµ̄
n+1 ≤ εj ≤ ε̄j + σjµ̄

n+1, j = 1, 2. (17)

Under Assumptions 1–3, the use of the high–order approx-
imate strategy (16) results in Ji(u

(n)
iapp, u

(n)
japp) satisfying

Ji(u
(n)
iapp, u

(n)
japp) = Ji(u∗

i , u∗
j ) + O(µ̄n+1), (18)

i = 1, 2, n = 1, ... ,

where Ji(u∗
i , u∗

j ), i = 1, 2 are the optimal equilibrium
values of the cost functions (2).

Proof: We prove only the case i = 1. The proof of
the case i = 2 is similar. When u

(n)
1app is used, the value of

the performance index is

J1(u
(n)
1app, u

(n)
2app) =

1
2
x(0)T W

(n)
1e x(0), (19)

where W
(n)
1e is the positive semidefinite solution of the

following multiparameter algebraic Lyapunov equation
(MALE)

(Ae − S1eX
(n)
e − S2eY

(n)
e )T W

(n)
1e

+W
(n)
1e (Ae − S1eX

(n)
e − S2eY

(n)
e )

+Q1 + X(n)
e S1eX

(n)
e + Y (n)

e Gµ
2eY

(n)
e = 0, (20)

with

Ae = Φ−1
e A, Sie = Φ−1

e SiΦ−1
e , Gµ

ie = Φ−1
e Gµ

i Φ−1
e .

Subtracting (6a) from (20) we find that V
(n)
1e = W

(n)
1e −Xe

satisfies the following MALE

(Ae − S1eX
(n)
e − S2eY

(n)
e )T V

(n)
1e

+V
(n)
1e (Ae − S1eX

(n)
e − S2eY

(n)
e )

+(X(n)
e − Xe)S1e(X(n)

e − Xe)
+YeS2e(X(n)

e − Xe) + (X(n)
e − Xe)S2eYe

+Y (n)
e Gµ

2eY
(n)
e − YeG

µ
2eYe = 0. (21)

Using the relations X
(n)
e − Xe = O(µ̄n+1), Y

(n)
e − Ye =

O(µ̄n+1) and µ̄ − µ = O(µ̄n+1), we can change the form
of (21) into (22)

(Ae − S1eX
(n)
e − S2eY

(n)
e )T V

(n)
1e

+V
(n)
1e (Ae − S1eX

(n)
e − S2eY

(n)
e ) + O(µ̄n+1) = 0.(22)

It is easy to verify that V
(n)
1e = O(µ̄n+1) because Ae −

S1eX
(n)
e − S2eY

(n)
e = Φ−1

e [D + O(µ̄)] is stable by using
the standard Lyapunov theorem [10] for sufficiently small
µ̄. Consequently, the equality (18) holds.

Consequently, although εj is unknown, we can design the
high–order O(µ̄n+1) approximate strategy which achieves
the O(µ̄n+1) approximation for the equilibrium value of the
cost functional.

Using the similar technique of the proof of Theorem 2,
the following conditions are satisfied.
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Theorem 3: Under Assumptions 1–3, the following result
holds.

Ji(ui, u
(n)
japp) = Ji(ui, u∗

j ) + O(µ̄n+1). (23)
Finally, by using the similar manner which has been

established in [2], the main result is easily derived.
Theorem 4: Under Assumptions 1–3, the use of the

high–order strategies (16) results in (24)

Ji(u
(n)
iapp, u

(n)
japp) ≤ Ji(ui, u

(n)
japp) + O(µ̄n+1). (24)

Proof: Let us rewrite an inequality (24) as

Ji(u
(n)
iapp, u

(n)
japp) − Ji(ui, u

(n)
japp)

= Ji(u
(n)
iapp, u

(n)
japp) − Ji(u∗

i , u∗
j )

+Ji(u∗
i , u∗

j ) − Ji(ui, u∗
j )

+Ji(ui, u∗
j ) − Ji(ui, u

(n)
japp). (25)

Using (18), (5) and (23), the proof of (24) completes. The
other case is similar.

We will present an important implication. If the parame-
ters ε̄j are unknown and Rij = 0, i �= j, then the following
corollary is easily seen in view of Theorem 4.

Corollary 1: Under Assumptions 1–3, the use of the
parameter–independent strategies

u
(0)
1app(t) = −R−1

11 BT
1 X̄x(t), (26a)

u
(0)
2app(t) = −R−1

22 BT
2 Ȳ x(t), (26b)

results in

Ji(u
(0)
iapp, u

(0)
japp) ≤ Ji(ui, u

(0)
japp) + O(µ̄). (27)

Proof: Since the result of Corollary 1 can be proved
by using the similar technique in Theorem 4 under the fact
that X − X̄ = O(µ̄) and Y − Ȳ = O(µ̄), the proof is
omitted.

It is worth pointing out that the result of (27) is derived
without the nonsingularity assumption of Aii compared
with the existing one [2].

V. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of our proposed
approximate strategy, we have run a numerical example.
The system matrix is given as Appendix A in [1].

A00 =

⎡
⎢⎢⎢⎢⎣

0 0 4.5 0 1
0 0 0 4.5 −1
0 0 −0.05 0 −0.1
0 0 0 −0.05 0.1
0 0 32.7 −32.7 0

⎤
⎥⎥⎥⎥⎦ ,

A01 =

⎡
⎢⎢⎢⎢⎣

0 0
0 0

0.1 0
0 0
0 0

⎤
⎥⎥⎥⎥⎦ , A02 =

⎡
⎢⎢⎢⎢⎣

0 0
0 0
0 0

0.1 0
0 0

⎤
⎥⎥⎥⎥⎦ ,

A10 =
[

0 0 0 0 0
0 0 −0.4 0 0

]
,

A20 =
[

0 0 0 0 0
0 0 0 −0.4 0

]
,

A11 = A22 =
[ −0.05 0.05

0 −0.1

]
,

B01 = B02 =
[

0 0 0 0 0
]T

,

B11 = B22 =
[

0
0.1

]
,

R11 = R22 = 20, R12 = R21 = 0,

Q1 = diag
(

1 1 1 1 1 1 1 0 0
)
,

Q2 = diag
(

1 1 1 1 1 0 0 1 1
)
.

It is assumed that the parameters εj satisfy the following
constraint.

ε̄j − σjµ̄
2 ≤ εj ≤ ε̄j + σjµ̄

2, j = 1, 2. (31)

Therefore, the desired approximation on the basis of the
iterative algorithm for the construction of high–order strat-
egy is up to one, that is, n = 1. Using the results of this
paper the solutions X̄ and Ȳ of (11) are given in Table1.
We evaluate the costs using the approximate Nash strategies
u

(0)
japp which is given by (26) and the proposed high–order

Nash strategies u
(1)
japp. We assume that the initial conditions

are zero mean independent random vector with covariance
matrix.

E[x(0)x(0)T ]
= 10−4diag(1, 1, 0.01, 0.01, 1, 1, 1, 1, 1).(32)

Moreover, let us define the error equations between the
optimal cost and the approximate cost.

δ
(n)
j :=

|E[Ji(u
(n)
iapp, u

(n)
japp)] − E[Ji(u∗

i , u∗
j )]|

µ̄n+1
,

j = 1, 2, n = 0, 1. (33)

The average value of the cost functionals Ji(u∗
i , u∗

j),
Ji(u

(n)
iapp, u

(n)
japp) and the errors δ

(n)
j are given in Table

2 and Table 3. These show that u
(1)
jappx(t) has improved

the cost functional Ji(u
(0)
iapp, u

(0)
japp). Finally, even if the

small perturbation parameters are unknown, the proposed
high–order approximate strategies guarantee the desired
performance level as long as the inequality (31) holds.

VI. CONCLUSION

The linear quadratic Nash games for infinite horizon non-
standard MSPS have been studied. Firstly, the uniqueness,
the boundedness and the asymptotic structure of the solution
for the GCMARE have been newly proved. Secondly, the
high–order approximate strategy which is based on the
new iterative algorithm has been proposed without the
exact information of the singular perturbation parameters.
As a result, for values of µ that are not too small, the
proposed higher order approximations strategies attain the
desired performance. Moreover, since the nonsingularity
assumptions for the fast state matrices are not needed, our
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Table 1.

X̄00 =

⎡
⎢⎣

5.5643 7.7043e − 1 4.6904e + 1 −2.9538e − 2 2.4629e − 1
7.7043e − 1 3.2860 1.9692e − 2 2.3452e + 1 −3.1520e − 1
4.6904e + 1 1.9692e − 2 6.4215e + 2 −2.1432e + 2 4.7125

−2.9538e − 2 2.3452e + 1 −2.1432e + 2 4.0104e + 2 −5.7292
2.4629e − 1 −3.1520e − 1 4.7125 −5.7292 1.2843

⎤
⎥⎦

X̄10 =

[
9.2357e + 1 3.8775e − 2 1.2397e + 3 −4.2201e + 2 9.2791
4.4721e + 1 1.8776e − 2 5.7503e + 2 −2.0435e + 2 4.4932

]

X̄20 =

[ −5.8162e − 2 4.6178e + 1 −4.2201e + 2 7.8967e + 2 −1.1281e + 1
−2.8163e − 2 2.2361e + 1 −2.0435e + 2 3.8237e + 2 −5.4626

]
, X̄11 =

[
9.9473 3.2453
3.2453 6.5165

]

Ȳ00 =

⎡
⎢⎣

3.2860 7.7043e − 1 2.3452e + 1 1.9692e − 2 3.1520e − 1
7.7043e − 1 5.5643 −2.9538e − 2 4.6904e + 1 −2.4629e − 1
2.3452e + 1 −2.9538e − 2 4.0104e + 2 −2.1432e + 2 5.7292
1.9692e − 2 4.6904e + 1 −2.1432e + 2 6.4215e + 2 −4.7125
3.1520e − 1 −2.4629e − 1 5.7292 −4.7125 1.2843

⎤
⎥⎦

Ȳ10 =

[
4.6178e + 1 −5.8162e − 2 7.8967e + 2 −4.2201e + 2 1.1281e + 1
2.2361e + 1 −2.8163e − 2 3.8237e + 2 −2.0435e + 2 5.4626

]

Ȳ20 =

[
3.8775e − 2 9.2357e + 1 −4.2201e + 2 1.2397e + 3 −9.2791
1.8776e − 2 4.4721e + 1 −2.0435e + 2 5.7503e + 2 −4.4932

]
, Ȳ22 =

[
9.9473 3.2453
3.2453 6.5165

]

Table 2.

ε1 ε2 J1(u
(0)
1app, u

(0)
2app)J2(u

(0)
2app, u

(0)
2app) J1(u∗

1, u∗
2) J2(u

∗
1 , u∗

2) δ
(0)
1 δ

(0)
2

10−2 10−2 1.2637e − 3 1.2637e − 3 1.2314e − 3 1.2314e − 3 3.2317e − 3 3.2317e − 3
10−2 5 × 10−3 1.1773e − 3 1.1602e − 3 1.1611e − 3 1.1644e − 3 2.2959e − 3 5.9933e − 4
10−3 10−3 1.0356e − 3 1.0356e − 3 1.0388e − 3 1.0388e − 3 3.2315e − 3 3.2315e − 3
10−3 5 × 10−4 1.0344e − 3 1.0329e − 3 1.0361e − 3 1.0361e − 3 2.4272e − 3 4.5428e − 3
10−4 10−4 1.0289e − 3 1.0289e − 3 1.0293e − 3 1.0293e − 3 3.5009e − 3 3.5009e − 3

Table 3.

ε1 ε2 J1(u
(1)
1app, u

(1)
2app)J2(u

(1)
2app, u

(1)
2app) J1(u∗

1, u∗
2) J2(u

∗
1 , u∗

2) δ
(1)
1 δ

(1)
2

10−2 10−2 1.2252e − 3 1.2252e − 3 1.2314e − 3 1.2314e − 3 6.1218e − 2 6.1218e − 2
10−2 5 × 10−3 1.1665e − 3 1.1539e − 3 1.1611e − 3 1.1644e − 3 1.0903e − 1 2.1043e − 1
10−3 10−3 1.0388e − 3 1.0388e − 3 1.0388e − 3 1.0388e − 3 5.6898e − 2 5.6898e − 2
10−3 5 × 10−4 1.0361e − 3 1.0360e − 3 1.0361e − 3 1.0361e − 3 6.3971e − 2 2.0829e − 1
10−4 10−4 1.0293e − 3 1.0293e − 3 1.0293e − 3 1.0293e − 3 5.6335e − 2 5.6335e − 2

u
(0)
1app =

[
−2.2361e − 1 −9.3878e − 5 −2.8752 1.0217 −2.2466e − 2 −1.6226e − 2 −3.2582e − 2 0 0

]
x (28a)

u
(0)
2app =

[
−9.3878e − 5 −2.2361e − 1 1.0217 −2.8752 2.2466e − 2 0 0 −1.6226e − 2 −3.2582e − 2

]
x (28b)

u
(1)
1app =

[
−2.2361e − 1 1.5376e − 4 −3.0361 1.0978 3.0086e − 2 −7.4515e − 2 −6.0807e − 2 2.0119e − 2 9.7420e − 3

]
x (29a)

u
(1)
2app =

[
1.5376e − 4 −2.2361e − 1 1.0978 −3.0361 −3.0086e − 2 2.0119e − 2 9.7420e − 3 −7.4515e − 2 −6.0807e − 2

]
x (29b)

u∗
1(t) =

[
−2.2361e − 1 2.0084e − 4 −2.9106 9.7258e − 1 3.1611e − 2 −7.5473e − 2 −6.0799e − 2 2.0153e − 2 9.4638e − 3

]
x (30a)

u∗
2(t) =

[
2.0084e − 4 −2.2361e − 1 9.7258e − 1 −2.9106 −3.1611e − 2 2.0153e − 2 9.4638e − 3 −7.5473e − 2 −6.0799e − 2

]
x(30b)

proposed method is applicable to wider class of the practical
MSPS.
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[1] H. K. Khalil and P. V. Kokotović, “Control strategies for decision
makers using different models of the same system,” IEEE Trans.
Automatic Control, vol. 23, no.4, pp. 289–298, 1978.

[2] H. K. Khalil, “Multimodel design of a Nash strategy,” Journal of
Optimization Theory and Applications, vol. 31, no. 4, pp.553–564,
1980.

[3] H. K. Khalil and P. V. Kokotovic, “Control of linear systems with
multiparameter singular perturbations,” Automatica, vol. 15, no. 2,
pp.197–207, 1979.

[4] S. Koskie, D. Skataric and B. Petrovic, “Convergence proof for
recursive solution of linear–quadratic Nash games for quasi–singularly
perturbed systems,” Dynamics Continuous, Discrete and Impulsive
Systems, vol.9b, pp.317–333, 2002.
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