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ABSTRACT. We study the Borel summability and the analytic behavior of the Borel
sum of a formal solution of first order semilinear system with a singular perturbative
parameter. By virtue of the representation formula of the Borel sum of a formal
series solution expanded in terms of a parameter, we show that the analytic con-
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in the space variable. We also show that a similar phenomenon occurs outside the
origin of the independent variables.
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1. INTRODUCTION

In this paper we study analytic behaviors of the Borel sum of a formal solution
of a semilinear system with a singular perturbative parameter. As for the Borel
summability of formal solutions of partial differential equations we cite the results
by Lutz-Miyake-Schéfke and Balser et al for a heat operator (cf. [6], [2]) as well as
the recent papers by Michalik, Ichinobe. ([4] , [8]). Another class of Borel summable
operators which are perturbations of ordinary differential equations we refer [9] and
[10], while for a first order equation we refer [3]. On the other hand, the summability
of partial differential equations with a singular perturbative parameter was studied
by Malek et al., where asymptotic solutions were constructed. (cf. [5], [7] and [11]).
In general, the summability breaks down at a singular direction. The analytic con-
tinuation of a Borel sum to a point in a singular direction is not known well. In the
case of partial differential equations, the set of singular directions may contain an
open cone as we will see later. We shall study the behaviors of the Borel sum as the
paramteter with which we take a Borel sum approaches to a singular direction.

In order to study the analytic behaviors of the Borel sum in a singular direction we
introduce the countable set Ej of possible singular points of the Borel sum. Then we
give an alternative expression (2.12) of the Borel sum. Then we show that the ana-
lytic continuation of the Borel sum with respect to the parameter from the point in a
summable direction to the one in the complement of Fy coincides with a convergent
solution expanded by independent varibles. Because the convergent solution is natu-
rally related with an initial value problem, one sees that the solution constructed by
(2.4) and its Borel sum give a sufficiently general class of solutions having asymptotic
expansion with respect to a parameter. We also show a similar phenomenon at other
point x = a, a # 0.

This paper is organized as follows. In section 2 we state our main results. In section
3 we construct the formal solution and prove some lemmas which are necessary in the
proof of the main theorem. In section 4 we prove our theorem.

2. STATEMENT OF RESULTS

Let 2 = ($(1)>--~ ,x(”)) € C", n > 1 be the variable in C". For A\; € C, \; #0
(j=1,2,...,n), define

_ )
(2.1) c._;A]xﬂ =G

Let N > 1 be an integer and let v = (uV,... ,u™) € CN and f(z,u) = (fV(x,u),

., f™(z,u)) be the holomorphic vector function in some neighborhood of the
origin of C" x C¥ which is entire with respect to u in C¥. We consider the semilinear
system of equations

(2.2) nLu™ = fzu), v=1,2,... N,
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with u(0) = 0, where n € C\ {0} is a complex parameter. We assume
(2.3) £(0,0) =0, det(V,f(0,0)) # 0

where V, f(0,0) denotes the Jacobi matrix of f(z,u) with respect to u at the point
rz=0,u=0.
We construct the formal power series solution u = v(x,n) of (2.2) in the form

(2:4) o) =Y 0 o) = vole) +n (@) + -

where the series is a formal power series of ! with coefficients v, (z) being holomor-
phic vector functions of x in some open set independent of v. We denote by )y the
open connected set containing the origin on which every coefficient v, (x) is defined.
(cf. Proposition 1).

The formal Borel transform of v(z,n) is defined by

25) B0 = Y wle) oy

where I'(2) is the Gamma function. For an opening 6 > 0 and the bisecting direction
&, define the sector Sy by

(2.6) Sg@:{ze(c; |argz—§|<g}.

We say that v(z,n) is 1-Borel summable in the direction ¢ with respect to n if
B(v)(z,¢) converges in some neighborhood of the origin of (z,(), and there exist
a neighborhood U of the origin x = 0 and a § > 0 such that B(v)(z,() can be an-
alytically continued to (z,() € U x Sp¢ and of exponential growth of order 1 with
respect to ¢ in Sp¢. For the sake of simplicity we denote the analytic continuation
with the same notation B(v)(z,(). The Borel sum V(x,n) of v(z,n) is, then, given
by the Laplace transform

2.7) vmm:ﬁnﬁwwmo@

where the integral is taken on the ray starting from the origin to the infinity in the
direction &.
We assume that V, f(0,0) is a diagonal matrix,

and that, for every v, 1 < v < N, the Hessian matrix
82f(”>
2.9 V2 F1(0,0) := | =—=—=(0,0
(29) S7(0.0) a“(j)a“(k)( 0) jl1, Nik—1,....N

vanishes. Moreover, we assume

s
(2.10) Reur >0, ReX; >0, Re-L>0, (j=1,...,n;k=1,...,N).
i
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Let Cy be the smallest convex closed cone with vertex at the origin containing A;
(1=12,...,n)and \;/px (j=1,... ,mk=1,2,... ,N).
Write

(2.11) Co={2€C;—0, <arg z < by}

for some nonnegative #; and 6, such that —7/2 < —6; < 0y < 7/2. We say that
u(z,n) is the power series solution of (2.2) if u(x,n) is a solution of (2.2) which can
be expanded in the convergent power series of x in some neighborhood of the origin

(2.12) a(em) = Y ualma®,

a€Z’,|al>0

where every component of u,(n) is a function of n and Z’ is the n-product of the set
of nonnegative integers Z,. Then we have

Theorem 1. Suppose (2.3), (2.8), (2.9) and (2.10). Then there exists a neighbor-
hood U of x = 0 such that v(x,n) with vy(0) = 0 is 1-Borel summable in the direction
g with | — €] < 0/2,0 =7 — 0, — 0y and § = 7+ 259 when x € U. The Borel
sum V(x,n) of v(x,n) is holomorphic and satisfies (2.2) when (x,n) € U X Srige.
Moreover, V(x,n) coincides with u(z,n) in (x,nm) € U X Srige.

Note that Srig¢ is equal to C\ Cy. By Theorem 1 we see that the Borel sum
V(xz,n) is analytic in  when n € Sry9e = C\ Cp and z € U. We will study the
behaviors of V(x,n) when x € U and n € Cy. Let Ey be given by

(2.13) Ey:={z € Cydet (27" (\,a)ld — V,f(0,0)) = 0,a € Z7, |a| > 1} .
Then we have

Corollary 2. Suppose (2.3), (2.8), (2.9) and (2.10). Let K C C\ Ey be a compact
set. Then there exist a neighborhood W of the origin of C" and a neighborhood K of
K such that K N Srroe # O for which V(x,n) is analytic with respect to n and x in
(z,m) € Wx K. For everyz € W, V(z,n) is analytically continued as a single-valued

holomorphic function of n from Srig¢ to KU Srio¢. The analytic continuation of
V(z,n) coincides with u(x,n) in (2.12).

Remark 1. We can show that if the condition ReX; > 0 (j =1,...,n) is satisfied,
then Ey is a discrete infinite set in the right half-plane Rez > 0, while Ey accumulates
to z = 00. Hence, V(xz,n) has essential singularity at n = oo in general.

Remark 2. We will give a brief explanation of the case when x is not necessarily in
a neighborhood of the origin a = 0. The situation is quite different between the cases
a =0 and a # 0. For simplicity, assume that f(x,u) is an entire function of x and
u. Instead of (2.8), we suppose that there exists b € CN such that f(a,b) = 0 and
det(V,f(a,b)) # 0. Then there exists a formal series solution v(x,n) of (2.2) with
the form (2.4) defined at © = a such that vo(a) = b. In order to show the summability
of the series, assume that YV, f(x,vo(x)) is a diagonal matriz in some neighborhood
of x = a.
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Under these assumptions we can prove that v(x,n) is 1-Borel summable with respect
to n in the direction arg &, w/2 < arg £ < 3w /2. Clearly, the set /2 < arg & < 37 /2
is equal to Sy ., which is the set corresponding to the case where Cy is a positive real
line. As for the proof of this statement we refer to [11, Theorem 3]. If V(xz,n) is the
1-Borel sum of v(x,n) defined in some neighborhood of a and n € Sy r, then V(z,n)
is characterized as the solution of (2.2) having an asymptotic expansion with respect
ton when n € Spr, N — oo and x is in some neighborhood of a for some 0 > .

3. CONSTRUCTION OF FORMAL SOLUTION

Construction of formal solution. By substituting the expansion (2.4) into (2.2)
with u = v(z,n), we obtain

(3.1) Lo = iﬁvy(x)n”,
v=0
(32) flz,v) = flzvo+on '+ 2 +-+)

- f(xa UO) + 71_101 (Vuf)(x7 UO) + 0(77_2)'

By comparing the coefficients of 1, we obtain, for n° = 1,

(3.3) f(@,vo(z)) =0
and for n~!
(3.4) Lvg = v1(Vof)(z,v0).

In order to determine v, (z) (v > 2) we compare the coefficients of 7" of both sides
of (2.2). Differentiate (3.2) (v — 1)-times with respect to e = ! and put ¢ = 0.
Then we obtain
(3.5) Lo, 1 = v,(Vof)(z,v0) + (terms consisting of véj), 1<j<N,l<v),
where v(x) = (vél), e ,véN)).

First, note that there exists an analytic solution vy(x), vo(0) = 0 of (3.3) in some
domain containing the origin = 0 by (2.3). The next theorem gives the existence
of a formal solution.

Proposition 1. Assume (2.3) and vo(0) = 0. Then every coefficient of (2.4) is
uniquely determined as a holomorphic function in some neighborhood of x = 0 inde-
pendent of v.

Proof. By (2.3) and the implicit function theorem, vy(z) is uniquely determined
as the holomorhic function at the origin such that vy(x) = O(|z|). Suppose that
vg(x) is determined up to some ¢ — 1 in some neighborhood of the origin. Because
vg(x) are determined recursively by differentiations and algebraic manupulations, the
recurrence formula for vy(z) implies that v,(x) is holomorphic in some neighborhood
of the origin independent of v. O
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Remark 3. Let Qy C C" be the domain containing the origin on which every coeffi-
cient of v(x,n) is defined. We define

(3.6) Yo :=A{z; det (Vof)(z,v0(x))) =0, f(z,v9(x)) =0,v9(0) =0}.

—_——

Let Qo \ Xg be the universal covering space of Qo \Xo. Then every coefficient of v(x,n)

is analytically continued from the origin to Qg \ 2o, provided that f(x,u) is an entire
function of x € C" and u € CV.

Function space For T' > 0 we denote the polydisk Dy by Dy = {|x1| < T} x -+ X
{|z,| < T}. We define the set of functions H(T") holomorphic in D7 and continuous
up to the boundary by

(3.7) H(T) = qu(@) = > ugz®; uflr =Y ua| T < o0
a€Z’ e
Note that || - ||z is a norm on H(T'). The n- product of H(T) is denoted by (H(T'))"
with a standard norm of the product space. For the sake of simplicity we denote
the norm in (H(T'))" by the same letter || - ||7. We can easily show that, for every
u,v € (H(T))™ we have ||uv|r < [Jul|r||v] 7
For the proof of the main theorem we prepare a lemma. Let g(z,u) =

(g (2, u), g (x,u),..., g™ (z,u)) be such that ¢ (x,u) is holomorphic in some
neighborhood of the origin = 0 and an entire function of u. Let V,g(z,0) =

(Vug(”(x,Q),Vug@)(x,o),--- Vug®™(x,0)) and, for 1 < v,j < N let g (2,0)=

(0g™) /Oul))(z,0) be the j-th component of V,g®*)(z,0). Next, let V2g(x 0) be

the tensor whose v-th component is given by the Hessian matrix V2g®)(z,0) =
0

(gfz)(x,()))z,ﬂ, where gi(vj)(x,O) = (029" /OuDou)) (z,0). We denote by (wV2g(x,0),w)
the vector whose v-th component is the bilinear form given by (wV2¢g® (x,0),w).

Then we have

Lemma 1. For every w,w € H(T)™ we have

(3.8) [wVug (-, 0)llr < flwllz Z lgy” (-, 0)]l,
J,v=1
(3.9) I(wV3g(:,0), @)z < [[w|z]| ]|z Z 195 (-, 0)]|-
i,j,v=1

Proof. For w = (w, ... w(N)) € H(T)N we have

N N

(3.10)  JJwVug(,0)[lr < ZHZw 9 < ZZ”w(j)HT”ng)”T
v=1 j=1

[l Z Z gyl

v=1 j=1

IN
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Similarly, for w,w € H(T)" we have

N N
(3.11) I(wV2g(,0), @)lr < SIS wga |
v=1 ij=1
N N
Z Z Orllg? e lloDlr < ||w||T||w||TZ Z g1
v=14,j=1 v=14,j5=1

This ends the proof.

4. PROOF OF THEOREM 1 AND COROLLARY 2
For the proof of Theorem 1 we prepare propositions and lemmas. If we set ne= = 4
with 6 = (6 — 0,)/2, then \; and 5 are replaced by \;je= and 7, respectively, and
Cy is transformed to Sy, ys,0. In the following, we rewrite 7 with 7, and we assume
that Cy = Sp, 16,0 for the sake of simplicity. For e; > 0 sufficiently small, let Ey., be

the ;- neighborhood of Ejy, and, for r > 0, define the set S by
(4'1) S = 5(81) = ({77 € G; |77| < T} \ E0761) U SQTF—91—92,7F'

Then we have

Proposition 2. There exist an €1 > 0 and a neighborhood U of the origin x = 0
such that if n € S = S(e1) and x € U, then the series (2.12) converges.

Proof of Proposition 2. We will construct the solution v = u = (uM, ..., u™) of
(2.2) in (2.12) assuming that n € Ey. We rewrite (2.2) in the following form
(4.2) n ' Lu —uV,f(0,0) = f(x,u) —uV,f(0,0) =: R(z,u).
By substituting (2.12) into (4.2), we obtain the recurrence relation for u,(n)

aa

(4.3) ua(m) (™ (X @) Id = Vo f(0,0)) = = f(2,0)l,—o  (Ja] =1),
(4.4) ua(m) (A a)Id = V. f(0,0)) = -+,
where the dots denotes the terms ug(n), (|5 < |a|) which are calculated inductively.

Indeed, the operator =1L — V,f(0,0) preserves every monomial z% On the other
hand, by the assumption f(0,0) = 0 and u(0) = 0 there appear terms ug(n) (16| <
la]) from f(x,u) in the right-hand side of (4.4). By the assumptions ¢ E, and
(2.8), every u,(n) is determined successively by (4.4) multiplied by (n7'(\, a)Id —
V.f(0,0))~"

Let « € Z%,]a] > 1,1 < j < N be given. Because A\,/p; € Co, p; # 0 and Cy
is a convex cone, we have (A/u;, o) € Cy. Therefore, if n € Sor_g,_g, », n # 0, then
1~ (\/p;, @) is not on the positive real axis. It follows that there exists ¢; > 0 such
that

45) I N a) =l = gl My a) =1 = e,
Vn € Sgﬂ_91_9277r,j =1,...,N, Va e Z:l_, |a| > 1.
This also proves that Sa,_g, g, » N Eo = 0.
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We remark that (4.5) holds not only for n € Sar_g, g, » but also for n € S. Indeed,
if n € Saz—6,-0,x, then the assertion follows from (4.5). Noting that the function of 7,
I~ Y\, @) — p;| is continuous and does not vanish on the compact set {n € C;|n| <
r}\ Eo s, we have the assertion. In the following we assume that (4.5) holds for n € S.

Let n # 0. Define P :=n~'L — V,f(0,0). We take T' > 0 so small that R(z,0) €

(H(2T))". We define ui(z) = up(z,n) € (HT)N (k = 0,1,2,...), up(z,n) =
(@), () by

(4.6) ug =0, Pu; = R(z,0),

(4.7)  Pur = R(x,up+--+up_1)— R(xug+-+up2), k=2,3,...

(H(T)N (k=0,1,2,...), and that the series >~ uy =: u

We admit that ug(x
)" uniformly. By (4.7) we have

converges in (H (T

) €
)N
quk = R(.’L’,Ul + - —|—Ug,1).

Hence, by letting ¢ — oo, we see that u satisfies Pu = R(z,u). Because the Taylor
expansion at x = 0 of an analytic solution is uniquely determined by virtue of (4.5),
it follows that u coincides with (2.12) and the series (2.12) converges.

In order to show that uy(z) € (H(T))" we will show that there exists ¢ < 1/2 such
that

(4.8) lurllr <, k=1,2,...

By (2.3) we have R(x,0) = O(|z|). Hence there exists K > 0 independent of 7" > 0
such that || f(-,0)|]|z < KT. By (4.5), (4.6) and simple computations we see that

— _ 9
urllr = ;M |R|lr < ¢ 'KT = 5

where ¢ 1= 2¢; 'TK.
Next we have

(4.9) uy = (R(x,uy) — R(x,0)) P = (/0 ulvuR(x,ule)dﬁ) Pt
By definition we have
(4.10) R(z,u) = f(z,0) + u(V,f(z,0) — V,f(0,0)) + %(uVif(x, 0),u) + R(z,u)

where V2 f(-,0) is the vector whose v-th component is given by the Hessian matrix
V2 fW(.,0) for 1 <v < N and R(z,u) = O(|ul?).
We will estimate u;V, R(z,u10). In view of (4.10) we first consider

By Lemma 1 we have

(4.11) [ur(Vuf (-, 0) = Vuf(0,0) Iz < KTJus[|z
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for some K > 0. Next we consider
Ulvu((UVif(lL‘, 0)7 u))|u:ml9 = 29(U1Vif(l‘, 0)7 ul)'
By assumption (2.9) and Lemma 1 we have

(4.12) 1 V5 f(,0), un)llr < KT w7

As for the estimate of uy V., R(x, %)|y—u,9, one may consider every component of
w1V R(x, 1) y=y,0. Because R(z,u) = O(|ul?), we have u; V, R(z, u)|u=u9 = O(|u1|?).
Hence, we have

(4.13) |ur Vo R(z, u10)||7 < K30

for possibly different constant K > 0.
Hence we get, from (4.11), (4.12), (4.13) and (4.9),

1
@14 fullr < cll/ sV R, u10) |0
0
1
< clla(KT+2KT€)+cll/ |u1 Vo R(2, u10) || pd6
0

1
< ¢'e(KT +2KTe) +¢;* / Ke*0do.
0

By setting ¢ = 2¢;'KT, the right-hand side of (4.14) is bounded by £*(1 + ¢ +
Kci'e/2). We take e sufficiently small such that 1 4+ K¢y 'e/2 < 1. Then we have
(4.8) for k < 2. By the same argument we can show that w satisfies the estimate
(4.8). Hence the sum Y&, uy is uniformly bounded in ¢ and converges in (H(T))V.
We note that the convergence is uniform with respect to n € S if |n| > ny > 0 for
every 19 > 0 because the constants K, T" and ¢ can be chosen uniformly n € S with
In| > mo > 0. Especially the limit function is holomorphic in n € S. This completes
the proof.
Let v,(z) (v=10,1,2,...,N) be given by Proposition 1. Then we have

Proposition 3. For every N, N = 0,1,2,..., there exists Rx(z,n) being holomor-
phic when x is in some neighborhood of the origin and n € Sax_g,—p, ~ such that

N
(4.15) u(z,n) = Zvu(x)n"’ + Ry(z,m)n "' 0 € San_g,—0s.r-

v=0
First we will show (4.15) for N = 0.
Lemma 2. (4.15) holds for N = 0.

Proof. In view of the proof of Proposition 2 we have u = >~ u(z,n) uniformly
inn e Sm—p,-0,x, N > no for every ny > 0. In view of (4.6) and (4.7), we see that
the degree of u; with respect to = is greater than or equal to 1 because P preserves
every monomials z®. It follows from (4.9) that the degree of uy is greater than or
equal to 2. Similarly, we can show that the degree of u; with respect to x is greater
than or equal to j. We note that when solving (4.7), every coefficient of 2% in wu; is
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obtained by multiplying the corresponding coefficient in the right-hand side of (4.7)
by (7N, a)Id—V, f(0,0))"'. In view of the definition of u;(x, n), every component
of u,(n) in the expansion (2.12) is a polynomial of (n~*(\, 3) — u)~" for some k,
1 <k<nand g €Z, |8 <|a|l. Because u =) u;(x,n) converges uniformly in
N € Son—6,—0,7> |1 = M0 We have

7765277791 —Og, ;100

(4.16) lim u(z,n) = lirlgnz uj(x,n) = Z 1i717rn uj(x,n).
j=1

By virtue of (4.6) and (4.7), the limit lim, u;(x,n) is computed if one replaces
(n~Y(\, B) — px) ! in the coefficients of the expansion of w;(x,n) with —u; '. There-
fore we have lim, o, u;(x,n) = u;(x,00). We denote the right-hand side of (4.16) by
w for the sake of simplicity. By the definition of R we see that (3.3) is written as
-9V, f(0,0) = R(z,v9). On the other hand, by letting n — oo in (4.6) and (4.7)
and summing up the relations we see that w satisfies —wV, f(0,0) = R(z,w). By
the uniqueness of the solution of (3.3) such that w(0) = 0 we see that the right-hand
side of (4.16) is equal to vy(z).
Next we set

(4.17) Qz,n) = u(w,n) —vo(x) = Y (ua(n) — ua(c0))z®,

o

where vg(x) = > uq(00)z® is the expansion of vg(x). We recall the following formula

(@18) (e — 7 (0 BY) ) = i N (%) " (%)N (e — 17 ),

where N = 0,1,2,..., and n € Sy;_g, 9, - Because every component of u,(n) is a
polynomial of (p~'(\, 3) — uy) ™!, we get, from (4.18) that

U (1) — Ua(00) = 0™ (1)

for some u,(n) = (119)(77), L ay (n)). It follows that

(419)  Qz,n) =n"'Qzn), Qa,n) = ia(n)z® 0 E Sam—p,—psm 1l > M0,

where the equality is understood as a formal power series of x.
We will look for the equation of Q(z, 7). In view of (4.17) and (4.19), put u = vy +
n~1Q. Substitute u into (4.2). Then we have the equation for Q with A := V,f(0,0)

(4.20)  n'Lug+nPLQ = (vo+1 QA+ R(z, v +1n'Q)
= 7 'QA+ R(z,v + 1 'Q) — R(z, v)

1
= 7 'QA+1n7! / Q - VuR(x,vo + 0n~Q)db.
0

It follows that

1
(4.21) nLQ — QV.,f(0,0) = —Lug + / Q - VuR(x,vo + 0 1Q)db.
0



ANALYTIC CONTINUATION OF BOREL SUM 11

This equation has a similar form as the equation for u(x, 7). Indeed, the linear part
has the same form as (4.2). The nonlinear term in the right-hand side is bounded
in 7 when n — 00, n € Sar_g,_g, » because the nonlinear term in the right-hand side
of (4.21) contains n~! as a function of n and R(z,u) is a vector whose components
are entire functions of u. By the same argument as in the proof of the convergence
of u(z,n) we see that Q(x,n) is holomorphic when z is in some neighborhood of the
origin z = 0 and n € S. We also note that the convergence is uniform with respect

ton € S. Moreover, Q(x,n) is bounded when n € Sax_g,—9, =, 7 — 00. This proves
(4.15) for N = 0.

Lemma 3. (4.15) holds for N = 1.

Proof.  We will show (4.15) for N = 1. Define Ro(x,n) := Q(z,7n). We want to
show

(4.22) lim Q(z,n) = Uy(z).
N—00,NES2x—0, 09,7

In order to show that the limit in (4.22) converges uniformly in some neighborhood
of # = 0 we will construct the approximate sequence Q,(x,n) of the equation (4.21)
as in Proposition 2. Suppose that there exists ¢y > 0 such that the convergence of the
approximate sequence {Qn}, Q = lim Q,, is uniform with respect to n € Son—01 0,75
In| > co. Then one can show (4.22) as follows.

By assumption, for a given € > 0 there exist Ny > 0 and a neighborhood Wy of
x = 0 such that, for any m > Ny, n > Ny, x € Wy, and n € Sar_g, 0, » With |n| > ¢
we have

(4.23) @n(xa n — QM(%”) <E&.

Hence we see that lim,, . C:)m(x,n) —=: Q(x,n) exists. On the other hand, by the
definition of the sequence, {Q,(x,n)} we have, for each n the limit

(4.24) lim Qn(z,n) =: Qn(z,0)

774'0077765277791 —0g,

exists. By letting n — oo in n € Syr_p,—g, » in (4.23), we have, for every m,n > N,
and x € Wy

(4.25) )Qn(l', o0) — @m(x, oo)’ <e.

It follows that the limit lim,,_ . Qn(x, o0) =: Uy (z) exists uniformly for = € Wy. By
putting n = Ny in (4.25) and letting m — oo we have, for every x € W,

(4.26) ’QNO (x,00) — Ul(x)’ <e.

On the other hand, by setting n = Ny in (4.23) and letting m — oo we have, for any
N € Sor_g, 0, With || > ¢y and every z € W

(427) Quifa.n) = Q)| < e
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By (4.24) there exists ¢; > 0 such that, for every n € Syr_g, g, » With |n| > ¢; and
every x € W

(4.28) Qni.m) = Qrafir,00)| < =
Therefore for n € Sar_g,—0,» With || > max{co, c;} and every x € Wy, we have
(4.20) Q) - Ui(@)] < | @ n) — Qo)

’QNO (z,m) — Qu,(x, 00) ’ + ’QNO (x,00) — Ul(:v)’ < 3e.

Hence we have (4.22).

Finally, in order to show the uniform convergence of the approximate sequence it
is sufficient to verify that (4.8) holds uniformly in n € Sar_p,—g, » With || > ¢ for
some ¢ > 0. Indeed, we apply the arugument of the proof of Proposition 2 to (4.21).
Set w = @ and denote the right-hand side of (4.21) by F(z,w,1/n).

In order to have the estimate (4.8) for k = 1, we need the estimate | F'(-, 0,77 ) ||r <
KT. This follows from the relations F(z,0,77') = —Luy and v5(0) = 0. Next we
consider V,,F(x,0,n7') — V,F(0,0,77"). In view of (4.10) we have

VoF(2,0,n7") — V,F(0,0,n71)

:/VR:EUO ))do — /VROUO ))do

= / VUR(.’L',’U()( ))de—vuR(xva( ))

0
Because V, R(0,v9(0)) = 0, we obtain a similar estimate like (4.11).

Finally we estimate (w, V2 F(z,0,77'),w;). For this purpose we may consider the
next terms, for 1 <v < N

1
(052 [0 oo i)
0

1
= 2 / wy - w1V, (VUR(”)(x,vo + Qn_lw)) do
0

w=0

1
1
= 2/ (w10 *VERW) (2, v0), w1 )dO = = (w0, V2R (,v), wy).
0 n

By assumption we have V2 R™(0,v,(0)) = 0. Hence we have the estimate like (4.12).
Similarly one can estimate the third order term. By these estimates one can see that
the constant K > 0 in the proof of (4.8) is uniform in 7, 7 € Saz—g,—9, » With 1| > co,
which implies the desired estimate.

By virtue of (4.22) we have the following expression

(4.30) Ro(z,n) = Ui(z) + 0 "Ry (z,n).
We substitute
(4.31) u(z,n) =vo(x) +n "Ro(z,n) = vo(z) + 1 "Ui(z) + n *Ri(z,n)
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into the equation (4.2) and we compare the coefficients of n~!. Then we obtain
(432) E’UO = UlA —+ UlvuR(l', Uo).

This is the same equation as (3.4) with v; replaced by U; because (V,f)(z,vo) =
A + V,R(z,v9). By the uniqueness of vy(x) in the formal solution, we see that
Ui(z) = v (z).

We look for the equation of Ri(z,7). Set u = vy +vin~! + Rin~2, or equivalently,
Q = v () + 7 'Ry (x,n). By substituting @ into (4.21) we obtain

(4.33) nL(vy + 1 Ry)
1
= —Lug+ (v1 +n"Ry)A + / (i + 1" Ry) - Vo R(z,v0 + 0n " (v1 + 07 Ry))d6.
0

Using the relation
(4.34) —Lvg + 1A+ vV, R(x,v9) =0,
the right-hand side of (4.33) is equal to

1
(4.35) n'RIA + / vr - (VuR(z,v9 + 600~ (v1 + 7' Ry)) — VuR(2, v0)) db
0

1
+ 771/ Ry -V R(x,v9 + 01 ' (v1 4+ 1" Ry))d6.
0

If we substitute the relation

VuR(z,v0 +0n (v + 17 Ry)) — Vo R(x,v0)

1
= O v+ 'Ry - / V2R(z,vo + tOn (v, + 17 Ry))dt
0

in (4.35), then we see that R;(x,n) satisfies the following equation
(436) 7771£R1 — RlA = —£U1

1,1
+ / / vy - ViR(:E, vy + t@n_l(vl + n_lRl)) -O(v1 + n_lRl)dtdQ
o Jo

1
i / Ry VuR(z, 00+ 00~ (vr + 17 Ry))do.
0

This equation has a similar form as the equation (4.2) for u(z,n). The nonlinear term
in the right-hand side together with the derivative with respect to n~! are bounded
in n when n — o0, 1 € Sar_g,_g,» because the nonlinear term contains ! as a
function of n and R(z,u) is a vector whose components are entire functions of w.
Therefore we see that there exists the solution R;(z,7n) being holomorphic in z in
some neighborhood of the origin and 1 € Sa;—g,—g, . Therefore we have (4.15) for
N =1.

Proof of Proposition 3. We prove by induction. By Lemmas 2 and 3 we have
(4.15) for N = 0,1. Assume that (4.15) holds for N =0,1,2,... ,v. We look for the
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equation of R, by substituting (4.15) with N = v into (4.2). First we note

(4.37) Lu(z,n) = Z Logn™ +n7""'LR,.
k=0

We use the following formula for R(x,u)
(4.38) R(xz,u) = R(z,v9) + R(x,u) — R(z,v)
= R(x,v) + (u—wp) - Vo R(z,v0) + g(z,u),

where
(4.39) g(x,u) = /0 (1—0)(u—vy) - VER(x,v9 + 0(u — vp)) - (u — vg)db.

Set t = n~! and write
(4.40) u = Z op(z)n™F + Ryp ! = Z v(2)tF + Rt
k=0 k=0

We substitute (4.40) into (4.2) and compare terms with the power 1. We recall
that the terms with the power ¢* for & < v vanish by the definition of v;,’s in (3.4)
and (3.5). In view of (4.37) and (4.38), the terms with the power t**! appearing from
the left-hand side of (4.2) are given by n~'LR, — R,A + Lv,. On the other hand, the
term which appears from (v — vg) - Vo, R(x,v9) is R,V,R(x,v). Hence we consider
terms which appear from g(z,u). We use Taylor’s formula for a smooth function h(t)

v

h(t) = Zg (%)e h(0) + t:l /01(1 _ gy (%)M h(0%)do.

=0

Applying Taylor’s formula for h(t) := g(z,u), with u given by (4.40), we see that
R, satisfies

(4.41) n LR, — R,A=—Lv, + RV, R(z,v0) + Q,,

where the nonlinear term (), is given by

1 [t o\ . .
. _ v| _— v+
(4.42) Q, = o /0 (1—s) (67’) g (x, gvm + R, T )

We note that the linear part of (4.41) has the same form as in (4.36) by the
similar computations as for R;. The nonlinear term @), is bounded by some constant
depending on v when 1 € Sar_g, g9, » and 17 — 00 because it is analytic in ¢t = n~! at
t = 0 and R(x,u) is entire in u. Therefore, by the same argument as in the above,
we see that R,(x,n) is the solution of (4.41) when 1 € Sar_g, 0, ~ and x is in some
neighborhood of the origin = 0 possibly depending on v. Moreover, by the uniform
convergence in 7 of the approximate sequence the limit

(4.43) lim R,(z,n) = U,41(x)

77_”)01"76527(—91 —0Og,m

ds.

T=st
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exists in some neighborhood of the origin « = 0 possibly depending on v. Because
the coefficients of the Taylor expansion in x of R,(x,n) are polynomials of = and
(e —n~ 2\, 8))7L, by expanding (p, —n~ (A, 8)) 7! in the power series of 71 we have
the expression for R, (z,n)

(4.44) R,(w,n) = Upsi(2) + 07" Rysr (2, ).

By substituting (4.15) with N = v and (4.44) into (4.2), we see, from the uniqueness
of v,41, that U,;1(x) = v,41(x) in some neighborhood of the origin depending on v.
Because v,41() is defined in some neighborhood of the origin independent of v by the
definition of v,y1, U, is analytically continued to some neighborhood of the origin,
x = 0 independent of v. Similarly, R,.1(z,n) is defined in some neighborhood of the
origin, x = 0 independent of v and 1 € Sax_g, —p,~ in view of (4.44) because R, (z,7n)
has the property by the induction on v. Therefore we have (4.15) with N = v + 1.
This ends the proof.

Let v,(x) be given by (2.4). By Proposition 1 v,(x) is analytic at the origin
x = 0. Let v,(x) = > v,,x* be its Taylor expansion at the origin. Let u,(n) =
(u((ll), . ,u((lN)) be given by (2.12). Then we have

Proposition 4. For every a in (2.12), u.(n) is analytic at n = oo. Let uy(n) =
> 0 Uuan Y be its expansion at n = oo. Then we have

(4.45) Upo = Upa, for every v.

Proof. First we look for the alternative expression of u,(n). By substituting the
expansions (2.12) and R(z,z) = >__; R, s272° into (4.2), we obtain the following
relation

(4.46) Zua Y\ a)Id — Az ZRW Zuax

It follows that

N ()

(4.47) ua(y N add —A) =" Ros T[T [T

Jj=11i=1
where v = (v(1),7(2),...,7(N)), and the summation Y is taken over all combina-
tions

N ()
(4.48) Y>> ali)=a =0, alji) € Z},6 € ZT, |alj,i)| > 1.

j=1 i=1

These relations imply that there appear no unknown quantities u(a) in the right-
hand side of (4.47). Indeed, we obtain

(4.49) u? = (7Y @) — ) RS (Ja] = 1,0 = (0,0,... ,0) € C).

«
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When || > 1, we use (4.47) recurrently, and we obtain, for k =1,2,... ,N

—_ (k) (G (v))
(450) u((xk) - Z ”(77 1</\7 Oé> lR,y(l) s(1) (H R,yj(u-H) 6(u+1)>

(Jv

(T T o i) —

v=1j,=1 4,=1

where 7} = (y®)(1),7/®)(2),... ,v")(N)), and R(j(y'fl)) s 18 the j(v)-th component
of the vector R+ sw+1. The summation ) " is taken over combinations

(4.51)

N D)

S aGninl) =a—60, O]+ |50 < fal,

J1=1 u1=1
N 7P (j2)

Z Z a(ja,i2,2) = a(j1,i1,1) — 6, \’7(2)\ + \5(2)| <la(j1, 1, 1),

Jo=1 12=1

O (e
Z j@azea - @(jg,l,ig,1,€ - 1) - 5 ‘f}/ ‘ + ‘5(6 ‘ | (]Z 177/@ 17€ - 1)‘

1p=1

(j€7 iﬁ) E) - 5(£+1)’ /y(£+1) - 07

OTMZ

especially, Zfill 6" = o and ¢ < |a|. Note that the integer £ in (4.50) is the number
of times the substitutions made by (4.47).

By (4.49) and (4.50) we see that u,(n) is analytic at n = oo with the expansion
ua(n) = >0 o van’. Then we have

(4.52) u(z,n) = Z Z Oyan "o

a v=0

Note that the series (4.52) is a formal series, because the radius of convergence of
uq(n) at 7 = oo is not uniform in . On the other hand, by inserting the expansion
of v, (z) into the right-hand side of (4.15) we see that the coefficient of x%n™" is equal
to v,,o. Hence we have (4.45). This ends the proof.

We define the path I' as follows. Let 0 < 7 < 7/2 — 6, and R > 0 be the number
chosen later. The path I starts from 17 = oo and goes on the ray from oo to the origin
in the domain Imn > 0, Ren > 0 up to some point Re”™/?>~7 then goes along the
circle with center at the origin and radius R counterclockwise to the point Re?™/2+i
and goes to n = oo on the ray from the origin to co in the domain Im#n < 0, Ren > 0.
We take 7 > 0 so small and R > 0 so large such that " encircles the pole of u,. Then
we have
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Lemma 4. There exists py > 0 such that
(4.53) lua(n)] < P Va ez, nerl,

Proof. We may estimate the right-hand side of (4.50). First we consider
R((l) 50 HV 1 R(]((yl:r)l) Py By (4.10) and the assumption f(0,0) = 0 and the con-
dltlon u(0) = O we see that R(x,u(x)) vanishes at x = 0. Therefore, by the scale

change of variables x = ey, for every given 0 < €; < 1 there exists Ky > 0 such that,
for every 1 <v < /(, 1 <j(v) <N, yWtD e ZY and 6@V € Z" we have

” V1) | (54D
(4.54) RS, | < B2l
and for every v € Z& and 61V € Z" we have
k) MW]416)
|R((1> sl < Koe e
Therefore we have

/41
(k) (v 041 Y| el 140y VO [+[60)]
(4.55) ‘R (1) 5(1) HR u+1> S+ | < Ky H51 =Ky e :

v=1
It follows from (4.50) and (4.5) that

¢ N YY)

(4.56) (17 (A, a) SUILID I o alivivew)) = )™

v=1j,=1 i,=1

ﬁ_l

14
() @) EET SR e)
YW G) _ 1l|01|7 IZC1 Xyl

ilﬁ”
S ]

In order to estimate the modulus of the right-hand side of (4.50) we consider the
number of combinations {a(j,,,,)},_, in (4.51) for every £. Because the number
of combinations is multiplied at most by N when j, runs through 1 to N, we may fix
some 7,, 1 < j, < N and count the number of combinations. Abbreviating the index
J» and rearranging {a(-,4,,v)}, we define

al = al-ip_1,0—1), a? = afip9, 0 —2) —af-ip_q1,0 — 1),
a® = alig3,0—3) —aligo9,l—2), -,
af- i, 1) — al-, 19, 2), a9 = — af-, i, 1).

If we set
-1
(4.57) 5(1) = q, 5(2) _ Oé(m)’ o ’5(471) = a® 4 a(l), ﬁ(f) _ a(l),
1

m=
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then the number of sequences {«(-,i,,v)}, are bounded by the number of paths on
7% which starts from « and arrives at some point in Z7 with length greater than or
equal to 1 under the condition that on every point v on the path, the length || is
strictly decreasing. Clearly, such number can be bounded by

(4.58) plel =BG BR8] 1B 1BOI1 _ plal-1 < el

If we recall that j, runs through 1 to N, then the number of combinations of
{a(j,, iy, )}, is bounded by nNlel.

By (4.55), (4.56) and the condition e; < 1 the modulus of the left-hand side of
(4.50) is bounded by

1+ ¢ ls)] 1 )

< N‘o‘lKOng Z Z Ki(e1)c1)> pmt

(=1 ni,... ,ng= 1‘7(’/” ny

< N\a|K051 Z Z Uer 1) Sbma o N
/=1 ni,...,ny=1
< N‘O"KOQ Z Z {(Neyey)Zvm1m

/=1 ni,...,ny=1

< nN\alKogl Z( KoNe )é’
- C1 — C1 — N€1

provided (Nej)/e; < 1. Because the right-hand side converges if <%> <1, we

obtain (4.53) by taking €; sufficiently small. This ends the proof.
Proof of Theorem 1. We shall prove the absolute convergence of the formal Borel
transform (2.5). Consider the sum

— (. —. .
(o0 D) BUFCEENS 3 Eotes
a v=0 a v=0
Because u,(n) is holomorhic at n = oo, the formal Borel transform of u,(n) appearing
in the right-hand side of (4.60) is equal to the Borel transform of the Hankel type for
every «, namely

(4.61) () = = /F 0 Vta(n)eSdn,

271

where Re ( < 0, and the path I is given in Lemma 4.

Because u,(n) is the polynomial of 1 and (ux, —n~t(\, 3)) ! for some 3, it follows
that 4,(¢) is an entire function of (. We will estimate the growth of (4.61) when ¢
tends to infinity in some small sector in the direction 7. We restrict ¢ on a small
sector containing negative real axis. Clearly, if n lies on the ray of I' we see that e%”
is bounded because Re ((n) < 0. Therefore, in terms of (4.53) there exist constants
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Ky > 0, C3 > 0 and Cy > 0 and a sector ¥, with vertex at the origin containing
negative real axis independent of « so that

(4.62) |Ua(C)] < Kyexp (Csla) + Cyl¢|)  for all € .

We shall study >y. We recall that Cy = Sp, 19,0 and Ey C Cy. Because the path I' is
taken so that it encircles Ej inside, one can take the rays of I' arbtrarily close to the
boundary of Cjy. Because every ¢ € ¥, should satisfy Re ({n) < 0 for any 1 on the
ray of I', we see that Yy contains the sector Sx_g, g, r-

By using the Cauchy estimate we can easily show that

(4.63) |Uy0| < Ksvlexp (Csla| +Cyv), v=1,2,...,

for, possibly another constants C3 > 0, Cy > 0 and K3 > 0. By (4.63), we see that
the right-hand side of (4.60) absolutely converges in some neighborhood of the origin
x =0, =0. By (4.60) the formal Borel transform of (2.5) absolutely converges in
some neighborhood of the origin x = 0, ( = 0.

In view of the definition of the Borel transform of u,(n), the right-hand side of (4.60)
is equal to Y Ua(¢)xz®. Because 1,(¢) is holomorphic in ¥, and satisfies (4.62) we
see that ) U4(¢)z® is holomorphic in (z, () when z is in some neighborhood of the
origin and ¢ € ¥y. Moreover, by (4.62) it is of exponential growth when ( € X,
¢ — o0. Because 1,(() is of exponential growth of order 1 in ¥y by (4.62), the
Laplace transform of the right-hand side of (4.60) is equal to u,(n). Hence the Borel
sum V' (z,n) of v(x,n) is equal to u(x,n) when n € Saz_p, g, ». Because ¥y contains
Sr—0,—0,7, we have the 1-Borel summability of v(z,n) in S;_g, g, -

Finally, we show our theorem in the general case 6; # 6. In view of the proof of
Proposition 2, we have ne=* = 7 with § = (fy — 6,)/2. Hence we have the 1-Borel
summability when 7 € S;_g, g, . By returning to n we have the 1-Borel summability
when 7 € eiGSW_gl_GQ,W = Sr_0,—0,,7+0- This ends the proof of Theorem 1.

Proof of Corollary 2. Let V(z,n) be the Borel sum of the formal solution given
in Theorem 1. V(z,n) coincides with w(z,n) = Zani,|a|21uOl(77>xa when z €

Sor—g,—6,x- In the proof of Proposition 2 we proved that w(z,n) is analytic in
(x,n) € W x S, where S is given by (4.1). This implies the assertion. This ends
the proof.
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