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Abstract

This paper deals with the Hy guaranteed cost control
problem for a singularly perturbed norm—bounded un-
certain system. This is an extension of the work by
Garcia et al. in the sense that the state matrix and
input matrix are allowed to be uncertain and the state
matrix Ago for the fast subsystem may be singular.
Firstly, we construct a high-order accurate controller
which is based on the exact decomposition technique.
Secondly, we propose an e-independent controller by
solving the reduced—order algebraic Riccati equation
without knowledge of the parameter ¢.

1 Problem Formulation

Consider the following linear singularly perturbed un-
certain systems

&1 = (A11 + D1FE; )21 + (A12 + D1 FE2)x2
+Giw + (Bl + DlFEb)u, (1&)
€ty = (Ag1 + DoF Eq1)r1 + (A2z + DaF Egz)xs
+Gaw + (B2 + DQFEb)u, (1b)
z = C1171 + Crax2 + Di2u, (1c)
where ¢ is a small positive parameter, x1 € R™ and
xo € R™2 are state vectors, u € R™ is the control input,
w € R! is the exogenous disturbance, z € RP is the
controlled output, F € R¥*J is the uncertainty matrix

of norm bounded such that FTF < I;. Moreover, all
matrices above are of appropriate dimensions.

Let us introduce the partitioned matrices

_ An Aso _ By
AE - I E_1A21 €_1A22 ’ BE - 5_132 )
G
G. = _67125}701 =[Cu Cio],
D
D. = I S—llD2 :|7 E, = [ Eq1 Eao }
Now, let us consider the Hy guaranteed cost control

problem of such singularly perturbed uncertain systems
(1) by using linear state feedback controller under the
following basic assumption [1].
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Assumption 1 1) The pair (Ae, B:) is stabilizable
for e € (0, €] (¢* > 0). 2) The pair (Az2, B2) is
stabilizable. 3) CT D13 = O, DI, D15 > O.

With (1) we associate the algebraic Riccati equation

(ARE) [3]

[A. — B.RE} E,)" P. + P.[A. — B.RE!'E,]
+uP.D.DI' P. — nP.B.RBI P.

1 _
+;E§[1j — EyRE}]E, + Ry =0, (2)
for the matrix function
Pu(e, p)  ePale, p)"
P.=P, = ,
c 5(,“4) 5P21(€7 M) EP22(E: /'l’)
where p is positive scalar and Ry = clfcy, Ry =
D1T2D12 > 0 and R = (uR2 + EbTEb)_l. For each

€, a controller that guarantees the quadratically stable
forall F: FTF<I ; exists if and only if there exist
> 0 and (2) has a positive definite solution [3]. If
such conditions are met, a controller is determined by
the formula

u= K(p)w = —R[uBI P-(1n) + By Elz. 3)

For such a controller, taking K () = —R[uBT P-() +
E,?Ea} and letting IT = Cy + D12 K, the transfer matrix
from w to z is expressed by

T(s)=1(sl, — Ac — D-F{E.+ ExK (1)}

~B.K(n)™" - Ge. (4)

Then the Hy guaranteed cost control problem for sin-

gularly perturbed uncertain systems is given below.

Find K(u) = K(p*) and determine p as small as pos-
sible such that

IT(s)l2 < p ()

where
I7(s)13 = Trace[G Lo(F)Ge],
[A. + D.F(E, + EyK) + B.K]|"L,(F)
+Lo(F)[Ac + D.F(E, + EyK) + B.K]+ H'H = 0.



By using a similar technique in [1], we can easily prove
the following result.

Theorem 1 Suppose that the assumption 1 are satis-
fied. Then we have

Lo(F) < P. (6)

Consequently, the best Hy guaranteed cost p is given
by

p min \/Trace[GEPE(u)GE}, (7a)
m

*

I

(7b)

arg min \/Trace[GETPe(,u)Ge}.
m

Moreover, the controller is defined by K(u)

K(p*) = =(w Ry + By Ey) ™ [pBI Pe(p*) + Eyf Ea).
Now, let us define the following matrices
- Al AL
At =A - BRE[E, = [ w2 } ,
’ Ay Ay
_ 1 1
s = u(eRE" -0 = | S G |,
Sl S

m
11

Qs } '
Substituting P: into the ARE (2) and setting ¢ = 0,
we obtain the zeroth order equations

PLAY 4 AT Py — PLSEPL + QL =0, (8a)
Py = —NQT + N1TP11, (8b)
AT Py + PLAY, — PLSE Pyy + Q4 =0, (8¢)

“w
12
"

1 _
Q* = ;E{[Ij — EyRE!|E,+ R, = {
22

where
Al = A+ Ny AL+ SIUNS + N SE, NS
Sto= S+ NS+ SN+ NSy, N
g /1L1 - N2AlzL1 - A§1TN2T - N2S§2N2Tv
Ny = ALTQh, NT = -ATAT,
Ay = Ay — SyPos, Ay = AL, — S P,
Q2 = Quz+ A Po.

Lemma 1 If the AREs (8) have the unique positive
definite stabilizing solution, then there exists small & >
0 such that for all € € (0, &), the ARE (2) admits a
positive definite solution.

2 The Exact Decomposition Technique
The exact slow—fast decomposition method for solving
the ARE of singularly perturbed systems has been pro-
posed [2]. An algorithm which solves the ARE (2) with
small positive parameter ¢ is as follows.

Step 1. Using the matrices T;, ¢ = 1, 2, 3, 4, solve
the following equations (9a) and (9b) for L = L(e)
and H = H(e), respectively.

T4L — T3 — EL(Tl — TQL) = 0, (9&)
—H(T4 + ELTQ) + 15 + E(Tl — TQL)H =0, (9b)
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where
Iz H M iz
T, = [ A11 *511T } Ty = { A12 *SmT }
- Iz W ’ - M Iz ’
—wi1 _A11 —Wi2 _A21
Iz wT Iz QK
A21 *512 A22 S99

T3

— Ty = )
{ —Qiy Al ] ! { ~Qh ALy }
Step 2. Calculate the coefficients €;, a;, b;, i =
1, 2, 3, 4 from (10).

I, 0 0 0
g [ @]_| 0 0 L, o0
Tl || 0 L, 0o o0
0 0 0 el
(I,, 0 0 0
| L, cH o 0 I, o
—L Ion, —eLH 0 I, 0 0 |°
L0 0 0 I
(10)
a ax| g gy [0 b =Ty +eLT:
a3a4_1 2’_b3b4_4€2'

Step 3. Solve the following equations (11a) and (11b)
for P; and Ps, respectively.

Pia1 — agPy — as + Pras Py =0,
Psby — by Py — bg + Pobo Py = 0.

(11a)
(11b)

Step 4. Using the coefficients €2; obtained in Step 2
and the following formula (12), we calculate the
required solution P. of the ARE (2).

)

P 0

Pa:(93+94[ 0 P
P, 0

(oea[ 0]

In order to solve the equation (11), the following Lya-
punov iterations (13a) and (13b) with Pl(o) = Py; and
PQ(O) = Py, is proposed in [2].

P (ay + aoP) — (ay — PPay) PV

=as+ P{"ayP{", i=0,1,2, -, (13a)
P by + 0Py — (by — P{Pby) PSTY
=by+ PP, i=0,1,2 ---. (13b)

However, the uniqueness of the solutions and the
quadratic convergence property of the algorithm (13)
have not been established so far in the previous lit-
erature. Therefore, we newly show that there exist
the unique solutions to the reduced—order pure-slow
and pure—fast AREs and that the iterative algorithm
is quadratic convergence. We now are in a position to
state our main result.

Theorem 2 Under the assumption 1, if the AREs (8a)
and (8¢c) have the positive semidefinite stabilizing so-
lutions, then the iterative algorithms (13a) and (13b)



converge to the exact solution with the rate of quadratic
convergence. In this case, there exist the unique solu-
tions of the equation (11a) and (11b) in neighborhood
of the initial conditions, respectively. That is,

”Pl(l)ipln :0(521)7 2207 1a 27 Tty (143)
1P — Py = O(e%), i=0, 1, 2, ---. (14b)

Proof:  The proof is given directly by applying the
Newton-Kantorovich theorem [4] for the AREs (11).
The proof is omitted due to the page limitation. n

3 e—independent Controller
In this section, a new method of calculation for the Hy
norm is proposed. It is worth pointing out that the
small parameter ¢ is unknown. It is easy to show that
the Hs norm is mainly determined by the O(¢~!) due
to

Trace[GL P.(11)G.] = Trace[GT P11 ()G
+2G3 Por ()G + 7 'G5 Pas(1)Go). (15)

In order to avoid O(s~1), we introduce the scaling pa-
rameter:

Gy = €5G2, o> é, (16)

where (G5 is constant matrices.

In this case the Hy norm as well as the proposed guar-
anteed cost is finite when the parameter ¢ tends to zero.
The idea behind inserting the £° factor multiplying the
exogenous disturbance term in the state equation for
the variable x5 is to make this meaningful physical fast
variable for control purpose. If this factor is dropped
from the equation (1b), the fast variable controller can
not be employed meaningfully because the Hy norm
tends to infinity.

We show that an e-independent stabilizing controller
can be obtained by solving the reduced—order slow and
fast AREs (8). The e-independent linear state feed-
back controller are obtained by neglecting O(e)-term
of the linear state feedback controller (3). If the pa-
rameter € is very small, it is obvious that the linear
state feedback controller (3) can be approximated as

U R Ugpp = R{M([B?Pu + BI Py BgPZZ}

+D1T201) + EbTEa}x. (17)

Theorem 3 If the AREs (8) have the unique posi-
tive definite stabilizing solution, then there exists small
€ > 0 such that for all e € (0, €), the uncertain linear
singularly perturbed system (1) is quadratically stable
via the e—independent linear state feedback controller

(17).
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In the rest of this section, we show how to select the
parameter p which is included in the controller (17). If
€ is very small, then the guaranteed cost can be changed
as follows

Trace[GT P.(1)G.] = Trace[GT Py (1)G1
+22°GY Po1 ()G + &7 71 G Poa()Go
~ Trace[GT P11 (1n)G1),

where 26 — 1 > 0.

Our new idea is to use only the matrix Py, for the
above cost. As a result, the e-independent controller
(17) does not require knowing the value of the small
parameter € because we can determine the parameter
p without information of the small parameter. More-
over, the amount of the computation required to get the
e—independent controller becomes extremely small for
problems with small state dimension in contrast with
the case of solving the full-order ARE (2).

Finally, we give an algorithm for the Hy guaranteed
cost control problem of singularly perturbed system
without information of e.

Step 1. Firstly, starting for any small p, calculate
T,i=1, 2, 3, 4.

Step 2. Search the minimum parameter i such that
the reduced—order AREs (8) have positive definite
stabilizing solution P;; and Py respectively by us-
ing the bisection method.

Step 3. Choose p such that 0 < p < g and compute
the positive definite stabilizing solution P;;.
Step 4. Calculate the approximate guaranteed cost

f(w) = Trace[GT Pi1(p)G1]-

Step 5. Find a p = /i that minimizes f(u) for all 0 <
o< ph.

Step 6. For the obtained p = i, design the e-
independent controller (17).
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