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1 Report assignments

Report assignment 1 (60/100): Let p: R? — R be a map satisfying the
following five conditions:

Condition 1: pu(Av) = Au(v). for any A € R and any v € R%

Condition 2: u(v +w) = p(v) + p(w) for any v, w € R2.

(

(

Condition 3: u( 0 if vy, vg > 0 for v = (vy,v9) € R2

Condition 4: u(v) = p(ov) for any v = (vy,v9) € R?, where we put
ov = (vg,v1) € R2

Condition 5: x((1,0)) = 1.

Show that p(v) = vy + vy for any v = (vy, v9) € R2.

Report assignment 2 (40/100) : For some claims appeared in our lec-
tures, detailed arguments are omitted. Complete two of them (20+20).

2 Introduction

“Integration” is one of the most important concepts in Mathematics. In our
lectures, we give a characterization of the integration on R as an invariant
strictly-positive linear functional on the space of all continuous functions on
R with compact supports.



For a continuous function f on R, the support of f is defined by the
closure of

{zreR | f(z) # 0}

in R. Note that the support of f is compact if and only if there exists a,b € R
with a < b such that

{r eR [ f(z) # 0} C [a,b].

The vector space of continuous functions on R with compact support is de-
noted by C.(R).

Definition 2.1. Let u: C.(R) — R be a map:

e i is called a linear functional if

(AL + Aoh) = Aip(f) + Azpu(h)
for any f,h € C.(R) and any A, Ay € R.

e i is called strictly-posiive if

p(f) >0

for any f € C.(R) \ {0} with f >0, where f > 0 means that f(z) >0
for any x € R.

e i is called invariant if

u(f) = plosf)
for any f € C.(R) and any s € R, where o5f € C.(R) is defined by

osf :R—=>Rz— f(x—s).

Main theorem of the lectures is the following:

Theorem 2.2 (Main theorem). Let py, s : C.(R) — R be both invariant
strictly-positive linear functionals. Then there exists ¢ € R~ such that c-py =

H2-

For a continuous function f with compact support, we have some defini-
tions of the integral “ [, f(x)dz” of f on R:
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By differential equations:

/R f@)dz == F(b) — F(a)
for a function F' with F' = f and a,b € R with
{zr eR| f(z) # 0} C[a,b].

As the Riemann integral:
[ o = fiy 3 S @l —

As the Lebesgue integral:

/R f(@)da = / fo(w)dz — / [ (@)da

where

/ fe(z)dz = sup / sdpr.
R s is a simple function with 0<s<fy R

Then for each definition, one can check that

CR) 2R frs [ fla)to
R
is invariant strictly-positive linear functional, and for a function

0 (ffz<-1)

z+1 (if —1<2<0)
—r+1 (ff0<z<1)
0 (ifl<ua),

for R—>R, z—

we have

/Rfo(x)dx =1



Then by the main theorem, the definitions of integrals above are equiva-
lent. Furthermore, there uniquely exists an invariant strictly-positive linear
functional p on C.(R) with u(fo) =1, and

| f@de =)

can be considered as a new definition of the integral of f on R.

The following generalization of the main theorem is well-known and ap-
plied for the theory of Fourier analysis on locally-compact Hausdorff groups
and their homogeneous spaces (cf. [2]).

Theorem 2.3 (A generalization (see [I] for the details)). Let G' be a locally-
compact Hausdorff group. Then the following holds:

1. There exists a left-invariant strictly-positive linear functional pn on Co(G).

2. Such p are unique up to positive scalar multiplications.

3 Terminologies for functions with compact
support

3.1 The vector space of continuous functions on R
Definition 3.1. C(R) := {f : R — R | f is continuous on R}.

Definition 3.2. 1. We simply write 0 € C(R) for the zero function on
R.

2. For each fi, fo € C(R), we define the summation f; + fo € C(R) of fi
and fo by
f1+f2 R-)R C(]V—>f1( )+f2(1’)

3. For each f € C(R) and A € R, we define the scalar multiplication
Af € C(R) of f and X by

A R—=R, z— Af(x).
4. For each fi, fo € C(R), we define the product f; - fo € C(R) of f1 and
f2 by
fi-fo  R=>R, x— fi(z)- fox).
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Theorem 3.3. C(R) is a vector space with respect to the zero, summations
and scalar multiplications defined in Definition 3.2 Furthermore, C(R) is a
commutative and associative R-algebra with respect to the product

C(R) x C(R) = C(R), (f1,f2) = fi+ fo

Remark 3.4. C(R) is not finite-dimensional as a vector space.

3.2 The vector space of functions with compact sup-
port

Definition 3.5. For each f € C(R), we denote by supp f, and called the
support of f in R, the closure of {x € R | f(x) # 0} in R.

Proposition 3.6. For each f € C(R), the following two conditions on f are
equivalent:

(1) The support of f in R is compact.
(ii) There exists a,b € R with a < b such that
{zeR| f(x) # 0} C[a,b].
Proposition 3.7. For any non-zero polynomial function on R, the support
of it in R is not compact.
Example 3.8. Let us define
0 (ifx<-—1)
r+1 (if —1<2<0)
—x+1 (if0<z<1)
0 (ifl<ua)

h:R—R, z+—

Then h € C(R) and supp h = [—1,1]. In particular supp h is compact.
Definition 3.9.

C.(R) :={f € C(R) | supp [ is compact}.

Theorem 3.10. C.(R) is a linear subspace of C(R). That is, C.(R) itself is
a vector space with respect to the zero, summations and scalar multiplications
defined in Definition[32. Furthermore, C.(R) is an ideal of the commutative
and associative R-algebra C(R), that is, f-h € C.(R) for any f € C(R) and
any h € C.(R).



3.3 Positive functions with compact support

Definition 3.11. For f € C.(R), we say that f is positive if f(z) € Rxo for
any x € R.

Definition 3.12.
CH(R) :={f € C.(R) | f is positive }.

Proposition 3.13. 1. For any fi,f» € CH(R), fi + f» € CHR) and
fi-fa € CF(R)

2. For any f € CF(R) and any X € Rsg, \f € CHR).
In particular, CF(R) is a convex cone in the vector space C.(R) and closed
under the product.

3.4 The R-action on functions with compact support
Definition 3.14. For each f € C.(R) and each s € R, we define
osf  R—=R, z— f(x—s).

Proposition 3.15. For any f € C.(R) and any s € R, o,f € C.(R). Fur-
thermore if f € CH(R), then osf € CH(R).

Definition 3.16. For each s € R, we define the map
05 : Ce(R) = Ce(R), fr—=o4f.
Proposition 3.17. The map
R x Ce(R) = Ce(R), (s, f) = osf

defines a linear representation of the additive group R on the vector space

C.(R). That is, the following holds:
1. For any s € R, the map

0s: Ce(R) = Cu(R), fr—osf.
1s linear.
2. For any s1, 2 € R, the equality
Os14sy = Os; O 05y

as linear endomorphisms on C.(R) holds.
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4 Terminologies for linear functionals on the
vector space of functions with compact sup-
port

4.1 Positive linear functionals on the vector space of
functions with compact support

Definition 4.1. A map p : C.(R) — R is said to be a linear functional on
C.(R) if the map is linear.

Definition 4.2. A linear functional pn on C.(R) is called positive if u(f) €
Rsq for any f € CF(R). Furthermore, if u(f) >0 for any f € CHR)\ {0},
we say that p is strictly-positive.

Proposition 4.3. Let u be a positive linear functional on C.(R). Then the
following holds:

1. Let fi1, fo € C.(R). Assume that
fi(z) < foz)  for any x € R.

Then p(f1) < p(f2)-
2. Let f1, fo € C.(R) and f3 € CH(R). Assume that

|fi(z) — fo(2)| < f3(x) for any x € R.

Then for any positive linear functional p on C.(R), the inequality below
holds:

ln(f1) — p(f2)] < plf3).

Theorem 4.4 (Continuity of positive linear functionals). Let p be a posi-
tie linear functional on C.(R). Fiz any compact set K in R and take any
uniformaly convergent sequence of functions {f;}i—10,.. such that f; € C.(R)
with supp f; C K for each . Then

goen

lim f; € C.(R)
1—00
and its support is included in K. Furthermore, the equality below holds:
lim i(f;) = p(lim f;).
1— 00 1—00
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4.2 Invariant linear functionals

Definition 4.5. A linear functional i on C.(R) is called invariant if pu(osf) =
w(f) for any f € Co(R) and any s € R.

4.3 Main theorem

Proposition 4.6. Let ¢ € Ryg and p an wnvariant strictly-positive linear
functional on C.(R). Then

¢ p:Ce(R) = R, [ c-p(f)
is also an invariant strictly-positive linear functional on C.(R).

The main theorem of the lectures is the following:

Theorem 4.7 (Main theorem). Let py, s @ Co(R) — R be both invariant
strictly-positive linear functionals. Then there exists ¢ € R~ such that c-py =

H2-
5 Ratios of pairs of positive functions

Let f,h € CF(R) with h # 0. In this section, we define “the ratio” (f : h) €
R of f and h. Furthermore we prove that for any invariant strictly-positive
linear functional u on C.(R), the inequality

u(f)/pu(h) < (f : h)
holds.

5.1 Definition of ratios of pairs of positive functions

Let f,h € CHR) with h # 0. In this subsection, we define the ratio
(f :h) € Rxg

of f and h (see Definition [5.7]).



Definition 5.1. We define

Q(f7h> = U{((017’"7CN)7(817"’7SN))|
N=1
cl,...cN€R>0and817.. ,sy €R
with f(x ZcZ os,h)(x) for any x € R}.

Example 5.2. Let us define f,h € CH(R) as follows:

(0 (if v < =2),
x4+l (if —2<2<0),
—%x+1 (if 0 <z < 2),
L0 (if2 <),

(0 (if v < —1),

z+1 (if —1<z<0),
—r+1 (f0<x<1),
L0 (ifl <ux).

fTR=>R, z+—

h:R—R, z+—

Take N =3, (c1,c9,¢c3) = (1,1,1) and (s1, s2,s3) = (—1,0,1). Then one can
see that, for any x € R,

(0 (if x < —2),
N r+2 (if —2<x<-1),
> i (ogh 1 (if —1<z<1),
=1 —r+2 (ifl<z<2),
(0 (if2<ua).

In particular, we have

$) < Zci : (O-Sih/)(x)

=1

for any x € R, and hence
((Cla C2, 63)7 (31’ S2, 33)) = ((L 17 1)7 (_17 07 1)) € Q(fa h)
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Proposition 5.3. Q(f;h) # 0.
Proof of Proposition[2.3. The details are omitted. O

Definition 5.4. We define the ratio
(f:h) €Rxg

by

(f:h) ::inf{Zci

Proposition 5.5. (f : h) =0 if and only if f = 0.

((Cl, . ,CN), (Sl, Ce ,SN)) S Q(f,h)} € RZO‘

Proof of Proposition[2.3. The details are omitted. O

5.2 Ratios and invariant positive linear functionals

Theorem 5.6. Let p1 be an invariant positive linear functional on C.(R).
Then for any f,h € CH(R) with h # 0, the following inequality holds:

p(f) < p(h) - (f + h).
Proof of Theorem [5.0. Take any
((e1y. . yen), (815--.,88)) € QS5 h).

We only need to show that

u(f) < p(h) - (Z cz-) -

Since
N

@) <3 e (ouh)(x) (for any z € R),

=1
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we have

N

N
= Z ¢ - pu(h) (. p is invariant)

N
= u(h) - (Z ci> :
i=1
This completes the proof. Il

Corollary 5.7. Let pu be an invariant positive linear functional on C.(R).
Then the following two conditions on u are equivalent:

1. w is strictly-positive, i.e. u(f) >0 for any f € CHR)\ {0}.

2. There exists f € CF(R)\ {0} such that u(f) > 0.

6 The approximation theorem

In this section, we state the approximation theorem which will plays key roles
in our proof of the main theorem [4.7] in Section [7l

Definition 6.1. For each h € C}F(R), we define width(h) € Rx>q by
width(h) := min{r € Rsq | there ezxists a € R such that supph C [a,a + 7]}
Proposition 6.2. For any h € C(R) and any s € R,

width(osh) = width(h).

Proposition 6.3. For any 6 € Ry, there exists h € CF(R) with width(h) <
J.
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Definition 6.4. For each f,h € CH(R) and ¢ € R+, we put

h) = U{((Cl,...,CN),(Sl,---,SN)) |

€1,...,cy € Rsg and sq,...,sy € R satisfying that

N
Z z)| <e for any x € R
and suppf Nsupp(os.h) # O foranyi=1,...,N}.

The following theorem will play important roles in our proof of Theorem
47 in Section [7.2}

Theorem 6.5 (The approximation theorem). Fiz f € CH(R) and e € Ryy.
Then there exists & € Rsq satisfying the following condition:

Condition: A.(f;h) # 0 for any h € CH(R) \ {0} with width(h) < 0.
The proof of Theorem is postponed to Section [8

Corollary 6.6. Let us fix f, fo € CF(R) and e1,e5 € Rog. Then there exists
h € CF(R) with width(h) <1, A, (f;h) # 0 and A, (fo; h) # 0.

Proof of Corollary[6.6. Hint: Proposition and Theorem [

7 Outline of our proof of the main theorem

In this section, we give a proof of the main theorem [A.7] by applying the
approximation theorem.

7.1 Restrictions of linear functionals on the convex
cone of positive functions

The theorem below claims that each positive linear functional on C.(R) is
characterized by its restriction on C.f(R):

Theorem 7.1. Let py, ps be both linear functionals on C.(R). Then the
following two conditions on (p1, 2) are equivalent:
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(i): 1 = p, ice. pu(f) = pa(f) for any f € C.(R).
(ii): pa(f) = pa(f) for any f € CF(R).
Theorem [Tl follows from the lemma below:

Lemma 7.2. For any [ € C.(R), there exists fy,f- € CI(R) such that
f=fi—1

Proof of Lemma[7.2. Hint: One can put

f(x)  (if f(z) > 0),

0 (otherwise),

)
—f(z) (if f(z) <0),
)

0 (otherwise),

fr ' R—=R, xr—>{

- R—=>R, xr—>{

7.2 Proof of the main theorem

Throughout this susbection, we fix fo € C(R) \ {0}.
In order to prove the main theorem .7, because of Theorem [7.I], we only
need to show the following proposition.

Proposition 7.3. Let pq, ps be both invariant strictly-positive linear func-

tionals on C.(R) with pui(fo) = pe(fo) = 1. Then ui(f) = ua(f) for any
feCHR).

Proposition follows directly from the lemma below:

Lemma 7.4. Let us fix f € CHR) and ¢ € Rog. Then there exists r =
re € R>g such that the inequality below holds

lu(f) —rl <e

for any invariant strictly-positive linear functional p on C.(R) with u(fo) =
1.

We give a proof of Lemma [7.4] by applying the approximation theorem
(Corollary [6.6]) below:
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Remark 7.5. Idea of the proof of Lemma[7.4: By Corollaryl6.6, we can find
o heCHR)\{0},
e cp,...,cy € Ry,
® si,...,5y €R,
o dy,....dy € Rso and
o t,....tnv €ER

such that

N
f : Z ci(asih)>
i=1

We put r:= (3_,¢;)/(3_;d;). Then for any invariant strictly-positive linear
functional p on C.(R) with pu(f) =1, we have

M(f) = ZCiM(USih) = :u(h) : ZCi’

N N’
L= pfo) =D dyplon,h) = p(h) - 3 ds,

and hence

p() = e/ dy) =

%

Proof of Lemma[74) Let us fix f € CHR) and ¢ € Rg. If f =0, then one
can take r = 0. Let us consider the cases where f # 0. We fix a,b € R with
a < band

supp f Usupp fo C [a, b].

Let us also fix ¢ € CF(R) \ {0} satisfying the following conditions:

o 0 <¢(x)<1forany x € R.
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o Y(x)=1ifzx €la—10+1].

Note that such ¢ € CF(R) \ {0} exists and (¢ : fy) > 0 by Proposition (.5
We define 1,9 € R by

e1:=¢/2>0

‘= min ! c (¢ : fo) max f(xz
> { 32(f: fo)+e) 2 (max f{ ))}>0.

Note that one can easily check that the following ineqalities holds:

g9 < 1/2, (1)

€1+62% < €. (2)

Furthermore, let us also put

We also note that
|f(z)] > ey(x)  for some z € R. (3)

By Corollary [6.6] one can find and fix h € CH(R) with width(h) < 1,
Asa(f;h) # 0 and A (fo;h) # 0. We also fix ((c1,...,¢n), (51,...,5n)) €

Ao (f;h) and ((dl, coosdy), (oo tw)) € Ag (fos h). By the definitions of
w, Wldth( ), Ae (f; h) and A (fo; h), we see that both inequalities below
holds for any z 6 R:

|f(x) = Z ci(os,h)(z)] < €19 (x), (4)

| fo( Zd (00,h)(2)] < eho(a). (5)

Put

=2

N
ci= Zci, d:= Zdj € Ry
i=1 J=1
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Then d =3, d; > 0 by (B). We put
ri= C/d S Rzo.

Take any invariant strictly-positive linear functional p on Cf (R) with u(fy) =
1. We shall prove that

u(f) —rl<e.
By Proposition 43l Theorem 5.6l (fy) = 1, (@) and (B), we have

lu(f) —c-p(h)| <& -p() <& - (@ fo) = e,
[1—d-p(h)| <& p@) <ey- (¥ fo) = e

In particular, we also have

and hence
< (f3f0)+€1‘
- 1 — &9

Therefore we obtain

ln(f) = 7| = [u(f) — cu(h) + cu(h) — 7|
< |u(f) — ep(h)| + rldu(h) — 1|

< €1 +reg
§81+82(f3f0)+51

1—62
<e (@)

8 Proof of the approximation theorem

In this section, we give a proof of Theorem [G.5]
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8.1 Partitions of unity for finite open covers

Proposition 8.1 (Urysohn’s lemma on R). Let C' be a compact subset of
R and U an open subset of R with C C U. Then there exists 1 € C(R)
satisfying the following conditions:

1. suppy C U.
2. 0<(x) <1 for any z € R.
3. P(x) =1 for any x € C.

Theorem 8.2. Let K be a compact subset of R and Uy,..., Uy a finite
open cover on K in R. Then there exist ¢y,...,on € CH(R) satisfying the
following conditions:

1. supp ¢; C U; for eachi=1,...,N.
2. 0< ¢i(x) <1 foreachi=1,...,N and each z € R.

3. SN ¢i(z) =1 for each x € K.

Remark 8.3. For Proposition[81 and Theorem[83, the similar statements
hold on any locally-compact Hausdorff topological space. Note that it is not
needed to assume that the space is second countable.

Proof of Theorem[8.2. For each point z € K, we fix i, € {1,..., N} with
x € U;, and a compact neighberhood C, of x included in U;,. Since K is
compact, one can find finite subset {x1,...,z,} with

e e

j=1
Foreachi=1,..., N, we put
Ci:=J G, cu.

izj =3

Then each Cj; is compact and

N
KclJa.
=1

By Proposition B, for each i, we can choose ¢; € CF(R) satisfying the
following conditions:
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1. supp; C U;.
2. 0 <y(x) <1 for any x € R.
3. Yi(x) =1 for any x € C;.

Note that (1 —;)(x) > 0 for any i and any = € R. Let us define ¢; € C:F(R)
(i=1,...,N) as follows:

® O = 1.
o dii= U [[2 (1) (i > 2).
Note that

N

> vi=1-[J0—-w).

=1

Then one can easily check that the three conditions in the statement of

Theorem [l

8.2 Uniformly continuity of functions with compact
support

Definition 8.4. A function f: R — R is called uniformly continuous if for
any € € Ry, there exists 6 € Rog such that the inequality

|f(z) = fly)l <e
holds for any x,y € R with |z — y| <.
Proposition 8.5. Any uniformly continuous function is continuous.

Theorem 8.6. Any continuous functions with compact support is uniformly
continuous.

Proof of Theorem [8.0. Hint: “sequentially compactness”. O]
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8.3 Key lemma for Theorem

In this subsection, we give a proof of the key lemma for Theorem below:

Lemma 8.7. Let us fix a function h € CH(R) \ {0}, a compact subset K of
R and ¢ € Ryg. Then there exist N € Z>q, S1,...,58 € K and ¢1,...,¢0n5 €
CH(R) such that the inequality

(0.)(x) = 3 6:(s) o) (x| < =

holds for any s € K and any v € R.

Proof of Lemma [8.7]. By Theorem [RB.6] the function h is uniformly continu-
ous. Therefore, one can find and fix § € Ry such that for any s, € R with
|s — t| <4, the inequality below holds:

[(05h)(z) — (o4h)(x)| < € for any x € R. (6)
For each t € R, we define the open neighberhood U of ¢ in R by
U:={scR||s—t| <} CR.

Since K is compact, one can find and fix s1,...,sy € K such that
N
KclJu.
i=1

By Theorem B2, one can also find and fix ¢q,...,¢én € CHR) satisfying
that
e supp ¢; C Ui_ foreachi=1,..., N, and

Z@-(s) =1

for any s € K.
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Then for any i = 1,..., N and any s,z € R, the following inequality holds:
¢i(s) - [(0sh)(x) — (o5, h) ()] < edi(s). (7)
In fact, ¢;(s) = 0 in the cases where s & U?, and the inequality holds
|(o5h) () = (05,h)(x)] < &

in the cases where s € U2 by (@) above.
Let us consider cases where s € K. Then Y.~  ¢;(s) = 1, and hence for
any = € R, we have

This completes the proof. O

8.4 Proof of Theorem

In order to give a proof of Theorem [6.5, we introduce the notation below for
functions on R.

Definition 8.8. For each h € C(R) and each x € R, we define the functions
h and h, by .
h:R—=R, s+ h(—s)

and 3
hy :R—=R, s— h(z—s).

Proposition 8.9. Let us fix any h € CF(R) and any x € R. Then the
following holds:

1. h,h, € CH(R).
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2. If h# 0, then h,h, € CH(R)\ {0}.
3. hy(s) = (0_zh)(s) = (osh)(x) for any s € R.

In our lectures, for the proof of Theorem [6.5] we also apply the following
theorem (see also Remark below):

Theorem 8.10. Let h € C.F(R)\{0}. Then there exists an invariant strictly-
positive linear functional p on C.(R) with p(h) = 1.

Proof of Theorem [810. We know that Riemann integrations and Lebesgue
integrations defines invariant strictly-positive linear functionals on C.(R).
By considering positive scalar multiplications of such linear functionals on
C.(R), we have p. O

Let us give a proof of Theorem by applying Lemma [B.7] below:

Remark 8.11. Idea of proof of Theorem [6. 8. Take small 6 > 0 and h €
CHR)\ {0} with width h < 6. Our goal is to show that there exist N € Z>o,
51,...,5n €ER and cy,...,cy € Ry satisfying that

N

f(x) = alogh)(z)

=1

for any x € R. Without loss of the generaliy, we can assume that h(0) > 0.
Note that h(t) = 0 if t is not small since widthh < 4.

By applying Lemma [8.7, one can find and fit N € Z>g, s1,...,58n € R
and ¢1,...,¢n € CF(R) such that

(ash) (@) =Y dul(s) (o, h) () (8)
holds for any s € supp f and any x € R. In particular, we have

f(s)(osh)(x) = [(s) Z ZOICMDIC)

for any s € R and any x € R.
By Theorem [8.10, we can find and take invariant strictly-positive linear

functional p on C.(R) with p(h) = 1. Put
ci = p(f - ¢i) € Rxg
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for eachi=1,... N.
Take any x € R. Then we have

F@)ha(s) = f(2)h(z — s) = f(s)h(z — ) = [(5)ha(s)

since f is uniformly continuous and h(t) = 0 if t is not small. Thus

f@) = f@)u(hy) = pu(f - ha).

Furthermore, we also have

F($)ha(s) = f(s)(osh)(@) = f(s) Y (9:)(s)(00h)(x) = D (f-¢)(s) (s, h) ()

% 7

for any s € R. Therefore,

=32 u(f - 6)ouhe) = S eoun(e)

7

Hence we have

f(z) =) clouh)(@).

Proof of Theorem[63. Put 1 := /2 € Ryy. By Theorem B0, one can find
and fix § € R. such that for any z,y € R with |z — y| <9,

[f (@) = f(y)] < er. (9)

Let us fix any h € CF(X) \ {0} with widthh <.
Our goal is to show that A.(f;h) # 0. Note that for any s € R,

A(fih) = A(f; 05h).

Therefore, without loss of the generality, we can assume that h(0) > 0. Note
that we have

supp h C [0, d]. (10)

It is not difficult to see that we only need to prove the existance of N € Z>,,
S1,...,8sy € Rand ¢y, ...,cn € Ry satisfying that

N
ch x)| < e for any x € R.
i=1
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First, we choose N € Z>o, s1,...,sx € Rand ¢y,...,cy € Ry as follows:
Recall that h € CF(R) \ {0} by Proposition B9 In particular, the ratio

(f: 71) € Roo
is defined as in Section B.1l Put

E9 1= — € R>O
2(f : h)
Let us denote by
K :=supp f C R.

Then K is compact subset of R. By applying Lemma (8.7, one can find and fix
N € Z>p, S1,...,sy € Rand ¢y,...,¢05 € C*(R) such that the inequality

Z@ (04,h)(z)| < &5 (11)

holds for any s € K and any x € R. Let us take any invariant strictly-positive
linear functional p on C.(R) with p(h) =1 (see Theorem R.I0). Put

¢ == pu(f - ¢i) € Rxg
foreachi=1,..., N.
Next, take any = € R. We only need to show that
N

(@) =) cilogh)(@)] <e. (12)

i=1
To prove (I2)), let us show that the inequality below holds for any s € R:
N

(@) - ha(s) = D (ash)(@) - dils) - f(5)] < exha(s) + 2 f(s). (13)

i=1

Fix any s € R. By the definitions of h,(s), the left hand side of (I3)) can be
evaluated as

Z o,h i(s) - f(s)]



Therefore, for (I3), it is enough to show both inequalities below:

(osh)(x) - [f(x) — f(s )I < e1(osh) () (= erha(s)), (14)
f(s)- Z@ (0h)(@)] < eaf(s) (=e2f(s)).  (19)

The inequality (I4) follows from the observation that if |z — s| < §, then

[f(z) = f(s)| <&

by (@), otherwise (osh)(z) = h(z—s) = 0 by ([0). The inequality (I3]) comes
from the fact that if s € K then the inequality (II]) holds, and otherwise
f(s) = 0sinse K :=supp f. Thus the inequality (I3) holds.

Finally, let us give a proof of the inequality (I2). Note that by Proposition
R.9, we have

Then we have

< plerthy +eof) (. ([@3)

= &1 plha) + 2 p(f)
<etey-(f: B) (*.- Theorem [5.6))
=¢ (. definitions of &1, &5).

This completes the proof. n

Remark 8.12. For the proof of Theorem[G. 3 above, we apply Theorem [8.10.
By giving careful arguments for invariant strictly-positive “subadditive” oper-
ators on C,(R), one can prove Theorem [6.3 without applying Theorem [810.
Furthermore, Theorem can be obtained as a corollary to Theorem
without any arguments for Riemann integrations nor Lebesque integrations.
See Nachbin [1] for more details.
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