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Abstract: The guaranteed cost control problem of the decentralized robust control
for a class of large—scale interconnected systems with norm-bounded time-varying
parameter uncertainties is considered. Based on the LMI design approach, a class
of decentralized local state feedback controllers is proposed, and some sufficient
conditions for the existence of guaranteed cost controllers are derived by making

use of the LMI.
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1. INTRODUCTION

The study of large—scale interconnected systems
has received ever greater attention in the past few
decades (see, for example, Siljak, 1978 and the
references therein). In recent years, the problem
of the decentralized robust control of large—scale
systems with parameter uncertainties has been
widely studied, and some solution approaches
have been developed (Wang et al., 1997; Guo et
al., 2000; Yan et al., 1998; Wang et al., 1998; Gong
et al., 1996; Xie and Xie, 2000; Zhang et al., 1996).
In Guo et al. (2000) the decentralized control
problem for the uncertain interconnected time—
varying systems which do not satisfy the so—called
matching conditions has been studied. In Wang et
al. (1997) and Guo et al. (2000), a decentralized
stabilizing nonlinear state feedback controller has
been proposed for the nonlinear multimachine
power systems via the algebraic Riccati equation
(ARE) approach. Furthermore, in Wang et al.
(1998), the results developed in Wang et al. (1997)
have been extended to the class of large—scale

interconnected nonlinear systems via the robust
decentralized linear control. Compared with the
nonlinear controllers, there exists an important
feature that the linear controllers are of simpler
structure and easier to be implemented. However,
in case where we apply the ARE approach, if some
additional requirements such as the minimization
of the upper bound on the value of the cost
function are added, there exists the drawback for
solving such specific problems. Furthermore, how
to select the optimal multiparameters which are
included in the AREs has never been studied.

Although there have been numerous results on
decentralized robust control of large—scale uncer-
tain systems, much effort has been made towards
finding a controller which guarantees robust sta-
bility. However, when controlling such systems,
it is also desirable to design the control systems
which guarantee not only the robust stability, but
also an adequate level of performance. One ap-
proach to this problem is the so—called guaranteed
cost control approach (Petersen and MacFarlane



1994). This approach has the advantage of pro-
viding an upper bound on a given performance
index. Recent advance in theory of linear matrix
inequality (LMI) has allowed a revisiting of the
guaranteed cost control approach. In particular,
the guaranteed cost control problem for a class
of nonlinear large—scale interconnected systems
which is based on the LMI design method was
solved (Xie et al., 2000). The LMI design method
is a very well-known and powerful tool, it can not
only efficiently find feasible and global solutions,
but also easily handle various kinds of additional
linear constraints. However, so far the problem of
guaranteed cost stabilization for the large-scale
uncertain linear systems with respect to uncer-
tainties in the controllers themselves has not been
discussed.

In this paper, the guaranteed cost control prob-
lem (Petersen and MacFarlane 1994) which has
received much attention recently of the decen-
tralized robust control for a class of large—scale
systems with the norm-bounded parameter un-
certainties is considered. After defining the guar-
anteed cost control problem for the large-scale
interconnected uncertain systems, a sufficient con-
dition for the existence of the decentralized ro-
bust feedback controllers is derived by making
use of the Lyapunov stability criterion such that
uncertain large—scale interconnected systems can
be asymptotically stabilized. The LMI design ap-
proach plays an important role to derive such suf-
ficient conditions. The main contributions of this
paper show that the guaranteed cost controllers
can be constructed by solving the LMI. It is worth
pointing out that the positive scaling parameters
which are included in the LMI are chosen such
that an upper bound on the quadratic cost perfor-
mance is optimized. Consequently, the resulting
controllers guarantee the adequate upper bound
on a given performance. Finally, the problem of
guaranteed cost control for large—scale uncertain
systems under gain perturbations is considered.

2. PROBLEM FORMULATION
Consider a class of large—scale interconnected sys-

tems composed of N interconnected subsystems
described by the following state equations:

N
+ Y Gigi(t, ), (1)
=1, j#i
.Z‘i(O):l‘io, Z:]., 2, Ty N,

where z; € R™ and u; € R™ are the state and
control of the ith subsystems, respectively. A;,
B; and G;; are constant matrices of appropriate
dimensions and G;; are interconnection matrices

between the ith subsystems and other subsystems.
The unknown vector functions g;;(t, x;) € Rl
represent interconnections among the subsystems.
It is assumed that the unknown vector functions
gij(t, x;) are continuous and sufficiently smooth
in z; and piecewise continuous in ¢ (Gong et
al., 1996). The parameter uncertainties considered
here are assumed to be of the following form:

[AA;(t) ABi(t)] = D;iFi(t) [ Evi B ], (2)

where D;, Fq; and FEs; are known constant real
matrices of appropriate dimensions.

Fi(t) € RPi*% are unknown matrix functions
with Lebesgue measurable elements and satisfying
FI(@t)Fi(t) < I,,, where I, € R!*! denote the
identity matrices.

We make the following assumptions concerning
the unknown vector functions.

Assumption 1: There exists known constant
matrix Wj; such that for all x; € R™

lgij(t, =) < Wi, (3)

for all 4, j and for all ¢ > 0, where | - | denotes the
Euclidean norm.
N
Assumption 2: For all 4, Z WﬁWji > 0.
j=1
Remark 1: The assumption 2 is made only for
simplification of presentation.

Associated with system (1) is the cost function

7 =3 [T OQuri ) + T (O Rt (4

i=1

where Q; and R; are given positive definite sym-
metric matrices.

Definition: A control law w;(t) = K;x;(t) is
said to be a quadratic guaranteed cost control
with cost matrix P; > 0 for uncertain large—scale
interconnected systems (1) and cost function (4)
if the closed—loop systems are quadratically stable
and the closed—loop value of the cost function
(4) satisfies the bound J < J for all admissible
uncertainties, that is,

+a! (6)[Qi + KzTRiKi]xi(t)> <0, (5)

for all nonzero z; € R™ and all matrices F;(t):
FL@)Fi(t) < I,.



The objective of this paper is to design a de-
centralized linear time—invariant guaranteed cost
control law u;(t) = K;x;(t), i =1, 2, , N for
the large—scale interconnected systems (1) with
uncertainties (2).

3. MAIN RESULTS

Now, we present a sufficient condition for exis-
tence of the state feedback guaranteed cost control
laws for the uncertain system (1).

Theorem 1: Under the assumptions 1 and 2, let
us consider the large—scale interconnected systems
(1) with the uncertainties (2). If there exist sym-
metric positive definite matrices P; € R™*™i such
that for all uncertain matrices F;(t) the LMI (6)

is satisfied, the control laws u;(t) = K;x;(t), i =
1, 2, ---, N are the guaranteed cost controller,
B PGa - PGiN
GLP -1, -+ 0
GypP, 0 - —I,

where A; € RV*N | N = n; + (N — 1)I; and

N
== AZTPZ + PZ/L + Z WJT;WN + Ri,
Jj=1, j#i
E;:= Fy; + By K;, R;:=Q, + K R;K;.

Furthermore, the corresponding value of the cost
function (4) satisfies the following inequality (7)
for all admissible uncertainties F;(t).

J<J=> al(0)Pu;(0). (7)

i=1

Remark 1. Note that there exists no matrix P;G;;,
i=1, ---, N in the matrix A;.

Proof: Combining the guaranteed cost controller
ui(t) = K;x;(t) with (1) gives a closed-loop
system of the form

N
T; = Ax; + Z Gijgij(t, {L‘j). (8)
J=1, j#i

Suppose now there exist symmetric positive defi-
nite matrices P; > 0 such that the LMI (6) holds
for all admissible uncertainties. In order to prove
the asymptotic stability of the closed—loop system
(8), let the Lyapunov function candidate

Vix(t)) = Z%—T(t)Pm(t)» (9)

wherex = [2] 2] - 2} ]T. Note that V(z) > 0

whenever x # 0. Then the time derivative of V(x)
along any trajectory of the closed—loop system (8)
is given by
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where z; = [x? gh gb - giTN]T € RY and Z;
and A; are given in (6). Taking into account
the fact that the inequalities (6) hold, and using
the Schur complement (Zhou, 1998), it follows
immediately that

N
> @l Rix; < 0. (10)
=1

Hence, V(z) is a Lyapunov function for the
closed—loop system (8). Therefore, the closed—loop
system (8) is asymptotically stable and u,;(t) =
K;x;(t) is the guaranteed cost controller because
the inequality (5) is satisfied. Furthermore, by
integrating both sides of the inequality (10) from
0 to T and using the initial conditions, we have

N T
V(D) - V() < - Y [ of Rzt
0

=1

Since the closed—loop system (8) is asymptotically
stable, that is, z;(T") — 0, when T' — o0, we
obtain V (z(T')) — 0. Thus we get

h
M=

/:c sxidt < V(z(0))
0

.
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It follows from the definition that the result of
the theorem is true. The proof of Theorem 1 is
completed. O

We now give the LMI design approach to the
construction of a guaranteed cost controller.

Theorem 2: Under the assumptions 1 and 2, sup-
pose there exist the constant parameters p; > 0



such that for alli =1, 2, -- -, N the following LMI
(11) have a symmetric positive definite matrix
X; >0 e R"*" and a matrix Y; € R™i*X"i

o ET X, Y X,
E; —pil,, 0 0 0
X; 0 —Q;' 0 0 < 0,(11)
Y, 0 0 —-R*' 0
X, 0 0 0o -U!
N
where El = F1; X+ FEyY;, U = Z Wj,-];Wji,
J=1, j#i

O, := A Xi + B,Yi + (AiX; + BY:)" + DD}
N
+ > GG
=1, i

Then, the decentralized linear state feedback con-
trol laws

uz(t) = Kiwi(t) = EXl_lxl(t)a 1= 1a Tty Na (12)

are the guaranteed cost control laws and

N
J <> al(0)X; i (0) = J (13)
i=1
is the guaranteed cost for the closed—loop uncer-
tain large-scale interconnected systems.

Proof: Applying the Schur complement to the LMI
(11) gives

P+ [(BuX; + B2 Yi)" Xi Vi X

0 @ 00 X
0 0 R, O Y;
0 0 0 U X;
= A Xi + BiYi + (A X; + BY;))" + ;D D}
N
+ Y GyGl
J=1, j#i

17 H(EuXi + By Y:) T (BuXi + ExYs)
+X:QiX: + VI RY; + X;U;X; <0. (14)

Let us introduce the matrices X; = PZ-_1 and
Y, = KiP,L._l. Substituting these matrices into
the above inequality (14) and pre- and post—
multiplying both sides of the inequality (14) by

Ty := A P, + P,A; + i P;D;D] P,

N
+Ni1EiTEi+Pi( Z GijG;‘I;'>Pi
J=1, j#i

N
+ Z W};Wﬂ + R@ < 0. (15)

j=1, j#i

We will use these inequalities in order to establish
(6). For any admissible uncertainties (2), it fol-
lows from (15) and a standard matrix inequality
(Petersen and MacFarlane 1994) that

N
ATP, + PA; + Pi< > Gisz;)Pi

J=1, j#i

N
+ > WEW;+ R <T
j=1, j#i

On the other hand, by applying the Schur comple-
ment, it is easy to verify that the above inequality
is equivalent to (6). O

Since the LMI (11) consists of a convex solution
set of (u;, X;, Vi), various efficient convex op-
timization algorithm can be applied. Moreover,
its solutions parameterize the set of the guaran-
teed cost controllers. This parameterized repre-
sentation can be exploited to design the guaran-
teed cost controllers which minimizes the value
of the guaranteed cost for the closed—loop un-
certain large—scale systems. Consequently, solving
the following optimization problem allows us to
determine the optimal bound.

N
Yo: rr/_{flinzai =J" X € (i, Xi, Vi, a;)(16)

such that (11) and

[;g_ﬁ)i) ””_T)(?)] <0. (17)

That is, the problem addressed in this paper is

as follows: “Find K; = V;X; !, i=1,2, ---, N

such that LMI (11) and (17) are satisfied and the
N

cost J < Z «; becomes as small as possible.”
i=1

Thus, the minimization of J implies the mini-

mization of the guaranteed cost for the uncertain

large—scale systems (1). Finally, we are in a posi-

tion to establish the main result of this section.

Theorem 3: If the above optimization problem
has the solution pu;, X;, Y; and «;, then the control
laws of the form (12) are the decentralized linear
optimal state feedback control laws which ensure
the minimization of the guaranteed cost J for the
uncertain large—scale interconnected systems.

Proof. By Theorem 2, the control laws (12) con-
structed from the feasible solutions u;, X;, Y;
and «; are the guaranteed cost controllers of the
uncertain large-scale interconnected systems (1).
Using the Schur complement to the LMI (17), we
have



{x_l(o(é)z) x_‘TAg(OZ)} <0 2] (0)X;  2,(0) < a;.

It follows that

J < Z:ﬂ (0)X; ';(0) < manal =J"
i=1
N
Thus, the minimization of Z «; implies the min-
i=1
imization of the guaranteed cost J for the inter-
connected uncertain systems (1). The optimality
of the solution of the optimization problem follows
from the convexity of the objective function under
the LMI constraints. This is the required result.
O

Remark 2: It can be noted that the bound
obtained in Theorem 3 depends on the initial
condition x;(0). To remove this dependence on
z;(0), we assume that z;(0) is a zero mean random
variable satisfying E[x;(0)z;(0)T] = I,,, where
E[] denotes the expectation. In this case, it should
be pointed out that the guaranteed cost becomes

ZE T0)Xx; 2,(0)] = ZTrace Xt
i=1
N
< Z Trace A; such that (11) and
i=1
*Ai Ini
|:Ini —le < 0. (18)

Furthermore, it is worth pointing out that the
original optimization problem for the guaranteed
cost (16) can be decomposed to the reduced opti-
mization problems (19) because each optimization
problem (19) is independent of other LMI. Hence,
we have only to solve the optimization problems
(19) for each independent subsystem.

DI n)l}inTrace Aiy Vi € (i, Xi, Vi, Ai).(19)
4. GUARANTEED COST CONTROL UNDER

ADDITIVE GAIN PERTURBATIONS

Consider the class of large—scale interconnected

systems (1), where Fo; = 0. For a given con-
trollers wu;(t) = K;x;(t), the actual controller
implemented is assumed to be u;(t) = [K; +

H;F;(t)EF)x;(t), where K; is the nominal con-
troller gain, and HlFl(t)Ef represents the gain
perturbations. In fact, the controller gain pertur-
bations can result from the actuator degradations,
as well as from the requirement for re-adjustment
of controller gains during the controller implemen-
tation stage (see e.g. Yang et al., 2000).

By using the similar algebraic technique used in
Theorem 2, we give the following theorem.

Theorem 4: Under the assumptions 1 and 2, sup-
pose there exist the constant parameters p; > 0
such that foralli =1, 2, -- -, N the following LMI
(20) have a symmetric positive definite matrix
X; > 0e R"*™ and a matrix Y; € R™i*"™

W, X; X, Y+ BH" X,EF
X; -Q;' 0 0 0
X; 0o -U !t 0 0
i+H'BY 0 0 —-R7'+H' 0
E.X; 0 0 0 — il
<0, (20)
where E; = [ET, EF\T, Y := pH;HT

U; = A, X; + BiY; + (AiX; + BiY;)" + pi(D; D]

N
> GyGE

+BiH;H B]') +

J=1, j#i
N
U= > WjiWw;>o.
J=1, j#i

Then, the decentralized linear state feedback con-
trol laws (12) are the guaranteed cost control laws
and the cost bounds (13) is the guaranteed cost
for the closed—loop uncertain large—scale intercon-
nected systems.

Proof: Since it is easy to prove this theorem by
applying the Schur complement and the stan-
dard matrix inequality (Petersen and MacFarlane
1994), the proof is omitted. O

5. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of our pro-
posed control, we have run a simple numerical
examples. Consider the interconnected uncertain
systems (1) composed of three two—dimensional
subsystems. The system matrices and the un-
known functions with the uncertainties are given
as follows.

[0 1 0 0
Al:_—1 0.01}’31_[1}’1)1_[1]’

Eyy=E;=FE;3=[001],
By = E3 = E>3 = [0.01],
=10.1 + 01(¢)] sm[l O}wj, j=2, 3,
=[0.1+62(¢)]sin[1 0] z;, j =3, 1,
0]

g3; = [0.1+85(t)]sin[1 0]y, j=1, 2,
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Fig. 1. Response of the closed—loop system 1.

P
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Fig. 2. Response of the closed—loop system 2.

" Time (21
Fig. 3. Response of the closed—loop system 3.
|0:(t)] <0.1, i =1, 2, 3,

In that case the unknown functions g;;(¢, z;)
satisfy [gi;(t, z;)] <0.2|sin[1 0] z;| < 0.2]z].
Therefore, we choose as Wiy = Wiz = Wohs =
Wo1 = W31 = W3y = 0.215. The uncertain pa-
rameters F;(t), ¢ = 1, 2, 3 are time—variant and
satisfy |F;(t)] < 1. Now, we choose as R; = 1
and Q; = diag [10.0 1.0], i = 1, 2, 3. By ap-
plying Theorem 3 and solving the corresponding
optimization problem (19), we obtain the decen-
tralized linear optimal state feedback control laws

K1 =[-2.4071 —2.6079] ,
Ky =[-2.4177 —9.4040 x 107" ],
K3 =[-1.0667 x 10 —9.7170] .

Consequently, the guaranteed cost of the un-
certain closed—loop system is J* = 66.71748,
where mmTrace A1 = 10.857576, mlnTrace As =

7. 068615 and HJl/mTrace Az = 48. 791289 Finally,
the results of the simulation of this example are
depicted in Fig. 1-3. The initial state is set as
z;(0) = [1 ().5]T7 i =1, 2, 3. It is shown from
Fig. 1-3 that the closed—loop system is asymptot-
ically stable.

6. CONCLUSIONS

In this paper, a solution of the guaranteed cost
control problem for large-scale interconnected

systems with the norm-bounded parameter un-
certainties has been presented. The decentralized
robust optimal guaranteed cost controller which
minimizes the value of the guaranteed cost for
the closed—loop uncertain large—scale systems can
be solved by using software such as MATLAB’s
LMI control Toolbox. Thus, the resulting decen-
tralized linear feedback controller can guarantee
the quadratic stability and the optimal cost bound
for the uncertain large—scale systems.
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