
IFI 84 'i' ELKA 's -4
'

417 )

Hit 85 71-44112

(
'

¥517 )



Etta Thi E a # a Ikuta

I : 'i' KIKI 's p ii-iEA.tn . k

2 : t 't it sat a FINE '¥⇒

3 : de Rham EE '¥¥



15454 a TIE

§ 5 : HEINZ

§6 :
'

Ft at -2 Kopp 771947 (
"

GERKE eat
"

)
§ 7 : I a k¥5 I

§8 : 77734¥ a 172

§ 9 i tf AH Et ta
' I - 2=9-7112

§ 10 : 2 t - 72 a IEEE p1172117¥ de Rham EE n



§ 5 H - 44£12

M :
m - dim'd co - mfd

K = o , I
,

.  - .

 . m - I E3 d
.

THEIR
A 'll -

- u § : Co - gaze k - form w e
"

4121212
"

ktl form 24¥33 !

Recall : f : a - Kal Hgh ( ie
.

G - Eko - form ) on M

L mis df : C
.

- FAI - form on M

EVENT



IF :

h
"

7 I - u its a t
'  

-74 . . , t

H - 44£17 a TEEN e well - defined ness ⑧

THEN } a HEHE



§ 5 . I : n
" 91 - n its a 7 4.  , t

ALM ) :  = I Co - FA n " 71 - ur '¥o
on MG elk

.

HIM ) t a 7
"  

-7 'Tu
,

I - I

HIM ) x stfu ) → HIM )

( X
.

Y ) H [ X. Y ]

{
'

Eisk it 3
.



Def 5
.

I : It X. Y c- HIM ) e A p e. M line

[ X
.

Y Tp i Calm ) → R

t H Xp# I -

'

f txt )

Tons Tofu ,
EYEKJ

.

Prop 5.2 C X. YIP e Tpm .

( 7470=4 " I Had I -

- II )



¥773 IX. '

f)
p

E Tp M 12

¥.

IT
px

-7

"

Xi '

-5g .
he

- iii. etzel 's Yi 'S . , 2 Ike Hud
"

4

"

Yi - Xi -

"

a TE n

"

FEHR
"

e HE and
.



Prop 5.3 L X. Y ] : M → TM it

p t > L X. YIP
c- Fat 7 I - a Mig on M

.

Prop 5.4 AIM ) x HIM ) → HIM )

( X
.

Y ) to [ X. Y ]

12 7777k¥'t ( as Rl . vector spaces)



Remark : CTM ) → Rt it Tpm a kill 's -52 'd "

f t Xp ( Yf ) C 5470=4413 .dz#tyI=zcsu )

Remark : X. Y e HIM )
, te CMM ) liar

"

Ctx .TT -

- f [ X. Y ]
"

4181851 's "

( calm - THEY ta : rites . . )



Remark 7
"  

-7 ' Tu
,

t 471 it associative is edu

ie .
- HK ' i

[ IX. Y ]
,

Z ] t IX. IT
.

-23 ]

Prop 5.5 :

(1) knit 't : IX. Y ] =  - I Y
.

X ] ( t X
.

Ye HIM ) )

(2) Jacobi 't # : I X
.

CY
,

Z J ) = ( L X. Y ]
,

-2 ]

+ CY
,

IX. ZI ]
( "

X. Y
.

Z E HIM ) )
' FEE ( HIM )

,
C

, ] ) A HEINIE ) '
I - n' III



Ex 5.6 : M -

- Rlm eat
.

X
.

Y e Al Rlm ) t.az
,

M

X = I } ! ' Fai
i -

- I 137,37 e CMR ) )
Y = Ia

,

3T ' Ini
e %c7.at E

,

* * kiss -

- E. II.Isi
. it .

T.is#i rn
C-

> I '

) tpc . R "
i -

. air
THEY

q.ua
EX. YIP ' Ii

,

IIe
,

13.4M pits .

'

'M . Pl ) ) #it .

'7¥ t . 37,3? Ci -
- iii. mi ai IX ne -2 I X. Y ] = o

.



Ft 't
'

EL Hath a Ffa

Theorem 5.7 i p e M e fix
.

one -2
7- V : p a Fifi # 5¥

,

⇒

y : Tpm → HIM )
✓ IT Xlv )

sit .

)
Xlvlp = v tv e Tpm

[ Xlv )
,

Xlw ) ] = o on V

Hint :

p a Itsy i 17741417552 IF . . z a
 '

9 tic i¥ e s 't 't
,

Ht
.
,EEl

'

¥23542,7 M # At r . 723¥32 .



§ 5.2 'i'¥2147 's a A- HINT

M -

- ( M
,
Sm ) : m . dim'd G- mfd

.

Recall : Fa K -
- o

,
I

,

- -

, m i - in . 2

Ak ( M ) : -

- I co - Hk k - forms on Ml

I
Alm ) = calm , in. ¥ . .

" ' " "  '



ILF
,

K -

- O
.

I
,

- -

,
m - I El

,

w E At' ( MI pe M
,

Vi

;
 -

,
Vee ,

c- TPM E fix
.

It Xi
,

- . '

,
Xia ,

e HIM ) 72,7

}
(

Xs)p = Vs ( s -
- I .

. .

,
ktl )

[ Xs ,
Xt ]p= O

eejjfazkd
.

( Theorem 5.7 I'  - t 't

HELP ' -477¥
.ee/ud



Def 5.8 :

(dw)p ( Vi - - Yai 's Xi
,

- - Xia , ) c- Rl E

CTM ) a Tu
-I '

Ei
"Islam. ?::?) e as

.

Tpm
a Tv



k ' - I a 42

dwp ( Y K : Xi
.

Xz I

'

.

-

- v ,
w ( Xz ) - Vz W ( Xi )



FAFFS :

( k -

- lay -2 ) Vs
'

>
µ

v
,

'
L

Vi

P Vz

dwp ( vi. Va ) E

( wait - wlv
. ) ) - ( wcvi ) - war , ) )

a

' '

FEHR
"

Elitexc : ' '
.





Key proposition 5.9 : ( U
.

x ) a Sm with Pa U e fix

w/o = I 3T . dxz ( 3-i e CMU ) )
Ic 31 ,

- - im 4

* I -
- k E IT F- Rd

.

= a E 2

( dw)p ( Vi
,

. . ¥,
: Xi - - Kai )

= I 11d3-ilpnldx-Y.HU ,

' . .

. Kai )
I c I I ,

"  .
ml

* I ' k

= a l¥¥II a ¥21717 it FA a
7429£ ' -

. Iti
.

= a
' k a 7- t -

' I - z
' E c-. 5122 's

.



Cor 5. Co " Cdw )p ( Vi . . . Via ,
: X ,

. . Xia , ) c- R

it X , ,

- -

, Xia , a -¥ w 'T h

4%5224
.

-

. Kay
(dw )p (Vi .  - . Vai ) :  = ( dw)p ( Vi .  - Vial : Xi - - Xian )

42 's
.



*
Theorem 5.11 t Pell , dwp: Tp Mx - . xTpM → R

( v ,
- - Yai ) Ldwlplh " Vkti )

it Tpm In Kel KHAIR
'

.

It . dw : M - s

'

TM it - HK KH form
P It dwp

Proof of Thin 5.4 ¥19 a II a

'Izatt

( U
,

x ) e Su with p e U e 22
.

one -2 prop 5. f I
'

Idwp
=

. Tg

Cd
's

:pdash
,

# I -
. K my

me

tikka
'  

't ' if
'

KEEN 'T 'th
'

'

77 in dwp is Kei it IN
'  Kil

'

.



429 n 23¥ a 21AM : dw al
" ktl . form ik die 12 ok

.

dwell
'

G
- Kiki Hd -

- 222.2
.

"

pe M a Ed
. pay thy 2

" Ca - KHz .  . Kd see It it 'T . .

t I U
,

a ) e Sm with Pe U 2 Ed
. dwluel " CNET.at

Ok
.

Prop 5.9 t 't

dwlu =
. I @3¥ ) nldxz )

I rn -

G I - form a K - form

'

- try dwlu is C
.

.

DE



Observation
( U

.

x ) E Sm 1- . HIT d w a 17447k¥ 3

w Iu = I 35 . doc
,

I 3 : e- ecus )
Ichi . ins

* I -
- K

E I Ii 42
.

dw a 1749%1. it

dwlu =
.

*
E.

. ( E. ¥? das ) n de
,

± ¥:
KEI " "

tax ,

e e's I
.



Hui
'

Ft 44£17

A' '

( M ) → At " '

I M ) a
 '

'

E' Era Kk
.

w ts dw

Prop 5. Is Ft 'Mattie is F¥HI/p



Prop 5. D w e a' '

(M )
, Y e Alla ) with Kil e m - I

-

- at 2 d I way ) -
- dung t C-IT w n dy\

¥7 r . dcfw ) -
- Cdf ) n w e tdw I fi . Elm ) )

'

II A- A it E¥A¥f I - t  a appendix
.

Theorem 5.14 d ( dw ) = o
t w c- A' '

IM )

(

de Rham and HE a th :# I . ,

de Rham 2'M Hak X , 7--5 IT
.



Proposition 5. f a ¥11717 I -
. na

H - HER. aka '¥2B 2%3
.

Theorem 5.15 we AKIM ) ( k e m - I ) ( V. a ) e- Sm

Yi -
- Yai C- HIM ) El

. w/o =
.

I 34 . dxz
* I -

- k
heh t

.

IN -2

fit
C- Is

" '

) w ( Y , Yai ) tIfl)w(He
,
Yes . Y,

.  . Ya
, )

let
n n

Ts
Ye Ye

= I (d3E n doth ) ( Y
, ,

- -
-

,
Yai )

tt I -
- K



Remark : Prop 5.9 is Theorem 5.15 t 't 7- the 513
.

IF a dw c. A' " '
C M ) a- well - defined r

"

K 3 :# the aid
.



Cor 5.16 w e A
'

( M ) ( Kem - I )
, pen ,

VI
,

- -

, Vice ,
C TPM ELI

.

Y
,

,

- - -

,
Yue

,
c- HIM ) Z

"

(Ys )p= Vs
"

( s -
- I

,
. .

, Kei )

rest E netty
, Hefei

'  

bi  ' 117 .

dwp ( Vi - ' Vkei ) =

II.tis
" 'vslwlY , Yai ) )

-'

Tey .it#wlCYe.YeI.Yin. .  . Ya
. )

Ye ¥



Proof of Theorem 5.15 I -

- su 2 :

g g. I a Lemma E I . T
.

Lemma J
. 17 : I =3 i . . . ik 4 a l I

,

- -

,
m 4

,
it a is c .  - sik e 22

.

 '

icy ,
s '

TECH )
m -

Ys ( das ( Y
. Yea ) )

Ys

1- IC -1)
lit

dot ( C Yo , Yes
.

Y ,
- . Yee

, ) = O

let n n

Ye Ye



it a observation Z HI " 2 Prop 5.17 E I. 3
.

Observation fig.
c-

CTU
)

,

i. j
-

- I
.

.  -

. k et
,

Y e H ( U ) e -42
.

=  a e 2

The '

Y detftij ) -
- II the " du-

I :

i
,

I ; )
#

the jtf

cows



Lemma 5
.

17 a IsEAA a : Elk

Step I : I 2
"

# s -
- I

,

- -

,
KH i -

. su 2 KI e 7.2
.

Ys ( date I Y You ) )

÷
.

" "

anti ::÷÷÷i÷:÷÷÷:
"

::
n n

Ye Ys

. i . . . " . *. . .

::÷÷:::*::÷÷÷i÷::÷÷÷÷ :::
n n

"

daily ) = Ye Gli )
"

E 525 Ys Ye



Step 2 :

'

f- I 5
"

Ys ( does ( Y, ,

. .

.

You ) )
"

= . . ÷
.

" "

'in :::: ::

: :
"

:::: :÷÷÷÷::
z I . 3 .

Hint : Step I a HE 742 E I n ti X I 2
,

bye Eff KITE I I 's ai
 

is ¥¥ a
'I T 2

.



Step 3 :

Step 2 a Fit at
'

H ) feet'll
"

doth He
.
Yes

.
Y . .

.

- -

, You )

Ye ¥

i ¥9 I . . ¥ z I . 2
.

no 4772722 d E

Lemma 5
. 17 at

-

Hint : EITEL s a t i. . ¥± zjq.az
.

'
' '¥ 's Kd

.

[ Ye
.

Ye ] Hi ) = dai ( l Ye
.
Ye ] ) t.IE at

.



Lemma 5
. 17 3 IF u 2 Theorem 5.15 3 I . 23

.

IN
"

W/o =

*
Ig ,

3£ . das E 14127 . 17=47 k¥44.122 . c
.

Step I :

'

II
,

tis
" '

Yslw( Y,
You ) )

= I C-15 "
3£ ) . doth 's ;

' fait
ICH

.  
-  ' int Ys

* I - k

+

÷÷.

si ' iii. "
" '

island's. a.nl
{ FA

.



Step I a

'

EE AH : w/o a # it u 747 Eu
,

' Y Ast I -

- ETE Hitz It TIE at .

¥47177 I
-

. it

'

II
,

eh
" '

Yslwl Y. hail )

=

'

II -45
"

Ys I E3 .i . dad's
.

fail ) t
"

when # it )

-
-

Eth"

? (

HH
. dad's

. fail + Ii . Ysdx . Hi fail )S '  - I

( "

sina.it#iI )
= EIHT

"

Miku
) . doc

. Hi hail - i 43 -i -445
"

Ys dad 't You )
I



Step 2 : Theorem 5,15 a claim

'

II
,

-45 "
Ys w ( Y.

'

fail t Teeth
- "

w K' G.
'
EI

.
Y . Ifni)

= [ ( d 3in dxz ) l Yi - - You )
Ich Ii . m 4

# I : K
{ I -2

.

Step 2 a IIHF : Step I e Lemma 5.172 )

Fia -

- E
'

II
,

eh
" '

l Ys 's -i ) . does I Y
.

Yai ) e i¥2
.

¥ n

"

Ys 31 -

- DK l Ys )
"

e ft 473
.

atte 'T'T
. I Prop 4. Il ) t.IE?En3d E

I EE a claim Z E'¥3
.

I



Appendix

Prop 5.1347715) w e a' '

(M )
, ye Alla ) with Kyle m - I

I
-

- at -2 all way ) -
- dung t fllkwndg

Prop 5.13 a EAA :
P t M

,
Xi - - Xian ,

c- HIM )

with [ Xs

.lk?.--ots.-cZKLYEui--2d.Vs--(Xs)ptTpM(s--I....keltl1e2ic

dlwnyy.lv,
- - vk.ie#I--(dwny-iC-lYwndy)plh--Vkeeei )



Step I :

d ( way )
p

( Vi - - Yai ) =

¥ ! ¥gµµ
,

Yn ( T )

(
Vol " ( w ( X " " i

-

i ¥411) ) . Tp ( Volkes .

-  '

. Volker ,)

Wp ( Vous - - rocket ) .

Von ,
(y ( Khan

,

.  -

.
Xolkeeei

,)
)

Z I . T
.



Step I a Ea AH :

Fiz -

-

'

et Y "
us any ) C Xi ;Xia en )

Xs

= Tg C - I 1st
'

s 21¥ c
I -

us Kia. ;÷¥¥.

son toin'Ii::* w " "
-

Tj" '

.! . . ix. . e . . , , ) )
( HEH a TEEN )



= Fie
!

"

Ffg
* e. ,

Jnk )

Vs
w l Xmas

.

- -

i
Xuan )

out -

- s - I ( Xo Ikea )
. . Xolkeltl , )

( is
"

- guffIii! -
-

ssn cos it on -

- s )

= ¥l! Ig
, .ee ,

Tnk ) Vous w ( Xor ,
- . Xuan)

' y ( Xocktz , ,

-  -

, Xolktltl ) )

I
"  

'

Ei
"

.÷:* . .

"

:

"

.

ii. I





Step 2 :

( dwp n

Tp
) ( Vi " Vktetl )

=  Ftl! ¥gµµ
,

syn K ) Vol " w ( XM -  ' XHK.cl 1)Jp (Volker ,
- - Volk .tn , )

E I . Tn
.

Step 2 a ¥aAA

( dwp n

Tp
) ( Vi " VK.ie . it )

=  Fill ¥gµµ,8 " ( t ) dwp ( Yu ,
- - Keck

" ,
)

yplkck.nl
. . kcktl.it , )

= ⇐¥e! I synth fl )
" '

his , when ,
. . Kick . ,1) yplkik.i-ku.eu

, )



=

⇐Tie! I synth it )
" '

v.us , when ,
. . Xue . ,1) yplkua.i-ku.eu , )

Kt I

=  kill! ( k¥1 E.g
, .ee ,

?
,

Jnk ) Vous w ( Xmas " Xolkth ) Yp ( Volkes -  ' Volk .ee)

( Eric o -

.
=  To C 's ? I ,

' If I eat
. )

In Fatih

=  Ftl! g%*µ
,

syn K ) Vol " w ( XM -  ' XHK.cl 1)Jp (Volker ,
- - Volk , hi , )

"

E. ÷
. .

.IE:
"

-

-

"

Ea:
"

two -
- al :
is

:i : ::*: I
)

EH



Step 3 :

K

ft ) ( wpndy ,
) ( Vi - - Vice eel )

=

! Tfgµµ
,

Tn ( T ) WP ( Yes - - Volker ) .

Von ,
( Xolkezs

.

- -

.
Xolkeeei

,)
E IT . -4

.

Step 3 a

'

Izatt

←1)
"
( Wpdy ,

) ( Y - - Vice eel )

← I )
" ¥+1) ! ÷g←.ee?SnG

) Wp ( Kai - - Kiki ) dgp ( Kaan - - Vickie , , )

It I

=  C-I )
" ⇒, , y

.

I sgnltlwphkui .  . Kiki ) IL
,

th
" '

faces (Kellan Xtlkteeh ) )

Xt C Kes )



=  ¥ ! et
,

I [ f-1)

ktstlsgnlt
) Wp ( thus - - kicks ) kick

.cn/ylXtIkeiijXtlk-tlth
))

T S

Xz I Kes )

let
=  Ftl!

e¥¥gµµ
,

TF
, syn ( O ) Wp ( Volz )

- - Volker ) Vous ( Xolktz ,
- -

Xolkelil

)))

exit o -

- alias? : :
"

Iki: II.iii. iii. seas
.

* ⇒ ¥¥z¥

=  Ill ! g÷gµµ
,

Syn K ) Wp( Vous
,

.  .

, Volkes ) Vous ( Hockey
,

- .

.
Xocktltn ) )

"

t.E.o.e.IE
.

"

-

-

"

Erie
.

. . in
)

'⇒for J =  To ( 12



Step I
,

2
,

3 a HE '# as I : ti
 

5 i -

-

d ( w a y )
p

( Vi . - Yuen )

= ( dw ng t ft )
k

w n dy )
p

( Y - - Vkeeei )

q 4¥ 2
.

Top 5 . a a Izatt

Ex. til
I


