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Abstract: In this paper, we study the H., optimal filtering for multiparameter
singularly perturbed system (MSPS). In order to obtain the solution, we must solve
the multiparameter algebraic Riccati equations (MARE) with indefinite sign quadratic
term. First, the existence of a unique and bounded solution of such MARE is newly
proven. The main results in this paper are to propose a new recursive algorithm
for solving the MARE and to find sufficient conditions regarding the convergence of
our proposed algorithm. Using the recursive algorithm, we show that the solution of
the MARE converges to a positive semi—definite stabilizing solution with the rate of

convergence of O(||u[*1).
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1. INTRODUCTION

Filtering problems for the multiparameter singu-
larly perturbed system (MSPS) have been inves-
tigated extensively (see e.g., Coumarbatch and
Gaji¢, 2000 and reference therein). The multi-
modeling problems arise in large scale dynamic
systems. For example, the multimodel situation
in practice is illustrated by the passenger car
model (Coumarbatch and Gajié¢, 2000). In order to
obtain the optimal solution to the multimodeling
problems, we must solve the multiparameter alge-
braic Riccati equation (MARE). Various reliable
approaches to the theory of the algebraic Riccati
equation (ARE) have been well documented in
many literatures (see e.g., Laub, 1979). One of
the approaches is the invariant subspace approach
which is based on the Hamiltonian matrix (Laub,

1979). However, there is no guarantee of sym-
metry for the computed solution if the ARE is
ill-conditioned (Laub, 1979). Note that it is very
difficult to solve the MARE due to high dimension
and numerical stiffness (Coumarbatch and Gajié,
2000).

A popular approach to deal with the MSPS is
the two—time-scale design method (see e.g., Khalil
and Kokotovié, 1979; Kokotovié et al., 1986).
However, it is known from Coumarbatch and
Gaji¢ (2000) that an O(||u[) (where p = [&1 &2 )
accuracy is very often not sufficient. Recently,
the exact slow—fast decomposition method for
solving the MARE of the MSPS has been pro-
posed (Coumarbatch and Gaji¢, 2000). However,
these results are restricted to the MSPS such that
the Hamiltonian matrices for the fast subsystems
have no eigenvalues in common (Assumption 5,



Coumarbatch and Gajié, 2000). More recently, in
Mukaidani et al., (2001), the recursive algorithm
(see e.g., Gaji¢ et al., 1990) for the solution of
the regulator type MARE which has the posi-
tive semidefinite sign quadratic term has been
proposed. However, the recursive algorithm for
solving the filter type MARE which has the indefi-
nite sign quadratic term appearing in H, filtering
problems has not been investigated.

In this paper, we study the H., optimal filtering
for the MSPS. The advantage of the H filter over
the standard Kalman filter is that former does not
require knowledge of the system and measurement
noise intensity matrices. The difficulty encoun-
tered with the H filter for the MSPS is that the
MARE contains an indefinite sign quadratic term.
Therefore, we first investigate the uniqueness and
boundedness of the solution to such MARE and
establish its asymptotic structure. The proof of
the existence of the solution to the MARE with
asymptotic expansion is obtained by an implicit
function theorem (Gaji¢ et al., 1990). The main
contribution of this paper is to propose a new
recursive algorithm for solving the MARE and to
find the sufficient conditions regarding the con-
vergence of the recursive algorithm by using the
reduced-order ARE. It is important to note that
the sufficient conditions derived here are inde-
pendent of the small perturbation parameter u.
We also prove that the solution of the MARE
converges to a positive semi-definite stabilizing
solution with the rate of convergence of O(||u|**1),
where i is the iteration number. As another im-
portant feature, we do not assume here that the
Hamiltonian matrices Z;;, j = 1, 2 for the fast
fast subsystems have no eigenvalues in common.
Thus, our new results are applicable to more re-
alistic MSPS.

2. Hoo OPTIMAL FILTERING

We consider the linear time—invariant MSPS

%o = Aooxo + Aog1x1 + A2z

+Dorw1 + Doowo, (1a)
e121 = Arozo + Az + Diws, (1b)
€99 = Agpxo + A2z + Dasws, (1c)

with
yj = Cjoro + Cjxj+vj, j=1, 2, (2)

where z; € R", j =0, 1, 2 are state vectors,
y; € RPi, 7 =0, 1, 2 are system measurements,
w; € RY, j =1 2and v; € R, j =1, 2
are system and measurement disturbances, re-
spectively. All the matrices are constant matrices
of appropriate dimensions.

€1 and &9 are two small positive singular parame-
ters of the same order of magnitude such that

€
0<ki<a=-t<k <oo. (3)

€2
That is, we assume that the ratio of £; and &3 is
bounded by some positive constants k;, j =1, 2.

In this paper we design a filter to estimate system
states ;. The states to be estimated are given by
a linear combination

Zj :Gjol‘o-f—ijl’j + vy, i=1, 2, (4)

where z; € R%, j = 1, 2. The estimation
problem is to obtain an estimate Z; of z; using
the measurements y; (Lim and Gajié, 2000). The
measure of the infinite horizon estimation problem
is defined as a disturbance attenuation function

J:/Ilz—éllfth- {/(lel%ﬁllvll)dt} (5)

where z = [z] zQT}T, 2 =[5 2’2T]Ta w o=

[wlT sz]T and v = [vlT UQT]T, and where R > 0
and W > 0 are weighting matrices to be chosen by
designer. The H filter is ensure that the energy
gain from the disturbances to estimation errors
2 — % is less that a attenuation level 2. That is,

sup J < 2. (6)

w, v

The Hy, filter of (1) and (2) is given by (Lim and
Gajic, 2000)

€0 = Agoo + Ag1é1 + Ap2&s
+Eo1m1 + Fozna, (Ta)

e1é1 = A1o&o + A&y + Fuum + Frama, (7b)
e2€s = Ano&o + Analo + Form + Faoma, (T7c)
(7d)

n; =y; — Cjomo — Cjjz;, j=1, 2, (7d

where the filter gain Fy; and Fj;, j = 1, 2 are
obtained from

Fo1 Foz
F=|Fu Fip | =CY, (8)
Fo1 Foo
where Y, satisfies the MARE
AY + Y. AT — Y. VY, + U, =0, (9)
with
Aoo Aoy Aoz
A, = SflAlo e’:‘flAll 0 s

52_1A20 0 52_1—’422



Do1 Dy
D, = Elell 0 R
0 52_1D22
O = Cor Ci1 O G- Go1 Gi1 O
Co2 0 Ca|’ Goz 0 Gao |’
Voo Vo1 Voz
V=0TC—-~2GT"RG= |V Vi1 0 |,
Vp 0 Vaz
Uso €1 Un €5 Up2
U.=DWDT = | e7'UL 72U 0

—177T -2
Eo U02 0 ) U22

Since the matrices A, and D, contain terms of
order E;l, j =1, 2, a solution Y, of (9), if it
exists, must contain terms of order ¢;. Taking into
consideration of this fact, we look for a solutions

Y. to the MARE (9) with the structure

T T
Yoo Yio Yzo1

—1 - NxN

Yo=|Yio &'V Ee2 Ya | e RV,

—1
Eog Y22

Yoo = Ygh, Yii =

1
Yoo e1e2 Yo

where N = ng + nqy + no,
Y?;: Yoo = }/27;

If the sign of the MARE (9) is positive semidefi-
nite, then the equation (9) is known as the optimal
Kalman filter, appearing in the multimodeling
(Gaji¢ et al., 1990). However, we do not assume
in this paper that the sign of the MARE (9) is
positive semidefinite. That is, no assumption is
made on the definiteness of V.

In order to avoid the ill-conditioned due to the
large parameter 5]-_1 which is included in the
MARE (9), we introduce the following useful
lemma.

Lemma 1: The MARE (9) is equivalent to the fol-
lowing generalized multiparameter algebraic Ric-
cati equation (GMARE) (10a)

FY):=AYT 4+ Y AT —YVYT + U =0,(10a)
Ye=YTo ! =0y, (10D)

where

I, 0 0 Ago Ao1 Aoz
S.=| 0 &elp, 0 |, A=| A A1 0 |,
0 0 el Ao 0 Ag
Uoo Uo1 Up2
U=|UL Usy 0 |,
LUy, 0 U
[ Yoo Y1 Yo
Y=|eYo Y111 VaYy)
L e2Yo0 Voo Yo Yao

Proof: Firstly, by direct calculation we verify that
Y, = ®.'Y. Secondly, it is easy to verify that
A=®.A., U, = <I>6_1U<I>e_1. Hence,

AY, =0 tAYTa

By using the similar calculation, we can immedi-
ately rewrite (9) as (10a). O

3. THE MARE

Firstly, it is assumed that the limit of a exists
as €1 and ey tend to zero (see e.g., Khalil and
Kokotovié¢, 1979; Gajié, 1988), that is

a= lim «. (11)
e1—+0
go——40

Let Ybo, Ylo, }720, }711, Ygl and 1_/22 be the hmltlng
solutions of the equations (10) as ¢; — +0,j =
1, 2, then we obtain the following zeroth order
equations by partitioning the GMARE (10a).

AgYoo + Yoo AL — Yoo VYoo + Us =0, (12a)
VI = YooSoj — Rojs j =1, 2, (12b)
A5+ Y AT = Y55V 4 Usy = 0(12¢)

Ag = Ago + Ao1SL, + Apa Sty + RV
+Ro2Vyy + Ro1Vi154; + Ro2Va250,,
Ve = Voo + So1 Vg + Vor Sty + So2Viy + Vo2 Sg,
+S01Vi1S81 + So2V22.50,
Us = Uo — Ro1Ag; — Aot Rfy — Ro2 Afy
—Ap R, — R Vi1 RY, — RoaVaa RY,,
Soj = *HjT(JHij7 Ro; = QOjHj_jT:
Qoj = Ao;¥j; + Uoj, Hjj = Ajj —Y;5Vij,
Hoo = Aoo — YooVoo — YibVeh — Yar Vihs
Hjo = Ajo —YVs, =1, 2,
Hoj = Aoj = YooVo; — YjoVij-
Now, let us define the sets as I';; = {y >
0| the ARE (12c¢) has the positive semidefinite
stabilizing solutions},j = 1, 2. If we choose
vif o= inf{y |y € Ty} < v, Aj; —Yj;Vj5 are
stable. Hence, the parameter & does not appear
in (12) because Y21 = 0. The matrices As, Vs and
Us do not depend on Y7; and Ysy because their
matrices can be computed by using Z,q, p, ¢ =

0, 1, 2 which is independent of Yj;; and Yao
(Coumarbatch and Gajié, 2000), that is,

Zs = Zoo — Zo1Z11" Z10 — ZoaZay' Zao

A Ve
- [_US _AS} Y ] - 17 27
Afy —Vi Ay —Vo;
Zo = 00 00 ] , - [ 50 0j ] ,
o0 [Uoo —Aoo 07 —Uo; —Ao;
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Jj Ajj

The AREs (12¢) will produce the unique positive
semidefinite stabilizing solution under the follow-
ing condition if 7 is large enough. Moreover, let
us define the set as I'y := {y > 0] the ARE (12a)
has a positive semidefinite stabilizing solution},
vs = inf{y |y € T's}. As the results, for every
v > 4 = max{vs, 7y, Y2r}, the MARE (9)
has the positive semidefinite stabilizing solution
if &1 > 0 and €2 > 0 are small enough. Then, we
have the following result.

Theorem 1: If we select a parameter v > 7 =
max{vys, Yif, Y2}, then there exist small £&; and
€9 such that for all e; € (0, &1) and &3 € (0, &),
the MARE (9) admits a solution such that Y
is the symmetric positive semidefinite stabilizing
solution, which can be written as (13).

Yoo + O(|ul) 11715 +O(lpl)
Yo = | Yio+ O(|p]) er” (Vi1 + O(|]))

Yoo+ O(|u])  vErEa to(ul)
Ya0 + O(|lul)

VEE Ol | (13)
&3 ' (Va2 + O(lal)

where p = [51 52].

Proof. We apply the implicit function theorem
(Gaji¢ et al., 1990;Gaji¢, 1988) to (10a). To do
so, it is enough to show that the corresponding
Jacobian is nonsingular at £, = 0, 7 =1, 2. It can
be shown, after some algebra, that the Jacobian
of (10a) in the limit as p — i = [0 0] is given by

Joo Jo1 Joo 0 0 O
Jio Jir 0 Jiz Jisa O
Jog 0 Joz 0 Jog Jos

=170 0 0 Jss 00 | (14)
0 0 0 0 Jyu O
0 0 0 0 0 Jss

and

Joo = (Iny ® Hoo)Ungne + Hoo @ I,

Joj = (Iny @ Ho)Unon, + Hoy ® L,

Jjo = Hjo @ Ing, Jjj = Hjj @ Iy,

Jig = I, ® Ho, Jia = Va(In, @ Hoo)Upyn,,

1
Joy = — (I, ® Hy1), Jos = I, ® Hopg,
24 \/5( ) o1), Jas ) 02
J33 = (I’nl X Hll)Un1n1 +H11 & In17
1
Jyus = VaHyp @ I, + —=
14 22 7z
55 = (Iny @ H22)Upyno + H2o ® Iy, j =1, 2,

ITL2 ® H117

where ® denotes Kronecker products and Uy, is
the permutation matrix in the Kronecker matrix
sense. The Jacobian (14) can be expressed as

detJy = detJu . detJQQ . detJ33 . detJ44 . detJ55
det[In, @ HoUngne + Ho ® Iny],  (15)

where H() = H()() — H01H1_11H10 — H02H2_21H20.
Obviously, J;;, 7 = 1,---,5 are nonsingular be-
cause the matrices H;; = Aj; — Y;;Vj;, 7 =1, 2
are stable. After some straightforward but te-
dious algebra, we see that Ag — YooV = Hoo —
HoyH{ ' Hyo — HopHyy' Hog = Hy. Therefore, the
matrix Hy is stable if v is sufficiently large. Thus,
detJy # 0. The conclusion of Theorem 1 is ob-
tained directly by using the implicit function the-
orem. The remainder of the proof is to show that
Y. is the positive semidefinite stabilizing solution.
However, the proof is omitted since it is similar
to that of the reference Mukaidani et al,. (2001).
O

4. THE RECURSIVE ALGORITHM

Now, let us define ||p|| :== £ = \/E1€2. By making
use of the zeroth order solutions (12), the solution
(13) can be changed as follows.

Yy = Ypq + EFpg, pg = 00, 10,20, 11,21, 22,(16)
where Fog = FL, Fyy = FL, Fog = FL, Yo = 0.

Substituting (16) into (10a) and subtracting (12)
from (10a), we arrive at the following error equa-
tions (17).

HooFoo + FooHgy + HioF1o + FiyH{y + HaoFao
—|—F2T0H2TO — E(FooVooLoo + FlT()VOTIFOO
+FooVo1 Fio + F Vi Foo + FooVozFao
+FEVAL Fro + FiVag Fag) = 0, (17a)

FooHy + FlyH], + Ho1 Fiy + aHp Fo

€
+?1H00Y1To — E(FooVor Fi1 + FL Vi Fuy)

—ENVa(FooVoaFor + FagVos Far)
—e1(FooVoo + FioVor + FsoVia)Yio = 0, (17b)
1
NG

HooYah — E(FooVoa Faz + FigVas Fao)

FooHy + F Hao + HoaFao + Ho Fh

€2

te

&
—E(FOOV(HF; + FloVii F3y)
—&2(FooVoo + FioVih + FaoVis)Yao = 0, (17¢)
E — —
Hy Fi+ FuHE + gl(HlOY% + YioH]y)
+€1(H10F£ -+ F1()H1TO)
2
e

5 YioVooYih — e1(F11Veh Yih + YioVor Fi1)



—e1Va(F Vs Yig + Yio Voo For)
—E(F1i Vi1 Fi1 + aF 3 Vaa Fay) = 0,

1 5
VaF ) Hoy + = Hi By + 2

Ja 3

HioYa + €1 FioHay + e2 HioFay

(17d)

YioHL,

€2

£
1

—&1(Yi0 Voo Faz + ﬁYmeFng)

—e2(F11 V) Yag + VaF3 Vi Ya0)

£1€2

—TYonngTo — E(VaFy Vs Fay

1
= FLVIEFR) =0

NG

6 — —
HogFap + FaoHay + ZQ(Hm)Yg% + Yoo Hy)

+

(17e)

teo(HooFly + FooHL)
2
£
—fyzovooie% — e2(Fa2 Vs Yot + Yoo Vo Fao)

&
—725(F21%T1Y2:6 + Yoo Vo )
1
_E(FQQVQQFQQ + EF21‘/11F2,11) =0. (17f)

Hence, we propose the following iterative algo-
rithm (18) which is based on the recursive algo-
rithm.

Hy FOTY L plit gt

IS _ _
— —é(HleTO + YioHE)

2
i i € i i

_51(H10F1(0)T + F1(0)Hfo) + ?1)/1(0)‘/00}/1(0”
+er (FYVEYST + Y Vo i)
VATV V)
+HEES VI + ol Vs FY),
Hyo Pt + FH HE,

€2

=-7 (Ha0Y50 + Ya0H3)

2
i i € i i
—52(H20F2(0)T + Fz(o)HzTo) + ?233(0>%0Y2(0)T

(18a)

t+ea (Fi Vi Yo T + Y Voo Py
€2 [ T i i)T
+—(F2(1)V0T1Y2(0) +Y2(0)V01F2(1) )

NG

i D e i

HE(Fy Vool + —F)VaF"), (18b)
i+1)T 1 i+1)T

\/EF2(1+ ) H22 + ﬁHllFél+ )

€1 = 9 —
= fgywﬂgo - gHmYQE

i i €1€ i i

—zs1F1(O)H2TO - 82H10F2(0)T + %Yl(o)%oyg(o)T

i i 1 6 i
+51(Y1(0)V02F2(2) + EY1(0)V01F2(1)T)

i )T )T )T
+52(F1(1)V0€Y2(0) + \/5F2(1) Vogyz(o) )

i i 1 s i
+5(\/5F2(1)TV22F2(2) + EF1(1)V1€F2(1)T)7 (18c)

HoFS) 4 gl T

= —Ho Hy'1g)" — L) H "G,
—Hos Hyp' L) " — L Hy," H,
+E(Fyg Voo Py + FLo TV Fog) + Fig Vor iy
+F VRS + Fig Voo i)

+Fy VR + F) TV B, (184)
+1)T 7 1+1 _
FT = (L) - RS H)HT, (18e)
where j =1, 2,
i 7 i £
LY) = —Hp F{™Y — VaHELFGT — %H(%Yg

+E (Fyg Vou Yy + F(y Vi FY)

+EValFy Vo Fyy) + Fy Vi Fyp)

+er (Fog Voo + F1o) " Vel + Fag Vb)Y
1

-

+E(Fog Vi Fy) + Fyg ' Vaa Fy5)

€2

% i+1
1y = -Hr :

Hy Fyy " — 2 Hio Yo

& G T i\ T
E(FO(O)VMFZ(I) + Fl(O) V1T1F2(1) )
ea(Fog Voo + Fiy Vol + By Vi) Yy
YW =Yg+ EFY, i=0,1, -
0 0 0 0 0 0
Fo(o) :Fl(O) :F2(0):F1(1) :F2(1) :Fz(z):()-

+

The following theorem indicates the convergence
of the algorithm (18).

Theorem 2: If we select a parameter v > 7,
there exist the unique and bounded solutions Fj,
of the error equation in a neighborhood of ||u| = 0.
Moreover, the algorithm (18) converges to the
exact solution Fj, with the rate of convergence
of O(|u|?), that is

|Fpq = BN =O(lul’), i=1, 2, ---. (19)
Proof. As a starting point we need to show the
existence of a unique and bounded solution of
F,q in neighborhood of || = 0. To prove that
by the implicit function theorem, it is enough to
show that the corresponding Jacobian Jg of (17)

is nonsingular at ||| = 0. The Jacobian is given
by

Jrp=Jy. (20)

Taking into consideration the fact that Jy is
nonsingular at ||u| = 0, Jp is also nonsingular.
Therefore, there exists a unique and bounded
solution of the error equations (17). Secondly,
the proof of (18) uses mathematical induction.
However, in order to respect pages limitations, the
proof is omitted since it is similar to that of the
reference Mukaidani et al,. (2001). g



Table 1.

7.7443e — 1 —1.5934e — 1 1.1995e — 2 3.0145e — 2
—1.5934e — 1 7.7443e —1 3.0145e — 2
1.1995e — 2  3.0145e — 2 6.458le — 3 2.9175e — 3

3.0145e — 2

Y= 3.0483e — 1 —3.0483e — 1 1.2093e — 2 —1.2093e — 2
—1.7552e — 4 —1.2068e¢ — 3 2.1547e — 4 —7.5655e — 5

3.0483e — 1 —1.7552e — 2 —5.2303e — 2 —1.2068e —1 —1.1517e — 1
1.1995e — 2 —3.0483e — 1 —1.2068e¢ —1 —1.1517e — 1 —1.7552e — 2 —5.2303e — 2
1.2093e — 2  2.1547e — 2 —8.7334e — 3 —7.5655e — 3 —1.1394e — 2
1.1995e — 2 2.9175e — 3 6.4581le — 3 —1.2093e — 2 —7.5655e — 3 —1.1394e — 2
1.1827¢ 4+ 0 1.1885e — 1 —3.7194e — 2 —1.1885e — 1
1.1885e — 3

2.1547e — 2 —8.7334e — 3
3.7194e — 2

1.6204e — 2 1.6222e — 2  3.5482e — 4  3.4417e — 4

—5.2303e — 4 —1.1517e — 3 —8.7334e — 5 —1.1394e — 4 —3.7194e — 4 1.6222e¢ —2 5.0369e —2 3.4417e — 4 4.5092e — 4

—1.2068e¢ — 3 —1.7552e — 4 —7.5655e —5 2.1547e — 4 —1.1885e — 3 3.5482e — 4 3.4417e — 4
3.7194e — 4  3.4417e — 4  4.5092e — 4

—1.1517e — 3 —5.2303e —4 —1.1394e — 4 —8.7334e — 5

5. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of our
proposed algorithm, we have run a numerical
example. The system matrix is given by

00 45 0 1

00 O 45 -1
Ap=100-0.05 0 -0.1},

00 0O -0.05 0.1

00 327 =327 0

—0.05 0.05
Aﬁ'j—{ 0 —0.1}

(022 O3x2 017
A= | Ap |, Aoz = | 4p 7Ap:|:6:|

10252 01x2

Aro = [O2xz 44, 0259, A, = 0.7

Az = [D2x3 =444 O2x1] , Doj = 05x1, Dj; = A,
cTC =diag(1, 1, 1, 1, 1, 0, 0, 0, 0), R =20
GTRG = diag(1, 1, 1, 1, 1, 1, 1, 1, 1),y =5.

The small parameters are chosen as €1 = €2 =
0.01. Note that we can not apply the tech-
nique proposed in Coumarbatch and Gajié¢, (2000)
to the MSPS since the Hamiltonian matrices
Z;;, 3 = 1, 2 have eigenvalues in common. We
give a solution of the GMARE (10a) in Table 1.
We find that the solution of the GMARE (10a)
converge to the exact solution with accuracy of
|FY®)| < e — 10 after 22 iterative iterations,
where “e — 7 stands for “x10~*. For different
values of €1 and €5, in order to verify the exac-
titude of the solution, the errors (i.e. [F(Y@)|)
and the necessary iteration numbers of the algo-
rithm (18) are given by Table 2. From Table 2,
since for sufficiently small perturbation param-
eters the convergence speed is quite good, the

resulting algorithm of this paper is very useful.
Table 2. Error |F(Y)]

€1 &9 Iterations Errors
le—2 | le—2 22 3.5484¢e — 10
le—2 | 5e—3 24 7.3850e — 10
le—3 | le—3 5 5.6755e¢ — 10
le—3 | 5e—4 5 3.5433e — 10
le—4 | le—4 3 2.1241e — 10
le—4 | 5e =5 3 1.2052e — 10
le—5|1le—5 2 2.1017e — 10

1.6204e — 2 1.6222e — 2
1.6222e — 2  5.0369e — 2

6. CONCLUSION

In this paper, we have proposed a new recursive
algorithm for solving the MARE which has the
indefinite sign quadratic term. We have proven
that the solution of the MARE converges to
a positive semi—definite stabilizing solution with
the rate of convergence of O(|ul|**!). As another
important feature, since we do not assume that
the Hamiltonian matrices Z;;, j = 1, 2 for
the fast fast subsystems have no eigenvalues in
common compared with Coumarbatch and Gajié,
(2000), our new results are applicable to more
realistic MSPS.
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