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An LMI Approach to Guaranteed Cost Control for The notations used in this brief are fairly standard. The superscript
Uncertain Delay Systems T denotes matrix transposk, € R"*" denote the identity matrices,
block-diag denotes the block diagonal mattix; | denotes the Eu-
Hiroaki Mukaidani clidean norm, and| - || denotes the largest singular value.

Abstract—The guaranteed cost-control problem for uncertain linear sys- Il. PRELIMINARY

tems which have delay in both state and control input is considered. Suffi- We consider the autonomous uncertain delay System of the form
cient conditions for the existence of guaranteed cost controllers are given in

terms of linear matrix inequality (LMI). It is shown that the state feedback N
controllers can be obtained by solving the LMI. ®(t) = [Z+ AK(t)]lf(t)+ Z [AT+ AA] (D]a(t — )
Index Terms—Delay, guaranteed cost control, linear matrix inequality i=1
(LMI), uncertain linear systems. +[H" + AH"(t)]x(t — 1)
xz(t)= ¢(t), t €[—d, 0], d=max{7m, ..., 7~v, h}
|. INTRODUCTION (1)

De_)lay_systems generally 0(_:cu_rin modern society_intheform of COMyherex(t) € R™ is the statez; > 0 are the delay constants, and
munication systems, transmission systems, chemical processing %) is the given continuous vector valued initial functioh,. A7, and
tems, power systems, and so on. If the presence of delays, is not cgf-are the constant matrices of appropriate dimensions. The parameter

sidered in the controller design, it may cause instability or serious dghcertainties considered here are assumed to be of the following form:
terioration in the performance of the resulting control systems [1]. The

study of time-delay systems has received ever greater attention in the[ AA(t) AH"(t)]=DF(t)[E1 E4%] (2a)
past few decades. AAT(t)=D]F] (t)ET, i=1,....,N (2b)

In recent years, the problem of robust control of delay systems o
with parameter uncertainties has been widely studied in the literatwvgereD, E1, E5, DT, andE] are known constant real matrices of
[2]-[4]. Although there have been numerous results on robust contgsipropriate dimensiong(t) € RP*? and 7 () € R"*" are un-
of uncertain de|ay systems, much effort has been made towg{fapwn matrix functions with Lebesgue measurable elements and sat-
finding a controller which guarantees robust stability. However, whé#fying
controlling such systems, it is also desirable to design the control T T -
systems which is not only robustly stable, but also guarantees an PP <1, and F(OF () < L. (3)
adequate level of performance. One approach to this problem is &sociated with (1) is the cost function
so-called guaranteed cost-control approach [5]-[11]. This approach -
has the advantage of providing an upperbound on a given performance J = / :cT(t)Qx(t) dt (4)
index. Recent advances in the theory of linear matrix inequality (LMI) 0

have allowed a revi_siting of the_ guaranteed cost-control approe\%erea is the given positive definite symmetric matrices.
[6], [7]. The LMI design method is a very well-known and powerful - pefinition 1: The matrix P > 0 is said to be the quadratic cost

tool. Not only can it efficiently find feasible and global solutionsmayrix for the uncertain delay systems (1) if the following inequality
but also easily handle various kinds of additional linear constrainisy|gs:

The guaranteed cost-control problem for a class of linear uncertain

delay systems which is based on the LMI design approach was solved 4 2L (#)Pr(t) + 2" (H)Qua(t) < 0 (5)
[8]-[11]. However, in [8]-[11], delay of the control input has not dt

been considered. Furthermore, it should be pointed out that althoyghy| nonzerar(t) € R™ and all uncertainties (2).

the robust-control design methods for parameter uncertain system$naorem 1: Suppose there exist the symmetric positive definite ma-
that have delay in both state and control input have been considefggbsp > 0, S, > 0,i=1,..., N, U > 0 € R"*" such that for

(see for example [3], [4]), the guaranteed cost control for such delgy yncertain matrices (2) the following matrix inequality (6) holds:
systems has not been discussed so far.

In this brief, the guaranteed cost-control problem of the robust con- [ = PAT .- PAL PH"]
trol for uncertain system that has delay in both state and control input is AT'p -8, .- 0 0
considered. A sufficient condition for the existence of the robust feed-
back controllers is derived in terms of the LMI. The main result of A= : : : : <0 (6)
this brief shows that guaranteed cost controllers can be constructed by itTp 0 ..o —Sv 0
solving the LMI. The crucial difference between the existing results - N N
[8]-[11] and our new one is that the controller which guarantees the LE"Y"P 0 - 0 -U |

stability and adequate level of performance for the time delay in both ——

state and control input is given. Thus, the resulting controllers can W@ereA € R, N = n - (N +2), and

easily implemented for more practical delay system. N
2:=A"P+PA+Q+> Si+U

=1

Manuscript received May 8, 2002; revised September 9, 2002. This paper was

recommended by Associate Editor C. Xiao. A=A+ AA(})
The author is with the Graduate School of Education, Hiroshima University, AT .= AT 4+ AAL(t)

Hiroshima 739-8524, Japan (e-mail: mukaida@hiroshima-u.ac.jp). o ¢ ¢
Digital Object Identifier 10.1109/TCSI.2003.812620 H" :=H" + AH" ().

1057-7122/03%$17.00 © 2003 IEEE



796 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 50, NO. 6, JUNE 2003

Then, the autonomous uncertain delay system (1) is quadratically stabl&he objective of this brief is to design a linear time-invariant feed-
and the corresponding value of the cost function (4) satisfies the fblack guaranteed cost-control lawt) = I« (¢) for the delay system
lowing inequality (7): (8) with uncertainties.

0 -
J <" (0)Ps(0 +Z/ (5)Sio(s)ds+ | &'(s)Uo(s)ds. IV. MAIN RESULTS

o - 7 We now give the LMI design approach to the construction of a guar-

anteed cost controller.

Theorem 2: Suppose there exist the constant parametessO and
¢ > 0 such that the LMI shown in (12) at the bottom of the page,
have the symmetric positive definite matric&s > 0, S; > 0,7 =

In this section, we consider the problem of optimal guaranteed cdst..., N, Z > 0 € R"*" and a matrid” € R™*", whered :=
control via the state feedback for a class of the delay system. The uncéX + BY +(AX +BY)"+Z+uDD" +H, H := Y «DI D"
tain delay system under consideration are described by the followindgf such conditions are met, the linear-state feedback-control law
state equation:

The proof is given in Appendix I.

Ill. PROBLEM FORMULATION

#(t) = [A+AAD)]e(t) +[B+AB()]u(t) u(t) = Ka(t) = Y X~ (1) (13)
N
+ Z[Af +AAT ()] (t — 1) +[B"+AB" ()]u(t — h), is the guaranteed cost controller and
m()?)lzq)(f), t € [—d, 0], d=max{m, ..., v, h}
©® <o <0>¥“o<0>+§j/ T o(s) ds
whereu(t) € R™ is the control. The parameter uncertainties satisfy 70
[AB(t) AB"(t)]=DF(t)[E> E}]. ) +'/7h 0" (5)XT'ZX " g(s)ds  (14)

B, B" E,, andE} are the constant matrices of appropriate dimen-
sions. The remainder constant real matrices and parameter uncertgifl€ guaranteed cost for the closed-loop uncertain delay systems.
ties are the same as the delay systems (1). Associated with (8) is th&he proof is given in Appendix II.

cost function Since the LMI (12) consists of a convex solution set of
(n, =X, Y, S;, Z), various efficient convex-optimization algo-
J= / (HQ(t) + ' (t)Ru(t)] dt (10)  rithms can be applied. Moreover, its solutions represent the set of the

guaranteed cost controllers. This parameterized representation can be
exploited to design the guaranteed cost controllers which minimizes
the value of the guaranteed cost for the closed-loop uncertain delay
;ﬁstems. Consequently, solving the following optimization problem

where@ andR are the given positive definite symmetric matrices.
Definition 2: A control lawu(t) = Kx(t) is said to be a quadratic
guaranteed cost control with associated cost ma®ix> 0 for the
delay system (8) and cost function (10) if the closed-loop system
quadratically stable and the closed-loop value of the cost function (1
satisfies the bound” < [7* for all admissible uncertainties, that is

élt A OPe(t) + 2" (OQ+ K REJe(t) <0 (11) T =min

ows us to determine the optimal bound:

N
a+ Z Trace[M;]4+c*||[NNT

=1

|2 - Trace[Z]| =T,

for all nonzerox € R". XepeX,Y, S, Z, a, M) (15)
r & B"Y (E.X+EY)" X YT ATS, 0 oo ALSN 0 X .. X 7
yTphT -Z YTERT 0 0 0 0 e 0 0 0o - 0
E. X+ EY EMY —ul, 0 0 0 0 _ 0 0 0 0
X 0 0 Q! 0 0 0 0 0 0 0
Y 0 0 0 -R' 0 0 0 0 0 0
S ATT 0 0 0 0 -5, S\EfT ... 0 0 0 0
0 0 0 0 0 ETS, —cl, 0 0 0 0| g (12)
SnAT 0 0 0 0 0 0 ... -8y SNEF 0 - 0
0 0 0 0 0 0 0 ExSny —<I,, O 0
X 0 0 0 0 0 0 0 0 -5 - 0
L X 0 0 0 0 0 0 .- 0 0 0 - —Sn|
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such that (12) and

—a T (0)]
<0 (16a)

60) -X |

M M
S l<o0, i=1,....N (16b)

M, -5

_CIn In |
<0 (16¢)

I, -X|

wherec is a given positive constand; MF :=
NNT .= th o(s)0" (s)ds.

I°. o) (s)ds,

Thatis, the problem addressed in this brief is as follows. “Hihe:
Y X! such that LMI (12) and (16) are satisfied and the ¢@sbe-

comes as small as possible.”

it is hard to obtain the optimum guaranteed cost because the resulting
problem is a nonconvex optimization problem. Hence, we propose the
above suboptimal guaranteed cost control instead of solving the non-
convex optimization problem. As a result, the robust suboptimal guar-

anteed cost controller which minimizes the value of the guaranteed cost
for the closed-loop uncertain delay system can be easily solved by using
the LMI.

The constant parametemeeds to be chosen as small as possible.
However, if there exists no solution of the considered optimization
problem, then we need to take the large paramet®n the other hand,
it should be noted that the parameteannot become large because the
matrix X is constrained by the inequality (16a).

V. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of our proposed control, we
have run a simple numerical example. The system matrices with the

Finally, we are in a position to establish the main result of this segpcertainties are given as follows:

tion.
Theorem 3: If the above optimization problem has the solutjon r—2 1
£, X,Y,S:, Z, o, and M;, then, the control law of the form (13) is A= 0 1}
the linear-state feedback-control law which ensures the minimization 3_0.1 0.1
of the guaranteed cost (14) for the uncertain delay systems. Al = 0 0 1]
Proof: By Theorem 2, the control law (13) constructed from the - '
feasible solutiong:, =, X, Y, S;, Z, o, and M; is the guaranteed AT = —0.2 0'1]
cost controllers of the uncertain delay systems (8). Applying the Schur ) L 0 0.3
complement to the LMI (16) and using the following inequality [12]: AT = —-0.15 0-01}
0 0.2
Trace[YY] < [|X|2Trace[y], Y=Y">0; x=x" B ‘o]
1
we have B [0
N »().1]

(16a)= ¢ (0)X ~'¢(0) < a

(16b)= o' ()5 o(s)ds = / Trace[¢" ()5 ; ' é(s)] ds

—Ti —Ti

= Trace[ M} S ; * M;] < Trace[M;]
0
(16c):>/ ¢ ()X ZX " ¢(s)ds
—h

:/0 Trace[¢’ (s)X ™' ZX ™" 6(s)]ds

—h
=Trace[]N' X' ZX ' NI<|INN"|ls - | XI5 - Trace[Z]
<|NNTjy - Trace[Z].

It follows that

—7;

<ot ox o0+ [ D ()5 (s) ds

D:D{:D;:D;:[O}

1

E, =E} =10.2]
=1
Ty =2
T3 =3
h=1
o0 = |3
F(t) = cos(60xt)
F7(t) =1 — exp(—2t)
i=

T

0
+ 6 (X' ZX T o(s)ds
h

N
<a+ Z Trace[M;]+¢”|

=1

NNTHQ - Trace[Z] < Inli)n(_T =J"

17

Thus, the minimization of7 implies the minimum valug7* of the
guaranteed cost for the uncertain delay systems (8). The optimalityooitrol law
the solution of the optimization problem follows from the convexity of

the objective function under the LMI constraints. This is the required

result.

Note that we cannot apply the technique proposed in [8]-[11] to the
above delay system, since the considered system has delay in control
input. Moreover, compared with the multiple delay systems presented
in [9], the uncertain matrices related to state delays are more general
forms. Now, we choose & = 0.1 and(@ = diag [0.2 0.1]. Moreover,

we takec = 2. By applying Theorem 3 and solving the corresponding
optimization problem (15), we obtain the linear optimal state feedback-

K =[-1.0931 x 1072 —4.6304].

Remark 1: The constant parameterwhich is included in the in- Consequently, the optimal guaranteed cost of the uncertain closed-loop
equality (16c) need to be optimized as the LMI constraint. In that cagiglay system is7™ = 16.364413.
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- — = Note thatV (x(t)) > 0 whenever:(t) # 0. Then, the time derivative
. ! of V(x(¢)) along any trajectory of the delay system (18) is given by
'\ d .
\ Vix(t)) =2 (t)(A" P+ PA)x +Z 20" (1) PAT2(t — 77)
e . + 2.1’T(t)P.E[hl’(t —h)
s 0 N s : o +Z[I 0 Six(t) — ' (t — 1) Six(t — 7))
Fig. 1. Response of the closed-loop system with the proposed control method. + (t)l/ z(t) —x (t — h)U;L(t —h)
r2—Q PA] PAY, PH"1
Finally, the result of the simulation of this example is depicted in iI'Tp g, ... 0 0
Fig. 1. Itis shown from Fig. 1 that the closed-loop systems are asymp- o
totically stable. =:"(t) : oo S )
VI. CONCLUSION AVP 0 —SN 0
LAMP 0 0 -U

In this brief, a solution of the guaranteed cost-control problem for un-
certain system that have delay in both state and control input has been
presented. The robust optimal guaranteed cost controller which min-
imizes the value of the guaranteed cost for the closed-loop uncertwﬁereé( )
delay system can be solved by using software such as MATLAB's L%

= I:‘IT(IL) Ll'T(t —Ty) - _[‘T(t - TN:) ;l'T(t - h):lT €
and= andA are given in (6). Taking the fact that the inequality

control Toolbox [13]. Thus, the resulting linear feedback controller ¢ . . ; ]
) holds into account, it follows immediately that

guarantee the quadratic stability and the optimal cost bound for the
certain delay systems. On the other hand, there is one drawback that we
must not ignore for the proposed controller design. It should be noted
that the uncertain system with the kind of uncertainty structure as in(2),
usually results in very conservative controller design. However, since
it is well known that there are many physical systems in which the uhtence,V (z(#)) is a Lyapunov function for the delay system (18).
certainty can be modeled by this manner [14], the assumption that fHeerefore, (18) is asymptotically stable. Furthermore, by integrating
uncertain system has the structure given by the uncertainty structbgsh sides of the inequality (20) from 0 #oand using the initial con-
(2) is reliable. ditions, we have

After submitting this brief, we have noticed that there exist the useful
results for the guaranteed cost-control problem for uncertain systems
that have delay in both state and control [18]. Although the proposed
design approach is also based on the LMI technique, the controllers
are not unique. The_refore, one needs to construct a guaranteed %?r?&e (18) is asymptotically stable, thatiT') — 0, whenT — so,
controller through trial and error. On the other hand, our controllew obtain¥”(«(T)) — 0. Thus, we get
are unique. Moreover, since the considered uncertain systems contal
the multiple delay in the states, it is applicable to wider class.

Finally, it is expected that the LMI approach is also applied to the _
output feedback case [15]. Such a problem is more realistic than the Jy

state feedback case. This problem will be addressed in future investi- o o
gations. =¢"(0)Po(0) +Z/ ¢ (5)Sid(s) ds—i—/ o (5)Uo(s)ds.
—1 /- J—h

%V(w(t) )< —z (H)Qx(t) < 0. (20)

T g J—
V(2(T)) = V(2(0)) < — / () Qu(t) dt. (21)

(1) Qu(t) dt < V(x(0))

APPENDIX |

PROOF OFTHEOREM 1 The proof of Theorem 1 is completed. ]

Using the definitionsi, A7, andH", we can change the form (1) as APPENDIX Il
N PROOF OFTHEOREM 2
. T T _ orh _
i(t) = Ax(t) + Z Ajx(t — 7))+ H'x(t = h). (18) Letus introduce the matricéé := P~ Y := KP~ ', 5, := 5;},
=1 andZ := P~'U P~*. Premultiplying and postmultiplying both sides
Suppose now there exist the symmetric positive definite matfites ©f the inequality (12) by
S; andU such that the matrix inequality (6) holds for all admissible
uncertainties (2). In order to prove the asymptotic stability of the delay block diagP P I, I, I, S
systems (18), let us define the following Lyapunov function candidate:

t)Pa(t +Z/

I, --- Sx I - 1)

o In -

yields (22), shown at the top of the next page, where= A7 P +
PA+ U+ uPDD"P+PHP,A:= A+ BK,E := E, + E:K:
Using the Schur complement [16] (22) holds if, and only if (23),
o o shown at the top of the next page, holds, Wtfér& ATP+PA+R—|—
+ /H v (3)Ua(s)ds. (19) N "o 74 PDDT P4 PHP 4~ E E, R = Q+ K" RK.

Via(t)) = 5)Six(s)ds
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R4 PB"K ET I, KT  pAT 0 PAY, 0 I, I,
K™B"p U  KTE}T 0 0 0 o - 0 0 0 0
E E!'K —ul, 0 0 0 0 e 0 0 0 0
T, 0 0 Q! 0 0 0o - 0 0 0 0
K 0 0 0 —R! 0 0 S 0 0 0 0
ATTP 0 0 0 0 -5 E7T 0 0 0 0
0 0 0 0 0 Bl —el,, 0 0 - 0 <0 22)
AP 0 0 0 0 0 0 -Sv  EX 0 0
0 0 0 0 0 0 0 Ey elsy 0 0
I, 0 0 0 0 0 0o - 0 0 =5 0
L I, 0 0 0 0 0 0 0 0 0 —Sx
r T PAT PAY, PB"K + 1~ 'E E'K 7
ATTP e YETET - 5 0 0
F = <0 (23)
AP 0 e 'EXEN - Sy 0
|KTB" P4+ *KTE}TE 0 0 p 'KTEMErR — U |
Using a standard matrix inequality [17], for all admissible uncer- o0 0 07 10 0 0 07"
tainties (2) and (9), the following matrix inequality holds: 0 ET 0 0 0 Ef 0 0
_|_
0>F
T _ XN . 0 0 EL 0 0 0 EL 0
ATP+PA+R+Y Si4U PA] -+ PAy PB'K
= L0 0 0 0l L0 O 0 0l
ATIP _s, 0 0 00 0 0140 PDf rPDy 07!
> -
= 0 F 0 0 0 0 0 0
AP 0 -Sxy 0
L K'B"'p 0 -~ 0 -U | 0 0 FL o0 0 o0 0 0
[PDT r ET 9T 1 ET 7 rpp1” L0 0 0 0] 0 0 0 0
0 0 0 0 =L. (24)
T — — ~ _ _ ~
+ F(t) + F(t) Let A+ DF(t)E — A=A+ AA(t), [B" + AB"(t)|K — H" =
0 0 0 0 H" + AH"(t) andQ + KTRK = R — Q. Then,£ = A. Hence,
S - the closed-loop systems are asymptotically stable under Theorem 1.
L 0 | LK By LK By ] L 0 | On the other hand, since the results of the cost bound (14) can be
[0 PDj PDy 0770 O -+ 0 07 proved by using the similar argument for the proof of Theorem 1,
0 0 o ollo Fr - 0 o0 it is omitted. |
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lation functions rather than in terms of the aperiodic cross-correlation
function. Generalization of thaperiodic cross-correlation function
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