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In this paper we study a continuous-time multiparameter algebraic Riccati equa-
tion (MARE) with an indefinite sign quadratic term. The existence of a unique and
bounded solution of the MARE is newly established. We show that the Kleinman
algorithm can be used to solve the sign indefinite MARE. The proof of the conver-
gence and the existence of the unique solution of the Kleinman algorithm is done by
using the Newton-Kantorovich theorem. Furthermore, we present new algorithms
for solving the generalized multiparameter algebraic Lyapunov equation (GMALE)
by means of the fixed-point algorithm. 0 2002 Elsevier Science (USA)

1. INTRODUCTION

The deterministic and stochastic multimodeling controls and their fil-
tering problems have been investigated extensively by several researchers
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(see e.g., [1-6]). The multimodeling problems arise in large-scale dynamic
systems. For example, these multimodel situations in practice are illustrated
by the multiarea power system [1] and the passenger car model [6]. In
order to obtain the optimal solution to the multimodeling problems, we
must solve the multiparameter algebraic Riccati equation (MARE), which
is parameterized by two small, positive, same-order parameters ¢; and &,.
Various reliable approaches to the theory of the ordinary algebraic Ric-
cati equation (ARE) have been well documented in the literature (see,
e.g., [7, 8]). One of these approaches is the invariant subspace approach,
which is based on the Hamiltonian matrix. However, there is no guaran-
tee of symmetry for the solution of the ARE when the ARE is known to
be ill-conditioned [7]. Note that it is very hard to solve directly the sin-
gularly perturbed ARE and the MARE due to the presence of the small
parameters [5, 6, 15, 18].

A popular approach to dealing with the multiparameter singularly-
perturbed systems (MSPS) is the two-time-scale design method [1]. How-
ever, it is known from [5] that O(||x||) (Where u = (&, &,)) accuracy is
very often not sufficient because the reduced-order controller which is
based on the two-time-scale design method might not produce satisfactory
results for the desired performance. More recently, the exact slow—fast
decomposition method for solving the MARE has been proposed in [5, 6].
The solutions are obtained by solving the Sylvester equations of lower
dimensions, which are nonsymmetric equations by means of the Newton
method or the fixed point algorithm. However, the results of [5, 6] need
the assumption that the sign of the quadratic term of the MARE corre-
sponding to both the optimal control and the filtering problem is positive
semidefinite and that Hamiltonian matrices for the fast subsystems have
no eigenvalues in common (Assumption 5 of [6]).

In this paper, we investigate the asymptotic expansions for the MARE
with an indefinite sign quadratic term and propose the iterative technique
for solving such a MARE. First, we relax the condition for the existence of
the solution compared with [3] in the sense that some of the assumptions
for the MARE are weakened. It is worth pointing out that the existence
of a unique and bounded solution of the MARE with an indefinite sign
quadratic term has not been established so far in the previous literature
[3]- Furthermore, note that the MSPS with either standard or nonstandard
singular perturbations [4] is considered. Second, we propose a new iterative
algorithm for solving the sign-indefinite MARE. The method studied here
is based on the Kleinman algorithm [9]. Therefore, the algorithm achieves
the quadratic convergence property. Note that the difference between the
results in [9] and the present paper is that the successive approximation
technique is used to prove the convergence in [9], while the approach
adopted here is composed of the Newton-Kantorovich theorem [10, 11].
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Thus, we do not assume here that the sign of the quadratic term for the
MARE is positive semidefinite. The Newton—Kantorovich theorem also
plays an important role in the proof of the existence of the unique solution.
The main objective in this paper is to provide a new algorithm for solving
the generalized multiparameter algebraic Lyapunov equation (GMALE).
The method presented in this paper is based on the fixed-point algorithm
[14]. Consequently, our proposed algorithm is extremely useful since we
have to solve only an algebraic Lyapunov equation (ALE) of lower dimen-
sion. In particular, it is important to note that so far the algorithm for
solving the GMALE has not been established. Finally, a numerical exam-
ple is given to complement the theoretical results. The resulting algorithms
are implemented for the multiparameter H,, optimal-control problem.

2. PROBLEM FORMULATION AND PRIMARY RESULT
We consider the MARE
AP, + P, A, — PSP, +Q=0, 1)
where
Py &Pl &Py
P.=|ePy &Py JeePh | eRVY,

£,Py v £18,Py, &Py
_ pT _ pT _ pT
Pyy = Py, Py =Py, Py =Py,

Ay Ao Ap,
-1 -1 NxN
A%:: 81 AIO 81 All O GR x .
-1 -1
gy Ay 0 g, Ay

-1 -1
Soo e Soi & Spp

Sy =8l =|e'SL 7S, 0 |eRVN,
—1¢T -2
& Sp 0 £, °8»
T T T
Soo = SOO: S = 511, Sy = 522’

Ow Qn Qn
0=0"={0l 0, 0 |eRYVY,
Lng 0 szJ
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T T T
Qoo = Qoo> On = Op» 0y = 0,
Py, Agys Spo Qoo € R™*™, Py, Ay, Sy, Oy € R,
Py, Axy, Sy, Oy € R, g >0, & >0, N =ny+n;+n,.

If the sign of the MARE (1) is positive semidefinite, then the equa-
tion (1) is known as a regulator ARE, appearing in the multimodeling [3].
However, we do not assume in this paper that the sign of the MARE (1) is
positive semidefinite. That is, no assumption is made on the definiteness of
S%. In addition, we do not assume here that A4;; and A4,, are nonsingular
compared with [l, 3].

In order to avoid the ill-conditioning due to the large parameter ej_l
which is included in the MARE (1), we introduce the following useful
lemma.

LeEMMA 2.1.  The MARE (1) is equivalent to the generalized multiparame-
ter algebraic Riccati equation (GMARE) (2a),

A"P+PTA-P'SP+Q=0, (2a)
P, =®,P =P, (2b)
where
by 0 0 Ay An Ap
s = IVO el 0 —l ’ A= |7A10 Ay 0 -‘ )
Lo 0 e, |y 0 Ay
Soo Sor Sz Py &Py &Py
S=1{SL s, o], P={Py, Py %Pzﬁ , o= Z_:

Sh 0 Sy

PZ() N/EPZI P22

Proof. First, by direct calculation we verify that P, = ®.P. Second, it
is easy to verify that A = &, 4., § = .S, D,. Hence,

ATP = Al d'P, = ALP,.
By using a similar calculation, we can immediately rewrite (1) as (2a). 1

&, and &, are two small positive singular perturbation parameters of the
same order of magnitude such that,

0<k1§a=i§k2<oo. 3)
&2
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It is assumed that the limit of « exists as ¢; and &, tend to zero; that is,

a = lim a.
e1—>+0
er—>+0

The GMARE (2a) can be partitioned into
fi = AfPoo + Pog Ago + AfgPyg + Piy Agg + A3y Pag + Pry Ay

— PooSooPoo — PioSo1 oo — PooSor Pro

— P3yS52Poo — PooSoaPao — PloStiPro — PSPy + Qoo =0, (4a)
fo = Py Aoy + Ply Ay + 81 Ao Ply + AfyPyy + Ve A3 Py

— &1(PooSoo Py + PioSo1 Plo + PoSi2Pilo) — PooSor Pri — PioSii P

— Va(PySp Py + PyySnPa) + Oy =0, (4b)
f3 = PogAgy + Piy Ay + &3 AgyPyy + A3 Py + %A{ople

— &(PooSoo P20 + PioSo1 P20 + P10Si2P20) — PooSoaPaz — PSP

- %(Poosml)g] + PpS11P,) + Qe = 0, (4¢)

fo = AL\Piy + Py Ay + 8(AG Pl + Pyg Agy)

- 81(81P10500P1T0 + P1150T1P1To + ﬁpleSoTzPlro)

— £1(P1pSo1 P11 + VaPypSp Pay)

— P1S11 Py — aP)i Sy Py + 0y =0, (4d)
fs = 1Py Agy + 8,45, Py — 818,P1oSo0Pay

1
- Sz(PnSoT]PzTo + VP S;P) — &1 (PipSea Py + ﬁP10501P2T1>

1
+VaPy (Ay — Sy,Py) + ﬁ(All —SuP)'P =0, (4e)

and

fo = AL Py + Pp Ay + 82(A(?2P2T0 + Py Ag)

1
—& (SzpzosoopzTo + PSPy + ﬁPZIS(]TlPZYE)>

1
—& (PZ(]S()ZPZZ + EPZ()S(HPZ?;)

1
— PpSyPpy — ;P21511P2T1 +0» =0. (4f)
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By limiting solutions of the GMARE (2a) or (4) as &; - 40 and ¢, — +0,
we obtain the equations

AgoPog + Pog Ao + AfyPrg + Py A1g + Az0Pay + Py A

— PooSooPoo — P1So1Poo — PooSo1Pro — PaySe2Poo

— PySua P — Py S11Pro — Pay S Pay + Qo = 0, (5a)
Pog Aoy + P Ay + Af Py + VaAg Py — PooSo Py

— P81 Py — Va(PyySoaPay + Py S Pay) + Qpp =0, (5b)

— — — 1 — _ —
Py Apy + Py Ayy + A3 Py + ﬁAlToPJ — PyoSo2 P

_ _ 1 — _ _ _
— Py SyPy — E(POOSsz]T + P1€SHP21T) + Qp =0, (5¢)

AL Py + Py Ay — PSPy — aPyi Sy Py + Q4 =0, (5d)

VaPy(Ay — $»Py) + %(Au —SuPy) Py =0, (5e)
and

A3 Py + Py Ayy — Py Sy Py — %E]SHFQ{ +0»n =0. (5)

where Py, Py, Py, Py;, Py, and P,, are the 0O-order solutions of the
GMARE (2a).
We shall set the following basic condition without loss of generality [15].

(H1) The AREs ALPj + PjA; — P;S;P;+0Q; =0, j = 1,2, have

JiRiit i
positive semidefinite stabilizing solutions.

If Condition (H1) holds, there exist matrices IZ-,, j =1,2, such that the

matrices Aj; — S;;Pj;,
P

_jj,j =1,2, as IFB/jj,j =1, 2. Then, the unique solution of (5¢) is given by
P,; = 0 because the matrices A;; — S;;P; = A;; — Sjj}N’jj are stable. As a
consequence, the parameter & does not appear in (5) automatically; that is,
it does not affect the equation (5) in the limit when &, and &, tend to zero.
Thus the AREs (5d) and (5f) will produce the unique positive semidefinite
stabilizing solution under the conditions (H1).

We now obtain the 0-order equations

j =1, 2, are stable. Therefore, we chose the solutions

ATPyy + Py Ay — PypS,Pyy + O, = 0, (6a)
I_)/g = I_)OONO/' - MOj’ j=12, (6b)
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and

TD .
ALP,; +PjA; —PyS;P;+Q; =0, j=1,2, (6c)

where
Ay = Agy + Ny Agg + Nop Ay + Sor Mg, + SeaM¢y
+ NotS1Mg, + NopSp M.,
Sy = Soo + NorSi; + So1Ngy + NoaSt + SeaNo
+ NotS11Ng; + NopSnNgs.
Q, = Qo — Moy A1y — AjMg; — Moy Ay — Az M,
— My S1 Mg, — MpSp M,
Noj==DyDjj', My =0yDj', Oy = AjP;+Qu,
Doy = Ago = SooPoo = So1Pro = So2Pao Dy; = Agj — So; Py
Djy = Ajy— S3;Po — S;;Pjos D;; = A; —S;P;, j=1,2.

The matrices A4, S;, and Q, do not depend on ij, j = 1,2, because their
matrices can be computed using T,,, p, g = 0, 1,2, which is independent
of Pjj, j =1,2 ([5, 6]); that is,

T =Ty — Ty T\ Ty — Ty TE'T. [ s _SS]
s — 1oo — Lo1411 10 — Lo2422 420 = )
_Qs _AsT

Ao —S00 AO/‘ _SOj
TOO = Tl TOj = K
0w —Ay _QO/ _AJ‘O
A, _sT A =S
Jjo 0j J] JJ .
7—}'0_|: _ T:|> ’THZ[ }7 .]:172

T
Q0 —Aj

Note that the Hamiltonian matrices

A.. —S..
T]] = [ Y ];:| ) ]= 1, 2’
—Qi —A4j

are nonsingular under the condition (H1) because of

i— | sr T )
P Ly [ L0 Dl L=Py 1y
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The required solution of the ARE (6a) exists under the following condition
[15].

(H2) The ARE (6a) has positive semidefinite stabilizing solution.

It should be remarked that the solution Py of (1) is a function of the

multiparameters £; and &,. However, the solutions Py, and P;, j = 1,2, of
(6a) and (6¢) are independent of the multiparameters ¢; and &,, respec-
tively. The following theorem will establish the relation between P, and the

reduced-order solutions (6) (see [3]).

THEOREM 2.1.  Under the conditions (H1) and (H2), there exist small &}
and &5 such that, for all ¢, € (0, 7) and ¢, € (0, &), the MARE (1) admits a
symmetric positive semidefinite stabilizing solution P, which can be written as

Py + Foo e1(Pig+ F10)"  £2(Pag + F)"
Py =|&/(Pyy+TFy) & (Py+Fy) NGE ) (7
&2(Py + Fp) JE1E2F &1(Py + F)
where
Fpy = O(lul).  pq=00,10,20,11,21,22.
In order to prove Theorem 2.1, we need the following lemma [1].
LEMMA 2.2. Consider the system
Xo(1) = Agoxo(1) + Agrx1 (1) + Agax,(2), x(19) = x5
e1x1(1) = Ayoxo(2) + A xi (1) + e3A12x5(2), x1(1p) = x{,

and
£235(1) = Apgxo(1) + 3 A%, (1) + Apxy(1), xy(fp) = x3,

where xy € R™, x; € R™, and x, € R™ are the state vectors. €5 is a small
weak coupling parameter and &, and &, are small positive singular perturbation
parameters of the same order of magnitude as (3). If Aj_jl, j=1,2, exists, and
if Ag= Ay — AmAl_llAw — A()2A2_21A20, Ajj, ] = 1,2, are stable matrices,
then there exist small &, and &, such that for all ¢, € (0, &;) and &, € (0, &,)
the system is asymptotically stable.

Now, let us prove Theorem 2.1.

Proof. Since the MARE (1) is equivalent to the GMARE (2a) from
Lemma 2.1, we apply the implicit function theorem [3] to (2a). To do so, it
is enough to show that the corresponding Jacobian is nonsingular at &y =0
and &, = 0. It can be shown, after some algebra, that the Jacobian of (2a)
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in the limit is given by

J=VF = (?V€C(f17f27f35f47f5>f6)
avec(Poo, Pros Paos Pris Pars P)" [ 5)=(uo.)

_J(]() J()l J()Z 0 0 0 ]
Jo Ju 0 Tz Jyu O
_ Jo 0 Jyn 0 Ty T ’ ®)
0 0 0 Jyz 0 0

0 0 0 0 J, 0
0 0 0 0 0 Js]

where vec denotes an ordered stack of the columns of its matrix [12] and

r = (&1, &), o= (0,0),

P = (Poo; Pro, P P115 Po1s Pr),
Py = (Poos Pro> Paos P11 0, Pry),
Joo = (I, ® DgO)Un[,no +D®1,
Joj = (I, ® Dj)Uy + Djy ® I, ,

0’

Jo=Dg®l,, J;=D®I, j=12,

J 0’

Ji3 =1, @ Dy, Jiu = \/a(ln1 ® Dy))U, 1,5

1
Joy = ﬁlnz ® Dy, Jos =1, @ Dy,
]33 = (Inl ®D{1)Unlnl +D{1 ®In]’

1

— T T

Ju=vaDy, ®1, + ﬁlnz ® Dy,
and

JSS = (Inz ® DgZ)Unznz + Dsz ® Inz’

where ® denotes the Kronecker products and Unjn_, j=0,1,2, is the per-
mutation matrix in the Kronecker matrix sense [12].
The Jacobian (8) can be expressed as

JOO JOl ‘]02
det/ = det]33 . det.]44 . det]55 - det J10 Jll 0
JZO 0 J22

= det.]33 . detJ44 . detJ55 . detJn . det.lzz
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~det(Jyy — 10111_11]10 - ]ozjz_zljzo)
= det]u . detjzz . det.]33 . det]44 . det]55
'det[lno ®DOl] +Dg®ln0]a (9)

ohy

where Dy = Dy — D, D7Dy — DypD3; Dy Obviously, J;;, j=1,...,5,
are nonsingular because the matrices D ii=A;—S ijjj, j=1,2, are non-
singular under the condition (H1). After some straightforward but tedious
algebra we see that A, — S;Pyy = Doy — Doy Dy Dyg — Dy D3y Doy = D,
Therefore, the matrix D, is nonsingular if the condition (H2) holds. Thus,
detJ # 0; i.e., J is nonsingular at (u, 2) = (g, %,). The conclusion of the
first part of Theorem 2.1 is obtained directly by using the implicit function
theorem. The second part of the proof of Theorem 2.1 is performed by
direct calculation. By using (7), we obtain

» » Dy, Dy Dy
O, (A - SP) =D Dy Dy 0 [ +O0(|ul)
Dy, 0 Dyp

We know from Lemma 2.2 that for sufficiently small |w| the matrix
CD_I(A SP) will be stable. On the other hand, since Py, > 0, P;; > 0 and
P,, > 0, P, is positive semidefinite as long as &; > 0 and &, > 0 by using
the Schur complement [13]. Therefore, the proof of Theorem 2.1 ends. |

3. ITERATIVE ALGORITHM

We now develop an algorithm which converges quadratically to the
required solution of the MARE (1). So far, the exact decomposition
method for solving the MARE with a positive semidefinite sign quadratic
term has been proposed in [5, 6]. However, the result of [5, 6] needs the
assumption that Hamiltonian matrices for the fast subsystems have no
eigenvalues in common.

In this paper we develop an elegant and simple algorithm which con-
verges globally to the positive semidefinite solution of the MARE (1). Tak-
ing into account the fact that the MARE (1) is equivalent to the GMARE
(2a) from Lemma 2.1, the algorithm is given in terms of the GMALE, which
has to be solved iteratively. We present the iterative algorithm based on the
Kleinman algorithm [9]. Here we note that the Kleinman algorithm is based
on the Newton-type algorithm. In general, the stabilizable—detectable con-
ditions will guarantee the convergence of the Kleinman algorithm for the
standard linear-quadratic regulator-type GMARE to the required solutions.
However, there is no guarantee of quadratic convergence for the Kleinman
algorithm (2a) because the matrix S is in general indefinite [16, 18].
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In this paper we show that by using the Newton-Kantorovich theorem
[10, 11] the Kleinman algorithm guarantees the quadratic convergence
under the appropriate initial conditions.

We propose an algorithm for solving the GMARE (2a),

(A —SPOYTpiHh) 4 piDT( 4 _ gpDy 4 pOTSPD L =0  (10a)

PV =@, PO = piTe, (10b)
i=0,1,2,3,..., with the initial condition obtained from
Py 0 0
PO=1Py Py 0 |, (11)
Py 0 Py
where
. N7 T
Py ePly"  erPy)
i) — | p () L Lor
PU=1p 16 P 111 ﬁp 211 ’
Py JapPy Py
O
and qu, pq = 00, 10, 20, 11, 22, are defined by (6).

According to the Newton-Kantorovich theorem [10, 11], it is well known
that if the initial condition is very close to the exact solution of the consid-
ered equation, the Newton method has the quadratic convergence property.
Therefore, we choose the proposal for good choice of the initial conditions
as in (11).

Although the sign of the matrix § is in general indefinite, we can prove
the quadratic convergence for the resulting algorithm (10) by using the
Newton—Kantorovich theorem because the initial condition is very close to
the exact solution of the GMARE (2a) for sufficiently small ||x||. This idea
is derived from the fact that

Py 81P1To 32P2To Foo 0 0
1 _ _
P-POI=||p P —pr |- Py P 0
” ” 10 11 \/a 21 10 11
Py \/&Pm Py FZO 0 Fzz
= O(||ul)-

The algorithm (10) has the feature given in the following lemma.
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LEMMA 3.1.  Under the conditions (H1) and (H2), there exist an &, and an
&, such that for all 0 < ¢; < & < & and 0 < &, < &, < &, respectively, the
iterative algorithm (10) converges to the exact solution of P* with the rate of
quadratic convergence. Then, Rg) = O, PO = POT D, s positive semidefinite.
Moreover, there exists a unique solution of the GMARE (2a) with the indefinite
sign quadratic term in the neighborhood of the required solution P*. That is,
the conditions

21
1PO — P < (”’;” ) _o(ul?).  i=0L2.... (2
PP =@, PO =pPOTP, >0, i=1,23,..., (12b)
and
1 -
1P — P < —[1-V1-20], (12¢)
By
where
G(P)=A"P+PTA - PTSP +Q, (13)
y=2|8|| < o0, B = [VEPN] |, n=B-19P), 0= Bny,
Pf)ko 81PTOT 82P§0T
dvecG(P) . . . 1,
VOP) = Fieepyr AP = Pl Piy ﬁPmT ’

Py JaPy o P
are satisfied.

Proof. This proof is equivalent to the proof of existence of the unique
solution for the GMARE (2a). Thus, the proof follows directly by applying
the Newton-Kantorovich theorem [10, 11] for the GMARE (2a). We now
verify that function 4(P) is differentiable on a convex set . Using the fact
that

VE(P)=(A—-SP) @Iy +1y®(A—SP), (14)
we have
[VE(Py) — VE(P)| < v[|PL — P, (15)
where y = 2||S|. Moreover, using the fact that
T T
Dy, Dy Dy Dy Dy Dy,
ve(P)=| Dy D, O QIy+Iy®| Dy Dy 0 , (16)

DZO 0 D22 D20 0 D22
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it follows that V(P(©) is nonsingular because Dy and D, j = 1,2, are
stable under the conditions (H1) and (H2). Therefore, there exists a 8
such that ||[[VE(P©)]~!| = B. On the other hand, since (P < O(||u|),
there exists an 7 such that ||[[VE(PO)]7!| - |G(P@)|| = n = O(|u|). Thus,
there exists a 6 such that § = Byn < 27! because n = O(||u||). Using the
Newton-Kantorovich theorem, the strict error estimate is given by (12a).
Now, let us define

1

P EE— 1
= —[1-+v1-20]=
=l Vv ]

2[|S|I - ITVE(PO)]

Clearly, ¥ = {P : |P — P)| < t*} is in the convex set . In the follow-
ing, since ||P* — P(|| = O(||u|) holds for small &, and &,, we show that
P* is the unique solution in &.

On the other hand, using (12a), we have

Po+0(Il) &P+ O0ll)’ &Py + O(lul))”
PV = | &Py +0(Iel)) &Py +0(ul))  EmOo(lul)”

e2(Py+0(Iul))  vEeo(lul) &P+ O(ul))

Since Py, > 0, P;; > 0, and P,, > 0, Pfgi) is positive semidefinite by using
the Schur complement [13]. Therefore, the proof is completed. |

=T [1-vV1-260]. (17)

4. MAIN RESULTS

Now, we consider a method for solving the GMALE (10a). So far, there
is little argument as to the numerical method for solving the GMALE.
Therefore, in order to obtain the solution of the GMALE (10a), we present
a new algorithm by applying the fixed point algorithm [5, 6, 14]. Let us
consider the following GMALE in general form.

ATY + YTA4+U =0, (18)

where Y is the solution of the GMALE (18) and A and U are known
matrices defined by
Yoo 81Y1€) &Yy
1 NxN
Y = YlO Yl 1 ﬁ Yzji S R ’
Yy aYy o Yp

T T T
YO() = YOO’ Yll = Yll’ YZZ = Y22’
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Aoy A Ag
A=Ay Ay €Ay | e RV,

AZO %AZl A22
U()(] U()l U(]Z

U=U"=|Ul, U, €U, |eRVY,

Up, €UL Un
Uy = Ugp» Uy = Uy, Uy, = U3,
Yoo, Ago> Ugy € R, Yy, Ay, Uy € R
Y, Ay, Uy € R™772,
6y > 063 > 0, ] = % = /&7,

The required solution of the GMALE (18) exists under the standard
condition [1].
(H3) The matrices Aj;,
Ap AT Agg — ApAsy Ay, Ay,
The GMALE (18) can be partitioned into
Ao Yoo + YooAoo + AfyYig + YipAgg

j = 1,2, are nonsingular and Ay = Ay —
j=1,2, are stable.

+ Ay Yag + YauAag + Uy =0, (19a)
Yoolor + YipA 1 + EYAs + e Al YT + Al Yy

+/ahjy Yy + Uy =0, (19b)
Yoolor + Yoo + EY(iA1 + 83A5 Yo + Aj Y

1

T 7MoY+ U =0, (19¢)
ALY+ YA+ e (ALY + YigAg)

+ VAE(AL Yy + Y Ayy) + Uy =0, (194d)

1

£1Y19Ag + £:2A0 Yo + VaYi Ay + ﬁAlTl Y

+%(Y11A12+A;Y22)+%U12 = 0, (196)

ALYy + YAy + e3(Af Yo + YagAp)

1
+ ﬁ%(A{ZYZTl + Y5 Ap) + Uy =0. (191)
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For the equations (19) above, in the limit, as ¢; — +0 and &, — +0, we
obtain the equations

Ao Yoo + YooAgo + Afy Yo + YipAyg

+ A;O 720 + ?27(‘)_/\20 + UOU = O, (203)
Yoo + YigAy + A{ Yy, + \/EAzTo?ﬂ + Uy =0, (20b)
_ _ _ 1 _

Yool + Yoo + A% Yoy + ﬁ/\ﬂ)yﬂ + Uy =0, (20¢)
A1T1711 + YA+ Uy =0, (20d)
_ 1 _
Va YAy + —=ALY) =0, (20e)
Va
ALYy + YAy + Uy = 0. (20f)

Note that the unique solution of (20e) is given by Y,; = 0 since the
matrices Aj;, j = 1, 2, are nonsingular under the condition (H3). Thus the
parameter @& does not appear in (20). Consequently, we obtain the 0-order
equations

A§ Yoo + Yoolo + Upy — U01A1_11A10 - A1T0A1_1TU0T1
- U02A2_21A20 AzoAzz Ug,
+A10A TUG AT Ay + AT AL Uny Ay Agy = 0, (21a)
= _(YOOAOj + AjO i+ UO/)A” , J=12, (21b)
and

ALY+ YN+ U;=0, j=1,2. (21c)

Now, let us introduce

Yoo +€Eg &1(Yig+€E1)"  ex(Yo + €Ey)"
€ 1
ﬁ~21
Yy + €5y VatEy Yy +€Ey

Y=|Yyy+%E, Y +€En (22)

The approximation of the error terms = »q» Pq = 00,10, 20, 11, 21, 22,
will result in an approximation of the required matrix Y,,,. That is why we
are interested in finding equations of the error terms and a convenient algo-
rithm to find their solutions. Substituting (22) into (19) and subtracting (20)
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from (19), we arrive at the error equations.

T - T T T T
AgoEoo + EooMoo + AjpEro + EjgAio + ApEa + ExAy =0, (23a)
EooAot + EipAr1 + AfgErr + VaAy By

= _Y2{)A21 - _A({OYE) - 81A0T0:1T0 - %EzToAzl, (23b)

&
1

= =T T = T =T
oA + BypAn + AyEnxn + —ﬁAloﬂzl

_ T EUNT T T =T =T

==Y )Ap — %Aooyzo — &AgE — €510 12, (23¢)

ot [ 81 4 4 ot i
AL B+ EpAy = %(Agl Yio + YioAo) — (AL ET) + EnAar)

— EVa(A} By + EL Ay, (23d)
ot f— 82 54 54 ot ot
ALEy + Ephy = —g(AoTzY%) + YaoAg2) — £2(AiE2) + EaoApa)
% ] ]
- ﬁ(A{zﬂle + Enlp), (23¢)
ST A+ ATEL = —Sly A, — 2ATYT _ VA, — ALY
asy Ay + Ja hEa = T e o Ao REASE) 21422

Uy, — 81510/\02 - EzA({] E2T0
—E(AL By + EnAp). (231)

These equations (23) have very nice form since the unknown quantities
E,4 in the right-hand side are multiplied by the small parameters &y, &,,
and ‘€. This fact suggests that a fixed-point algorithm can be efficient for
their solutions. Hence, we propose the following algorithm (24).

—(i+1 —(i+1 . .
AJEST BN (0 =0, =12, (24a)
—(i+1)T 1 —(i+ DT .
a:gll ) Ant ﬁAﬁn({l Ty G1p(0) =0, (24b)
ATEG + B Ay + o)) = 0, (24)
—(i+1)T —(i+1 W T A= . .
ECVT = B Ay + G (DIA, =12, i=0,1,2,..., (24d)

where
.. & - —()T | (i
611(0) = c_gl(Agl Yio + YioAor) + 81(A51:§6) + 5(1[0)/\01)

| | el [ T
+ %\/E(AZTv:gl) + :gl) Ay),
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. T =0T | =)
Gpp (i) = (A Yzo + Yzo/\oz) + &(ApEy +ExAp)

=0T | =
+— (AT2~211 + Enir),

7

. S & T > >
G1p(i) = glylol\oz + —A&Yz{) + YA+ ALY+ Up

=T | o =) | =)
+ 81~10 Aoz + e AG By +E(ALEY + Bl Ap),
@ AT = —(i+1) [AT =(i+1) YTA
01(0) = AjpEq T+ VaAyEy T+ YAy

S1,T T T =T H(i)T
+§A00Y10+81A00~10 + €55 Az,

: —(i+1 1 — ()T =
G (i) = A20~gz ) [AT0~;l1 Ty YA
T =T = ()T

2A00Y20+82A00~20 + €5y A,
Goo(i) = —[A AT Gor ()T + Gor ()AL Ayg
+A20A Y Gon (D) + Gop(i)A5 Ayl

—(0)  —(0
A1T1~§1) + 7 ~(11)A11 +2 (A Y+ YipAg) =0, (25a)
ALEQ L 504 ALY + Yoo 25b

250 +En Ay +2 ( 20 T YooAp) = (25b)

()T — (0T

VaE ~§1) Ay + «/_A1T1H(21) + 2 2 L Yi0Ao +2 A Y5

+ YA+ ALYy + U, =0, (25¢)

—(0 0 _
A({H(()o) += ‘-‘E]O)AO — AAL OF — O AT A

— AJAS O — Oy AL Ay =0, (254d)
—(0)T (0 _
5(10) = (w(()o)/\m +0g)AT, (25¢)
=OT _ =0 _

B = (56 Ao + 0:)A% (25f)

=(0) —=(0) €1
Oy = Al E) +VarEy + Yyl + Ago‘/l%,
and

=(0) ()T &
Op = AHEy + \/—Aﬂwzl + YA, + A 0 Y20-

The following theorem indicates the convergence of the algorithm (24).
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THEOREM 4.1.  The fixed-point algorithm (24) converges to the exact solu-
tion of & ,, with the rate of convergence of O(||w||"™""); that is,

I2,, — Ell = O(lul™Y),
i=0,1,2,..., pg =00, 10, 20, 11, 21, 22. (26)

Proof. The proof is done by using mathematical induction. When i =0
for the equations (24), the first-order approximations = ,, corresponding
to the small parameters ¢, &,, and € satisfy the equations (25). It follows
from these equations that

e —(O
12,0~ Eall = O(lul).  pg=00,10,20,11,21,22.

When i = k (k > 1), we assume that | =, — :(pkq)” = O(||w|**1). Subtract-

ing (24) from (23), we arrive at the equations

— =(kt1) = (k+1)
Afo(Boo — Ego )+ (Boo — Ego ) Ano
=(k+1) =(k+1)
+AL (B — By )+ (Ewn-Ely DA
=(k+1) = (k+1)
+A(Ba — By )+ (B — By ) Ay =0,

— —(k+1) — —(k+1)
(oo — Boo DAa+ (B —Elp ) Ay

= (k+1) — =(k+1)
+ALEL — By )+ VaAy(By — By )

— —(k — —(k
——SlAgo(ﬂlo ~go))T €(Ey — ~20))TA21a

— —(k+1) — M(k+1)
(Boo — B A2 + (g — ) Ay
— =(k+1) =(k+1)
+AN(En—Exn )+ \/—Am En—Ey '

T (= =(k\T = =(k)\T
= —&Ag(Ba — Bz )’ — €(E19 — By ) Ao,

—(k+1) — —(k+1
Al (B — 551 )+ (En—Ey ))All

— = (k) — =(k)
= —81[Agl(ﬂ1() =10 )T + (B — Ejp )A(n]

L e k
- %\/E[Ale(EZI - H21 ) +(Ey — ‘—‘(21))TA21]5

— =(k+1) =(k+1)
AL(Bpn —Ey )+ (~22 — By An

= —82[A({2(Ez - ~20 )T + (B — Hzo )Aoz]

€ = =) —~ =k
- ﬁ[AITZ(:'Zl — By )" + (B — By A,
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— —(k+1) 1 — = (k+1)
Va(Ey — = )TAzz + ﬁ/\ﬁ(ﬂm — B )T

— — (k) T = =(ONT
= —&1(Ey— Ejp )Aoz — &My (BEy — Ey)

k
_%[AZI By — ~22 )+ (B — ‘-(11))/\12]-

Using the assumption | E,, — :(pkq)H = O(||w|/**"), we have
— —(k+1) =(k+1)
Ago(Eoo — Ego )+ (oo — Ego )Awo
— =(k+1) =(k+1)
Afy(Bio—Ely )+ (BEi—Ejy )'Ay
— —(k+1) — —(k+1)
+ AJo(Ey — ~go )+ (Ba — Ex ) Ay =0,

et =(k+1) =(k+1) =(k+1)
(Eoo—Eo Aot +(Ew—Ejp )'Au+ALEn—Ey )

e »—1k+1
+Varly(Ey - E5TY) = O(|ulF?),

= (ki) = =kt = (ki)
(B —Eoo Aoz + (B — Bz ) Ap+A(Epn —Ep )
1 = =(kt1)
+ ﬁAﬂ)(:'Zl —Ey ) =0(lel*),
— —(k+1) — —(k+1)
ALEL =B+ (B — Bl DAy = O],

AL By — ST + (By — ES ™Ay = O(Iu]F?),

— —(k+1) —(k+1)
Va(By — By ) Ay + \/—An En-Ey )= O([| ]| +2).

After the cancellation takes place, since A, A]-j, j =1,2, are stable from
the condition (H3), we get

AT (Zg0 - Ei™) + (Boo — B A = O(ll*2),
(Ejo—Ejo ) = =(Eoo = Ein DA + ORI, =12,
25— 5 Zo(ul?),  j=1.2,

En =By = O(|ul<+?).

Therefore, we have

—(k+1
I12,, - Ev Il = 0(Iul**?),  pg=00,10,20,11,21,22.
Consequently, the equation (26) holds for all i € N. This completes the
proof of Theorem 4.1 concerned with the fixed-point algorithm. 1
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5. MULTIPARAMETER H_,, OPTIMAL CONTROL PROBLEM

5.1. The Design Problem and Preliminaries

In this section, we study the H, control problem by using the state feed-
back control law for the MSPS,

Xg = Agoxo + Ag1x1 + ApXy + Boruy + Byt

+ Foywy + Fpow,, xg =0, (27a)
g1%; = Aygxo + Apx + e3415%,
+ Byjuy + &3Bppuy + Fryw, + e3Fpw;, x] =0, (27b)
&%y = Ao + &3 A% + Apx,
+ &3By1uq + Byuy + 35w + Fprw,, x9 =0, (27¢)
G 2l [0
= 0 El |+ H 0 [Zﬂ , (27d)
0o o0 o |L* 0 H,

where x; € R™, x; € R™, and x, € R™ are the state vector; u; € R™,

J = 1,2, is the control input; w; € RY, j = 1,2, is the disturbance; and
z € R" is the controlled output. In order to simplify derivations, without
loss of generality we assume that the fast state variables are not connected
among themselves; i.e., e3 =0 [3, 5, 6].

We now discuss the H,, optimal control problem that the closed-loop
system is internally stable and |G| ., < v, Where

G = (C+ HK)(sIy — Az — BeKy) ' Fy,

By, By, Fo Fop
By = 81_]1':*’11 0 ) Fy = 31_1F11 0 ) (28)
0 82_1322 0 82_1F22
Co Cn O 0 0
_|Cw 0 Cp _10 0 T
C= 0 0 ' H= H 0| H'H >0,
0 0 0 0 H,
by using the state feedback controller (29),

u=K[xI xT xI]" =K.x. (29)

The next result was shown by Doyle et al. [19].
LeEmMA 5.1.  The following are equivalent:

(i) As + B:Ky is stable and the transfer matrix Gy satisfies the
inequality |G| o < V-
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(i) The MARE (30) has the positive semidefinite stabilizing solution
ALX, + X, A, + vy X, F.FL X,
—X.B.(H"H)'BlX, +C"C=0. (30)
Moreover, one such optimal controller that guarantees the vy level of opti-
mality is given by
u=K.,x=—(H"H)"'BIX,x. (31)

Note that the MARE (30) is not a convex function with respect to Py,
because the matrix y2F,F. — B,(HTH)'BL is in general indefinite.

5.2. The Solvability Condition

The H,, control problem for the MSPS defined in (27) will be solved
using the algorithm (10). In that respect, we set

X, =P, B,(H'H)'Bl —y?F.FI = §,, CTC=Q, (32)

where = stands for the replacement.

The AREs (6¢) will produce the unique positive semidefinite stabilizing
solution under the condition (H1) if y is large enough. Therefore, let us
define the sets as in [17, 18];

[';r := {y > 0] the pair of AREs (6c) have the positive semidefinite
stabilizing solutions},

v = inf{y|y € T'js}.
Moreover, let us define the set as

I'iy :== {y > 0| the ARE (6a) has a positive semidefinite stabilizing
solution},

v1s o= inf{y|y € 'y}
As a result, for every y > y = max{y,,, ¥js}, the MARE (30) has the

positive semidefinite stabilizing solutions if ¢; > 0 and &, > 0 are small
enough. Then, we have the following result.

COROLLARY 5.1.  If we select a parameter y > y = max{yi, ¥}, then
there exist small &, and &, such that for all &, € (0, &) and ¢, € (0, &,) the
MARE (30) admits a solution such that Py is the symmetric positive semidef-
inite stabilizing solution, which can be written as (7).

Proof.  Since the proof is similar to that for Theorem 2.1, it is omitted.

Remark 5.1.  Note that a condition such as y > y = max{yy,, ;s } corre-
sponding to the parameter vy is equivalent to the conditions that the AREs
(6¢) have the positive semidefinite stabilizing solutions under the conditions
(H1) and (H2).
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5.3. Numerical Example

In the rest of this section, in order to demonstrate the efficiency of our
proposed algorithm we run a numerical example. The system matrix is given
as a modification of Appendix A in [1].

0 0 45 0 1
0 0 0 4.5 -1
Ap=|0 0 —005 0 —01],
0 0 0 —-0.05 0.1
0 0 327 =327 0
0 07 r0 O
0 0 0 0
Ay=]01 0|, Ap=|0 0],
0 0 0.1 0
0 0 L0 O
4 0 0 0 0 0] 4 [0 0 0 0 0
=10 0 —04 0 0] |0 0 0 —04 0]
—0.05 0.05 0
A11:A22:|: 0 _Oli|’ F11=F22:|:0.01j|9
0
0 0
Fu=Fi=Bu=Bp=| 0|, Bu=Ba=|].
0 .
0

CTC = diag(1,1,1,1,1,0.5,0.5,0.5,0.5),  H"H = diag(20, 20).

First, the numerical results are obtained for a small parameter ¢, = ¢, =
1073. The simulation results for the different parameter e; will be dis-
cussed later. Note that we cannot apply the technique proposed in [5, 6]
to the MARE (30) since the Hamiltonian matrices Tj;, j = 1,2, have
eigenvalues in common. The two basic quantities for the system are y;; =
9.7590 x 1072 and vy,; = 4.4721 x 107!, Thus, for every boundary value
y > ¥ = max{yy,, y;;} = 4472 x 107!, the AREs (6¢) and (6a) have
positive semidefinite stabilizing solutions. On the other hand, by using
MATLAB, the minimum value ¥ such that there exists a feedback con-
troller is ¥ = 4.472 x 1071

Now, we choose y = 1.0 (>%) to solve the MARE (30). We give a solu-
tion of the MARE (30).

T T
Py &Py 82P20T
P, = | &Py &Py «/8182P21
&Py v €18,Py; &P
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6.0730e +000  8.4607¢ — 001  5.1386e + 001
8.4607e — 001  6.0730e + 000 —1.3695¢ — 001

Py =] 5.1386e+001 —1.3695¢ —001 6.9744¢ + 002
—1.3695¢ — 001  5.1386e 4001  —2.3924e + 002

2.5846e — 001  —2.5846e — 001  5.0568e + 000

—1.3695e — 001  2.5846e — 001
5.1386e + 001  —2.5846¢ — 001

—2.3924¢ 4002  5.0568e + 000
6.9744e + 002  —5.0568e + 000

—5.0568e + 000  1.3473¢ + 000

P — 1.0158e — 001 —9.0348¢ — 005 1.3678e + 000
#1710 = | 5.0000e — 002 7.2948¢ — 015 6.6053¢ — 001

—4.7187¢ — 001 8.3654¢ — 003
—2.3187e — 001 3.7279e — 003

—9.0348e — 005 1.0158¢ — 001 —4.7187e — 001
6.0176e — 015  5.0000e — 002 —2.3187e — 001

1.3678¢ + 000 —8.3654¢ — 003
6.6053¢ — 001 —3.7279e¢ — 003

P — [7.6993¢ — 003  2.9751e — 003
f1fun = | 2.9751e — 003 3.9561e — 003

&Py =

p. _[76993¢ =003 2.9751e - 003
©272 =1 2.9751e — 003 3.9561e — 003
[—9.3283¢ — 004 —4.5889%¢ — 004
Ve =| 4 s880e — 004 —2.2587¢ — 004}

We find that the solution of the MARE (30) converges to the exact

solution with an accuracy of ||f§(P§))|| < 1071% after three iterations. In
order to verify the exactitude of the solution, we calculate the remainder

per iteration by substituting ng ) into the MARE (30). In Table I we present

TABLE I
Errors per Iteration

i I5(PO)]

0 3.2505¢ — 010
1 1.0193¢ — 002
2 5.0362¢ — 005
3 4.2618¢ — 012
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TABLE II
Error || 6(P,)|

&, =¢, Revised Kleinman Algorithm MATLAB

102 8.8142¢ — 011 3.3465¢ — 010
1073 5.9038e — 012 1.7864e — 009
10 3.4592¢ — 011 2.2509¢ — 008
103 4.1606e — 012 1.3073e — 005
10-¢ 8.7978e — 012 5.2618¢ — 004
1077 6.1600e — 012 1.4103e — 003
10-% 1.5099¢e — 011 3.0732e — 002

results for the error ||“§(P(f’))|| It can be seen that the initial guess (11) for
the algorithm (10) is quite good.

In order to verify the exactness of the solution, when we substitute the
obtained reference solution P! into the MARE (30) by using the function
are of MATLAB, the remainder is |6(P<h)|| = 1.7864e — 009. For the
different values of ¢; and &,, the remainders of the algorithm (10) versus
MATLAB are given in Table II.

From Table 11, it should be noted that, although the dimensionality of the
MARE (30) is small, when the parameter ¢; is quite small the loss of accu-
racy corresponding to the error ||6(P)| for MATLAB is obvious for this
numerical example. On the other hand, the resulting algorithm which com-
bines the Kleinman algorithm (10) and the fixed point algorithm (24) com-
putes the solution to full accuracy for all &;. Hence, the resulting algorithm
of this paper is very useful at least in this example. In Table III, we give
the resulting CPU times when we ran the new method versus MATLAB.
From Table III, it can be seen that although the iterative algorithm (10)
takes a lot of CPU time in the case of a not very small value of the singular
perturbation parameter, the new algorithm converge to the exact solution.

TABLE III
CPU Time [s]

&, =&, Revised Kleinman Algorithm  MATLAB

1072 5.44e — 001 2.80e — 002
1073 1.32e — 001 2.70e — 002
10~ 8.00e — 002 2.60e — 002
1073 8.00e — 002 2.70e — 002
10-¢ 4.10e — 002 2.60e — 002
1077 4.30e — 002 2.70e — 002

1078 2.50e — 002 2.70e — 002
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6. CONCLUSION

In this paper, we have investigated the MARE with an indefinite
quadratic term in general associated with the MSPS. We have shown that
there exists a unique and bounded solution for the MARE. Furthermore,
we have presented the iterative method for solving the sign-indefinite
GMARE. Finally, based on the fixed-point algorithm, we have presented
the new numerical methods for solving the GMALE appearing in the
Kleinman algorithm. It should be noted that so far an algorithm for solving
the GMALE with multiple parameters has not been established.

The algorithms for solving the GMARE and GMALE were applied to a
wide class of control law synthesis involving a solution of the MARE, such
as the robust stabilizing control problem and the guaranteed cost control
problem.

REFERENCES

1. H. K. Khalil and P. V. Kokotovic, Control strategies for decision makers using different
models of the same system, IEEE Trans. Automat. Control AC-23, No. 2 (1978), 289-298.

2. Z. Gajic and H. K. Khalil, Multimodel strategies under random disturbances and imper-
fect partial observations, Automatica J. IFAC 22, No. 1 (1986), 121-125.

3. Z. Gajic, The existence of a unique and bounded solution of the algebraic Riccati equation
of multimodel estimation and control problems, Systems Control Lett. 10 (1988), 185-190.

4. Y.-Y. Wang, P. M. Frank, and N. E. Wu, Near-optimal control of nonstandard singularly
perturbed systems, Automatica J. IFAC 30, No. 2 (1994), 277-292.

5. C. Coumarbatch and Z. Gajic, Exact decomposition of the algebraic Riccati equation
of deterministic multimodeling optimal control problems, IEEE Trans. Automat. Control
AC-45, No. 4 (2000), 790-794.

6. C. Coumarbatch and Z. Gajic, Parallel optimal Kalman filtering for stochastic systems in
multimodeling form, Trans. ASME, J. Dynam. Systems Measurement Control 122, No. 12
(2000), 542-550.

7. A.J. Laub, A Schur method for solving algebraic Riccati equations, I[EEE Trans. Automat.
Control AC-24, No. 6 (1979), 913-921.

8. V. Ionescu, C. Oara, and M. Weiss. Generalized matrix pencil techniques for the solution
of algebraic Riccati equations: A unified approach, IEEE Trans. Automat. Control AC-42,
No. 8 (1997), 1085-1097.

9. D. L. Kleinman, On an iterative technique for Riccati equation computations, IEEE Trans.
Automat. Control AC-13, No. 2 (1968), 114-115.

10. J. M. Ortega and W. C. Rheinboldt, “Iterative Solution of Nonlinear Equations in Several
Variables,” Academic Press, New York, 1970.

11. T. Yamamoto, A method for finding sharp error bounds for Newton’s method under the
Kantorvich assumptions, Numer. Math. 49 (1986), 203-220.

12. J. R. Magnus and H. Neudecker, “Matrix Differential Calculus with Applications in Statis-
tics and Econometrics,” Wiley, New York, 1999.

13. K. Zhou, “Essentials of Robust Control,” Prentice-Hall, Englewood Cliffs, NJ, 1998.

14. Z. Gajic, D. Petkovski, and X. Shen, “Singularly Perturbed and Weakly Coupled Lin-
ear System-a Recursive Approach,” Lecture Notes in Control and Information Sciences,
Vol. 140, Springer-Verlag, Berlin, 1990.



234 MUKAIDANI, SHIMOMURA, AND MIZUKAMI

15.

16.

17.

18.

19.

V. Dragan, Asymptotic expansions for game-theoretic Riccati equations and stabilization
with disturbance attenuation for singularly perturbed systems, Systems Control Lett. 20
(1993), 455-463.

H. Mukaidani and K. Mizukami, The guaranteed cost control problem of uncertain sin-
gularly perturbed systems, J. Math. Anal. Appl. 251 (2000), 716-735.

H. Mukaidani, H. Xu, and K. Mizukami, Recursive approach of H_, control problems
for singularly perturbed systems under perfect and imperfect state measurements, Int.
J. Systems Sci. 30, No. 5 (1999), 467-477.

H. Mukaidani, H. Xu, and K. Mizukami, An iterative technique for solving singularly
perturbed algebraic Riccati equation with indefinite sign related to H., control, IEEE
Trans. Automat. Control AC-46, No. 11 (2001), 1659-1666.

J. C. Doyle, K. Glover, P. P. Khargonekar, and B. A. Francis, State space solution to
standard H, and H, control problems, IEEE Trans. Automat. Control AC-34, No. 8 (1989),
831-847.



	1.INTRODUCTION
	2.PROBLEM FORMULATION AND PRIMARY RESULT
	3.ITERATIVE ALGORITHM
	4.MAIN RESULTS
	5.MULTIPARAMETER H_{infinity} OPTIMAL CONTROL PROBLEM
	TABLE I
	TABLE II
	TABLE III

	6.CONCLUSION
	REFERENCES

