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A Computationally Efficient Numerical Algorithm for Solving
Cross-Coupled Algebraic Riccati Equation and Its Application to
Multimodeling Systems

Hiroaki Mukaidani

Abstract—In this paper, a new algorithm for solving cross—
coupled algebraic Riccati equation (CARE) is proposed. Since
the new algorithm is based on the fixed point algorithm, the
solutions can be obtained independently as the solution of
the algebraic Lyapunov equation. As a result, the convergence
and the positive semidefiniteness of the obtained solutions are
guaranteed. In order to show the validity of the proposed
algorithm, the linear quadratic infinite horizon Nash game for
general multiparameter singularly perturbed systems (GMSPS)
is applied. The local uniqueness and the asymptotic structure
of the solutions to the cross—coupled multiparameter algebraic
Riccati equation (CMARE) is newly established by means of
implicit function theorem. Moreover, a new formulation related
to the reduced—order CARE is derived. Utilizing the new
formulation and the asymptotic structure of the solutions to
CMARE, the approximate Nash strategy is constructed.

I. INTRODUCTION

The linear quadratic Nash games and their applications
have been studied widely in many literatures (see e.g., [1]).
It is well-known that in order to obtain a Nash equilib-
rium strategy, the cross—coupled algebraic Riccati equations
(CARE) must be solved. In [2], the Newton—type algorithm
for solving the CARE has been applied. In [9], an algo-
rithm that is called the Lyapunov iterations for solving the
CARE has been derived. However, these researches have
concentrated on determining feedback gain matrices for the
2-players Nash games. It should be noted that it is extremely
hard to find the solution of the N—coupled CARE (see e.g.,
[3] and reference therein) because the required computational
workspace is needed to IV times of the dimension of the full—
systems.

The control problems for the multiparameter singularly
perturbed systems (MSPS) have been investigated exten-
sively (see e.g., [5], [6], [7] and reference therein). Recent
advance in the numerical algorithms for the singularly per-
turbed systems (SPS) and MSPS have allowed us to revisit
the study on Nash games [8], [10], [11], [12]. The numerical
computation approach is very powerful and reliable. It would
be used to find feasible solutions and to raise the accuracy
of the approximate Nash strategy. However, only 2-players
Nash games have been studied. In order to avoid this
constraint, it is very important to investigate the extension to
N-players Nash games. Recently, the fixed point algorithm
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for solving the N—coupled CARE that is related to the large—
scale weakly coupled systems has been considered [13].
However, since the proof of the convergence is based on the
special structure of the weakly coupled systems, there is no
convergence proof for the N—coupled CARE of the general
systems. Moreover, there are no results for the uniqueness
that is related to the solution of the CARE.

In this paper, a new algorithm for solving the N—coupled
CARE of the general systems is proposed. Since the new
algorithm is based on the fixed point algorithm, the re-
quired workspace for computing the solution is the same
as each subsystem dimension. Moreover, the convergence
and the positive semidefiniteness of the obtained solutions
are guaranteed. It should be noted that these properties can
be proved by using the successive approximation technique.
It is worth pointing out that the proof of the convergence
for the general system is newly given. In order to show
the validity of the proposed algorithm, the linear quadratic
infinite horizon Nash game for the general multiparameter
singularly perturbed systems (GMSPS) is applied. After
proving the boundedness and asymptotic structure of the
solutions of the cross—coupled multiparameter algebraic Ric-
cati equation (CMARE), the reduced—order solutions that is
independent of the small parameter ¢; are computed via the
new algorithm. Moreover, a new formulation related to the
reduced—order CARE is introduced. Particularly, it is newly
shown the local uniqueness for the solutions of the CMARE
in a neighborhood of the reduced—order CARE. It should be
noted that the local uniqueness is proved for the first time.
Finally, utilizing the iterative solutions of the reduced—order
CMARE, the approximate Nash strategy is constructed.
Notation: The notations used in this paper are fairly standard.
block diag denotes the block diagonal matrix. ® denotes
the Kronecker product. I, € R™ "™ denotes the identity
matrix. Opxq € RP*7 denotes the zero matrix.

II. PRELIMINARY RESULT

Consider a linear time—invariant system

N
2(t) = Az(t) + ZBq;uq;(t), 2(0) = 2°, (1)
i=1
and a quadratic cost function
1 [~ 7 T
Ji(u1, ... ,un) = 3 [2" Qiz + u; Ryu;ldt, (2)
0
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where 2(t) € R™ is a state vector, u;(t) € R™i are
the control inputs. All matrices above are of appropriate
dimensions.

The decision makers are required to select the closed loop
strategy u;, if they exist, such that

Ji(ui, ..., uy)
< Ji(ul, e, uiog, wi, uig, e, Uy, 3)
i=1, .. ,N.

The set (uj, ..., u} ) are called Nash optimal strategy. Nash
inequality shows that u] regulates the state to zero with
minimum input and output energy. The following lemma is
already known [1].

Lemma 1: There exists an admissible strategy such that
the inequality (3) holds iff the following cross—coupled
algebraic Riccati equation (CARE) has solution X; > 0.

T

N
+A-D 8% | X

=1
+X:9: X +Qi =0, 4)

where S; = B;R; 'BY.

Then the closed—loop linear Nash equilibrium solutions to
the problem are given by

u(t) = —R; "B} X;z(t). ©)

In order to obtain a Nash equilibrium strategy (5), the
CARE (4) need to be solved. Although the algorithm that
is based on the fixed point algorithm has been investigated
[9], only 2—players Nash games have been studied. Thus, a
new algorithm and its convergence proof for solving the N—
coupled CARE of the general systems are newly investigated.

It is shown that the algorithm converges to the positive
semidefinite stabilizing solutions of (4) under the following
control-oriented assumption.

Assumption 1: The triples (A, B;, v/Q;), i=1, ... ,N
are stabilizable and detectable.

Now, let us consider the following fixed point algorithm
for solving the CARE (4).

N
X [A=-)8X;

T

N N
Xi(n-l—l) A_ Z SjXJ('n) +la- Z SjXJ('n) Xi(n-l—l)
j=1 j=1
™ a y® | o _
+X; 95X+ Qi =0, (6)

where Xi(o) is the solutions of the following algebraic Riccati
equations (AREs).

XPA+ 47X - x{V5 x40, =0,
XA - 5x) + (A - 5x)TxY
~X{" x5 + Q2 =0,

N-1 N-1 T
XP (A= 5x0) + [4a-3 5,x7) x{
j=1 j=1
XV x® +Qn=0

Theorem 1: Under Assumption 1, the positive semidef-
inite solutions of the CARE (4) exist. It is obtained by
performing the fixed point algorithm (6).

Proof: We give the proof by using the successive ap-
proximation technique [15]. Firstly, we take any stabilizable
linear strategy u.” (¢, z) = —R; "BTX(”%(t). Then, the
following minimization problems need to be considered.

At Z S X%

J=1, j#i

(oo}
Vi(z, t) zmin/ [T Qiz + ul Ryu;]dr.
t

) + B; uz( )7 (7a)
| (7o)

Corresponding Hamiltonians to the Nash differential games
for each control agent are given below.

H; (t, z, u(lo), S T ug\(,)), pio))
= 2(t)"Qiz(t) + ua(t )TR'W( t)

Z S X%

J=1, j#i

+7 (1) 2(t) + Buui(t) |, (8)

where

0
2V ) =p"(), i=12 . N,

(t) =

N
A=DT8X9 ) 2(),

[ee]
VO = [ o
t

The equilibrium controls must satisfy the following equation

oH;
811;1'

(Qz‘ + Xi(o)SiXi(O)) zdr.

1
=0 = 4\, )= 3R BT @), (9)

0
Note that V(O)(z t) along the system trajectory can be
calculated ?rom (10).

9 : d (0 :
“v . =1, 2 10
VO 020 = VO 0, =12 (0)
In fact, we obtain the following equations (11).
9 Of ©
8zV (2, t) A— Z S; X 2(t)
- (Q¢+XfO)SiXi(O)) 2(1). (11)

Assume that these simple partial differential equations (11)
have solutions of the following form

VO, 1) = 2T XM 2(1). (12)
A partial differentiation to (12) gives
0
VO 0 =2xMzt) =p (). (a3

0z
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Therefore, using (11) and (13), for any z(¢) we have

T

N N
XM A-3"5x00 + [4-3"5x7) xV
j=1 j=1
+x 075, x4 @, =0. (14)
Thus, from (9) and (13), we get
uV(t, 2) = —R7'B,xM2(), XV >0, (15)

Repeating the above steps, we get ugz)(t, z) =
~R7'BXP2(t), X > 0. Continuing the same pro-
cedure, we get the sequences of the solution matrices.
Finally, by using the monotonicity result of the successive
approximations and the minimization technique in the neg-
ative gradient direction [15], we get a monotone decreasing
sequence

Vi < v, ), (16)
where Vi(")(z7 t) > 0. Thus, these sequences (6) are conver-
gent. Note that the sequences p\™ (t) and u{"™ (¢, z) are also

0
convergent, since a‘/i(")(z7 t) = pﬁ"’)(t), ug"’)(t, z) =
1 _

—§R;13f p" Y (t). Consequently, from the method of
successive approximations [15], the convergence proof is
completed.

n)

Second, we prove that Xi( is positive semidefinite and

N
A(n) == A — Z SjX](-") is stable. The first stage is to prove
j=1
that A(n) is stjable. The proof is done by using mathematical
induction. When n = 0, A(0) is stable because Xi(o) is the
stabilizing solution of the ARE. Next n = k, we assume that
A(k) is stable. Substituting n = k into (7) instead of n = 0,
the minimization problem (7) produce a stabilizing control
given by
u§k+1)(t, Z) _ _Ri—leTXi(k-i-l)Z(t). (17)
It is obvious from the method of successive approximations
[15] that A(k + 1) is stable since it is the stable matrix of
the closed—loop system. Thus, A(n) is stable for all n € N.
The next stage is to prove that X\™ is positive semidefinite
matrix. This proof is also done by using mathematical
induction. When n = 0, it is obvious that Xi(") is positive
semidefinite matrix because X i(o) is the positive semidefinite
solution of the ARE. Next n = k, we assume that Xi(k') is
positive semidefinite matrix. Using the Lyapunov theory [14]
and fact that A(n) is stable, Xi(k'ﬂ) is positive semidefinite
matrix. Thus, Xi(") is positive semidefinite matrix for all
n € N. Consequently, the proof of Theorem 1 is completed.
|
It should be noted that the convergence rate of the fixed
point algorithm is unclear to date.

III. PROBLEM FORMULATION

In order to show the validity of the proposed algorithm (6),
the linear quadratic infinite horizon Nash game for the MSPS
is applied. Consider a linear time—invariant GMSPS

N N
Ty = ZAOixi + Z Boju;, 70(0) = 2], (18a)
i=0 i=1

gy = Ajoro + Ay + Biui, x;(0) =29, (18b)

with the quadratic cost functions

1 (oo}
Ji(ul, ,uN) = 5/ [szyz + uiTR”ui]dt, (19a)
0
Y = Ciozo + Cyzs = Cy, (19b)
e=[al oF - 257, (19¢)
R;>0,i=1, ... ,N,
where x; € R™, ¢ =0, 1, ..., N are the state vectors, u; €

R™:, i =1, ..., N are the control inputs, y; € Rli, i =
0, 1, ... , N are the outputs. It is supposed that the ratios
of the small positive parameter ¢, > 0,2 = 1, ... , N are
bounded by some positive constants k 1%1,- (see e.g., [5],

[6]),

ijo

£ -
0 < kyj gaijzg—? < kij < oo. (20)
K]

Furthermore, it is also assumed that the limit of «;; exists
as g; and ¢; tend to zero, that is

&ij = lim Qg (21)
g;—+0
g;—+0
Let us introduce the partitioned matrices
Ao Aoy
A:= ,
[ Ao Ay
T
Aof:Z[Am : AON],AfOIZ[AlTo A%O] ’
Ay :=block diag ( A1 Ann ),
BlO Bio BON
Bn 0
Bii=| O |, Bi:=| By |, Byi= 0 ,
0 0 Bnn
S;:=DB;R;;'B}
[ Sz'oo 0 0 Sz'()i 0 0 1
0 O 0 0 O 0
_ 0 0 0 0 O 0
| SEoo - 0 Sy O 0 [’
0 O 0 0 O 0
. 0 O 0 0 O 0 |
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[ Qico O 0 Qioi 0 --- 0

0 0 0 0 0O --- 0

Qz-_C’LCi - %i 0 0 Q’L“ 0O --- 0
0 0 0 0 0O --- 0

Without loss of generality, the following basic assumptions
(see e.g., [7], [9]) are made.

Assumption 2: 1) The triples (A, B;, C;), i =
1, ..., N are stabilizable and detectable.
2) The triples (A, Bii, Ci), @ = 1, ... ,N are

stabilizable and detectable.

The decision makers are required to select the closed loop
strategy u;, if they exist, such that (3) holds. The following
lemma is already known [12], [13].

Lemma 2: There exists an admissible strategy such that
the inequality (3) holds iff the generalized cross—coupled
multiparameter algebraic Riccati equations (GCMARESs)

T

N N
PFlA=Y "S;Pi|+ A=Y s;P| P
j=1 j=1
+Pl'S; P+ Q; =0, (22)
have solutions P;, := ®&.F; > 0, where
®. := block diag( L, eiln, -+ enlny ),
Il := block diag ( e1fn, -+ enlny ),
- T
[ Pio
Pipo = , e Py = Pf}ﬂe,
| Pino
[ P an2Ph aisPL
Pioy Piao a3 Py
Py = : : :
Pyn-11 Piwv-12 Piv-1)3
Piny Pino Pins
v Pl
aian Pl

O‘i(N—l)NPEV(N—l)
PiNnn
Then the closed—loop linear Nash equilibrium solutions to
the full-order problem are given by

ul(t) = —R;' Bl Pa(t). (23)
It should be noted that it is impossible to solve the GCMARE
(22) if the small perturbed parameter €; are unknown. In fact,
it is well-known that the small perturbed parameter ¢; are
often not known exactly [5], [6]. Thus, our purpose is to find

the approximate Nash strategies.

IV. ASYMPTOTIC STRUCTURE

Nash equilibrium strategies for the GMSPS will be studied
under the following basic assumption.

Assumption 3: The Hamiltonian matrices T3, ¢ =

1, ... N are nonsingular, where
| A =S

Under Assumptions 2 and 3, using the similar technique in
[12], the following zeroth—order equations of the GCMARE
(22) are given as |u| := /e + -+ + &% — +0 where p :=
[e1 --- en]”. Moreover, the new formulation related to the
reduced—order CARE is also given.

N N - T7
Pioo | As =Y Ss, Pjoo | + | As =D S, Pioo | Pioo
Jj=1 j=1
+pz'1(;OSS¢PiOO + Q% =0, (25a)
AL Py + PyiiAii — PyiiSiii Piai + Qi = 0, (25b)
P =0, k>1, Pjj;=0, i#j (25¢)
[ Piio Pao -++ Pnio |
Pi1y 1 I, o --- 0
= T 5° 5 5 , (25d
[ —In, ] Ht 101[ Pioo Paoo -+ Pnoo (25d)
[ Pi2o P22 -++ Pnoo |
= T
222 -1 o I, --- O
= T595T: 5 50 = , (25e
[ —In, ] 222 202[ Pioo Paoo -+ Pnoo ] (25¢)
[ Pino Pano -+ Pnno |
= T
PNNN | et 0 0 - I,
= TynnT. 5 B S 1,25
|:_ITLN:| NNN NON[Ploo Paoo -+ Pnoo (25D

where

A * A * N

X 00 —1

[*g _AT]:=[ . _A&]'—§1Emﬂmj%m
1=

S

* -5, »
- *87, ] =Tio0 — TOiiTiz‘ilTi()i’
Qs,
Ao —Sioo Ao —Sioi ]
Tioo = » Tooi = ’
00 [—QM)—A& YL Qo AL

- _sr.
Tiio = [ _Aon _i’%’ ] ,i=1, ... ,N.
i0i 0i

The following theorem shows the relation between the
solutions P; and the zeroth—order solutions Pjy; i =
1, .. ,N, k>0, 0<k, I <N.

Theorem 2: Suppose that the condition (26) of the top
of this page holds. Under Assumptions 2 and 3, there is a
neighborhood V(0) of |u| = 0 such that for all |u|| € V(0)
there exists a solution P; = P;(e1, ... ,en). These solutions
are unique in a neighborhood of P; = P;(0, ... ,0). Then,
the GCMARE (22) possess the power series expansion at
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AT @ Ing+1n, @ AT
—(Ss1 P200) ® Ing —Ing ® (Ss; Paoo)

det
—(851 Pnoo) ® Ing—1Ing ® (Ssy Pnoo) —(Ssy Prnoo) ® Ing —Ing ® (Ssy Pnoo) -+
# 07
N
where /15 = Ag — Z Ssj ]5]-00 and /15 are stable matrix.
j=1

|| = 0. That is, the following form is satisfied.
P; =P+ O(|ul)

Py 0 ---0 0 0 ---0
Pip 0---0 0 0 ---0

| Py 0 -+ 0 Py 0 -+ 0 +O(|ul). @7
Pnxo O ---0 0 0 ---0

Proof: First, zeroth-order solutions for the asymptotic
structure of GCMARE (22) are established. Under Assump-
tion 3, the following equality holds.

[ Aii _Sz'ii]
—Qi —Al;

| e O Ay
Py Iy, 0

where /ALL“ = A'Li — S“zp“z Since E“ is nonsingular, /ALL“
is also nonsingular. This means that Ti;il can be expressed
explicitly in terms of fl;iil. Therefore, using the above result,
the formulations (25) are obtained. These transformations
can be done by the lengthy, but direct algebraic manipula-
tions, which are omitted here.

For the local uniqueness of the solutions P; =
P;(e1, ... ,eNn), it is enough to verify that the corresponding
Jacobian is nonsingular at || = 0. Formally calculating
the derivative of the GCMARE (22) and after some tedious
algebra, the left-hand side of (26) is obtained. Setting ||u| =
0 and using (25), the condition (26) is obtained. Finally,
the implicit function theorem implies that there is a unique
solutions map P; = P;(ey, ... ,en) and a neighborhood
V(0) of ||u|| = 0 because the condition (26) is equivalent to
the corresponding Jacobian at |u| = 0. [ |

It is well-known that the GCMARE (22) could have
several positive definite solutions and even some indefinite
solutions [4]. However, since the implicit function theorem
admits the unique solution at the neighborhood of |u| = 0,
the uniqueness of these solutions with the form (11) are
guaranteed if the optimal solutions exist.

Although the proposed linear equations (25a) seem to
be formidable because these equations are coupled with
other solutions Pigp, these equations can be solved easily
by applying the proposed algorithm (6).

Let us consider the following algorithm (28) that is based
on the fixed point algorithm (6) for solving the linear

—AL —Pyi I, |’

147

—(Ss, 15190) ® Ing —Ing @ (Ss, Pigo)
AT @ Ing +1In, @ AT

. —(Sle?mo) @ Ing —Ing ® (Sle?loo)
- —(Ssn P200) @ Ing —Ing @ (Ssn P200)

AT @ Iy +1pn, @ AT
(26)

equations (25a).
T

N N
Pl As = 854, Pgd |+ A = D054 Plod | Pigg™
j=1 j=1

+P50T S Pt + Qs =0, (28)
where
ATP{) + P{p) Ay — P{)Se, Pigy + Qs =0,
(As — Ss, PO0) " Py + Pigp (As — S5, Ploy)
— P Ss, Py + Quy = 0,
T
N—-1 N—-1
(0 =(n =(n =(n+1
Pool As = 37 S, PGd |+ As = D7 S, Pl | Plios”
j=1 j=1

+P1(\;Z))OSSNPJ(\;Z))O +Qsy =0.

Lemma 3: Suppose that there exists the unique positive
semidefinite stabilizing solution of the CARE (25a). It is
obtained by performing fixed point algorithm (28). That is,
the algorithm (28) converges to the exact solution of the
CARE (25a).

Proof: Since this result is obtained directly by applying
the result of Theorem 1, it is omitted. ]

It can be seen that these equations (28) can be solved
rather easily due to other solutions independent structure.

V. APPROXIMATE NASH STRATEGY

Using the result (27), the N—order approximate Nash
strategy is given.

u;(t) == —R;;'Bf Pz(t), i=1, ... ,N, (29)

Theorem 3: Under Assumptions 2 and 3, the use of the
approximate Nash strategy (29) results in J;(41, ... , Un)
satisfying

Ji(t1, ., Un) = Ji(ul, .., un)+O0(ul), (30)

i=1, .. ,N,

where J;(uf, ..., u}) are the optimal equilibrium values
of the cost functions (19a).

Proof: When ;(t) is used, the equilibrium value of
the cost performances are

Ji(tr, ..., an) =27 (0)X;e2(0), 31
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where X, is the positive semidefinite solution of the follow-
ing multiparameter algebraic Lyapunov equation (MALE)

N N B T
X’ie Ae_z Sjere + Ae_z Sjere X’ie
j=1 j=1
+Q; + PieSicPie =0, (32)

with A, = q)e_lA, Sie = q)e_lsiq)e_l and P;, = ¢ .P;e.
Subtracting (22) from (32), it is easy to verify that V;. =
Xie — Pie, P;e := P P; satisfies the following MALE.

N N B T
Vtie Ae_z Sjere + Ae_z Sjere Vtie
j=1 j=1
+(pie - Pie)Sie(Pie - Pie)
N
+ Z PieSje(pje - Pje)
Jj=1, j#i
N —
+ > (Pje— Pje)SjePic = 0. (33)

J=1, j#i
Using the relation P;. — P;e = O(|u|)), the following MALE
holds.

N N r
Vtie Ae_z Sjere + Ae_z Sjere Vtie
j=1 j=1
= O([ul)- 34
Thus, it is easy to verify that Ve = O(|ul|) because
N
A — Z S;ePj. is stable by using the standard Lyapunov
j=1
theorem [14] for sufficiently small |u|. Consequently, the
equality (30) holds. [ ]

Although ¢; is unknown, it is possible to design the
approximate Nash strategy which achieves the O(||u|) ap-
proximation for the equilibrium value of the cost functional.

VI. CONCLUSION

In this paper, the new algorithm for solving CARE has
been proposed. Since the new algorithm is based on the
fixed point algorithm, it is possible to compute the solution
with each subsystem dimension. Furthermore, the conver-
gence and the positive semidefiniteness of the solutions have
been newly proved. After establishing the new numerical
algorithm, the linear quadratic infinite horizon Nash game
for the GMSPS has been investigated. As a result, we have
succeeded in obtaining the approximate Nash strategy. As
another important feature, the new formulation related to
the reduced-order CARE has been extended to N-players
Nash games. Furthermore, it has also been proved that the
local uniqueness for the solutions of the CMARE in a
neighborhood of the reduced—order CARE is attained. It
would be worth pointing out that the local uniqueness of
the original solutions is proved for the first time.

Regarding the reduced order CARE, it is desirable to
discuss in more details the computational amount compared

with the full order solution. This feature will be investigated
in the near future.
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