
$ I : Sections surjectivemaps

In this section
.

we study definitions and examples

of " sections
" of surjective maps .



SI . I :Defimotion ofsection

Setting - .X
.
E sets

π " E → X : a map

Def 1
.

1
.

l : For each x ε X
.

E: = π " ( ix と ) ÷ { J ← E 1 π ly ) = SCIE≈

is called the fiberof x by ππ
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Def 1 .
l

.

s : X → Eiscalleda sectionofytmap
f π os = idx

We (π ) : = }sectionsof πpu ( c Map ( X .

E )
Sect

: = 1maps s
)

Observation 11 .

3 : Let s ε Sect (π )
.

tx ε X
,

S ( x ) ε Ex

a section sst)εNoteSect( π) choices
mnw

for each x ε X
.
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observation 1 .
1 . 4 : For π

.

thefollowiy two conditions are equivalent :

π : E →Xi" 's surjective
凹

) 4 ①Sect (π )

( memo : I ) ⇒ i)
"

is called
/ 1 )

the axiom ofchoice

Thus we focus on
the case whare π : E → X

is surjective .
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5 :

Let X ,
Y : sets

E: = X × Y

π : E = X ×Y → X .( x . y) →

Then for each x ε X
.

E
.

= hxix と
.

Furthermore, ( π
)Map

(
X , Y
)sect where

δ 3 PYOS PY : X × Y → Y
,

(x. Y ) i→ Y

fsfa St : × →××Y ,

い→ ( x , fixs )

maps
"

∞

"

sections
"

a kind of
Seneralization
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1

. 6 : X " =
S

2 " = 3 xtR 1エ - 1 CR "

E :{ lx . v " l x ε s
:

,

v ε Tes
'

YTs2
=

where TS
3

. = { VER
" cx . v 's = 0 }
～ ～the imner

procduct onR
3

thespaceoftangentvectorsatfs)

We regard v ε TuS
:

as a vectow

originated from the point x .
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Tπ . ( x
. v ) →/[

s

→ s
'

Put

Then for x ε s
2

,

TSL )
(

= } ( ω ) Iv ε TxS '
4

≈ TEs
'

.

exampleFor
TeS
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2
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S 1
.

2 : Continuous sections

Setting " X :topologicalspaces

π : E → X : a surjective
continuous map .

Def : P (π ) : = { s . Sect (π ) I S : X → E : ontinums {1
.

2
.

1

C Sect (π )
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.
2

.

2 : Let X ,Y : topolojical spaces ,

E : = X ×Y : the direct product space

( equipped with the product topolgy )

π " E = X × Y → X ,

lx. y ) 1→ x

( surjective ,

continuous )

In this situation ,

we have

P (π ) ぶ
C

( X , Y ) : = ? f : X →Yl contiunousy

S → PrOS

fstせ
～h ( seeEx 1

.
1

.
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.

3 : As in EX 1
.

1
.

6
, we take

X : = S
2

: = 3 x ε R 1 感 - 1 " CR '
:

E " I l "" lx ε s' , v εT .sYTss IS
'

XR'

We regardand
astopolgicdspaceTs

3

equipped with the relative topology .

Then π " TS
2

* S
2

.

( x .
v ) i→ x

is surjective ,

confinuous
.

The section s : S
'

→ TS
2

,
x い→ (か , (ゝっxo ) appearedinE ×l . 1

.
6

is continuous
.
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4 :

Let E = X = S' . = 3 EE ¢ 1R 1 = 19
,

and

π : E = S
→
X = S , z 1→ z

≥

( surjective ,
continuous )

E = s 然の In this situationc

t double
PCπ ) =φ (

i
.
e . πhasrocontinous )

cover
sectious !

X =S
1

( althoeyh Sect (π ) t ① )


