
53 : Vector bundles

We introduce the concept of vector bldles ,

and study the vector space str on

continuoussectionssthe et of
of

vector bldles
.
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1 : Detinition ofvectorbundles

Seting : ( X
,
R
"

.
E

,
π ) : afiber bundle

m

(M ε 420 )

For each s ε X ,

S
,uwe fix a vector spacestr on Ex cE

.

E
,( × Ex → E,( sumnatio_ )

ta

S
,: {

RX E( → E. ( sealar poduet )

Put S : = { 5
. hxcx

.



Def3 . 1 . l :

2Ts ( π ; R" ) : = 2 ( 6 , 4 ) ← LTC π : Ru) /

oxtU
,

4, : En1 R }
is limeav
m～

Uour
ison( )



( X , R
"

,
E , π . SExcx ) ss. 1 . 2sDef

bundle of rankyavector

eftx ε X
.

ョ ( U
,
4 ) ← 2I (π : R

^ )
s

with xeU
.



EX 3 . 1 . . X : atopolgicdspace
E : = X × R

"

π : Y R
"

→X X (x . v )
b

～D Ex : = 3 x と × R
'

( (x ε × ) )

Sod :thevectorspacest
"

usual

om
Rx と × R

"

E=

～D U : = X
(
4 : πYU ) = X× R

"
→ X 1Rd

Tho 1
U

.4 ) x 4 . E *
R

^ tn*
"Ts (π ; R

^

) ( ^
" )い

3 Y × R
～

"

(っしひ) → v
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: Let us consider the vector bidle4

( S '
.

R'. TS
'

,
π ) in E× 21 .5

.

For each xt s
'

,

V ε R
3

E,
.TaS 2 = 1 ICxv7 k 3 = 0 ScRx( x.v )

can be considered as a linear subspace of R
3

.

We write S , for sach the vectorspacestructurce

on f っ.

Then ( S'
,
R
'

,
TS' π

,

{ S,{icss )

is a vector b
'dle of vank 2

.



For example ,

( U
.
φ ) ε LT (π : R

2 ) in Ex 2 .1. 5

U : = } x εslxs ,09 , 4 :

( πYU) = { (x ,v ) ε
S
× R
1 xs, 0 . < x.v'ks = 0 と )Y : π( U) → U × R '
,

(
x.

v
)→ ( x ,

(
v.v=))

have (U . ψ ) εLTs( π iR
)

we

YL "xTs "

(
" " is liveor )

(
,
v) ) .V2 )x

( 《v7 )で
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2 : Vector space of continvous sections

of vectou bundles .

Setting : (X,
R

'
,

E
. π
. 2S.{ax ) : avect

.
bidles

of rankn
.

Recall : Sect (π ) " = { sections of π と
U

P (π) : = } continnous sections f π
(



Sect (π) can be identified⑨

a directproductEelwith

Sect (π ) →
ぶ

1 花Eby

S (→ ( S(x) )(ε X

* lw.)xx → E

っ →

(Note ,oneofhefivitior ofxE "

.. seit( π ))



Let us consider Sect(π)

as a vector space πE( = π (Ex .S ,
)x)xEX

の Zero vector : θ . X → E
.

x 1xO'
≈ Zero in Ex .

の Sum " StS : X → E ,
x→ SG) tscx). 2

E
sum in Ex

の Scalar product : λ s : X→ E , x( →
λ sol

も scalor prod
im Fo( .

l . Sect (π )
,
λ ER )ss. s .
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.

2
. ( : P (π) is a linear subspace d Sect (π )

: checklistProof
① O ε P(π )

② ε P() S+ S
2

EP) (s . sz

③ t P (π) ( SEP (《 )
,
λER )

λs

We shall pove ②
( D and ③ : report poblenc )



② Fix ← P (π)sisz

Goal : Si + 8z : X → E : conti
.

二

Take auy (U, 4 ) εLTs ( π :
R

" )

Then we ondy need to show that

: SitS )10 : U → π ' (U) : conti.
ー

Since x : π
' (U ) → UXR

"

is homeo
.

our goal is reduced to the followig

: Yo ( sts .) IU: U → U × R "
.
: conti :

x → (x .pan (sit )" ) )4 )

where PRn : U × R
"

→ R
"

,
(u.v )→ v

.



obviously U doo is conti
:

xつ xい

Thus it suffices to show that :

Goal : x 。 (sitsc ) l 0 :
U

R
"

ー
ゞ

っい→ PR～ ( Y (sits) sx)))

Note that Rno 4 osies ) lo=Penyosi )← PRoYosl )

( Roport : Hint Y, ( s .(' ) τ s.( ' " )=《(s) ) ←
と、(s

w

~

二
sum inEu

lineav E(→RhA

Since S, S. are both continvous ,

RRno yo sits) lu = PRnoYos.L) ← PRoYos )

is also conti
. a


