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Abstract

This paper considers the robust H.
control problem for nonstandard singu-
larly perturbed systems with time-varying
norm-bounded parameter uncertainties in
state equations. In order to obtain the con-
troller such that both robust stability and a
disturbance attenuation level ~ larger than
a arbitrary boundary value are achieved, ir-
respective of uncertainties, we must solve
algebraic Riccati equation with the singu-
lar perturbation parameter £ > 0. The
main results in this paper are to propose a
new recursive algorithm to solve the above
equation and to find an ¢ independent suf-
ficient conditions for the existence of the
full-order dynamic controller. Using the
algebraic Riccati equation approach, al-
though the uncertain matrix As + AAxs(2)
has unstable mode, our new results are
applicable to both standard and nonstan-
dard uncertain singularly perturbed sys-
tems. Furthermore, in order to show the ef-
fectiveness of the proposed algorithms, nu-
merical examples are included.

1. Introduction

In recent years, some papers have con-
sidered the problem of stabilizing the sin-
gularly perturbed systems with uncertain
parameters. Shi et al.(1998) have stud-
ied the robust H., control problem for
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standard singularly perturbed systems by
making use of singular perturbation meth-
ods. It is found that the basic assumption
in Shi et al.(1998) that the state matrix
Agz + A Ay (t) for the fast subsystem is sta-
ble play an important role in the study of
the problem, where AAs(t) is uncertainty.
However, this assumption has often been
found to be too conservative in applications
for the practical systems because they con-
tain uncertainties.

In this paper, we considers the robust
H ., control problem for nonstandard singu-
larly perturbed systems under perfect state
measurements with time-varying norm-
bounded parameter uncertainties in state
equations. In order to obtain the controller
such that both robust stability and a dis-
turbance attenuation level « larger than a
arbitrary boundary value are achieved, ir-
respective of uncertainties, we must solve
algebraic Riccati equation with the singu-
lar perturbation parameter £ > 0. The
main results in this paper are to propose a
new algorithm to solve the above equation
and to find an e independent sufficient con-
ditions for the existence of the full-order
controller. Therefore, our new results are
applicable to the non-standard singularly
perturbed systems such that the fast dy-
namics has unstable mode.

2. Problem Formulation and
Primary Results



Consider a class of uncertain singularly
perturbed systems

1(t) = [An + AAL (8)]z ()

+[A12 + AApR )]z (1)

+Briw(t) + [Biz + ABa(t)]u(t),

z1(0) = 0, (1a)
Ex2(t) = [Aoy + AAg (8)]z1(2)

+[Az + AAgs(t)]z2(1)

+ Boyw(t) + [Bag + ABaa(t)]u(t),

z(0) = 0, (1b)
2(t) = Cnuz1(t) + Creza(t) + Disult),(1c)

where ¢ is a small positive parameter,
z1(t) € R™ and z,(f) € R™ are state
vectors, u(t) € R™ is the control input,
w(t) € RN is the disturbance, z(t) € R"
is the controlled output, AA,;(t) € R¥<J
is a Lebesgue measurable matrix of uncer-
tain parameters. All matrices above are of
appropriate dimensions. The system (1) is
said to be in the standard form if the matrix
Aso is nonsingular. Otherwise, it is called
the non-standard singularly perturbed sys-
tems.

The admissible parameter uncertainties
are of the form

AAy(t) AAp(t) ABu(t)
AApi(t) Adm(t) ABgz(t)}

:lIg:;]F(t)[Eal EaZ Eb]> (28’)

FTWF(t) < I, F(t) € RP**.  (2b)

Let us introduce the partitioned matrices
T

z(t) = [ «{(t) 25(t) | eR?,

n = "ny+ na,

A — [ All A12 :'

8_11421 €w1A22

An A
A=
[ Aoy Az } ’

Ci=[Cn Cul,

B AA (t) AAq, (t)
AA(t) = l e AAn(t) e AAR() } ’
ABy.(t) = [ ﬁfggzt) ] ’

= | M e
Ea:[Eal EaQ]-

Then equations (1) can be rewritten as

(t) = [A-+ AA.(D)]z(t) + Brew(t)
+[Bae + AByo(8)|u(t), (3a)
z(0) =0,

z(t) = Chz(t) + Dyou(t). (3b)

For technical simplification, without loss
of generality we shall make the following
basic assumption (Xie et al. 1992).

Assumption 1

DL[Ci De]=[0 In]

For a given v > 0, if there exists a
fixed linear time-invariant state feedback
law v = K.z such that for any admissible
parameter uncertainty AA.(t) and ABy.(t)
the following conditions are satisfied, then
the uncertain singularly perturbed system
(1) is said to be quadratically stable with
an H, norm bound v (abbreviated as QS—
Ho—).

i) The closed-loop system is uniformly
asymptotically stable.

ii) The uncertain singularly perturbed sys-
tem (1) has an H,, norm bound vy > 0
in the sense

Iz 2 < vlw(®)]2 (4)

for any square integrable signal w with
zero initial conditions.

The following lemma was shown by Gu
(1994).



Lemma 1 The singularly perturbed sys-
tem (1) is QS-H,,—y if and only if there
exists a A > 0 such that the following sys-
tem without uncertainties

Bt = Aal)
oo [30]
+Bou(t), £(0)=0, (5a)
B RN EREC
Dss
+ ; 5 | (5b)

i s stable with H., norm less than v, that
is, for any square integrable auxiliary signal
w, With zero initial conditions the uncertain
singularly perturbed system (5) has an H,
norm bound > 0 in the sense

|ze(@)ll2 < Yllwe(?) ]2 (6)
where
2z, = [ 1 c Rlz-i-s’ W, :l L1 ERll+p
z w
Define

c 101 b D1s
I — 3 122 1
—FE, —
A AE”

The equations (5) can be also rewritten
as

2(t) = A.z(t) + Biyrcwe(?) (7a)
+Bo.u(t), z(0) = 0,
Ze(t) = G],\CE‘(t) + Dlg,\u(t) (7b)

We shall make the following basic struc-
ture assumptions for the full-order systems
(7), which are typical in the H., control
problem.

Assumption 2 Al. The pair (A,, Bs.)
is stabilizable and (Cy, A) is de-
tectable for € (0, €*|(e* > 0).
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A2. rank[ Eil =

my
A — SIn BQ
A3. rank Ci Dy | =n+my
E, Ey

where s = jw, w eR".

The QS—-H.—y condition can be written
in a more convenient form (Shi et al. 1998).

Lemma 2 A system (1) is QS-H, - if
and only if there exists a symmetric positive
semidefinite stabilizing solution X, such,
that

Xn
£ X1

AT X, + X A + v ? X, By B\ X
—(X.Ba: + C{\Du,\)(D{Q)\DlQ,\)_l
(BLX.+ DL,Cn) + CLCL = 0 (8)

where
eXT
= >
o] o ] 0
and

Ae + 7‘2817)\5317—;)\5)(6

—Bao (D55 Diza) (B X + D,,C1)
is stable. Moreover, a suitable feedback con-
trol law is given by

ut) = Kez(t) (9)

K. = —(D{\ Do) " Y(BLX. + DL,C1)

In order to solve the algebraic Riccati

equation (8), we introduce the following
generalized algebraic Riccati equation (10).

ATX + XTA + v 2XT By \BL, X
— (X"By + CL\D12x)(D]ys Diay) ™!
- (By X + DipyCi) + C13C1a = 0 (10)
where
Iy,

X, = IFX = XTI, 0, :[

Bia=[ Bi yAH, |,

X11 €XT
X = a1 |
[Xm Xoo }
X = X7, Xpp = XI, A, = TL'A,
Bip: = H7'Biyy, Bae = 117! Ba.



3. Main Results

In this section, we study the robust H,
control problem by using the state feedback
control law for the linear time-invariant
singularly perturbed system (5).

Let us define the following partition ma-
trices

Ax = A— By(Dlh\Di2)) ' D5 Cra
_ | Axn Axe
B [Ax21 Axan }7 (11a)
Rx = By(DpaDi2)) By
'V_QBIWXB]TWA
_ Rx11 Rrx12
_ [ R e 1 (1 1b)
QX = CITA[Ilers
—DuA(DTzADuA)‘ngA]CL\
Qxun Qxr
— . 11C
{QT;(H QXQQ} (11c)

Then, it follows that
XTAX + AiX—XTRxX + QX = 0.(12)

The generalized algebraic Riccati equa-
tion (12) will produce the unique positive
definite stabilizing solution under the fol-
lowing conditions.

Assumption 3 A4. The pair (A22, B22)
is stabilizable and (Ch2, A22) is observ-

able.
[ A22 —SlnzBm —
A5. rank Cho Dz = nmg + my,
i Ea2 Eb ].
[ A(s) B
A6. rank| Cy Dy =n+m,
E, B |
A — s, A
where .A(S) = 1 Him A2 l
A22 A22

By substituting X into (12) and letting
£ = 0, we obtain the following O-order
equations

A§0X11 + X’{IAXQ
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— XT RxoX11+Qx0=0,
A§22X22 + ij;szz

— X35 Rx22X22 + Qx22 = 0, (13b)
Xor=—Ny + Ny Xu, (13¢)

(13a)

where

Axo = Ax11+ N1Axar » Rxe Ny

+ N1 Rx2a N,

Rxo = Rx11 + N1Rr3r(12 + RmelT
+N1Rxoo N,

QX0 = Qx11—NoAxor— Afo Ny
—NaRyxo NJ

T _TrT T _ Tl
Ny =TgyLyxin, Ny = —Txi Txo,

Tx1 = Ax11— Rx11X11 — Rx12Xo1,
Txs = Ax21 — Ry15X11 — Rx2aXon,
Txo - Ax12 — Rx12Xo0,

Tx4 = axzz — Rx22X20,

ix12 = Qxiz + Al Xoo,

Txo = Tx1 — Tx2Tx4Txs

Now we are in a position to establish our
main result in this paper.

Theorem 1 Consider the system (1) un-
der Assumptions 1-3. Then, there exists
sufficient small ¢* such that Vee[0,e*),
the algebraic Riccati equation (8) admits a
positive semidefinite stabilizing solution if
there exists a positive scalar A such that the
reduced-order Riccati equations (13e) and
(13b) have positive semidefinite atabilizing
solutions X37>0 and Xy, > 0 respectively.
Furthermore, minimal such solutior of (8)
can be approximated by
eXor £Xo

X, = [
EEH (5) EZE; (5)
€2E21 (5) €2E22 (6

Proof: As a starting point we need to show
the existence of a bounded solution of E in
neighborhood of £ = 0. To prove that by
the implicit function theorem, it is enough
to show that the corresponding Jacobian is

Xn eX5 1

(14)




non-singular at € = 0. For the equations

(13), the Jacobian is given by
Jn 0 0

Jemo = Ja oo Jas (15)
0 0 Ja3

where, using the Kronecker products repre-
sentation we have

Jn = I@Txo+ Ty ®1,
322 = 1®Txy,
333 = I1@Txs+Tx,®1.

The matrix Tx4 is non-singular because
the reduced-order Riccati equation (13b)
has positive semidefinite atabilizing solu-
tions X2, > 0. On the other hand, the
matrix Axo— RxoX11 is also non-singular
if the reduced-order Riccati equation (13a)
has positive semidefinite atabilizing solu-
tions X;;> 0. Therefore, we obtain

Axo — RxoXn = Txo. (16)

Since the matrix Txq is stable too for a
small parameter ¢, we find that the corre-
sponding Jacobian is non-singular at £ = 0.
Then, by using the implicit function theo-
rem, there exists * such that the solutions
X1 = Xll + O(), Xo1 = X21+ O() and
Xoo = Xpe + O(E) are satisfied by the Ric-
cati equation (8) for Ve € [0, £*). Thus, we
have (14). O

Remark 1 It can be easily shown that if
there exists positive scalar A such that the
Riccati equations (13a) and (13b) have pos-
itive semidefinite stabilizing solutions, then
the uncertain singularly perturbed system
with controller (9) is robust stabilizable and
has a robust H,, performance 7.

4. New Recursive Algorithm

In the rest of this section, we develop
an elegant and simple algorithm which con-
verges to the positive semidefinite stabiliz-
ing solution of (8). The proposed recursive
algorithm is given in term of the standard
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algebraic Riccati equations, which have to
be solved iteretively.

We propose the following new recursive
algorithm for solving (8) with parameter &.

XTI Ay — Ry XY)

+ XOTRy X 4 Qx =0, (17)

with the initial condition obtained from

(18)

0 [ Xn eXj }

X21 X22

where X1, X21 and X5, are defined by (13).
The properties of this new recursive al-
gorithm are stated in the next theorem.

Theorem 2 Under the stabilizability and
detectability conditions, imposed in As-
sumptions 1-3, the new algorithm (17) con-
verges to the exact solution of X* with the
rate of quadratic convergence. That is,

‘ "X(i-H) _ X* ”
X Z X
| XD — X< MIXO - X7,
(0 < M < co),

S X9 — x| =0,

XD < e < oo,

0, (19a)

(19b)
(19¢)

where

X21 X22
Xl:l; X" }
X3 xg

X:X**[X“ ngTl].

xX@ [

Proof: We show that under Assumption 1
the algorithm (17) converges to the desired
solution of (8). Let us define

F(X,)
= A’E’TXE + XEAXE - X(;‘RXEXE + QX'

If Assumption 1 hold, then F(X.)=0,i.e.,
(8) has positive definite stabilizing solution



X: = X:=H1FX*. Taking the partial dif-
ferentiation of the function F'(X.) with re-
spect to X, yields

_ OF(X.)

VE(X,)|x.=x: = a—Xle:X;

— (AXE _RXEX:)T ® In
+[n b2y (AXS ’—RXEX;)T-

It is obvious that VF'(X,) is continuous at
X7, and that VF(X}) is nonsingular since
(8) has stabilizing solution X7. Therefore;
X7 is the point of attraction of the iteration
(17) since X is sufficiently close to X.
Moreover, it is obtained immediately from
above equation that

IVE(X,) - VF(X2)| < L)X — X7,
0< L <oo.

Taking into account for |X® — X*|=0(e)
and A.(7) is stable for all i€ N, there exists
a constant M < co such that | XG+D —
X< MJX® — X* |2, This is equivalent
to the following equation.

[X® _ X )< MP X O X
— O(%).

As a result, we found that the sequence
{XO} = {ILX9}, (i = 1, 2, 3 --)
IS quadratic convergence by using Lemma
81.10 in Ortega (1990) even though the
matrix Kx. is in general indefinite. cl

Comparing with Mukaidani et al. (1999),
since the proposed algorithm is quadratic
convergence, the required solution can be
easily obtained up to an arbitrary order of
accuracy, that is, 0(821) where z is a itera-
tion number.

5. Conclusion

In this paper: we have considered the ro-
bust H., control problem for nonstandard
singularly perturbed systems under prefect
state measurements. We have provided
a controller such that both robust stabil-
ity and a disturbance attenuation level
larger than a arbitrary boundary value are
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achieved, irrespective of uncertainties. It
has been also shown that a new recursive
algorithm to solve the generalized algebraic
Riccati equations was proposed and the £—
independent sufficient condition for the ex-
istence of the full-order dynamic controller
was derived.
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