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2019લظ Կֶز A: ୈ 2ճ Lemma 3.14 ༻ ิϓϦϯτ

1 Lemma 3.14 ͷূ໌

Theorem 1.1 ୈೋճٛߨ) Lemma 3.14). U ⊂ Rn ΛۭͰͳ͍ತͳ։ू߹ͱ͠, p ∈ U Λݻఆ͢Δ. U ্ͷ

C∞-ؔڃ f : U → R Λ͑ߟΔ. ͜ͷͱ͖, ͋Δ U ্ͷ C∞-ؔڃͷ Gf
1 , . . . , G

f
n : U → R Ͱ͋ͬͯ,

ҎԼͷ݅Λຬͨ͢ͷ͕ଘ͢ࡏΔ.

• f(x) = f(p) +
∑n

i=1 G
f
i (x)(xi − pi) for any x ∈ U .

• Gf
i (p) =

∂f
∂xi

(p).

Theorem 1.1 ͷূ໌ͷΞΠσΟΞ. ֤ i ʹ͍ͭͯؔ Gf
i : U → R Λ

Gf
i (x) =

∫ 1

0

∂f

∂xi
(p+ t(x− p))dt

ͱ͢Δ (U ͕ತͰ͋Δ͜ͱ͔Β্هͷ͕ؔ well-defined ͱͳΔ). ͜ͷͱ͖ Gf
i : U → R  C∞-ؔڃͱ

ͳΔ (͜Εඇࣗ໌ͳ࣮ࣄͰ͋Δ: ৄ͘͠ཪ໘ࢀর). ֤ x ∈ U ʹ͍ͭͯ

hx : [0, 1] → R, t %→ f(p+ t(x− p))

ͱ͢Ε

f(x)− f(p) = hx(1)− hx(0)

=

∫ 1

0

dhx

dt
(t)dt (∵ ඍੵͷجຊఆཧ)

=

∫ 1

0

n∑

i=1

∂f

∂xi
(hx(t))(xi − pi)dt (∵ ࿈)

=
n∑

i=1

(xi − pi)(

∫ 1

0

∂f

∂xi
(p+ t(x− p))dt)

=
n∑

i=1

Gf
i (x)(xi − pi)

ͱͳΔͷͰҰͭͷ݅Λຬͨ͢. ·ͨ

Gf
i (p) =

∫ 1

0

∂f

∂xi
(p)dt =

∂f

∂xi
(p)(

∫ 1

0
1dt) =

∂f

∂xi
(p).

ͱͳΔ͔Βೋͭͷ݅ຬͨ͢.

Gf
i (x) =

∫ 1
0

∂f
∂xi

(p+ tx)dt ͷඍՄੑʹ͍ͭͯཪ໘Λࢀর



ূ໌ͷதͰߏͨ͠ Gf
i (x) =

∫ 1
0

∂f
∂xi

(p+ tx)dt ͕ C∞-ڃͰ͋Δ͜ͱҎԼͷҰൠతͳఆཧ͔Βै͏ (֬ೝ

ͤΑ):

Theorem 1.2. ։۠ؒ (a, b)(⊂ R) ͱ Rn ͷ։ू߹ U Λݻఆ͠, C1-ؔڃ K : (a, b)× U → R Λ͑ߟΔ.

·ͨ (a, b) ʹؚ·ΕΔ༗քด۠ؒ I ݻఆ͓ͯ͘͠. ͜ͷͱ͖

G : U → R, x %→
∫

t∈I
K(t, x)dt

ͱ͢Δͱ, G : U → R  C1-ؔڃͱͳΔ. ·֤ͨ t ∈ I ʹ͍ͭͯ Kt : U → R, x %→ K(t, x) ͱ͓͚, ֤

i = 1, . . . , n ʹ͍ͭͯ
∂G

∂xi
(x) =

∫

t∈I

∂Kt

∂xi
(x)dt for any x ∈ U

͕Γཱͭ (ͭ·Γภඍͱੵͷަ͕ՄͰ͋Δ ).

Remark 1.3. 1. ͯ͑ߟϧϕʔάੵͱͯ͑ߟΔ༗քด্۠ؒͷੵϦʔϚϯੵͱ͍ͯ͑ߟճࠓ

 (༗քด۠ؒΛϧϕʔάଌʹΑͬͯଌۭؒͱݟͳ͍ͯ͠Δ )ಉ͡Ͱ͋Δ. Ұൠʹ R ্ͷ࿈ଓؔ
ͷੵٛͱϧϕʔάੵ (Մੵੑ͔Βͯ͠ )ҟͳΔՄੑ͕͋Δ͕, ༗քด্۠ؒͷ࿈ଓؔ

ϦʔϚϯՄੵ͔ͭϧϕʔάՄੵͰͦΕͧΕͷੵҰக͢Δ͜ͱ͕ΒΕ͍ͯΔ.

2. ؔ K ͷຬͨ݅͢ͱͯͬ͠ͱ؇͞Εͨঢ়گͰ͑ߟΔ͜ͱՄͰ͋Δ͕, ͜͜Ͱ໘ͳٞ

Λආ͚ΔͨΊେ͖ͳ։ू߹্Ͱ C1-ڃͰ͋Δͱ͍͏͍ڧԾఆΛஔ͍͍ͯΔ.

Theorem 1.2 ͷূ໌ͷώϯτ:

v ∈ Rn ΛҙʹબΜͰݻఆ͢Δ. ϧϕʔάͷ༏ऩଋఆཧ (Լʹओு͚ͩॻ͍͓ͯ͘)Λ༻͍Δͱ, U ͷ

x ʹऩଋ͢Δྻ {xn}n∈N ʹ͍ͭͯ,

lim
n→∞

lim
s→0

∫

t∈I

Kt(xn + sv)−Kt(xn)

s
dt =

∫

t∈I
lim

n→∞
lim
s→0

Kt(xn + sv)−Kt(xn)

s
dt

͕ਖ਼ԽͰ͖Δ. ͜ͷͱ͖ࠨล limn→∞ vxn(G) Ͱ, ӈล
∫
t∈I vx(K

t)dt Ͱ͋Δ (ͨͩ͠ vy  y ʹ͓

͚Δ v Ͱͷํඍͱ͢Δ). ಛʹภಋؔ v(G) : U → R, x %→ vx(G)  well-defined ͳ࿈ଓؔͰ

vx(G) =
∫
t∈I vx(K

t)dt (x ∈ U) ͱͳΔ͜ͱ͕͔Δ.

Theorem 1.4 (ϧϕʔάͷ༏ऩଋఆཧ). (I,m) Λଌۭؒͱ͠, I ্ͷؔ f : I → R ͱ I ্ͷՄଌؔ

ͷྻ {fn : I → R}n∈N ͕ҎԼͷ݅Λຬ͍ͨͯ͠Δͱ͢Δ:

• {fn}n∈N  f ʹ֤ऩଋ͢Δ.

• ͋ΔՄੵؔ g : I → R Ͱ͋ͬͯ, ेେ͖ͳ n ʹ͍ͭͯ |fn(t)| ≤ g(t) (for any t ∈ I) ͱͳΔ

ͷ͕ଘ͢ࡏΔ.

͜ͷͱ͖ fn (n ∈ N), f ͦΕͧΕՄੵͰ,

lim
n→∞

∫

I
fndm =

∫

I
fdm.



Theorem 1.2 ͷূ໌. ֤ x ∈ U ʹ͍ͭͯ Kx : I → R, t %→ K(t, x) ͱ͓͚, G(x) =
∫
t∈I Kx(t)dt Ͱ͋Δ.

͜Ε͕ well-defined Ͱ͋Δ͜ͱ Kx ͕༗քด۠ؒ I ্ͷ࿈ଓؔͰ͋Γ, ಛʹϧϕʔάՄੵͰ͋Δ (Ϧʔ

ϚϯՄੵͰ͋Δ)͜ͱ͔Βै͏.

Ҏ߱ϕΫτϧ v ∈ Rn ΛҙʹબΜͰݻఆ͢Δ. ֤ x ∈ U ʹ͍ͭͯ vx Λ x ʹ͓͚Δ v Ͱͷํඍͱ͢

Δ. ͜ͷͱ͖, ҎԼͷࣄΛࣔͤΑ͍.

• ֤ x ∈ U ʹ͍ͭͯؔ I → R, t %→ vx(Kt) ͕ I ্Մੵ.

• G(x+sv)−G(x)
s →

∫
t∈I vx(K

t)dt (as s → 0). ಛʹ vx(G) = lims→0
G(x+sv)−G(x)

s  well-defined.

• v(G) : U → R, x %→ vx(G) ͕࿈ଓ.

֤ x ∈ U ͱ s ∈ R \ {0} ʹ͍ͭͯ

fx
s : I → R, t %→ K(t, x+ sv)−K(t, x)

s

ͱ͢Ε, fx
s  |s| ͕ेখ͍͞ͱ͖ well-defined Ͱ͋Δ. ͍· K : (a, b)× U → R  C1-ڃͰ͔͋ͬͨΒ

v(K) : (a, b)× U → R, (t, x) %→ vx(K
t)

࿈ଓͰ͋Δ. ಛʹ֤ x ͷ U ͷίϯύΫτۙ Vx Λݻఆ͢Δͱ, v(K)  I × Vx ্༗քͰ͋Γ,

Mx := sup
(t,y)∈I×Vx

|vy(Kt)| < ∞

ͱ͓͚Δ. ͜ͷͱ͖֤ x ∈ U ʹରͯ͠, |s| ͕ेখ͍͞ঢ়گͰ x+ sv ∈ Vx Ͱ͋Γ,

|fx
s (t)| = |K(t, x+ sv)−K(t, x)

s
|

≤ sup
y∈Vx

|vy(Kt)| (∵ ฏۉͷఆཧ)

≤ Mx (for any t ∈ I)

ͱͳΔ.

ҎԼ R \ {0} ͷྻ {sn}n∈N Ͱ sn → 0 (as n → ∞) ͱͳΔͷΛҙʹݻఆ͢Δ. ͜ͷͱ͖ؔྻ

{fx
sn}n∈N 

fx : I → R, t %→ vx(K
t)

ʹ֤ऩଋ͠, n ͕ेେ͖͍ͱ͖

|fx
sn(t)| ≤ Mx for any t ∈ I

Ͱ͋Δ. ैͬͯϧϕʔάͷ༏ऩଋఆཧΑΓ fx
sn(t) =

K(t,x+snv)−K(t,x)
sn

, fx(t) = vx(Kt)  I ্ՄੵͰ,

∫

t∈I
vx(K

t)dt =

∫

t∈I
fx(t)dt

= lim
n→∞

∫

t∈I
fx
sn(t)dt

= lim
n→∞

∫

t∈I

K(t, x+ snv)−K(t, x)

sn
dt

= lim
n→∞

G(x+ snv)−G(x)

sn



ΛಘΔ. ಛʹ 0 ʹऩଋ͢Δ R \ {0} ͷྻ {sn}n∈N ͱͯ͠ҙͷͷΛͨͯ͑ߟͷͰ, ֤ x ∈ U ʹ͍ͭ

ͯ vx(G) := lims→0
G(x+sv)−G(x)

s  well-defined Ͱ vx(G) =
∫
t∈I vx(K

t)dt ͱͳΔ.

ʹޙ࠷ v(G) : U → R, x %→ vx(G) =
∫
t∈I vx(K

t)dt ͕࿈ଓͰ͋Δ͜ͱΛࣔͦ͏. U ͷऩଋྻ xn → x

(as n → ∞) ʹ͍ͭͯ, vxn(G) → vx(G) (as n → ∞) ͱͳΔ͜ͱΛࣔͤΑ͍. ͍· K : (a, b) × U → R
 C1-ڃͰ͋Δ͔Β, v(K) : I × U → R, (t, x) %→ vx(Kt) ࿈ଓͰ͋ͬͨ͜ͱΛ͍ࢥग़͢ͱ, ࿈ଓؔ

Fn = fxn : I → R, t %→ vxn(K
t)  F = fx : I → R, t %→ vx(Kt) ʹ֤ऩଋ͢Δ. n ͕ेେ͖͍ͱ͖

xn ∈ Vx Ͱ͋Γ, ͜ͷͱ͖

|Fn(t)| = |vxn(K
t)| ≤ sup

y∈Vx

|vy(Kt)| ≤ Mx for any t ∈ I

ΛಘΔ. ϧϕʔάͷ༏ऩଋఆཧΛ༻͍Δͱ࠶ͯͬै

lim
n→∞

vxn(G) = lim
n→∞

∫

t∈I
vxn(K

t)dt

= lim
n→∞

∫

t∈I
Fn(t)dt

=

∫

t∈I
F (t)dt

=

∫

t∈I
vx(K

t)dt

= vx(G).


