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EXTENDED ABSTRACT

In this paper, a Nash game of sngularly perturbed systemsis studied in aviewpoint of descriptor
system theory. A new method based on generdized coupled agebraic Riccati equations aigngin
descriptor systemsis presented to find the composite Nash equilibrium solution of singularly
perturbed systems. In this method, the full-order system is decomposed into adow subsystem and a
fast subsystem, and the dow subsystem is viewed as a specia kind of descriptor systems. Through
the solution of the dow Nash game, which is aNash game for descriptor system, the composite Nash
equilibrium solution is obtained. It is proven that the composite Nash equilibrium solution achieves a
performance which is O(e) close to the full-order performance. Two numericd examples are given to
show that the proposed method is valid for both standard and nonstandard singularly perturbed
systems.
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Ahstract: In this paper, a Nash game of singularly periacbed systems is studied
in a viewpoint of descriptor system thesry. A new method based on generalized
coupled algebraic Hiccati equations ansing in descnptor systems 13 presenfed to
find the eomposite Mash equilibriom soluticn of singularly perturbed systems, In
this method, the full-order svstem s decomposed nto a siow subsysiom and a fast
subsvstem, and the slow subsyatem is viewed as a special kind of descriptor systema.
Through the solution of the slow Mash game. which is a Nash game for descriptar
system, the composite Wash equilibrinm solution is oblained. It s proven that Lhe
composite Nash equilibrium solution achieves a poerformance which s (=) close
to the full-order performance. Two numerical examples are given to shew that the
proposed method 18 valid for both stapdard and nonstandard singularly perturbed
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L. INTRODUCTION

The descriptor equation is a natural representa-
tion of dynamical systems which describe static
and dyoamic relations of physical variables ex-
plicitly. The descriptor systems has found many
applications in large-scale systems, singularly per-
turhed systems, circoit theory, economies and
ather areas. Az one of applications m singularly
perturbed systems, the descriptor system is used
in the stody of various control problems and dy-
namic games for hoth standard and nonstandard
singularly perburbed systems {Wang of ol | 1983,
199d; Xu er af, 1997; Xu and Mizokami, 1997
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In this paper, a Naszh game for singularly per-
turbed systems s studied in a viewpoiot of de-
seriptor system theory. A new method, based
on generalized conpled algebraic Riceati squation
arising in descniptor systems, is proposed to find
the composite Nash equilibriom solution. Tn this
method, the full-arder syatem is decomposed into
a slow subsystem and a fasl subsystem and the
slow subsystern is viewed ns a specal kind of
deseriptor systems. Through the solution of the
slow Mash game, which is a Nash game for de-
seriptor system, the composite Nash equilibriam
solution is ohiained, It iz shown that the com-
posite Mash equilibrinm solution can be obtamed
simply by only revising the solution of the slow
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Mash game. Therefore, the method b8 a reduced-
arder method and is independent of the small
paraneter £, It s proven that the composite Xash
couilibrium solution achiieves & parformance which
is (e} close to the full-order performance. Two
munnerical examples are given to show that tlhe
propoasd method iz walid for both stapdard and
nogtstandard singularly perturbed syvatoms.

Thiz paper is organized az follows, Tn next see-
tion, the closed-loop MNash egquilibrium equation
ol Player 1 oand 2 for the full-order Nash game
i3 given. In Section 3. ithe full-order problem 1=
decomposad into a slow subsystemn Nash game
and a fast subsystemn Nash game, Their solutions
are investigated. In Section 4, the composite Nash
equilibrivm solution s obtained, and ils near-
optimality property is studied. Section § discinsaes
zome conclustions,

¢ FULL-ORDER NASH GAME
Consider n lipear time-imvariant singwlacly per-
turbed system
(1)
(1h)

r= Az 4+ Agpr 4 Hyguy + Broaug,

£z = Aqr 4 Avez + Faytt) + Bantis,

with {0} = =zq,2(0) = 2 and performance
criterin
7 I - z]1” > T
<;~'—§ {: (4 ¥ . + uy R
(]
-i-!le‘,_T-u_,}d-!. Li=1,2, 12 (2
where i = 0, R,; = 0,
Qitr Qizz ] [ CHCh €0 ]
£ = = T ho -
: [Q;r:: iz E':'T:r{-'fl f_-.!i(-,-;; @)

and £ is a renall positive parameter, 2(£) € B™ and
Yy € K™ are states, w{l} € ™, ugit) € R
are the controls of Player 1 and Player 2, and
all matrices are of appropriate dimensicns. The
systeamr (1) s called the nonstandard singularly
perturbed syatem if the matrix Ayqe is singular.

A Nash equibibriuny solution is a pair {uf. 03) such
thai

J,—{u:,ﬂ}]-\gﬁ{u,__u}}, i=1,2, i# 5 (4)

for all admissible .

Let us consider the closed-loop Nash equilibrinm
solution Lo the Tull-order problem. Before doing
rhat, let ua define the following matrices,

.'h=[ A Ags ]1_ A:{-"lu Az

.‘1.21,!"5 .‘?zgr‘rf Agl .‘12'_-] 1{5"}
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B [filfs]" m = [g'i] {5b)
Sie = By M5 BL: 5 = BRG], (5¢)
Cye = By R RG RN BT {5d}

Gy = By R} Ry Ry 8T, (5e}

with 7,5 = 1,2,7 # j Furthermore, the kfth
block of matriees 5, 06 are denoted henceforth
by Se Gagj k0 = 1,2, and 5] = f:—n-,.G;'.r_.j =
Gk # 1.

The closed-loop Nash equilibrium solution to the
full-crder problem s given by

== "H.-_,-I-Bu'rﬁ-:'hh = 112l i ?E .Il..- [ﬁ]

Uy

where y = {IT.‘_"]IT and N; iz a unique sta-
bilizing solution of the coupled algebraic Riccati
equaliormn

AT R4 Kidp + @ — KiSi ly—
RiSp Ry — K55 R + KGR =0, (7)
withi j = 1.2,i7# j. The above Nash equilibrium
solution can also be expressed as, equivalently,
wo= =G Bk, (8)
wleere K, is a unique stabilizing solwtion of the
generalized coupled algebraic Riccat: equation
(i) ATR; + KFA+ Q= RTS, K-
KT S K — KTSKi+ KT Gy K5 =0, (9a)

(i) B K = IfL-TEr, (9]
where
F A |
Ec = [ 0 '—"!m . ‘.Eﬂ]

We have the relation & = F, R,

3. DECOMPOSITION OF SLOW AND FAST
GAMES

Similar Lo the standard singularly perturbed sys-
tems, we decompose the full order game into two
subsystem games,

Slow MNash game: Find a Nash equibibrium
sofution (n),, w5, ) of

a & .
i = lzf([j:] o [z:l +ul B,

+ul, Ryug, )b, 6,5=1,2 i€ (1)

ISBN: 008 043248 4



AN ORDER REDUCTION PROCEDURE TO COMPOSTE NASH SOL..

for the slow subsyatem
Fa, = Aye + Biug, + Bonisg,

Ey,(0) = Ey, ()

whers jy = [:r'f.z';"]r. £ = Elisu, 4 B arc
defined in (3}, and Q; in (3],

Fast Mash game: Find a Nash cquilibrivn: sola-
tion {ul, ui,} of

oo
i - B— N
Jif = 7 f{t{ﬁﬁfm:; b u!_,« Ryiugyp
s

ol Rigugghdt, i,j=12 i#37 (13)
for the Fast subsystom
cip = Aapze + Faginy gy 4+ Hegttgy.
zp(0) = 5y = 5,0}, (14)

where = r— 2y Ny =t — g, andd Uap = wy —

Mg,

The fast subsystem (14} is derived by assuming
that the slow variables are constant during fast
transients, that iz, &, = 0 and 2, = A constani.

Let us first consider the soluton of the fast Nash
LA,
Propesition J. The fast Nash game adimits a Nash

equilibriom solution

wip = —R;'BLKyz. =12 (15)

if there exiats & unique stabilizing solution ta the
voupled algebraie Riccati equations
A-ﬂ?:_. fip =+ Kipddos + E,T;C,T-‘a — Kip Sam Ky
= WipSanp Ny — Ry pSany Wig

-};’f‘;'r{-;;z‘: r‘jf — E!r {IH:I

with i,7=1,2 i#£j.

Mext let us consider the solution of the slow Nash
game. Before doing thar, el os firat introduce
the other gemeralized coupled algebrale Riceatd
equations.

(i) TP, + FTA+Q: = PLS,Pium
SiP, + PLGi P = 0, (17a)
(17b)

Pr5: P, — 2F
{#i) ER. = PTE,

with £, 7 = 1,2 i % j The solution P, of {17)
takes a lower-triangular block form

FPrg. 0

Falia Pnl';] + i = P, (18)
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becanse of {1Th). It is worthy o note that Mo,
may oot be symmetric, The coupled algelivaic
Riceati equations (17] can be partitioned into

Psdn + P;?] st + -‘1'?1 P + A?y"’zm
— P16 S0 Prais — Phia Sz Prus
— Pryi S0 Priis — Py Sam Pois
= PiajeSia; Priie — Py 510 Pross
—Pyije Srag Poiis — Pé"'”-.. Forai Pl
—Pyis 51 Prie = Pl ST Prige
—Pitia Sini Payje — PliiaSazs Pogs
+Piays Gy Prags + P Gl Prigs
+ P20 G Parge + Pl Gy Pays
T =10
PhisAst + ATa Pine + AT Pasis
— P 8 Poiy — PRy Sax Pasis
PijaSazy Poves

Ex f’-_?-a;,-‘ifzj Pyija = PE:‘a 52'3: Pija

(1%a)

— B ST Pries —

+ Pl Clai Prija + Py Gazi Pay,
+@7, =0, {19b)
Py Ave + ALy Ponie — PEy, S22 Poaie
= PLyy Sy Panis — Py, Saai Paaga

+-"’:EJ:,G:—‘.'.*_: Faags o Qs =10, {i9c)

Suppose that {(10c] admit a real sclution pair
(s, My ). Then, [19h) ean be rewritlen as
AL Py, — Wy Payjy + AL Py + Wy Py,

225
+Q7, =0, 4i=12 i#3 (20)

wlere
Ayz = Aya — Si21Pazaga = S120Pe00., (21a)
Aup = Ass ~ Spur Pamiys — SueaPasa,, (21h)
(1)
(21d)

Wi = G2 Pazia = S Fogjs,
Wag = Soa Paags — Olani Poniy,

Q:u’. = iy -’1-;1—""'235'.--
-EE'!'M} -

i
5]

(21e)

Fromm (20},

- Wil

AT, —¥
i,

-wh,

W

_[ 4%
-wh, AL Pz,
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s QL?] 25
Qhal W

Therefore, solving the cquations (22) gives { My,
Paya.) which are expressed in terms of (P,
Pz,
Pri = =QF = WP — Wii Piajss

iy=12 i%£j 5]
where, the inverse of the corresponding matrix is
assmned Lo exist and the explicit expressions Tor
Qi Wi, Wy are amitted for brevity, Substituting
(23} into [19a) arrive ab nonstandard coupled
algebaric Riccati egquations of (P, Plia, ), that
is,

Pris Ay = (98 + WaPug, + Wiy Py )T An
+ ATy Prvin — ALIQT + Wis Priss + Wis Puisa)
—Py1ia 810 Pris + QL + Wi Praia

W Prya )T ST Priie
4+ P S12:0Q% + Wi Prosa + Wi Prijs)
—{27, + Wi Payie + Wis Prija )T Sem QT

+We Py + Wi Puas,)

= Prge ¥ P + [QL - ﬁ’j_;i'*nj:

+ Wi P )T Shy Puuis
+PussS12;(QF + Wis Priss + Wi, Puis)
~(QF; + Wy Pyyjy + WiiPrii )7 520, (Q7;

+Wii P + Wi Py,

—Py1iaSi1; Prajs + (@1 + WaaPig,

+ Wi Prga) T 505 Prje
'I-Hn';ﬁ'mjt{?;r} b Wi Prage + WP
Q% + Wy Priss + Wi Praga YT Sy (€5

+Wj; Puijs + Wi Puris)

+ PG Puags — (@0 + Wiy P

+ Wi Pruaa ) TG, P,

— P0G QT + Wi Prus + Wi Pras)
QT + W5 P + Wit P, ) Gag Q7
-l-[-i:'J,-1I Prigs + ﬁ'_iz.f"“;_,}
+Qmnm =0, =12 i#] (24)

Clearly, the existense of o real solution to the
coupled algebraic Riccall equations {19¢) and a
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real solution Lo the nonstandard coupled alpebraic
Riceats equations [24) = softicient for the exis-
tence of & real solution o the generalized coupled
algebraic Riccati eguations (17) suppose that the
related inverse matrix exists.

Propositien 2. Suppose thal the gensralized cou
pled algebraie Hiceati equation (17) admit an
impulse-free and stabilizing solution £, and £,
is unigie, Then, the slow Nash game admits a
Mash equilibriam solution | given by

w,=—R.'B{F.y,. i=12  (23)

Femark F. Similar to descriptor systems, an im-
portant feature of the slow Nash game is that the
feedback Nash equilibrivm solution is nol unigue.
This fact is clear if we note that any real so-
lution of the eoupled algebraie Hieeanl equation
{ 18¢c) is allawed in the Feedback gain of (25). But
EF, = PTE is required o be unigue.

4. NEAR-OPTIMALITY OF COMPOSITE
NASH EQUILIBERITM

In thie section, [ef 18 monstruct a composite Nash
equilibrium solution i, = uf, + uf, and analyze
itz near-optimality, It bas been &nown thar the
Nash equilibrinm solution for the slow Nash gane
iz not unique. However, the corresponding Wash
equilibrium solution for the fast Nash game is
upigque. Comparing (6] and (19}, it is found
Lthal they have the same parameter matrices. 'Tlis
means that a uniqne stabilizing solotion of {16]
is also a solution of {1%c). Taking the achution
Pasis = Ry, we get a special Nash equiibrinm
solution Lo Lhe glow Nash game, denoted by

wl = —R;B] Elw. (26)
where
Pt . 0
Pt = 1148 ; 7
it [ i ""ﬁ:‘:] (20)

Fli = K and PR, is the corresponding solu-
tion of (24) when Pass, = By, . P, is obtained
from {221,

From the analvses above, in 15 obrained readily
. . - -1ygT mBr
Wi, = 1"“u-'- + byp=— R\i [H i HEEIK
.r_
[PL-FI”I" FE ] [IJ] ~ R BLK =
Tlir ¢ E3is s

+.
-‘H:EIIBE; Hi;['i:i:: P?%HJ [f}1 {28}

where z(#) = »,(8) and ={t) &2 2,(8} + z5{{).

Remark 4. Let us compare (23) with (28) it i3
found that u!, & oblained by computing agd
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3ig

reviging Lhe Nash equilibrivm soluvion #f, te the

slow Nash game,

MNow, tef s apply the composite Nazh equilibriom
satution ) to the full-order system {1) and com-
pare it with the exact Mash eqguilibrivm solution
(&}, In order Lo do Lhat, let us first make the foi-
lowing remarks on the wnigue stabilizing solution
F; of the generalized coupled algebraic Riceati
equation {(9).

nder certain conditions, for example, the exis-
tenec of the selutions to the coupled algebraie Ric-
cabi equations [ 19:),[24) and the existence of the
refated mverse matrices, the geperalized coupled
algebrale Riccati equations {9) admit a unigque
stabilising solution K, which possesses a power
sefles aXpansion ab £ = [, that is,

ol 0T
i [h'mj T8 ]

[ ()

hﬂl; !2?.;"
: FrlE) o gt .
5 i Kl T [ i=12 o9
k=i kt J|-=

Now, let us compare the composite Nash equilib-
civmn solution wl, with the exact Nash equilibriuim
solution wf and show the Of¢) approximation
of J7. Applying the composite Nash equiliboium
solution u_ o the full-order aystem (1), we have

I = .;” "0V E, Protn). {30)

where /%, i3 the solution of the generalized Lya-
punoy eguations

(1) (A~ Si Bt — 5, P3O B,
+PL(A = S1P} = 5:PF)
=~-FTsiFY - PTGy RS - @i, (812)
(ii) E. P, = PTE,. (31b)

Similar to K, the peneralized Lyapunoy equations
(31} also admit a wnigue stabilizing solution 2,
which possesses a power 2eries expansion at £ = (),

that is,
oy (RS
rio= | 2 T |
"n?ll:& "n'Eii-:

e i=1,2 (32)

"‘ 1 l;- F L

'.kT !}:‘L}T]

Theorem J. The first term of the power serics of
Ji and J sl ¢ =0 are the same, that. is,

Ino= 00+ 0fe), i=1,2, {33

a—lf'\
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and henes The compesite Nash equilihrinm solu-
tion is an £4s) near-optimal solution to the Tull-
order Mash game (1],02).

To the end of this section, the design procedure to
find the composite Nash equilibrivm selution will
be surmmarized and two numerical examples will
be solved.

Step 1. Find the unigue stabilizing salution iy
of the coupled algebraic Riccati equations {16}

Step 2. Based on Ayp. find the impulse-free
stabilizing solution P of the generaliced coupled
algeliraic Riccati equations [17).

Step 3. Substitube 4, (1) of (26) by ylf) to get the
compostte Nash cquilibeivin solution (28) directly,

Different from the optimal contral problem and
sereesum differential game (Xu ef sl 1997 and
Xu and Mizukami, 1997}, parallel compuiations
for the solutions of {16)17) are impossible.

Erample 5 Consider a standard singularly per-
turbed systewm

ity ] _ xi}
s:Fy | T —1 - =(1)

+ [i] wald), (M =1, 20)=2  [34)

] tg(t)

The performance criteria are

s=g [z 1) 2]

Lurd 4 Bl e
1 (217 21
J?'_Ef{_z] |12

+2uf + ud}dt.

{35a)

(35b)
Following the steps 1-3. the composite Nash eqai-
litbrium solution is ohtained as follows,

), = —f1 Y=

[w’h ;fjé- 134 w'a'i] wz] [1]

1 A6a)
uh, = —[1 9=

[w‘% + fﬁ ~ 1)/4 (+3 —‘] t}ﬁ] [z]
{36h)

The resulting performance values for several val-
ues of £ when the fulloeder Nash squilibrium
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Jnl)

selation and the composite Nash equilibriuim so-
lution are applied respectively are given in Tahles
I, where J; = Ja = J since symmetrie property,

Table 1 Comparing the numerical resulis

£ G5 0.2 0.1 001 0001
JT{=y 130 073 0h 047 D6
(=) 124 0% 0 03T 0568

It is seen that Jo(z) and J7 (=) have the same lieni
as £ = ()

Erample & Fucther consider & nonstandard sin-
gularly perturbed system

[Z0)=[2 2] [Z0] « [4] wew

& [E] wa(t), «{0)=1, {0)=2 (37

The performance criteria are the same as (35).
Following the steps 1-3, the composite Nash equi-
librivm solution is obtmined as follows,

whe =0 2x

[{3«" {:’;ni}.{#vqaw ﬁﬂ,“ ] {38a)
2]=

. = =1

[ (14 15)/4

(B3I 430 -3 - u“'“]fsv"m][*]'m"’}

The resulting performance values for several val-
nes of £ when the full-order Nash equilibriumm
solution and the composite Nash equilibrinm so-
lution are applicd respectively are piven in Table
2, where Jy = Jo = .J since symmelric property.

Tabie 2 Comparing the numerical resulls

__ 05 0.1 001 D001 00001
T7z) 137 0.8 0.68 061 061
Ire) 169 084 063 061 061

J(=y and J2(e) have the same limit as ¢ — 0.

5. CONCLUSLONS

In this paper, by wsing the generalized coupled
algebrale Riccati equation arising in descripror
systems, the composite Nash game for singu-
larly perturbed systems has been studied. The
dame problem has been treated by Gardner and
Cruz (1978) in which the Hierarchical Reduction
Schieme s proposed. An imiportant obsecvation in
that paper is that the usual order reduction pro-
cedure for singularly perturbed optimal conlrol
systems does nol lead Lo a well-posed problem
when extended dircctly to the linear-quadratic
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nongere-sum closed-loop Nash game, Tn this pa-
per, tha fallorder svetem iz decomposed into a
slow subsyvstem and a fast subayatem, and the slow
subsyatem s viewed as a special kind of descriptor
systems. It 18 shown that the propesed method
really leads to a well-posed problem. Combin-
ing the results in this paper and those in au-
thora's other papers (Xu of af. 1997 and Xu and
Mizukami, 1907), it is chaimed ihat the proposed
order reduction procedure, that is, viewing the
slow subsystom as o descriptor system, will lead to
a well-posed solution no maiter whar a problem is,
for example, an optimal control problem., a zero-
sumn differential game or a nonzero-sum differen-
tial garne.
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