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Abstract

In this paper, we consider the linear quadratic optimal control problem for multiparameter singularly perturbed systems in which N
lower-level fast subsystems are interconnected through a higher-level slow subsystem. Different from the existing methods, a new method
is developed to design a near-optimal controller which does not depend on the unknown small parameters. It is shown that the resulting
controller in fact achieves an O(||u||*) approximation to the optimal cost of the original optimal control problem.
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1. Introduction

The deterministic and stochastic multimodeling stability,
control, filtering and dynamic games have been investigated
extensively by several researchers (see e.g., Khalil, 1979,
1980, 1981; Khalil & Kokotovi¢, 1978, 1979a, b; C)zgiiner,
1979; Salman, Lee, & Boustany, 1990; Coumarbatch &
Gaji¢, 2000a, b; Gajic, 1988; Gaji¢ & Khalil, 1986; Wang,
Paul, & Wu, 1994). In order to obtain the optimal solution
to the multimodeling problems, we must solve the multi-
parameter algebraic Riccati equation (MARE), which is
parameterized by the small positive same order parame-
ters ¢,/ = 1,...,N. Various reliable approaches for solv-
ing the MARE have been well documented in literatures
(see e.g., Coumarbatch & Gaji¢, 2000a, b; Mukaidani,
Xu, & Mizukami, 2002). However, a limitation of these
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approaches is that the small parameters are assumed to be
known. Thus, it is not applicable to a large class of prob-
lems where the parameters represent small unknown pertur-
bations whose values are not known exactly. On the other
hand, although it is well known that a popular approach to
deal with the multiparameter singularly perturbed systems
is the two-time-scale design method (see e.g., Kokotovié,
Khalil, & O’Reilly, 1986; Wang et al., 1994), the existing
controller only achieves O(||u||) (where ||u|| denotes the
norm of the vector [&; - - - &y]) approximation of the optimal
cost.

In this paper, we study the linear quadratic optimal con-
trol problem for nonstandard multiparameter singularly
perturbed systems (MSPS). The considered MSPS is more
general compared with Mukaidani and Mizukami (2001)
and is based on the specific structure of the lower-level
multi-fast subsystems and a higher-level slow subsys-
tem (Ozgiiner, 1979). We first investigate the unique and
bounded solution of the MARE and establish its asymptotic
structure. Using the asymptotic structure, a new near-optimal
controller which does not depend on the values of the small
parameters is obtained. It is newly shown that the resulting
controller achieves O(||u||*) approximation of the optimal
cost. As another important feature, we prove that the new
near-optimal controller is equivalent to the existing one in
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the case of the standard and the nonstandard MSPS. We
claim that the proposed controller includes the composite
near-optimal controller (Khalil & Kokotovi¢, 1979a) as a
special case since the proposed controller can be constructed
even if the fast state matrices are singular. Moreover, we
also claim that the near-optimal controller via the descrip-
tor variable approach (Wang et al., 1994) is equivalent to
the proposed controller under certain conditions. Therefore,
we emphasize that the composite controller obtained by
decomposing the full systems and the approximation con-
troller obtained by eliminating ¢; of the full controller are
identical.

Notation: The superscript T denotes matrix transpose.
det L denotes the determinant of square matrix L. I, de-
notes the n x n identity matrix. || - || denotes its Euclidean
norm for a matrix. block-diag denotes the block diago-
nal matrix. vec M denotes the column vector of the ma-
trix M (Magnus & Neudecker, 1999). ® denotes the Kro-
necker product. Uy, denotes a permutation matrix in the
Kronecker matrix sense (Magnus & Neudecker, 1999) such
that Uy, veeM = vecMT, M eR>*”. E[ - ] denotes the
expection operator.

2. Multiparameter singularly perturbed systems

We consider a specific structure of N-lower-level
multi-fast subsystems interconnected through the dynam-
ics of a higher-level slow subsystem (See e.g., Ozgiiner,
1979).

N
so(t) = Aowxo(t) + Y Aojx;(1)

J=1

N
+ 3 Bojuj(0). x0(0) =3, (1a)
j=1

& (1) = Ajoxo(t) + Ajx;(t) + Bju (1),

x(0)=x, j=1,2,....N, (1b)
Yo(t) = Cooxo(?), (Ic)
where x; €R%, j = 0,1,...,N are the state vectors,

u;eR™, j=1,2,...,N are the control inputs, y; € R",
j=0,1,...,N are the outputs. We assume that the ra-
tios of the small positive parameter ¢; >0, j =1,2,...,N
are bounded by some positive constants k;;, /Eij (see e.g.,
Khalil, 1979, 1980, 1981; Khalil & Kokotovi¢, 1978,
1979a, b),

O<kij<ocij53<kij<oo. (2)

Note that one of the fast state matrices 4;;, j =1,2,...,N
may be singular. The performance criterion is given by

© N
773 /0 YO0+ u (OR;us(0) | de
j=1

e N
:5/0 X (OOx(t) + > uj (HRu;(t) | dt, 3)

Jj=1
where

O = )" m@)" - @) eR,

N

I_Z:le,

Jj=0

MO = Do) 1T - ()] R,

j=0
Qo Qor al
Q= l » Qoo = Z CjoCios
ng Qf j=0 ’
Qoy :=[Qo1 -+ Q] =I[CCu -+ CyyC1,
Oy := block-diag(Q11 --- Owy)
=block-diag(C[,Cyy -+ ClyCaw).

Let the optimal control for the regulator problem (1) and
(3) be

uopt(t) = Koptx(t) = [ulopt(t)T T uNopt(t)T]T

=—R7'BIP.x(1), 4)
where P, satisfies the MARE
P, A, + AP, — PSP, +Q=0 (5)
with
I1, := block-diag(e,/,, - enlny ),

Aoo Aoy
A, = ' ,
;' 4z 114y
Aoy = [Aor -+ Aov], Apo:=1[A]y -+ Aol
Ay := block-diag(4;; --- Aww),
Soo SoI1;!
S, :=B.R'Bl = ,
o;'Sy, ;'S0



H. Mukaidani et al. | Automatica 39 (2003) 21572167 2159

N
Soo := BoR™'By = Bo;R; "By,
J=1

Sos :=BoR™ "By =[So1 -+ Sow]

= [BoiR;'B]; BonRy'Biy |
Sy =B R 'B} =block-diag(S;; -+ Swv)

= block-diag(By Ry 'B]; --- BavRy'Biy)s

By
Bei=1 | , Bo:=1[Bor -+ Bonl,
I, By

By = block-diag(B11 --- Bwyw),
R := block-diag(R; --- Ry).

Since the matrices 4, and B, contain the term of g;l,
a solution P, of the MARE (5), if it exists, must contain
terms of ¢;. Taking this fact into consideration, we look for
a solution P, of the MARE (5) with the structure

Py Ppll,

P, = ' , Poo = P,
HePfo HePf

Py
Pypy = ,

Pno
Pf =
[ Py wnPy o3Py an Py, ]

Py Py a3 P), aonPys
Poy-1y Pw—12 Pw-1p OC(N—l)NP;z(N_l)
L P Pyo Py3 Pyy i
T

m.p; = PHI,.

In the following analysis, we need some assumptions.
Specifically, in order to guarantee the existence of the
reduced-order algebraic Riccati equation (ARE) and its
standard stabilizability and the detectability conditions when
lull == /&3 +& + -+ & — +0, Assumptions 2 and 3
are needed (Mukaidani, 2001). These assumptions play an
important role in proving Lemma 6 which will be given
later.

Assumption 1. The triples (4;;, Bj;, Cj;), j=1,2,....N
are stabilizable and detectable.

Assumption 2.

slyy — Ao —Aoy  Bo _
rank =, (6a)
—Ayo Ay By
$hny — Ago _A];'O Co
ran . T | = n, (6b)
—Ay, —A} ]
where
Coo 0O 0 0 0
CIO C|1 0 0 0
C() = . 5 Cf = 5
Cno 0O 0 0 -+ OCw

with Vs € C, Re[s] > 0.

Assumption 3. The Hamiltonian matrices

Aj =S
T, = [ C|i=12..N
—Qy  —4j

are nonsingular.

Before investigating the optimal control problem, we in-
vestigate the asymptotic structure of the MARE (5). Let us
introduce the scaling matrices @, := block-diag(/,, II.).
In order to avoid the ill-conditioned caused by the large
parameter 8;1 which is included in the MARE (5), we
introduce the following useful lemma.

Lemma 4. The MARE (5) is equivalent to the follow-
ing generalized multiparameter algebraic Riccati equation
(GMARE) (7)

GP)=P"A+A"P—P'SP+0=0, (7)
where
_ [Aoo Aoy 6. [ Soo Soy 1
Ao Ay sy Sl

P =

Py Ploll, 1
Pro Py
Proof. Firstly, by direct calculation we verify that P,=®,P.

Secondly, it is easy to verify that 4 = ®.4,, S = D,.S.P..
Hence,

A'TP=al®,0,'P, = AP, PSP
=P.0;'0,8,8,9,'P, = P,S,P,.

By using the similar calculation, we can immediately rewrite
(5)as (7). O
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The GMARE (7) can be partitioned into
f1="PgoAoo + AgyPoo + Pfod so + AP ro — PioSooPoo
—PoSP o — PogSorP o

— P}4S0Poo + Qoo =0, (8a)

f2 ZAgoP,TfoHe + A}'OPJ' + Pgodos + P}oAf
— PooSooP oIl — PoSq ;P oIl

— P3ySosPr — ProSyPr+ Qoy =0, (8b)

f3=PiAs+ APy + .Prodos + Ao Plolle — PrSyPy
= PySopProlle = I1eProSos Py
- HePfOSOOP}H‘OHe + Qf =0. (8¢c)

It is assumed that the limit of o;; exists as ¢; and ¢; tend to
zero (see e.g., Khalil, 1979, 1980, 1981; Khalil & Kokotovi¢,
1978, 1979a, b), that is

O_C,‘j = lim i (9)
Let Py, P ro and P r be the limiting solutions of the above
equation (8) as ¢ — +0, j=1,...,N, then we obtain the
following equations:

PEOAOO + Agopoo + P}:()Afo + A}Opfo - POTOSOOPOO

— PoSsP o — PoySorP ro

— PS5 Poo + Qoo =0, (10a)
—PySyPy+ Qop =0, (10b)
Pids +AjPr —PySpPr+ O =0, (10¢)
where
Pyi=
[ Pu anPy Pl Gy Py )
Py Py &3 P3, Gon P,
Py Pw-1p Pw-1p O_C(Nfl)Np}{/(Nfl)
| P P> Pys e Py |
P;=P}, j=0,1,2,....N. (11)

Note that the ARE (10c) admits an asymmetric solution.
However, it can be seen that the ARE (10c) admits at least
a symmetric positive semidefinite stabilizing solution as
follows.

Theorem 5. Under Assumption 1, the ARE (10¢) admits a
unique symmetric positive semidefinite stabilizing solution
P which can be written as

_;5 := block-diag(P}; -+ Piy). (12)
where IS;*] is a unique symmetric positive semidefinite sta-
bilizing solution for the following AREs, respectively,

D * T px* D * D * _ P

ijAjj +Aijjj — ijSijjj + ij =0,;=12,...,N.
Proof. Substituting (12) into the ARE (10c) as P§ — Py,
it is easy to verify that Pjd, + AP} — PyS;Py + Qf =
0. Furthermore, it can be seen that Pj} = P*}T > 0 and the
following matrix 4 ; — S P is stable because P, is a unique

symmetric positive semidefinite stabilizing solution under
Assumption 1.

Ay — S;P7

= block-diag(A11 — S1113>1k1 . ANN — SNNP;N)-
Consequently, there exists a unique solution of the ARE
(10c) and its solution is (12) itself. [J

Assumption 1 ensures that 4;; — Sjj};j’fj, j=L12,...,N are
nonsingular. Substituting the solution of (10c¢) into (10b)
and substituting 137-0 into (10a) and making some lengthy
calculations (the detail is omitted for brevity), we obtain the
following 0-order equations (13)

Piost + 5Py — PooS Py + 2 =0, (13a)
Plo=—N; + N[ Py, & Py
= —[P3yDo; + (4;4P7; + 0o))1D;;'!
D* —1 I’lo
=[Py~ T; T | . | (13b)
00
Pidy + 417~ PSP+ 0 =0,
D* T p* =) =
& Pydjj + AP — PSPl + 0 =0, (13¢)

where
o = Ao + NiAro + SO/'NZT +NlS/'N2T,
S = So0 + NiSi; + SorN{' + NiSyN|,

2 := Qg — Nad o — AJoN; — N2S/Ny,
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Nl':=—4,"45, = [ — DDy — DoxDyy 1"
=[Ny -+ Nl
NS =A4;"05, = [0nDii -+ OQowDin]'
=[Ny -+ Ny,
Aoy == Aoy — SosPy =[Dor -+ Doyl,
1‘If = Af - S/P? = block—diag(D11 . DNN),
Qor = Qos +AyoP7 =001 -~ Oonl,

Do; := Ao — So;P},

Djj = Aj; — 5P}

JJ’
Qo; = Qo + AP, j=1,2,...,N.
In the following we established the relation between the

GMARE (7) and the 0-order equations (13). Before doing
that, we give the results for the AREs (13).

Lemma 6. Under Assumptions 1-3, the following results
hold:

(1) The matrices </, & and 2 do not depend on ﬁj’fj,
j=12,....,N. That is, following formulations are

satisfied.
o - N
=T — Y To;T;; ' Th, (14)
[—:2 —,QfT‘| /:Zl Jhal ) B
where
Ao —Soo Ao;  —So;
TOO = T 5 T()j = T R
—0Qo  —Ago -0 —4j
Aoy  —S&
Tjozzl S IS I N
—Qy Ay

(i1) There exist a matrix % = [Boy + N11B11 - Boy +
NiyByy] € R™OXM g = Z;V:l m; and a matrix € with
the same dimension as Cy such that & = BR™' %7,
2 = 6"€. Moreover, the triple (<, B, %) is stabi-
lizable and detectable.

Proof. Since the proof can be performed by using the dual
argument in Mukaidani (2003), it is omitted. [

Taking into account the fact that (o7, %, &) is stabilizable
and detectable, the ARE (13a) admits a unique stabilizing
positive semidefinite symmetric solution, denoted by Pj,,
and .o/ — SP}, is stable.

The limiting behavior of P, as the parameter ||u|| — +0
is described by the following theorem.

Theorem 7. Under Assumptions 1-3, there exists a small
o* such that for all ||u|| € (0, ¢*) the MARE (5) admits
a symmetric positive semidefinite stabilizing solution P,
which can be written as

b g | Foot Okl [P}0+0(||u)]THe]

e e - -
Pro+0(lul) Py +O(ulh
P+ O([lulh

[P0 + 0(||/1)]THe‘| s

I[Py +O([uD] He[P} + O(]| )]

In order to prove Theorem 7, we need the following useful
lemma (Mukaidani & Mizukami, 2000).

Lemma 8. Let us consider the linear time-invariant
MSPS

Z1(t) = [Fir + O([|ulD]z1 () + [Fr2 + O([|u])]z2(2),

21(0) =z, (16a)

I1.25(t) = [Fa1 + O(|| |D)z1(2) + [Faz + O(||ul)1z2(2),
2(0) =23, (16b)

where ||u|| is a small positive parameter, z; €RY, j=1, 2
are the state vectors. All matrices above are of appropriate
dimensions.

If Foy and Fy = Fyy — F12F231F21 are stable, then there
exists a small perturbation parameter ||u|| > 0 such that
for all || u| € (0, ||u||] system (16) is asymptotically stable.

Proof. Since the proof can be performed by using the sim-
ilar technique in Mukaidani and Mizukami (2000), it is
omitted. [

Using the Lemma 8, let us prove Theorem 7.

Proof. We apply the implicit function theorem (Gaji¢,
1988) to (8). To do so, it is enough to show that the cor-
responding Jacobian is nonsingular at ||u|| = 0. It can be
shown, after some algebra, that the Jacobian of (8) in the
limit as ||u]| — 0 is given by

ovec(f1, f2, f3)

J=VF=
ovec(Poo, Pro Pr)T =0, pu=p, ro=ry. py=F;
Joo Jor O
=|Jw Ju Jn2|, (17)
0 0 Jp
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where

Joo =1, @ Ayy + Ay @ I,

Jor = (Iny @ Ay)Ungii + Ao © Iy
Jio =43, ® L, = (A3 @ L) Ungnys

J11 —A/ ®[n0, J22—I ®Af +Af ®Im

Ao = Aoo — So0Py — Sos P
Apo=Ago— S Py — SrPj,
1;0 = /I()() — /I()f/l;l/;/o.

The Jacobian (17) can be expressed as det J=det J22 det Jir-
det[],,o ® AT + AT ® Ino] where A() = A()() AOJA Afo
Obviously, J 7, j =1, 2 are nonsingular because the matrlx
Ay =Ay — SyP}is stable under Assumption 1. After some
straightforward but tedious algebra, we see that o/ — &
Poo = Ay — Ang A/O = A,. Therefore, the matrix Ao is
also stable if Assumptlon 2 holds. Thus, detJ # 0, i.e., J
is nonsingular at ||u|| = 0. The conclusion of Theorem 7 is
obtained directly by using the implicit function theorem.

The remainder of the proof is to show that P, is the posi-
tive semidefinite stabilizing solution. Firstly, from (15), we
obtain

A, — S,P,= & (VOO Aoy
¢ gf() Iaj

The matrices 4 ; and Ay are stable since Assumptions 1 and
2 hold. Therefore, if parameter ||u|| is very small, 4, — S.P,
is stable by applying the Lemma 8. Finally, the property
P, = 0 follows now since the stabilizing solution of (5) is
always positive semidefinite. See more detail in Mukaidani
(2003). O

+0(||H|)> :

3. Near-optimal control for the nonstandard MSPS

The required solution of the MARE (5) exists under
Assumptions 1-3. Our attention is focused on the specific
linear state feedback controller which does not depend on
the values of the small parameters. Such a linear state feed-
back controller is obtained by eliminating O(||p||) item of
the linear state feedback controller (4). If ||u|| is very small,
it is obvious that the linear state feedback controller (4) can
be approximated as

”app(t) = [ulapp(t)T : uNapp(t)T]T = R_IBTPappx(t)
P 0
— —R'B" l o ] x(0), (18)
o Py

where B = ®,B,.

Even if our controller designing process is quite different
from the composite controller designing process (Khalil &
Kokotovi¢, 1979a; Wang et al., 1994; Xu, Mukaidani, &
Mizukami, 1997). We can show that the resulting con-
troller (18) is the same as the existing one. Firstly, we
show that controller (18) is equivalent to the near-optimal
controller proposed in Wang et al. (1994) under certain
conditions.

According to Wang et al. (1994), the near-optimal control
is given by

Uuges(t) = —R™'BT¥x(1), (19)

where

Yo O
YTA—i—ATY—YTSY—i-Q:O,Y:[ ]
Yro Yy

Yo =Y. (20)

Note that the matrix ¥ in (20) is not unique. However, if
Y is chosen as P%, the following result holds.

Lemma 9. Under Assumptions 1-3, if Y is chosen asP
there exists a unique stabilizing solution Y which salmfy
the GMARE (20). Such a solution is given by Y = Pqyy.
Furthermore, controller (19) is equivalent to the near-optimal
controller (18).

Proof. Under Assumptions 1 and 3, there exists a unique
stabilizing solution P} of the ARE (13c). Then it is shown
that the GMARE (20) are equivalent to the AREs (13) un-
der Yy =P7. Thus, there exists the solution ¥ = Pyp,. More-
over, if Y is chosen as P, the matrix Y is unique. Under
Assumption 2, there exists a unique stabilizing solution 13(’)‘0
of the ARE (13a). Taking into consideration the fact that

A/—AJ—Sfo—Af—SfPfandAo—;z/ yYoo—&f—

P}, are stable, the matrix 4 — SY = A — SP,, is also
stable. Therefore, the matrix Y is the stabilizing solution.
For the rest of the proof of Lemma 9, it is easy to verify
that controller (19) is equivalent to controller (18) because
of Y = Pypp. O

Using the result of Lemma 9, we will give an impor-
tant interpretation. Based on the optimal controller (4), we
can change the form as upp(#) = im0 Uopt(?) = tges(?)
when Y, = }3}. Thus, we claim that the composite con-
troller obtained by decomposing the full systems and the
approximation controller obtained by eliminating ¢; of the
full controller are identical. Moreover, the similar results for
the standard MSPS will be shown in the next section for a
special case.

Secondly, we establish stability properties of the
closed-loop system. Substituting w,,,(¢) into MSPS (la)
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and (1b), we have
Ao Aos
X=o]! < [ /
Aro Ay

o [1‘100 I‘IOf
X = _ _
Ao Ay

—BR_IBT[POO OD
Py By

] X = (Ao — SoPappe ). 1)

Lemma 10. Under Assumptions 1-3, there exists a small
6 such that for all ||u|| € (0, 6), ¢ < a* the closed-system
(21) is asymptotically stable.

Proof. The matrices 4, and A4, are stable since Assump-
tions 1 and 2 hold. Therefore, by direct applying Theorem
1 in Khalil and Kokotovi¢ (1979a, b), we have obtained the
required result. [

When || || is sufficiently small, we know from Theorem 7
that the resulting controller (18) will be close to the optimal
controller (4). In an optimization problem it is of interest to
check whether the resulting value of the cost function will be
near to its optimal value. The optimal value J is obtained
with controller (4) which optimizes the cost for the actual
system (1).

Theorem 11. Under Assumptions 1-3, the use of the
approximation controller (18) results in Jup, satisfying

Japp = Jopt + Ol|1l*), (22)
where Joy = 1 x(0)TP.x(0).

Before proving this theorem, we introduce the fol-
lowing useful lemma (Mukaidani et al., 2001; Mukaidani,
2003).

Lemma 12. Consider the iterative algorithm which is
based on the Kleinman algorithm

P(i+1)T(A _ SP(Z)) + (A _ SP(i))TP(i+I)

+ PSP 0 =0,

PO =P, i=0,1,2,3,... (23)
with
(i) ()T
pr_ | Fo0 Frotle (24)
ol p p |
10 f

Under Assumptions 1-3, there exists a small ¢ such that
Sfor all ||u|| €(0, &), & < a* the iterative algorithm (23)
converges to the exact solution of P,=®,P=PT®, with the
rate of quadratic convergence, where Pgi) =@, PO=pOTp,
is the positive semidefinite solution. That is, the following

condition is satisfied:

PO — Pl =0(|ul*), i=0,1,2,.... (25)
Now, let us prove Theorem 11.

Proof. When u,,, is used, the value of the performance
index is

Japp = 3 %(0) Wx(0), (26)

where W, is a positive semidefinite solution of the multipa-
rameter algebraic Lyapunov equation (MALE)

We(Ae - SePappe) + (Ae - SePappe )T We
+ PappeSePappe + 0 = 0, (27)

where Puppe = PePapp. Subtracting (5) from (27) we find
that V, = W, — P, satisfies the following MALE:

Ve(Ae = SePappe) + (Ae = SePappe) ' Ve
+ (Pe — Pappe)Se(Pe — Pappe) = 0. (28)
Similarly, subtracting (5) from (23) we also get the MALE
(PUTD — P,)(4, — S.PP) 4 (4, — S.POY(PITD — P,)
+(Pe = PO)S(P. — PI) =0, (29)

where P = ¢,P(). When i = 0, taking P = Pyppe into
account we have

(Pe(:l) - Pe)(Ae - SePappe) + (Ae - SePappe)T(Pgl) - Pe)
+(Pe - Pappe)Se(Pe - Pappe) =0.

Therefore, it is easy to verify that V, = Pél) — P, because
Ae — SePappe 1s stable from Lemma 10. Using Lemma 12
we obtain that || Ve[| = [|We — Pe|| < |P") — P|| = O(||u[l*).
Hence V, = W, — P, = O(||u||?), which implies (22). [

Consequently, the resulting controller (18) achieves
O(||p||>) approximation of the optimal cost compared with
the existing controller (Khalil & Kokotovi¢, 1979a; Wang
et al., 1994) in case where the fast subsystems have the
special form.

So far, for the multiparameter optimal control problem, it
is merely shown that all the near-optimal controls, without
the knowledge of the small parameter vector u, achieve an
O(||lp||) approximation of the optimal performance value
(Khalil & Kokotovi¢, 1979a; Wang et al., 1994). In the
rest of this section, we give the reason why the resulting
controller (18) achieves a better performance.

We assume that there exists a strong interconnection
among the fast state variables. That is, the matrices 4,
Sy and QO are the nonblock-diagonal matrix. Further-
more, instead of Assumption 1 we assume that the triples
Ay, VS VO ) are stabilizable and detectable. By
following the similar steps in the proof of Theorem 7, it is
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also shown that the solution P, of the MARE (5) can be
written as

P, =P

[ Pw+odm [P+ Ok I 0
ILP o+ O(uD]  MIP;+O(u] |

where the matrices Py, Isfo and 13f satisfy equation (10).

It is very important to note that if we find the matrix
which satisfy the GARE (10c¢), the following controller will
achieve the O(||u|*) approximation of the optimal cost
because of ||[Kopp — Kopel| < [R7' [By By ] ||-|IP—P| =
O(lull), where

aapp(t) = Kappx(t)
Py 0

- _ ] x(¢). (31)
P

G P

However, we cannot solve the asymmetric GARE (10c)
without the knowledge of the small perturbation parameters
¢; (Khalil & Kokotovi¢, 1979a). Moreover, although the de-
scriptor variable approach is applicable, it is also hard to
solve the GMARE (20) which has a form (11) from various
solutions. On the other hand, when the fast subsystems have
the special form (1b), it is possible to obtain the solution of
the GARE (10c) without the information of the small pa-
rameters. Therefore, the resulting controller (18) achieves
O(||p||>) approximation. By similar reason, we can obtain
the near-optimal controller which admit the O(||u||*) ap-
proximation via the descriptor variable approach for a spe-
cial case of the fast subsystems.

4. Near-optimal control for the standard MSPS

In this section, we will show that the near-optimal con-
troller (18) is equivalent to the existing composite optimal
controller (Ozgiiner, 1979) for the standard MSPS. We as-
sume that all of the fast state matrices 4;;, j = 1,2,...,
N of (1b) are nonsingular. According to Ozgiiner (1979),
the near-optimal closed-loop control is given by

Ujeom(t) = —[(Ln, — R; ' BL.X;;45;' B;)R; (D] C o + B(;Xoo)
—1pT —1

+R; B XA Ajolo(r)

—R;7'BLX;x;(0), j=1.2,....N, (32)
where By = Bo; — Aydy;' By, Cjo = Cjo — Cyd ' Aj,
5 ATR . 7 —1
R;=R;+ DD;, D;=—C;4;;'Bj;.

In the above, Xy is the unique stabilizing positive
semidefinite symmetric solution of the following ARE:

Xoo(4, — B,R'D] C,) + (4, — B.R' D C) Xoo

—Xo0B,R, B Xo0 + CT(I; — D,R-'DNC, =0, (33)

where
N
Ry =R+ DDy, A, = Ao — Y _AojA;;' 4y,
j=1

B, =By — AosA;'By

=[Bo1 — AOlAl_llBll - Boy — AONA]@\]/BNN],
Cr=Co— Crd; 4y

=[Cho(Cro—C1147;'410)" -+ (Cno—CwAyyAno)'1",

0 0
X C]]Al_llB]l 0
D,=—CyA;'By = -
0 o CyyAyyByy

Xj, j = 1,2,...,N are the unique stabilizing positive

semidefinite solution of the following AREs:
Xjjdjj + 45X — X835 + 0y = 0. (34)

It is well known from Kokotovi¢ et al. (1986) that controller
(32) is identical with the following controller:

Ujeom(1) = —R; ' BjoXooxo(t) — Ry B Xjoxo(t)
—R;'BLX;x;(0), (35)
where Xjo, j=1,2,...,N are
X0 = [Xoo(So;Xj; — Aoy)
— (X + Qo)A — 8" (36)

Furthermore, the composite optimal controller w¢om(?) =
[U1com(£)T - uNcom(t)T]T can be rewritten as the follow-
ing composite controller:

ucom(t)
Xoo 0 0o - 0
XIO Xll 0 s 0
= —-R'B"| o X0, (37)
Xyo 0 0 - Xy

The following theorem gives a relation between the proposed
controller (18) and the composite optimal controller (37).

Theorem 13. Under Assumptions 1-3, the following

identities
Xj; = P, Xjo = Py, Xoo =P, j=1,2,...,N (38)

hold. Hence, the resulting near-optimal controller (18) is
the same as the composite optimal controller (37).
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Proof. For the proof, see Appendix A. [J

From Theorem 13, we claim that the new near-optimal
controller includes the existing composite optimal controller
(37) as a special case because our controller can be con-
structed even if one of the fast state matrices 4;; is singular
and the small positive parameters have different values.

5. Numerical example

In order to demonstrate the efficiency of our proposed
controller, we have run a numerical example.
Consider the following optimal control problem:

1
fo)=| leo(f)Jr () + | [0
0
+> 1]uj(:), x0(0) = x{, (39a)
j=1
eii(t) =1 02]x0(t) + ur(r), x1(0) =x7, (39b)
eia(1)=[1 03] x0(t) + ua(t), x2(0) = x3 (39¢)

with a performance index
oo 2
1 T T T
=3 i x5 (Oxo(1)+2) ] (O ()+uf (Dui(0)} | de.
Jj=1
(40)
Note that the above system (39) is the nonstandard MSPS
because of 4;; = A2 =0.

Referring the design procedure, the near-optimal
control is

uapp(t)
—1.5295 —5.2582 x 10~ —1.0000 0

— x(1).
—1.7943 —7.8872 x 107! 0 —1.0000

(41)

Now, letting ¢; = &, = 0.1, the optimal feedback control is

uopt (1)

—1.6360 —7.5160x10~" —8.8270%x 107>

—1.4430 —5.4031x107!
—1.1514

—1.0644 —1.0940x10~!
x(t

(42)

We evaluate the costs using the near-optimal controller
(41). We assume that the initial conditions are zero
mean independent random vector with covariance matrix
E[x(0)x(0)T] = ;. The average values of the performance
index are E[Jypp] = 1.7297, E[Jop] = 1.6964. Hence, the
loss of performance Jy, is less than 1.9630% compared

Table 1

&1 &2 E[Japp] E[Jopt] ¢
10~! 10~! 1.7297 1.6964 3.3291
10—1 5% 1072 1.6241 1.6061 3.6085
10—2 10~2 1.4098 1.4094 46778
10—2 5% 1073 1.3992 1.3990 4.6297
103 103 1.3779 1.3779 4.8666
103 5x 1074 1.3768 1.3768 47574
10—4 104 1.3747 1.3747 4.8862

with Jop. The values of the cost functional for various ¢,
& are given in Table 1, where

— E[Japp] - E[Jopt] _ E[Japp] - E[Jopt].

|l a £182

¢

It is easy to verify that Jyp, = Jopt + O(||pt/|?) because of
¢ < o0.

6. Conclusion

In this paper, we have studied the optimal control prob-
lem associated with the MSPS. The main contribution of
this paper is to propose the new designing method of the
e-independent controller. Note that our designing method
is quite different from the existing methods such as the
two-time-scale design method and the descriptor variable
approach. Furthermore, we have proven that the resulting
controller achieves O(||u||*) approximation of the optimal
cost compared with the existing result for a special case
of the fast subsystems. Finally, we have proved that the
composite controller obtained by decomposing the full sys-
tems and the approximation controller obtained by eliminat-
ing ¢; of the full controller are identical under the certain
condition.

Appendix A. Proof of Theorem 13

Proof. First, comparing (34) with (13c) X;; = _j*j, j=
1,2,...,N vyields directly. Second, comparing (36) with
(13b) and noting that X;; = ij, we have the conclusion
that Xy = P;O, j=12,...,N if Xopo = Pa‘o. Therefore, the
remainder of the proof is to show that Xpg = P;,. In order to
do that, we only need to show that the ARE (33) and (13a)
are the same equations. Before showing these relations, let
us define the following matrices (Kokotovic¢ et al., 1986,

pp. 115)
H = I; + block-diag (R, ' B, P, D},' By

- Ry'BinPiunDinBay).  (AD)
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Then,
H~' =I; — block-diag (R, 'B],P},4;,' B
Ry ' By PinAnaBay ). (A2)
Thus, using (A.2) and the ARE (13c) we have
H "RH™'=R+ DD,
=R >0 HR'HT =R (A.3)

Let us further introduce six useful identities.

A5+ 4;'S,P;,D; =Dy, (A.4a)
Ay +Djy'S;Pia; =Dl (A4b)
I, + S;P;,D;; = 4;D;;", (Adc)
L, + P;;8;D,; " =AD", (A.4d)
Qo — Oji4;; ' Aj0 = Op; + Dj;PA3 A0, (A.de)
— Do; + N8P} = Nijdyj, j=1,2,...,N. (A.4f)
Then, we obtain
—B,R7'Df
=[So1 — Ao14;;'S11 Sor — ApaAy'S2
xSon — Aon Ay Sxn Iblock-diag(Dy,"CT

+ P Dy'SDyCY, -+ Dy Cay

+P Dy Suv Dy Ciw - (A.5)

Hence, we have (A.4e), (A.4f) and (A.5)
A, — B,R7'DIC,

N
=Aopo — ZAOjAj;IAjO
j=1

N
+ Y (Soj + Ni;S;D;; (O + DipPA; Ajo)
j=1

=Aoo + Nidso + SosNy +NiSyN; = of. (A.6)
Now, considering (A.4a), we have
B.H = By + [N11B1; NiyByy] = 2. (A7)
Hence, using fact that (A.7), we have
B,R'B'=B,HR'H'B' = 3R"'%#" = &. (A.8)

Finally, using the identities of (A.8) it is straightforward but
tedious to verify that

D,R;' DI = block-diag (Cy,Dy;'S11 D7, CT

CnvDynSiwDyy Cw)- (A9)

Moreover, using (13c), we get

N
CICr=0w — > _(Qojd};' 4jo + A4, " Os)
=

N
T —Tp pDx 4—1
+ Y ApA; PSPA L A,
j=1
follows that

crc, — c'p,R7'DIC,

N
=00 — Y (Qoidj; " djo + AjpA;;" O

j=1
+00;D;;' 450 + A}yD;; " 05, — Oo;d; ' 4j0

-TA 5 -1 —-TA ;
—Ajod;" O + Ou;D;;'SyD; " 0g) = 2. (A1)
In consequence, we have Xy = 1330, hence, X;o = 1?;0,
j=1,2,...,N. The proof of Theorem 13 is completed. [
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