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SUMMARY

In this paper, we present a numerical algorithm to the cross-coupled algebraic Riccati equations(CARE)
related to H2=H1 control problems for singularly perturbed systems (SPS) by means of Newton’s method.
The resulting algorithm can be widely used to solve Nash game problems and robust control problems
because the CARE is solvable even if the quadratic term has an indefinite sign. We prove that the resulting
iterative algorithm has the property of the quadratic convergence. Using the solution of the CARE, we
construct the high-order approximate H2=H1 controller. Copyright # 2004 John Wiley & Sons, Ltd.

KEY WORDS: singularly perturbed systems (SPS); H2=H1 control problem; cross-coupled algebraic
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1. INTRODUCTION

H2=H1 control problems have been studied by using several approaches [1–3]. In particular, a
state feedback mixed H2=H1 control problem is formulated as a dynamic Nash game in
Reference [3]. This problem is solved by using the established theory of non-zero-sum games [4]
and the resulting feedback controller is characterized by the solution to a pair of cross-coupled
algebraic Riccati equations (CARE). Various reliable approaches for solving the CARE have
been studied which include the Riccati iterations [5–7] and the Lyapunov iterations [8, 9].
However, there are some very serious drawbacks in these methods. The first is that the
convergence of the Riccati iterations was not proved exactly. The second is that there are no
results for the convergence rate of the Lyapunov iterations and the numerical simulation shows
that the convergence speed is very slow when the Lyapunov iterations are used to solve the
CARE [9].

In this paper, we study the mixed H2=H1 control problem for infinite horizon SPS from a
viewpoint of solving the parameterized CARE. After defining the generalized cross-coupled
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algebraic Riccati equations (GCARE), the asymptotic structure of the GCARE is established.
In order to solve the parameterized CARE, Newton’s method [10] is applied. Although the
resulting algorithm involves the generalized linear matrix equation (GLME), it is newly proved
that the proposed algorithm attains the quadratic convergence by using the Newton–
Kantorovich theorem [10]. Moreover, the sufficient conditions are provided such that the
proposed algorithm converges to a positive semidefinite solution. Using the new algorithm, we
will improve the convergence speed compared with the previous results [6, 7, 9]. As another
important feature, it is newly proved that the high-order approximate strategy has an
asymptotic Nash equilibrium property compared with [11]. Furthermore, we give the e-
independent strategy such that the proposed strategy has also the asymptotic Nash equilibrium
property. Finally, simulation results show that the proposed algorithm succeed in improving the
convergence rate dramatically.

In the past few decades, Newton’s method has been applied to the CARE without the
perturbation parameter (see e.g. Reference [12]). The use of Newton’s method for solving
algebraic Riccati equation (ARE) of SPS originated in References [13, 14]. Nevertheless, the
quadratic convergence property of the resulting algorithm for the SPS has not been studied so
far. It is the first time for us to prove the quadratic convergence property of the algorithm.

Notation: The notations used in this paper are fairly standard. The superscript T denotes
matrix transpose. In denotes the n� n identity matrix. jj � jj denotes its Euclidean norm
for a matrix. detM denotes the determinant of the matrix M: block-diag denotes the block
diagonal matrix. Re l½M� denotes the real part of the eigenvalue of the matrix M: vecM
denotes the column vector of the matrix M [15]. � denotes the Kronecker product. Ulm

denotes a permutation matrix in the Kronecker matrix sense [15] such that Ulm vecM ¼ vecMT;
M 2 Rl�m: jjGðsÞjj1 denotes H1-norm of the transfer function GðsÞ:

2. PROBLEM FORMULATION

Consider a linear time-invariant SPS

’xx1ðtÞ ¼ A11x1ðtÞ þ A12x2ðtÞ þD1wðtÞ þ B1uðtÞ; x1ð0Þ ¼ 0 ð1aÞ

e ’xx2ðtÞ ¼ A21x1ðtÞ þ A22x2ðtÞ þD2wðtÞ þ B2uðtÞ; x2ð0Þ ¼ 0 ð1bÞ

and a quadratic cost function

Jðu;wÞ ¼
Z 1

0

zTðtÞzðtÞ dt ð2aÞ

zðtÞ ¼ CxðtÞ þHuðtÞ ¼ C1 C2½ �
x1ðtÞ

x2ðtÞ

" #
þHuðtÞ ð2bÞ

where CTH ¼ 0; HTH ¼ Im; e is a small positive parameter, x 2 RN is the state vector with
x1 2 Rn1 and x2 2 Rn2 ; N :¼ n1 þ n2; u 2 Rm is the control input, w 2 Rp is the disturbance and
z 2 Rq is the controlled output. All matrices above are of appropriate dimensions. System (1) is
said to be in the standard form if the matrix A22 is non-singular. Otherwise, it is called the non-
standard SPS.
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Let us introduce the partitioned matrices

A ¼
A11 A12

A21 A22

" #
; Ae ¼

A11 A12

e�1A21 e�1A22

" #

B ¼
B1

B2

" #
; Be ¼

B1

e�1B2

" #
; D ¼

D1

D2

" #
; De ¼

D1

e�1D2

" #

Se ¼ BeB
T
e ¼

S11 e�1S12

e�1ST
12 e�2S22

" #
; S ¼ BBT ¼

S11 S12

ST
12 S22

" #

Ue ¼ DeD
T
e ¼

U11 e�1U12

e�1UT
12 e�2U22

" #
; U ¼ DDT ¼

U11 U12

UT
12 U22

" #

Q ¼ CTC ¼
C1

C2

" #T
C1

C2

" #
¼

Q11 Q12

Q21 Q22

" #
50

We now consider the mixed H2=H1 control problem under the following basic conditions:

(H1) There exists a small perturbation parameter %ee > 0 such that the triplets ðAe; Be;
CÞ and ðAe; De; CÞ are stabilizable and detectable for all e 2 ð0; %ee�:

(H2) The triplets ðA22; B2; C2Þ and ðA22; D2; C2Þ are stabilizable and detectable.

These conditions are quite natural since at least one control agent has to be able to control
and observe unstable modes. The mixed H2=H1 control problem is formulated as a two-player
Nash game [3] associated with a prescribed disturbance attenuation level g > 0;

J1ðu;wÞ :¼
Z 1

0

g2wTðtÞwðtÞ dt� Jðu;wÞ ¼
Z 1

0

½g2wTðtÞwðtÞ � zTðtÞzðtÞ� dt ð3aÞ

J2ðu;wÞ :¼ Jðu;wÞ ¼
Z 1

0

zTðtÞzðtÞ dt ð3bÞ

The first is used to reflect an H1 criterion, while the second is used for H2 optimality
requirement. The purpose of the mixed H2=H1 control problem is to find a linear feedback
controller unðtÞ :¼ K2xðtÞ such that

J1ðun;wnÞ4J1ðun;wÞ ð4aÞ

J2ðun;wnÞ4J2ðu;wnÞ ð4bÞ

where wnðtÞ :¼ K1xðtÞ represents the worst-case disturbance in the sense that it achieves the
maximum possible energy gain from the disturbance input to the output.

When J1ðun;wnÞ50; we have the following H1 criterion:

sup
w2L2½0;1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Jðun;wÞ

p
jjwjj

4g ð5Þ

where the notation jj � jj for a vector function of time is used to denote the 2-norm on the time
support [0,1].
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The second Nash inequality shows that unðtÞ regulates the state to zero with minimum output
energy when the disturbance is at its worst value wnðtÞ:

For the SPS (1), the purpose of the mixed H2=H1 control problem is to find a feedback
control law unðtÞ subject to the following conditions:

[I] For a given attenuation level g > 0;

jjRzwjj15g ð6Þ

where the operator Rzw maps the disturbance signal wðtÞ to the controlled output
zðtÞ when the optimal control law unðtÞ is invoked.

[II] The optimal control unðtÞ regulates the state xðtÞ such that the output energy is
minimized when the worst-case disturbance wnðtÞ is applied to the SPS (1).

The following lemma is already known [3].

Lemma 2.1
Under condition (H1), suppose that there exists enð4%ee Þ such that for each e 2 ð0; en�; there exist
solutions Xe50 and Ye50 that satisfy

ðAe þ g�2UeXe � SeYeÞ
TXe þ XeðAe þ g�2UeXe � SeYeÞ

þQ� g�2XeUeXe þ YeSeYe ¼ 0 ð7aÞ

ðAe þ g�2UeXe � SeYeÞ
TYe þ YeðAe þ g�2UeXe � SeYeÞ þQþ YeSeYe ¼ 0 ð7bÞ

where

Xe ¼
X11 eXT

21

eX21 eX22

" #
; Ye ¼

Y11 eYT
21

eY21 eY22

" #

Then Re l½Ae � SeYe�50: Moreover, if ðAe þ g�2UeXe; CÞ is detectable, then Re l½Ae þ g�2Ue

Xe � SeYe�50 and the following strategies (8) result in inequalities (4b) and (6).

unðtÞ ¼ �BT
e YexðtÞ ð8aÞ

wnðtÞ ¼ g�2DT
e XexðtÞ ð8bÞ

Conversely, suppose that there exist the feedback strategies unðtÞ ¼ K2xðtÞ and wnðtÞ ¼ K1xðtÞ
such that inequalities (4b) and (6) hold, Re l½Ae þ BeK2�50 and ðAe þDeK1; CÞ is detectable.
Then there exist solutions Xe50 and Ye50 that satisfy (7).

Define X and Y as

X ¼
X11 eXT

21

X21 X22

" #
; XT

11 ¼ X11; XT
22 ¼ X22 ð9aÞ

Y ¼
Y11 eYT

21

Y21 Y22

" #
; YT

11 ¼ Y11; YT
22 ¼ Y22 ð9bÞ

Then, CARE (7) can be written as (10) and (11) [7].

ðAþ g�2UX � SYÞTX þ XTðAþ g�2UX � SYÞ þQ� g�2XTUX þ YTSY ¼ 0 ð10aÞ
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Xe ¼ ETX ¼ XTE ð10bÞ

ðAþ g�2UX � SYÞTY þ YTðAþ g�2UX � SYÞ þQþ YTSY ¼ 0 ð11aÞ

Ye ¼ ETY ¼ YTE ð11bÞ

where

E ¼
In1 0

0 eIn2

" #

Our main purpose is to establish a new algorithm to solve the GCARE (10) and (11) and
to prove its quadratic convergence. Moreover, the other purpose of this paper is to show that
the resulting H2=H1 controller via the iterative solutions achieve H1 criterion and H2

near-optimality.

3. NEWTON’S METHOD

In this section, we propose a new algorithm which is based on Newton’s method [10]. First we
can rewrite Equations (10a) and (11a) as the following GCARE:

FðPÞ :¼ *AATPþPT *AAþ *QQ�PT *SSP�JPT *SSJP�PTJ *SSPJþJPT *GGPJ ¼ 0 ð12Þ

where

P ¼
X 0

0 Y

" #
; *AA ¼

A 0

0 A

" #
; *QQ ¼

Q 0

0 Q

" #

*SS ¼
�g�2U 0

0 S

" #
; *GG ¼

0 0

0 S

" #
; J ¼

0 IN

IN 0

" #
; N ¼ n1 þ n2

Using Newton’s method [10], we provide the following iterative algorithm. It should be noted
that the Newton’s method will be substituted by Pðnþ1Þ ¼ PðnÞ þ DPðnÞ and will be derived by
neglecting the quadratic terms of DPðnÞ:

FðnÞTPðnþ1Þ þPðnþ1ÞTFðnÞ �YðnÞTPðnþ1ÞJ�JPðnþ1ÞTYðnÞ þ XðnÞ ¼ 0; n ¼ 0; 1; 2; . . . ð13Þ

where

PðnÞ ¼
X ðnÞ 0

0 Y ðnÞ

" #
; X ðnÞ ¼

X
ðnÞ
11 eX ðnÞT

21

X
ðnÞ
21 X

ðnÞ
22

2
4

3
5; Y ðnÞ ¼

Y
ðnÞ
11 eY ðnÞT

21

Y
ðnÞ
21 Y

ðnÞ
22

2
4

3
5

FðnÞ :¼ *AA� *SSPðnÞ �J *SSPðnÞJ ¼
FðnÞ

1 0

0 FðnÞ
2

2
4

3
5

YðnÞ :¼ *SSJPðnÞ � *GGPðnÞJ ¼
0 YðnÞ

1

YðnÞ
2 0

2
4

3
5
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XðnÞ :¼ *QQþPðnÞT *SSPðnÞ þJPðnÞT *SSJPðnÞ þPðnÞTJ *SSPðnÞJ� JPðnÞT *GGPðnÞJ ¼
XðnÞ
1 0

0 XðnÞ
2

2
4

3
5

and the initial condition Pð0Þ is to take the solution of the following form:

Pð0Þ ¼
X ð0Þ 0

0 Y ð0Þ

" #
¼

%XX11 e %XXT
21 0 0

%XX21
%XX22 0 0

0 0 %YY11 e %YYT
21

0 0 %YY21
%YY22

2
6666664

3
7777775

ð14Þ

where

ðAþ g�2U %XX � S %YYÞT %XX þ %XXTðAþ g�2U %XX � S %YYÞ þQ� g�2 %XXTU %XX þ %YYTS %YY ¼ 0 ð15aÞ

ðAþ g�2U %XX � S %YYÞT %YY þ %YYTðAþ g�2U %XX � S %YYÞ þQþ %YYTS %YY ¼ 0 ð15bÞ

%XX ¼
%XX11 0

%XX21
%XX22

" #
; %YY ¼

%YY11 0

%YY21
%YY22

" #

Taking the forms of X and Y for solutions (9) into account, the forms of X ðnÞ and Y ðnÞ are
derived. The GCARE (15) are independent of the perturbation parameter e: Nevertheless, to
solve the GCARE (15) seem to be formidable due to the existence of the cross-coupled term.
However, it should be noted that Newton’s method can also be applied to the GCARE (15)
directly. This is, in fact, quite numerically tractable because the computation is well conditioned.
The different initial conditions are given later in Remark 3.3.

Newton’s method has the form

vecPðnþ1Þ ¼ vecPðnÞ � ½rFðPðnÞÞ��1 vecFðPðnÞÞ ð16Þ

We now show that algorithm (13) is equivalent to Newton’s method (16). Taking the vec
transformations [15] on both sides of (12) and (13), we obtain

vecFðPðnÞÞ ¼ ½ðFðnÞT � I2NÞU2N2N þ I2N � FðnÞT� vecPðnÞ

� ½ðYðnÞT �JÞU2N2N þJ�YðnÞT� vecPðnÞ þ vec XðnÞ ð17aÞ

½ðFðnÞT � I2NÞU2N2N þ I2N � FðnÞT�vecPðnþ1Þ

� ½ðYðnÞT �JÞU2N2N þJ�YðnÞT�vecPðnþ1Þ þ vec XðnÞ ¼ 0 ð17bÞ

Subtracting (17b) from (17a) and noting that

rFðPðnÞÞ :¼
@ vecFðPÞ

@ðvecPÞT

����
P¼PðnÞ

¼ ½ðFðnÞT � I2NÞU2N2N þ I2N � FðnÞT� � ½ðYðnÞT �JÞU2N2N þJ�YðnÞT�

we have (16).
Before investigating the convergence property of the proposed algorithm, we study the

asymptotic structure of the GCARE (12). Note that
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rFð %PPÞ :¼
@ vecFðPÞ

@ðvecPÞT

����
P¼ %PP

¼
@Gðe; vecX11; vecX21; vecX22; vecY11; vecY21; vecY22Þ

@ðvecX11; vecX21; vecX22; vecY11; vecY21; vecY22Þ
T

����
e¼0

¼ð *AA� *SS %PP�J *SS %PPJÞT � IN þ ½IN � ð *AA� *SS %PP�J *SS %PPJÞT�U2N2N

� ð *SSJ %PP� *GG %PPJÞT �J� ½J� ð *SSJ %PP� *GG %PPJÞ�TU2N2N

where

%PP :¼
%XX 0

0 %YY

" #
; vecFðPÞ :¼ Gðe; vecX11; vecX21; vecX22; vecY11; vecY21; vecY22Þ

Without loss of generality the following conditions are assumed.

(H3) (i) There exist the positive semidefinite admissible solution ET
0 Z50 and the positive

semidefinite stabilizing solution Z2250 such that

ATZ þ ZTAþQ� ZTðS � g�2ÞZ ¼ 0

AT
22Z22 þ Z22A22 þQ22 � Z22ðS22 � g�2U22ÞZ22 ¼ 0

where

ET
0 Z ¼ ZTE0; E0 :¼

In1 0

0 0n2

" #
; Z :¼

Z11 0

Z21 Z22

" #
; Z22 ¼ ZT

22

(ii) There exists the matrix K1 ¼ ½K11 K22� such that ðE0; AþDK1; CÞ is impulse
observable.

(iii) There exists the matrix K22 such that ðA22 þD2K22; C2Þ is observable.
(iv) ðE0; A; BÞ is impulse and finite dynamics controllable.
(v)

rank
A� joE0

C

" #
¼ N; 8o 2 R

It should be noted that the restriction of assumption (H3) is standard because these
conditions are also assumed in References [3, 16] when we consider H1 control problem for the
descriptor systems.

Remark 3.1
Using the result of the bounded real lemma [16], if condition (H3) is met, there exist the gain
matrix K2 and the positive semidefinite admissible solution ET

0 W50 such that

ðAþ g�2UW þ BK2Þ
TW þWTðAþ g�2UW þ BK2Þ þQ� g�2WTUW þ KT

2 K2 ¼ 0

where ET
0 W ¼ WTE0:

Hence, we conclude that 04ET
0
%XX4ET

0 W compared with (15a) as K2 ¼ �BT %YY : On the other
hand, using condition (H3), there exists the solution ET

0
%YY50: Finally, since the GCARE (15)

has the solutions ET
0
%XX50 and ET

0
%YY50; there exist the solutions %XX1150 and %YY1150: Using the

similar technique, it can be shown quite easily that there exist the solutions %XX2250 and %YY2250:
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The following theorem will establish the relation between P and reduced-order solutions of the
GCARE (15).

Theorem 3.1
Assume that

detrFð %PPÞ=0 ð18Þ

Under conditions (H1)–(H3), the GCARE (10) and (11) admit the solutions X and Y that
possess a power series expansion at e ¼ 0; respectively. That is,

X ¼
%XX11 e %XXT

21

%XX21
%XX22

" #
þOðeÞ ð19aÞ

Y ¼
%YY11 e %YYT

21

%YY21
%YY22

" #
þOðeÞ ð19bÞ

Proof
We apply the implicit function theorem [17] to (12). To do so, it is enough to show that the
corresponding Jacobian is non-singular at e ¼ 0: Using the fact that the independent variable of
the function FðPÞ is only e; it can be shown, after some algebra, that the Jacobian of (12) in the
limit as e ! þ0 is given by

J %PP ¼ lim
e!þ0

@ vecFðPÞ

@ðvecPÞT

¼ ð *AA� *SS %PP�J *SS %PPJÞT � IN þ ½IN � ð *AA� *SS %PP�J *SS %PPJÞT�U2N2N

� ð *SSJ %PP� *GG %PPJÞT �J� ½J� ð *SSJ %PP� *GG %PPJÞ�TU2N2N

¼rFð %PPÞ ð20Þ

Therefore, det J %PP=0; i.e. J %PP is non-singular at e ¼ 0: The conclusion of Theorem 3.1 is obtained
directly by using the implicit function theorem. See for detail e.g. References [7, 18]. &

We are concerned with good choices of the starting points which guarantee to find a required
solution of the given GCARE (12). Our new idea is to set the initial conditions to matrix (14).
The fundamental idea is based on the fact that jjP�Pð0Þjj ¼ OðeÞ: Although the GCARE (12)
has the general indefinite sign, we can get the required solution with the rate of quadratic
convergence by using Newton’s method. Moreover, using the Newton–Kantorovich theorem
[10], we can prove the existence of the unique solution of the GCARE (12) in the neighbourhood
of the initial guess (14). The main result of this section is as follows.

Theorem 3.2
Under conditions (H1)–(H3), the iterative algorithm (13) converges to the exact solution Pn of
the GCARE (12) with the rate of quadratic convergence. The unique bounded solution Pn of
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the GCARE (12) is in the neighbourhood of the matrix Pð0Þ: That is, the following conditions
are satisfied:

jjPðnÞ �Pnjj4
Oðe2

n

Þ
2nbL

; n ¼ 0; 1; 2; . . . ð21aÞ

jjPð0Þ �Pnjj4
1

bL
½1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2y

p
� ð21bÞ

where

Pn ¼
X n 0

0 Y n

" #
; L :¼ 6jj *SSjj þ 2jj *GGjj51; b :¼ jj½rFðPð0ÞÞ��1jj

Z :¼ jj½rFðPð0ÞÞ��1jj � jjFðPð0ÞÞjj; y :¼ bZL

In order to prove Theorem 3.2, we need the following useful lemma which is called Newton–
Kantorovich theorem [10].

Lemma 3.1
Let X and Y be Banach spaces and F : D � X ! Y be Fr!eechet differentiable in an open convex
set D0 � D and, for some x0 2 D0; F0ðx0Þ

�1 exist. Assume that Fðx0Þ=0 without loss of
generality and that

jjF0ðxÞ � F0ðyÞjj4Ljjx� yjj; x; y 2 D0

#bb5jjF0ðx0Þ
�1jj; #ZZ ¼ jjF0ðx0Þ

�1Fðx0Þjj; y ¼ #bb#ZZL4
1

2
; tn ¼

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2y

p
#bbL

%SS ¼ fx 2 Rn j jjx� x0jj4tng � D0

Then:
(i) The Newton iterates

xkþ1 ¼ xk � F0ðxkÞ�1FðxkÞ; k ¼ 0; 1; 2; . . .

are well defined, xk 2 %SS and converge to a solution xn 2 %SS of FðxÞ ¼ 0: Moreover, we have the
error estimate

jjxk � xnjj4
ð2yÞ2

k

2k #bbL
; k ¼ 0; 1; 2; . . .

(ii) The solution xn is unique in %SS:

Using Lemma 3.1, let us prove Theorem 3.2.
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Proof
Using the fact that

rFðPÞ ¼
@ vecFðPÞ

@ðvecPÞT

¼ ð *AA� *SSP�J *SSPJÞT � IN þ ½IN � ð *AA� *SSP�J *SSPJÞT�U2N2N

� ð *SSJP� *GGPJÞT �J� ½J� ð *SSJP� *GGPJÞ�TU2N2N ð22Þ

we have

jjrFðP1Þ � rFðP2Þjj4LjjP1 �P2jj ð23Þ

It is obvious that rFðPÞ is continuous at all P: Moreover, since

rFðPð0ÞÞ ¼ ð *AA� *SSPð0Þ �J *SSPð0ÞJÞT � IN þ ½IN � ð *AA� *SSPð0Þ �J *SSPð0ÞJÞT�U2N2N

� ð *SSJPð0Þ � *GGPð0ÞJÞT �J� ½J� ð *SSJPð0Þ � *GGPð0ÞJÞ�TU2N2N þOðeÞ ð24Þ

it follows that rFðPð0ÞÞ is non-singular for sufficiently small parameter e under condition (18).
Therefore, there exists b such that b ¼ jj½rFðPð0ÞÞ��1jj: On the other hand, since FðPð0ÞÞ ¼ OðeÞ
from (19), there exists Z such that Z ¼ jj½rFðPð0ÞÞ��1jj � jjFðPð0ÞÞjj ¼ OðeÞ: Thus, there exists y
such that y ¼ bZL52�1 because Z ¼ OðeÞ: Using Lemma 3.1, we can show that Pn is the
unique solution in the subset S � fP : jjPð0Þ �Pjj4tng; where

tn �
1

bL
½1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2y

p
� ð25Þ

Moreover, the error estimate is given by

jjPðnÞ �Pnjj4
ð2yÞ2

n

2nbL
; n ¼ 1; 2; . . . ð26Þ

which implies (21a) because 2y ¼ OðeÞ: Furthermore, substituting Pn into P of the subset S; we
can also get (21b). Therefore, (21) holds for the small e: &

Remark 3.2
According to Reference [19], it is well known that the solution of the GCARE (12) is not
unique and several non-negative solutions exist. The Lyapunov iterations [8] guarantee
that such algorithm converge to a positive semidefinite solution. Similarly, it should be
noted that if the initial conditions EX ð0Þ and EY ð0Þ are the positive semidefinite solutions,
the new algorithm which is based on the GLME (13) converges to the positive semidefinite
solution.

Remark 3.3
In order to obtain the initial condition (14), we have to solve the CARE and GCARE (15) which
are independent of the perturbation parameter e: In this case, we can also apply Newton’s
method to (15). In fact, it is easily seen that Newton’s method can be used well to solve the
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CARE and GCARE (15). Then, as one of the initial condition we recommend the solutions of
the following generalized algebraic Riccati equations:

AT #YY þ #YYTAþQ� #YYTS #YY ¼ 0; Y ð0Þ ¼ #YY

ðA� S #YYÞT #XX þ #XXTðA� S #YYÞ þQþ g�2 #XXTU #XX ¼ 0; X ð0Þ ¼ #XX

Note that there is no guarantee of converging to the required solutions for the above initial
condition. However, since FðPÞ is differentiable and rFðPÞ is continuous at all P; if the
condition as detrFðPnÞ=0 is met, then the new algorithm has the quadratic convergence via
the local convergence property for Newton’s method [10].

Remark 3.4
It should be noted that the Lyapunov iterations are much simpler to implement from the
computational point of view and the fast convergence of the Newton’s method increases
numerical complexity compared with the Lyapunov iterations.

4. HIGH-ORDER APPROXIMATE CONTROLLER

In this section, the high-order approximate H2=H1 controller is given. Such a controller is
obtained by using the iterative solution (13):

%uuðnÞðtÞ ¼ �BTY ðnÞxðtÞ ð27aÞ

%wwðnÞðtÞ ¼ g�2DTX ðnÞxðtÞ ð27bÞ

Theorem 4.1
Assume that Re l½E�1ðAþ g�2UX ð0Þ � SY ð0ÞÞ�50: Under conditions (H1) and (H2), the
following result holds:

Jið %uuðnÞ; %wwðnÞÞ ¼ Jiðun; wnÞ þOðe2
n

Þ; i ¼ 1; 2 ð28Þ

where Jiðun;wnÞ; i ¼ 1; 2 are the equilibrium values satisfying (4).

Proof
Note that the optimal strategies (8) result in J2ðun;wnÞ ¼ xð0ÞTYexð0Þ: When %uuðnÞ is applied to
the SPS (1) under the disturbance %wwðnÞ; the value of the performance index (3b) is

J2ð %uuðnÞ; %wwðnÞÞ ¼ xð0ÞTW ðnÞ
2e xð0Þ ð29Þ

where W
ðnÞ
2e is the positive semidefinite solution of the following algebraic Lyapunov equation

(ALE):

ðAe þ g�2UeX
ðnÞ
e � SeY

ðnÞ
e ÞTW ðnÞ

2e þW
ðnÞ
2e ðAe þ g�2UeX

ðnÞ
e � SeY

ðnÞ
e Þ þQþ Y ðnÞ

e SeY
ðnÞ
e ¼ 0 ð30Þ

where X ðnÞ
e ¼ EX ðnÞ and Y ðnÞ

e ¼ EY ðnÞ: Subtracting (7b) from (30) we find that V
ðnÞ
2e ¼ W

ðnÞ
2e � Ye
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satisfies the following ALE:

ðAe þ g�2UeX
ðnÞ
e � SeY

ðnÞ
e ÞTV ðnÞ

2e þ V
ðnÞ
2e ðAe þ g�2UeX

ðnÞ
e � SeY

ðnÞ
e Þ

þ ðY ðnÞ
e � YeÞSeðY ðnÞ

e � YeÞ

þ g�2YeUeðX ðnÞ
e � XeÞ þ g�2ðX ðnÞ

e � XeÞUeYe ¼ 0 ð31Þ

By (21a), we have X ðnÞ
e � Xe ¼ Oðe2

n

Þ and Y ðnÞ
e � Ye ¼ Oðe2

n

Þ; so that

ðAe þ g�2UeX
ðnÞ
e � SeY

ðnÞ
e ÞTV ðnÞ

2e þ V
ðnÞ
2e ðAe þ g�2UeX

ðnÞ
e � SeY

ðnÞ
e Þ þOðe2

n

Þ ¼ 0 ð32Þ

It is easy to verify that V
ðnÞ
2e ¼ Oðe2

n

Þ because Ae þ g�2UeX
ðnÞ
e � SeY

ðnÞ
e ¼ E�1½Aþ g�2UX ð0Þ �

SY ð0Þ þOðeÞ� is stable by using the standard Lyapunov theorem [20] for sufficiently small e:
Consequently, the following equality holds:

J2ð %uuðnÞ; %wwðnÞÞ ¼ J2ðun;wnÞ þOðe2
n

Þ

The rest of the Proof of Theorem 4.1 is omitted, since the proof of V
ðnÞ
1e ¼ W

ðnÞ
1e � Xe ¼ Oðe2

n

Þ is
performed by a similar argument. &

Theorem 4.2
Under the conditions of Theorem 4.1, the following result holds:

J1ð %uuðnÞ;wÞ ¼ J1ðun;wÞ þOðe2
n

Þ ð33aÞ

J2ðu; %wwðnÞÞ ¼ J2ðu;wnÞ þOðe2
n

Þ ð33bÞ

Proof
We first prove equality (33a). Applying the high-order approximate controller (27a) to the SPS
(1) yields

’xxðtÞ ¼ %AAexðtÞ þ e %FF exðtÞ þDewðtÞ; xð0Þ ¼ 0 ð34aÞ

J2ð %uuðnÞ;wÞ ¼
Z 1

0

xTðtÞ %QQxðtÞ dt ð34bÞ

where

%AAe ¼ E�1ðA� S %YYÞ ¼
%AA11

%AA12

e�1 %AA21 e�1 %AA22

" #

%FF e ¼ �e�1ðSeY
ðnÞ
e � Ae þ %AAeÞ; %QQ ¼ Qþ Y ðnÞ

e SeY
ðnÞ
e

Under condition (H2), %AA22 and %AA0 :¼ %AA11 � %AA12
%AA�1
22

%AA21 are stable. Hence, there exists the
transformation yðtÞ ¼ T�1xðtÞ such that T�1 %AAeT ¼ block-diag½As e�1Af � [21].

Using the transformation T ; we obtain

’yy1ðtÞ ¼ Asy1ðtÞ þ e %FFsyðtÞ þDswðtÞ; y1ð0Þ ¼ 0 ð35aÞ

e ’yy2ðtÞ ¼ Af y2ðtÞ þ e %FFf yðtÞ þDfwðtÞ; y2ð0Þ ¼ 0 ð35bÞ

where ½ %FFT
s

%FFT
f �

T ¼ T�1 %FF e and ½DT
s DT

f �
T ¼ T�1De: From (35), if e is small enough, then we

have jjyjj4c1jjwjj; c1 > 0: Similarly, substituting the optimal control unðtÞ ¼ �BTYxðtÞ and
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f ðtÞ ¼ T�1xðtÞ into the SPS (1), we get

’ff 1ðtÞ ¼ Asf1ðtÞ þ e #FFs f ðtÞ þDswðtÞ; f1ð0Þ ¼ 0 ð36aÞ

e ’ff 2ðtÞ ¼ Af f2ðtÞ þ e #FFf f ðtÞ þDfwðtÞ; f2ð0Þ ¼ 0 ð36bÞ

where ½ #FFT
s

#FFT
f �

T ¼ T�1 #FF e ¼ �e�1T�1ðSYe � Ae þ %AAeÞ: Hence, from (36), one can derive jj f jj4
c2jjwjj; c2 > 0: Subtracting (35) from (36) we get the following SPS (37):

’ee1ðtÞ ¼ Ase1ðtÞ þ e #FFseðtÞ þOðe2
n

ÞyðtÞ ð37aÞ

e ’ee2ðtÞ ¼ Af e2ðtÞ þ e #FFf eðtÞ þOðe2
n

ÞyðtÞ ð37bÞ

where eðtÞ ¼ f ðtÞ � yðtÞ: From (37), we obtain

jjejj4c3e2
n

jjyjj4c4e2
n

jjwjj; c3; c4 > 0

Then, noting that Y ðnÞ
e � Ye ¼ Oðe2

n

Þ; we get T�1 #FF eT � T�1 %FF eT ¼ Oðe2
n�1Þ and jj #QQ� %QQjj ¼

m0e2
n

;m0 > 0; where #QQ ¼ Qþ YeSeYe: Applying the Schwartz inequality, we obtain

jJ2 � #JJ2j4
Z 1

0

½m1jeðtÞjjyðtÞj þm2jeðtÞjj f ðtÞj þm0e2
n

jyðtÞjj f ðtÞj� dt

4 %mm½jjejjðjjyjj þ jj f jjÞ þ e2
n

jjyjj � jj f jj� ð38Þ

where #JJ2 :¼ J2ðun;wÞ; %mm ¼ maxfm0;m1;m2g; m1 ¼ jjTT %QQT jj and m2 ¼ jjTT #QQT jj: Since jjyjj4c1j
jwjj; jj f jj4c2jjwjj and jjejj4c4e2

n

jjwjj; we have

jJ2 � #JJ2j4 %mm0e2
n

jjwjj2 ð39Þ

where %mm0 :¼ %mm½c4ðc1 þ c2Þ þ c1c2�: Finally, by using condition J24g2jjwjj2; we have

#JJ24½g2 þOðe2
n

Þ�jjwjj24½gþOðe2
n

Þ�2jjwjj2 ð40Þ

that is, an Oðe2
n

Þ accuracy controller unðtÞ ¼ �BTYxðtÞ achieves the performance level
gþOðe2

n

Þ: Thus equality (33a) holds.
Secondly, we prove equality (33b). Applying the high-order approximate disturbance (27b)

and the control uðtÞ ¼ K2xðtÞ to the SPS (1) yields

’xxðtÞ ¼ ðAe þ g�2UeX
ðnÞ þ BeK2ÞxðtÞ; xð0Þ ¼ 0 ð41aÞ

J2ðu; %wwðnÞÞ ¼
Z 1

0

xTðtÞðQþ KT
2 K2ÞxðtÞ dt ð41bÞ

On the other hand, applying the worst disturbance (8b) and the same controller uðtÞ ¼ K2xðtÞ to
the SPS (1) yields

’xxðtÞ ¼ ðAe þ g�2UeX þ BeK2ÞxðtÞ;xð0Þ ¼ 0 ð42aÞ

J2ðu;wnÞ ¼
Z 1

0

xTðtÞðQþ KT
2 K2ÞxðtÞ dt ð42bÞ

If Ae þDeK1 þ BeK2 is stable, there exists the sufficient small parameter e such that the closed-
loop systems (41a) and (42a) are stable [21]. Therefore, there exist the solutions which satisfy the
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following ALEs [20]:

ðAe þ g�2UeX
ðnÞ þ BeK2Þ

TV1e þV1eðAe þ g�2UeX
ðnÞ þ BeK2Þ þQþ KT

2 K2 ¼ 0 ð43aÞ

ðAe þ g�2UeX þ BeK2ÞW1e þW1eðAe þ g�2UeX þ BeK2Þ þQþ KT
2 K2 ¼ 0 ð43bÞ

Thus, we have

J2ðu; %wwðnÞÞ ¼ xTð0ÞV1exð0Þ ð44aÞ

J2ðu;wnÞ ¼ xTð0ÞW1exð0Þ ð44bÞ

Using X ðnÞ ¼ X þOðe2
n

Þ; we can change the form of (43b) into

ðAe þ g�2UeX
ðnÞ þ BeK2Þ

TW1e þW1eðAe þ g�2UeX
ðnÞ þ BeK2Þ þQþ KT

2 K2 þOðe2
n

Þ ¼ 0 ð45Þ

Subtracting (45) from (43a), we get

ðAe þ g�2UeX
ðnÞ þ BeK2Þ

TðV1e �W1eÞ

þ ðV1e �W1eÞðAe þ g�2UeX
ðnÞ þ BeK2Þ þOðe2

n

Þ ¼ 0 ð46Þ

Then, (46) yields V1e �W1e ¼ Oðe2
n

Þ; which implies (33b) because

J2ðu; %wwðnÞÞ � J2ðu;wnÞ ¼ xTð0ÞðV1e �W1eÞxð0Þ ð47Þ

This is the desired result. &

Finally we give the main result in this section.

Theorem 4.3
Under the conditions of Theorem 4.1, the following result holds:

J1ð %uuðnÞ; %wwðnÞÞ4J1ð %uuðnÞ;wÞ þOðe2
n

Þ ð48aÞ

J2ð %uuðnÞ; %wwðnÞÞ4J2ðu; %wwðnÞÞ þOðe2
n

Þ ð48bÞ

Proof
Using (4a), Theorems 4.1 and 4.2, we have

J1ð %uuðnÞ; %wwðnÞÞ ¼ J1ð %uuðnÞ;wÞ þ J1ð %uuðnÞ; %wwðnÞÞ � J1ðun;wnÞ þ J1ðun;wnÞ � J1ð %uuðnÞ;wÞ

4 J1ð %uuðnÞ;wÞ þ J1ð %uuðnÞ; %wwðnÞÞ � J1ðun;wnÞ þ J1ðun;wÞ � J1ð %uuðnÞ;wÞ

4 J1ð %uuðnÞ;wÞ þOðe2
n

Þ ð49Þ

which proves (48a). The other case is similar. &

Consequently, when e is known, we can get the high-order Oðe2
n

Þ approximate strategy which
achieves Oðe2

n

Þ approximation for the equilibrium values of the cost functionals.
In the rest of this section, we will present an important implication. If the perturbation

parameter e is unknown, then the following corollary is easily seen in view of Theorem 4.3.
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Corollary 4.1
Under the conditions of Theorem 4.1, the following result holds:

J1ð *uu; *wwÞ4J1ð *uu;wÞ þOðeÞ ð50aÞ

J2ð *uu; *wwÞ4J2ðu; *wwÞ þOðeÞ ð50bÞ

where

*uuðtÞ ¼ �BT %YYxðtÞ ð51aÞ

*wwðtÞ ¼ g�2DT %XXxðtÞ ð51bÞ

Proof
Since the proof can be carried out via a similar technique used in the proof of Theorems 4.1, 4.2
and 4.3 and setting e ¼ 0 and n ¼ 0; it is omitted. &

5. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of our proposed algorithm, we have run two numerical
examples.

5.1. Example 1

Let us consider the following SPS:

’xx1

e ’xx2

" #
¼

0 1

1 0

" #
x1

x2

" #
þ

1

1

" #
wþ

0

2

" #
u ð52Þ

with the performance index

J1ðu;wÞ ¼
Z 1

0

g2wTw dt� J2ðu;wÞ ð53aÞ

J2ðu;wÞ ¼
Z 1

0

ðx21 þ x22 þ u2Þ dt ð53bÞ

The numerical results are obtained for small parameter e ¼ 10�2: Since detA22 ¼ 0; the system is
non-standard SPS. Now, we choose as g ¼ 5:0 to design the controller. We give the initial
condition (14) and the solution of the GCARE (12), respectively.

Pð0Þ ¼
X ð0Þ 0

0 Y ð0Þ

" #
; Pð3Þ ¼

X ð3Þ 0

0 Y ð3Þ

" #

X ð0Þ ¼
1:1548eþ 00 8:4467e� 03

8:4467e� 01 5:0253e� 01

" #
; Y ð0Þ ¼

1:1880eþ 00 8:7860e� 03

8:7860e� 01 5:0505e� 01

" #

X ð3Þ ¼
1:1645eþ 00 8:4503e� 03

8:4503e� 01 5:0684e� 01

" #
; Y ð3Þ ¼

1:1984eþ 00 8:7929e� 03

8:7929e� 01 5:0965e� 01

" #
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Table I shows the results of the errors jjFðPðnÞÞjj per iterations. We find that the solutions of the
GCARE (12) converge to the exact solution with accuracy of jjFðPðnÞÞjj5e� 12 after three
iterations. Moreover, it is interesting to see that the result of Table I shows that algorithm (13)
has quadratic convergence. Table II shows the results of the iterations in order to converge to
the required solution with the same accuracy of jjFðPðnÞÞjj5e� 12 for the Lyapunov iterations
algorithm [8] versus the proposed algorithm. It can be seen that the convergence rate of the
resulting algorithm is stable for all e since the initial conditions Pð0Þ is quite good. On the other
hand, the Lyapunov iterations converge very slowly.

5.2. Example 2

The system matrices are given as follows:

A11 ¼

0 0 4:5 0 1

0 0 0 4:5 �1

0 0 �0:05 0 �0:1

0 0 0 �0:05 0:1

0 0 32:7 �32:7 0

2
666666664

3
777777775
; A12 ¼

0 0 0 0

0 0 0 0

0:1 0 0 0

0 0 0:1 0

0 0 0 0

2
666666664

3
777777775

A21 ¼

0 0 0 0 0

0 0 �0:4 0 0

0 0 0 0 0

0 0 0 �0:4 0

2
666664

3
777775; A22 ¼

�0:05 0:05 0 0

0 �0:1 0 0

0 0 �0:05 0:05

0 0 0 �0:1

2
666664

3
777775

Table I. Errors per iteration.

i jjFðPðnÞÞjj

0 1:8379e� 02
1 8:4512e� 05
2 1:7208e� 09
3 1:3323e� 15

Table II. Number of iterations such that jjFðPðnÞÞjj5e� 12:

e
Lyapunov
iterations

Newton’s
method

10�1 11 4
10�2 11 3
10�3 11 2
10�4 11 2
10�5 11 2
10�6 11 1
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D1 ¼ B1 ¼

0 0

0 0

0 0

0 0

0 0

2
666666664

3
777777775
; D2 ¼

0 0

0:05 0

0 0

0 0:05

2
666664

3
777775; B2 ¼

0 0

0:1 0

0 0

0 0:1

2
666664

3
777775

C ¼

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 2 0 0 0

0 0 0 0 0 0 2 0 0

0 0 0 0 0 0 0 2 0

0 0 0 0 0 0 0 0 2

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

2
666666666666666666666666664

3
777777777777777777777777775

; H ¼

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

1 0

0 1

2
666666666666666666666666664

3
777777777777777777777777775

Although H1 control problem has been considered in Reference [22], H2=H1 control has not
been investigated. Taking the optimality for the cost function into account, H2=H1 control is
applied to the SPS (1). The numerical results are obtained for small parameter e ¼ 10�3: It is
found that there exists the solution of H1 control problem for all g 2 fgj0:5016735gg via
MATLAB. Now, we choose as g ¼ 1:0 to solve the GCARE (12). We give the initial condition
(14) and solutions of the GCARE (12) as the convergence solution Pð4Þ; respectively.

X ð0Þ ¼
%XX11 e %XXT

21

%XX21
%XX22

" #
; Y ð0Þ ¼

%YY11 e %YYT
21

%YY21
%YY22

" #

%XX11 ¼

3:7133eþ 00 3:6038e� 01 3:2010eþ 01 6:4624e� 14 2:4552e� 01

3:6038e� 01 3:7133eþ 00 2:0421e� 13 3:2010eþ 01 �2:4552e� 01

3:2010eþ 01 1:3319e� 13 6:5090eþ 02 �2:0457eþ 02 4:8400eþ 00

�2:8560e� 13 3:2010eþ 01 �2:0457eþ 02 6:5090eþ 02 �4:8400eþ 00

2:4552e� 01 �2:4552e� 01 4:8400eþ 00 �4:8400eþ 00 1:7478eþ 00

2
666666664

3
777777775
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%XX21 ¼

5:2916eþ 01 �9:0222e� 14 1:0465eþ 03 �3:3809eþ 02 7:9970eþ 00

1:4558eþ 01 8:3316e� 14 2:5005eþ 02 �9:2913eþ 01 2:1958eþ 00

9:1116e� 14 5:2916eþ 01 �3:3809eþ 02 1:0465eþ 03 �7:9970eþ 00

�1:2361e� 13 1:4558eþ 01 �9:2913eþ 01 2:5005eþ 02 �2:1958eþ 00

2
666664

3
777775

%XX22 ¼

3:6935eþ 01 7:9373eþ 00 �5:8814e� 14 8:9092e� 15

7:9373eþ 00 1:6947eþ 01 �5:4794e� 14 2:5610e� 14

�3:6404e� 14 2:7806e� 14 3:6935eþ 01 7:9373eþ 00

�2:6960e� 14 �8:2431e� 14 7:9373eþ 00 1:6947eþ 01

2
666664

3
777775

%YY11 ¼

3:8150eþ 00 3:8110e� 01 3:2877eþ 01 2:1161e� 13 2:4431e� 01

3:8110e� 01 3:8150eþ 00 1:6920e� 13 3:2877eþ 01 �2:4431e� 01

3:2877eþ 01 1:8630e� 13 6:6051eþ 02 �2:0697eþ 02 4:8362eþ 00

�1:7764e� 15 3:2877eþ 01 �2:0697eþ 02 6:6051eþ 02 �4:8362eþ 00

2:4431e� 01 �2:4431e� 01 4:8362eþ 00 �4:8362eþ 00 1:7547eþ 00

2
666666664

3
777777775

%YY21 ¼

5:5739eþ 01 1:4397e� 13 1:0832eþ 03 �3:5113eþ 02 8:2091eþ 00

1:7378eþ 01 8:6035e� 14 2:9194eþ 02 �1:0976eþ 02 2:5717eþ 00

2:2926e� 13 5:5739eþ 01 �3:5113eþ 02 1:0832eþ 03 �8:2091eþ 00

�3:6731e� 14 1:7378eþ 01 �1:0976eþ 02 2:9194eþ 02 �2:5717eþ 00

2
666664

3
777775

%YY22 ¼

3:7496eþ 01 9:0012eþ 00 �5:1047e� 14 �1:7491e� 14

9:0012eþ 00 1:9007eþ 01 �2:4476e� 14 �1:3656e� 14

�6:7641e� 14 �3:0107e� 14 3:7496eþ 01 9:0012eþ 00

�2:8620e� 14 �8:7900e� 15 9:0012eþ 00 1:9007eþ 01

2
666664

3
777775

X ð4Þ ¼
X11 eXT

21

X21 X22

" #
; Y ð4Þ ¼

Y11 eYT
21

Y21 Y22

" #

X11 ¼

3:7318eþ 00 3:5834e� 01 3:2414eþ 01 �1:3395e� 01 2:4760e� 01

3:5834e� 01 3:7318eþ 00 �1:3395e� 01 3:2414eþ 01 �2:4760e� 01

3:2414eþ 01 �1:3395e� 01 6:6025eþ 02 �2:1004eþ 02 4:9057eþ 00

�1:3395e� 01 3:2414eþ 01 �2:1004eþ 02 6:6025eþ 02 �4:9057eþ 00

2:4760e� 01 �2:4760e� 01 4:9057eþ 00 �4:9057eþ 00 1:7472eþ 00

2
666666664

3
777777775
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X21 ¼

5:3086eþ 01 �5:6524e� 02 1:0556eþ 03 �3:4322eþ 02 6:6619eþ 00

1:4558eþ 01 �3:5609e� 14 2:5196eþ 02 �9:3934eþ 01 1:7101eþ 00

�5:6524e� 02 5:3086eþ 01 �3:4322eþ 02 1:0556eþ 03 �6:6619eþ 00

�1:0252e� 14 1:4558eþ 01 �9:3934eþ 01 2:5196eþ 02 �1:7101eþ 00

2
666664

3
777775

X22 ¼

3:8681eþ 01 8:4009eþ 00 �5:6223e� 01 �1:5430e� 01

8:4009eþ 00 1:7076eþ 01 �1:5430e� 01 �4:2769e� 02

�5:6223e� 01 �1:5430e� 01 3:8681eþ 01 8:4009eþ 00

�1:5430e� 01 �4:2769e� 02 8:4009eþ 00 1:7076eþ 01

2
666664

3
777775

Y11 ¼

3:8344eþ 00 3:7844e� 01 3:3299eþ 01 �1:4166e� 01 2:4625e� 01

3:7844e� 01 3:8344eþ 00 �1:4166e� 01 3:3299eþ 01 �2:4625e� 01

3:3299eþ 01 �1:4166e� 01 6:7015eþ 02 �2:1260eþ 02 4:8999eþ 00

�1:4166e� 01 3:3299eþ 01 �2:1260eþ 02 6:7015eþ 02 �4:8999eþ 00

2:4625e� 01 �2:4625e� 01 4:8999eþ 00 �4:8999eþ 00 1:7536eþ 00

2
666666664

3
777777775

Y21 ¼

5:5945eþ 01 �6:8681e� 02 1:0931eþ 03 �3:5668eþ 02 6:8048eþ 00

1:7378eþ 01 �2:8948e� 14 2:9421eþ 02 �1:1096eþ 02 1:9823eþ 00

�6:8681e� 02 5:5945eþ 01 �3:5668eþ 02 1:0931eþ 03 �6:8048eþ 00

1:3661e� 14 1:7378eþ 01 �1:1096eþ 02 2:9421eþ 02 �1:9823eþ 00

2
666664

3
777775

Y22 ¼

3:9351eþ 01 9:5556eþ 00 �5:9900e� 01 �1:8561e� 01

9:5556eþ 00 1:9175eþ 01 �1:8561e� 01 �5:6336e� 02

�5:9900e� 01 �1:8561e� 01 3:9351eþ 01 9:5556eþ 00

�1:8561e� 01 �5:6336e� 02 9:5556eþ 00 1:9175eþ 01

2
666664

3
777775

We find that the solution of the GCARE (12) converges to the exact solution with accuracy of
jjFðPðnÞÞjj5e� 10 after four iterations. In order to verify the accuracy of the numerical
solution, we calculate the remainder per iteration by substituting PðnÞ into the GCARE (12). In
Table III, we present results for the error jjFðPðnÞÞjj: It can be seen that the initial guess (14) for

Table III. Errors per iteration.

i jjFðPðnÞÞjj

0 9:1844e� 01
1 5:3443e� 02
2 4:5728e� 04
3 1:7249e� 10
4 5:6420e� 12
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algorithm (13) is quite good and the proposed algorithm has the quadratic convergence
property. Table IV shows the results of iterations for both the Lyapunov iterations and the
proposed algorithm. This table shows that the convergence speed of the Lyapunov iterations is
very slow. Therefore, the simulation results have shown that the proposed algorithm succeeded
in improving the convergence rate dramatically.

6. CONCLUSION

We have proposed a new algorithm to solve the GCARE associated with the mixed H2=H1

control problem for infinite horizon SPS. It is very important to note that the resulting
algorithm is quite different from the existing methods [5–9], since the proposed algorithm is
based on Newton’s method. Consequently, it has been newly proved that the resulting algorithm
has the quadratic convergence via the Newton–Kantorovich theorem. Although the proposed
Newton’s method increases numerical complexity and is not easy to implement from the
computational point of view compared with Lyapunov iterations [8, 9], we have succeeded in
improving the convergence rate dramatically. Furthermore, it has also been shown that the
resulting H2=H1 controller via the iterative solutions achieved the properties of H1 criterion
and H2 near-optimality.
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