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Abstract

We study a simultaneous linearizability of d—actions (and the cor-
responding d-dimensional Lie algebras) defined by commuting singular
vector fields in C™ fixing the origin with a nontrivial Jordan block in
the linear parts. We prove the analytic convergence of a formal lin-
earizing transformation under a certain invariant geometric condition
(cone condition) for the spectrum of d vector fields generating a Lie
algebra. (cf. Example 1.4.) If the condition fails, then we show the
existence of divergent solutions of an overdetermined system of lin-
earized homological equations. In a smooth category, the situation is
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completely different. We will show Sternberg’s theorem for a commut-
ing system of vector fields with a Jordan block although they do not
satisfy a cone condition.
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1 Simultaneous linearization

Let Kbe K=Cor K=R, and B =00, B=w or B =k for some k£ > 0.
Let G2 denotes a d—-dimensional Lie algebra of germs at 0 € K" of CP vector
fields vanishing at 0. Let p be a germ of singular infinitesimal K¢ (d > 2)
actions of class O

p: K — G (1.1)

We denote by Act? (K9 : K") the set of germs of singular infinitesimal K%
actions of class C® in 0 € K". By choosing a basis e;,... ,eq € K", the
infinitesimal action can be identified with a d-tuple of germs at 0 of com-
muting vector fields X7 = p(e;), 7 =1,...,d (cf. [10], [21]). We can define,
in view of the commutativity relation, the action

p: K4 x K" — K", (1.2)

ps;z) =X} o ngd(z) = XJl o -X;'jd(z), s=(S1,...,84),
(1.3)
for all permutations o = (oy,...,04) of {1,...,d}, where X7 denotes the

flow of X7. We denote by py, the linear action formed by the linear parts of
the vector fields defining p.

We shall investigate the necessary and sufficient condition for the lin-
earization of p, namely, whether there exists a C’” diffeomorphism g preserv-
ing 0 such that g conjugates p and py;,

p(s:9(2) = g(pun(s,2)),  (s,2) €K' x K" (1.4)

We recall that in [10], [17], [28] the linear parts were supposed to be diag-
onalizable, while in [32] the existence of n — d anlalytic first integrals was
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required. (See also [1], [16]). Following Katok’s argument in [21], we take a
positive integer m < n such that K" is decomposed into a direct sum of m
linear subspaces invariant under all A* = VX,(0) ({=1,... ,d):

K" = I +...4 1%, diml*¥ =s;, 7 =1,... ,m,
S1 4+ Sy =n. (1.5)

The matrices A', ..., A% can be simultaneously brought in an upper trian-
gular form, and we write again A’ for the matrices,

Al oslxﬁ oo Ogyxsy,
Ouxs; AL Ouen

Al = e el p=1,...,d  (L6)
Ouxor Osxss on AL

If K = C, the matrix A is given by

0 AN L..oAl,
AL = C T T = d =1, m, (1.7)
0 0 ... X

J

with /\g, Aivu € C. On the other hand, if K = R, then we have, for every
1 < j < m two possibilities: firstly, all Aﬁ (¢ =1,...,d) are given by (1.7)
with )\ﬁ € R. Secondly, s; = 2s; is even and A; is a s; X §; square block

matrix given by

Ro(Noypd) AR LAY
e 0 2s;
Af _ O RQ(}\],M]) Aég ’ EZL ,d,
0 0 Ry (NS, pif)
(1.8)
where

Revp) = MuER (1.9)
2 ,,LL . —M )\ ) 7:“/ ) .

and Aj: are appropriate real matrices.
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Following the decomposition (1.7) (respectively, (1.8)) we define A by

M=oY e K™ k=1,...,d (1.10)
Then we assume
A ,):d are linearly independent in K™. (1.11)

One can easily see that (1.11) is invariantly defined.
We introduce a cone condition. By (1.6) we define

N=tL o A)eRY =1, ,m, (1.12)
and
A= {A1 - A} (1.13)
We define the cone I'[A,,] by

T[A,] = {thij €K% ;> 0,5=1,...,m, Y 3+ 0} . (1.14)
j=1

J=1

Definition 1.1 We say that the K?-action p satisfies a cone condition if
there exists a base A, C K™ such that I'[A,,;] is a proper cone in K™, namely
it does not contain a straight real line. If the condition is not satisfied, then,
we say that the K¢ action is in a Siegel domain.

Note that the definition is invariant under the choice of the basis A,,.

Next, we introduce the notion of simultaneous resonances. For a =
(a1,...,a) € K™ B = (B1,...,0m) € K™, we set (o, 3) = D" a0,
For a positive integer k we define Z77' (k) = {a € Z7; |a| > k}. Put

d
wile) = D [(Wa)=N[,  j=1....m, (1.15)
w(a) = min{wi(a),... ,wn(a)}. (1.16)

Definition 1.2 We say that A,, is simultaneously nonresonant (or, in short
p is simultaneously nonresonant), if

w(a) # 0, Vo € Z7(2). (1.17)

If (1.17) does not hold, then we say that A, is simultaneously resonant.
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Clearly, the simultaneously nonresonant condition (1.17) is invariant under
the change of the basis A,,. We state the first main result of our paper

Theorem 1.3 Let p be a K¢ analytic action which is simultaneously nonres-
onant and satisfies the cone condition. Then p is linearizable by an analytic
change of the variables.

Example 1.4. We compare our theorem with the results of Stolovitch [28]
and Zung [32]. Let p be a R? action in R™, n > 4 with m = 3. We choose a
basis Ay of R? such that

A2: {t(l’lvy)ut(()’lau)}? V:MER- (118)

(cf. [DGY] for similar and more general reductions of commuting vector
fields on the torus).

We will characterize the set of (v, u) € R? satisfying the cone condition,
and determine the simultaneous resonances. By (1.14), I'[Ay] is generated
by the set of vectors {(1,0),(1,1), (v, )}. Hence the cone condition holds if
and only if these vectors generate a proper cone, namely (v, i) is not in the
set {(v, n) € R% v < < 0}. We note that the interesting case is u < v <0,
where every generator in (1.18) is in a Siegel domain. Theorem 1.3 can be
applied to such a case. In §3 we will show that if a cone condition is violated,
ie., v < p < 0, the linearized overdetermined system of two homological
equations has a divergent solution.

Next we will determine (v, ) so that a simultaneous resonance exists. If
n = (m,n2,m3) € Z3(2) is a simultaneous resonance, we have the following
set of equations:

(1) m+n2+uvns =1, o+ puns =0,
(2) m+ne+uvns=1, o+ uns =1,
(3) m +ne+vns =v, N+ uns = K.

By elementary computations, in order that one of these equations has a
solution 7 the (v, u) satisfies the following:

a) Case v < p < 0. The resonance exists iff (v,u) € Q_ x Q_, where
Q_ is the set of nonpositive rational numbers. The resonance is given by
(1+(p—v)k, —pk, k) and ((p—v)k,1 —ku, k) where k > 1/(1—v), k € Z,,
and ((v — p)(1 — k), (1 — k), k), where k > (2 —v)(1 —v), k € Z;.

b) Case v > pand u < 0. The resonance is given by (0, —p/(v—p), 1/(v—p)),
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where —pu/(v —p) € Zy, 1/(v — p) € Zy and 2v — p < 1.

¢) Case p > 0, v < u. The resonance is given by (0,0,1/v), when v = p,
v<1/2,v'e€Z,, (0,v,0), whenv=p>2,veZ,, (n—v)/p0,1/u),if
otherwise, where (u—v)/u € Zy, 1/p € Z and v+ p < 1.

d) Case v > pu, p > 0. The resonance is given by (v — u,u,0), where
V—u€E€ly, p€Zy andv > 2.

Let v be a negative rational number, v = —ky /kq, ki, ke € Z, ko # 0.
Let © be a rational number and satisfy ;1 < v. Assume that the nonlinear
part of X2 is zero. If the nonlinear part of X' consists of the resonant terms
of X2, then we have [X', X?] = 0. We can easily see that the linearizability
of X! holds provided pu # v — 1/ky = —(ky + 1) /ks.

2 A cone condition

We start by showing equivalent forms of the cone condition.

Proposition 2.1 The cone condition is equivalent to each of the following
conditions
i) there exist a positive constant C' and an integer ko such that

d m
ST Nyl = Cilal,  Va € Z7 (k). (2.1)
k=1 j=1
i1) there exists a monzero vector ¢ = (c1,. .. ,cq) € C if K = C (respectively,

c=(ci,...,cq) € RT if K=TR) such that
AN+ -4 g\ is in a Poincaré domain, (2.2)

namely, the convex hull of the set {Z?Zl cj/\i;; k=1,...,m} in C does not
contain 0 € C (respectively,

the real parts of cl)\Jl- +- 4 cd)\?, j=1,...,m, are positive.) (2.3)

Proof. First we show (2.1). Suppose that (2.1) does not hold. Then there
exists a sequence af € Z7, £ € N such that |of| — oo (¢ — co) and

d m ¢
(0%
DI Nl g‘—g’, (eN. (2.4)

k=1 j=1



By taking a subsequence, if necessary, we may assume that of/|af| — t° =
(t9,...,t%) € S NRT when ¢ — oo, where S}, = {z € K™; |jz||n =
> ity |zj| = 1} stands for the ¢! unit sphere. By letting £ — oo in (2.4) we

get
d

>3 =0

k=1 j=1

It follows that 7", t9X; = 0. Let J C {1,...,m} be such that 3__ #9X; #
0. Such a set J exists by (1.11). It follows that

0£> X == > X

jed el mpJ

Hence I'[A,,] contains a straight line generated by >_,; t?Xj # 0. This
contradicts the assumption that I'[A,,] is a proper cone.
Conversely, suppose that (2.1) is satisfied. We shall show that I'[A,,] is

proper. Indeed, if otherwise, we can find t° = (¢7,...,¢%) € SH R\ 0
such that
0k
N =0, k=1, .d (2.5)
=1

Because the set {o/|af;a € Z7(2)} is dense in Sj (R7, there exists a
sequence o € Z', ¢ € N such that || — oo (f — 00) and lim,_ of/|af| =
t% . Therefore, in view of (2.5), we get

d m
: 1 k¢
i (30 o) <o

k=1 j=1

which contradicts (2.1)
Next, we show ii). Suppose that I'[A,,] be a proper cone in K¢ Then
we can find ¢ = (¢1,...,cq) € C? such that ['[A,,] is contained in the real

half-space P, := {z € K% Re(>¢_, cxz) > 0}. Therefore

d m d

0< Re(z Ck i tj/\??) = Z the(Z ck)\f) (2.6)

k=1 j=1 j=1 k=1



for all t € R\ 0, which yields Re(3>y_, cxA\¥) > 0 for j = 1,...,m. We
note that, if K = R, then the use of the real part in the definition of the
half-space is superfluous. Finally, we readily see, from (2.2) that, if K = C
(respectively, (2.3) if K = R), then the cone I'[A,,] is contained in P.. Hence
['[A,,] is proper. The proof is complete.

The proof of Theorem 1.3 follows from

Proposition 2.2 Let the action p satisfy the cone condition. Then we can
find a vector field in the corresponding Lie algebra which is nonresonant and
15 in the Poincaré domain.

Proof. By ii) of Proposition 2.1 we can find a Poincaré vector field in the Lie

algebra as a linear combination of a base corresponding to (2.2). Let ¢, be
the number in (2.2), and define A% := (A%,... ,A%) =S¢ ¢, \*. Consider

d
<)\0704> — )\? = ZC,, <<)\V,C(> — A;) .
v=1
Because 3.7_ [(\, ) —N/| # 0 for Va € Z7(2) by the simultaneous nonreso-

nant condition it follows that the set (A\°, ) =A? = 0in ¢ = (cy,... ,cq) € C
is a hyperplane. It follows that the set

{c=(c1,...,ca) €CH (N ) =N =0,3j,1 < j <m,Ja € ZT(2)}

is a countable union of nowhere dense closed set. Therefore we can find
¢ = (ci,...,cq) for which 7, ¢, satisfies a nonresonant condition and
the cone condition. This proves Proposition 2.2.

We propose a geometric expression of a cone condition

Definition 2.3 Let r > 0 and g be a Riemannian metric on R". We de-

note by (,-)g and || - || the inner product and the norm with respect to g,
respectively. We say that X, = Y77 X7 (2)0,; (v =1,...,d) are simulta-
neously transversal to the sphere ||x|, = 7 if, the vectors X* := (X},... , X))

(v=1,...,d) satisfy

d
Do)l #0, Vo, lzfy =1 (2.7)



Theorem 2.4 Letr > 0. Suppose that B, := 7 (xA");0,, (v =1,...,d)
be a commuting system of semi-simple linear real vector fields in R™. We
choose a real nonsingular matriz P such that A¥ = P=YAP is a block diag-
onal matriz given by N = diag {Ry(&7,nY), ..., Ra(&) 10, ) Mo its - - - 5 A}

for some integer ny < n.. Let g be a Riemannian metric defined by P'P.
Then the following conditions are equivalent.

(a) B, (v=1,...,d) are simultaneously transversal to the sphere ||z||, = r.
(b) B, (v=1,...,d) satisfy a cone condition.
(¢) There exist real numbers ¢, (v = 1,...,d) such that 3.*_, c,B, is

transversal to the sphere ||z|, = .

Proof. We note that (z,y), = (Pz, Py) and ||z||, = ||Pz||. By inserting the
relation A” = PAYP~! into (2.7) we can easily see that the simultaneous
transversality condition is equivalent to

d
SN I #0, Yy =(yr,....pn), lyll =1 (2.8)

v=1

By definition, (2.8) can be written in

d ni n
MDD €W+ + Y. wpNIA0, Yy, fyll=1. (29
v=1 j=1 Jj=ni+1

We define t = (t1,... ,t,), t € R, [t| = 1 by t; = (y3;_,+y3;)/2if j < nyand
t; =7 if j > 2n. Noting that ™u;(y3; ,+y3;) = 2,67 = t;(§) +in +&5 —inY)
we see that (2.9) is written in S7_, | > -1 tiAj] # 0 for every t € R% and
|t| = 1. This is equivalent to the cone condition by definition. Hence we have
proved the equivalence of (a) and (b).

By Proposition 2.1 the condition (b) is equivalent to the existence of real
numbers ¢, (v = 1,...,d) such that 3>.?_, ¢, B, is a Poincaré vector field.
By what we have proved in the above (d = 1) this is equivalent to say that
S ¢,B, is transversal to the sphere ||z||, = r. Hence we have proved
Theorem 2.3.



3 Divergent solutions of overdetermined sys-
tems of linearized homological equations

We now study the action py;,, which is in a Siegel domain and admits a Jordan
block. We assume that the action is formally (simultaneously) linearizable
and that does not satisfy the cone condition. We shall show that the unique
formal solution of a linearized homological equation diverges.

Let C3{x} be the set of n vector functions of convergent power series of =
without constant and linear terms. We examine the system of the linearized
homology equation

LA/U: (lea"' 7Ldv) :fa f:: (fla"' 7fd) € (Cg{x})d’ (31>
where
Ljv=(Ajx,0p,)v—Aw, j=1,....,d,

under the compatibility conditions
L;fi = Li.fj, g k=1,...,d. (3.2)

First we consider a 2-C action studied in Example 1.4. We assume that
there exists a vector field in the two-dimensional Lie algebra which is not
semisimple. In view of Example 1.4 we can choose a base X;, X, with
linear parts A; € GL(4;C) satistying spec (4;) = {1,1, v, v} and spec (Ay) =
{0, 1, u, p}, respectively, where v < u <0, (v, p) € Q x Q, and

1 0 00 00 0 O
01 00 01 0 O

A= 00 v e |’ A2 = 0 0 p ge |’ (3.3)
000 v 000 u

where ¢ # 0 and ¢y € C. We can make |¢| > 0 arbitrarily small by an
appropriate linear change of variables.

Let w(a) be defined by (1.16). We say that the simultaneous Diophantine
order of {spec (A1), spec(Az)} is 79, if, for every 7 > 7y there exists C' =
C'’. > 0 such that

w(a) > Cla|™™, Va e Zi(2), (3.4)
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while, for every 7 < 79 there exists a subsequence ay € Z4(2) (¢ =1,2,...)
such that

w(a) < o™, ¢eN. (3.5)

By a classical result in the number theory we have 75 > 1/2 ( cf. [26] or [22]
) . We say that a and (3 are simultaneously Liouville, if (3.5) holds for every
7> 0.

Let 0 > 1. We say that a formal power series f(z) = ) fox® is in a
Gevrey space GS(C*) if f, = 0 for |a| < 1 and, there exist C' > 0 and R > 0
such that

(67

|fal < CRall”, VaeZi.

We consider the following equation
Lav = (Lw, L) = f,  f=(fi, f2) € (Co{z})?, z e C, (3.6)

where (f1, fo) satisfies the compatibility condition Lify = Lof;. Then we
have

Theorem 3.1 Assume that v < p < 0 and €9 # 0. Then there exists
f=(f1, f2) € (C3{x})? such that Lifo = Lyof, and the equation (3.6) has a
formal power series solution v & U, <,5 G5 (CY).

Furthermore, suppose that (v, 1) € QxQ, (3.4), (3.5) and 19 < 400 hold.
Then (3.6) has a unique solution v € (54,0, G5(C*) for every (f1, f2) €
(C3{x})? satisfying L1 fo = Lofi.

The proof of this theorem follows from the following propositions.

Proposition 3.2 Suppose that v < u < 0, g9 # 0, and (v,u) € Q x Q.
Then there exist real numbers ¢; and cy such that for any g € C3{z} there
exvist f; € Cy{z} (j = 1,2) such that Lify = Laofy and g = 23:1 cif.
Moreover, B := c1A; + c2Ay is nonresonant, and w defined by (1.16) for
spec(B) satisfies (3.5).

Proposition 3.3 Suppose that v < 1 <0, €9 # 0 and (v, 1) € Qx Q. Let ¢;
and ¢y be the numbers given by Proposition 3.2. Then there exists g € Ci{z}
such that the homology equation Lgv = g with B = ¢1 A1+ coAs has a unique
formal power series solution v which is not contained in U1S0<5/2 G3(CY).
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Remark 3.4 Our divergence results imply in the case of a single holomor-
phic vector field, that generically vector fields obtained by nonlinear holomor-
phic perturbations are nonlinearizable (see R. Pérez Marco [25] and [20] for
more details). As to the case of smooth C*™ hyperbolic R* actions we refer
[10]. We point out that the divergence in Gevrey classes of formal solutions
of overdetermined systems of linear homological equations generalize those
for the single vector fields in the presence of nontrivial Jordan blocks (see

[16], [18]).

First we will show Theorem 3.1, assuming Propositions 3.2 and 3.3.

Proof of Theorem 3.1.  We will prove the former half. By the result of
Example 1.4 of the case (a), we know that if (v, ) € Q x Q, then (3.6) has
an infinite resonance. It follows that (3.6) with f = 0 has a formal power
series solution v & (J;<,5/ G5 (C"), because (3.6) is a linear equation. Next
we assume (v, 1) € Q x Q. By Proposition 3.3 we can choose g € C3{x}
such that the unique solution v of Lgv = g with B = ¢;A; + Ay is not
contained in J;<, 5/, G3(C*). By Proposition 3.2 we choose f; € C3{z}
(7 =1,2) such that Ly f, = Lof; and g = 25:1 c;f;. Because the solution v
of the system of equations L, v = f is a unique solution of a single equation
Lpv = g we see that v is not contained in {J;, 5/ G5(C*). This proves the
former half of the theorem.

We will prove the latter half. We consider the system of equations
Liv = f;(j = 1,2), where Lify, = Lyf;. For the sake of simplicity, we
assume that B is put in a Jordan normal form with the diagonal part
BY := diag{\i, A2, A3, \3}. The off diagonal element of B is denoted by
€1. The homology operator corresponding to B is given by

Lpv = (B%,0,)v+ e R[v] — B, v € Cy{z}, (3.7)
(B'2,0,)v = ) (Mon + Aaaa + Ag(0s + o) )vaz®, (3.8)

ja|>2
where v(z) = 37,155 Vaz® and
R[v] = Z (a3 + 1)V(ay 00,05+1,00-1)L" (3.9)
ja|>2

For g(x) = (g1, 99,93, 94)" € Ci{x} we expand gi(z) in the Taylor series

gr(z) =, gakr®. For nonnegative integers NV, oy and ay we define Vj, and
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Gk by

Vi .= {0@ran vt oo Gk = {Jarcon—toprtimo (K =1,2,3,4).

In view of (3.9), the equation Lgv = g is equivalent to

(Aag + Apag + AN = AV + e MyVi = Gy, (3.10)
(M1 + Aoag + A3N — M) Vo + et MV = G, (3.11)
(Mag + Xoag + A3(N = 1))V + e MyVs = Gs+e1Va, (3.12)
(Mg + Aoag + A3(N = 1))Vi+ e MyVy = Gy, (3.13)

where My is given by

0 0 0 0 0 0
N 0 0 0 0 0
0 N—1 0 0 0 0

My=| 0 0 N-2 0 0 0|, N>1, (314
0 0O ... 2 0 0
0 0 0O ... 0 1 0

and My = 0. We note that, for the equation Liv = f; we have A\ = \y =1,
A3 = v, &1 = ¢, while for Lyv = fy we have Ay = 0, \g = 1, A3 = pu, €1 = €€,

Let f/(x) = (fi(x),..., fi(x)) and let fi(z) =3, flpz® (j = 1,2k =
1,...,4) be the Taylor expansion of f/(x). We substitute the expansions of
v and f7 into the equations Ljv = f7. For every (aq,as) € Z2 and N € Zy
such that oy + as + N > 2 we compare the coefficients of % (a3 + a4y = N)
with homogeneous degree a; + ay + N. If we set

Fi=(F, . F), Fl={fl conormmtio J=12k=1. 4,
(3.15)
and V = (‘/17 s 7%)) Vk = {U(ahag,NfZ,Z);k}éV:o (k = 1727 374>7 H = (0707 ‘/2170)7

then we can write the system of equations L;jv = f7 (j = 1,2) in the following
form

AV = F' 4 eH, BV =F?+egH, (3.16)
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where the matrices A and B are the block diagonal matrices given by

(y + ag +vN — 1)Id + eMy)

(q + ag + VN — 1)Id + eMy)

(an + ag +vN —v)Id+ecMy) |’

(o1 + g + YN —v)Id + eMy)
(3.17)

A = diag{Al, AQ, Ag, A4} = diag

(g + uN)Id + e M)
(g + uN — 1)Id + e My)
(Oég + ,uN — M)]d + €0€MN)
(Oég + ,uN — M)]d + €0€MN)

B .= diag{Bl, BQ, 83, 84} = dlag . (318)

We will construct a formal power series solution V' from (3.16). Because
(v, 1) € Q x Q either v or p is an irrational number. Suppose that v is an
irrational number. We want to show that for each k = 1,... ,4 either A, or
By, is nonsingular. In order to see this, suppose that || = a; + ag + N > 2.
If N # 0,1, then by the irrationality of v, the matrices Ay (k =1,...,4) are
nonsingular. If N =0 or N = 1, then by the condition ay +as + N > 2, A,
(k=1,...,4) are nonsingular. Similarly, if p is an irrational number, then
we can show that either A, or By is nonsingular for each £k =1,... 4.

First we will determine V,. By inductive arguments and L; f? = Lo f! we
get

14

V1,02, N=£,0)14 = Z ()\1&1 + Aag + )‘B(N - 1>>T+1

r=0
N—C+7)!
WQ(QLOAQ,NK+7@ZT);4 (319)

for ¢ = 0,1,...,N, provided A\ja; + Ayaa + A\3(N — 1) # 0. Note that,
if A, is nonsingular, then (3.19) is valid for A\; = Ay = 1, A3 = v, 1 =
£, Ylon,am,N—lhrf—r)d = f(zlyagyN_HM_r)A, while if B, is nonsingular, then
(3.19) is valied for Ay = 0,A = 1, A3 = W, €1 = €0€, Y(a1,00,N—lirfmr)id =
f(Qah% N—t4ro_pya Similar explicit formulas are derived for va, oy N—tek, b =
1,2. As to the term v(q, oy, N—r,0);3, there appears the term g1V} in the right-
hand side of (3.12).
By (3.4) we have

lag + s + N —v| + |ag + uN — u| > Clog + as + N| 77 (3.20)
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for some C' > 0. It follows that either |ay +as+vN —v| > Cla;+as+N|77/2
or |ag+puN—pu| > Cla;+as+N|~7/2 holds. Suppose that the former estimate
holds. We have the same estimate in case the latter inequality holds. Let 7
be such that 7 > 7. Then we have

(0/2)7‘+1|a1 + oy + N|—’7’(T+1)
lay + ag + N|TTEHD, (3.21)

|C¥1 + ao + V(N - 1)|r+1 Z
>

Noting that (N — ¢+ r)!/(N — £)! < NI, we see from (3.19) that if
G(a1,00,N—t4r0—r):4 has a G* estimate, then v, a, N—re)4 has a G771 esti-
mate. Especially, v(a, a,n—r¢)4 has the G7+? estimate. Similarly, we can
easily see that v(ay apn—r0);; (J = 1,2,4) have the G™*? estimate. Next we
determine v(a, as,N—r,0);3 by a similar relation like (3.19). We can easily see
that there appears v(q, a,,n—¢,);:4 in the right-hand side of the recurrence re-
lation. Hence the right-hand side has the G™2 estimate. It follows that
V(ay,a2,N—r,0);3 has the G*3 estimate. Since 7 > 7y is arbitray, v, asn—t,0:3
has the G7 estimate for o > 3 4 27y. This ends the proof of Theorem 3.1.

Proof of Proposition 3.2. The eigenvalues of B := c¢1A; + co Ay is given by
c1,C1 + €2, 1V + cop with multiplicity. We shall show that there exists a set
E C R? with Lebesgue measure zero such that if (¢, c3) € E, then B is non-
resonant. For every av = (ov, ..., ) € Z2, |a| > 2, the resonance relations
are given by

ciloy + (Cl + CQ)OZQ + (01V + CQ/,L)O[?) = (Cq, (322)

and the ones with ¢y in the right-hand side replaced by ¢, + ¢o and c1v + copu,
respectively. Because the argument is similar, we consider the first relation.
It follows from (3.22) that

ci(ar +ag +v(as +ay) — 1) + ca(az + p(as +ay)) = 0.

Because (v, 1) ¢ Q x Q and |a| > 2, we can easily see that either oy + g +
v(ag+ay) —1 # 0or ag+ u(az+ay # 0 holds. Hence the set of (¢, ¢y) € R?
satisfying (3.22) is a straight line. Therefore the set E of all (¢, ¢y) satisfying
a resonance relations has Lebesgue measure zero.

In order to see that spec(B) satisfies (3.5), let @;(a) (a € Z%) be defined
by (1.15) for B. Then there exists K > 0 such that @;(a) < Kw;(«) for
j=1,...,4and all @« € Z}. It follows that (3.5) holds for @;(a).
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Let (c1,c0) € E and g € C§ be given. We want to solve the system of
equations

Lif?* = Lyf?, afttefi=g. (3.23)

By expanding fi(z) = (f,..., f]) into the Taylor series we define F7 by
(3.15). We similarly define G = (G1,...,G4), Gk = {9(ar,a0,N—rr)ik } o,
where g(z) = (g1, .., 91), ge(z) =D, gakx®. Weset H' := (0,0, F{,0) and
H? := (0,0, FZ,0). We substitute the expansions of f7 and g into (3.23). For
every (o, as) € Zi and N € Z, such that a; +as + N > 2 we compare the
coefficients of £® of homogeneous degree a; + as + N. Then we can write
(3.23) in the following form

AF? —BF' + cH? —eegH' =0, o F' + o F?* =G, (3.24)

where A and B are given by (3.17) and (3.18).

First we will construct a formal power series solution F7 (j = 1,2) of
(3.24) for a given G. Because we know that (cf. the proof of Theorem 3.1)
either Ay, or By is nonsingular for each k = 1,... 4, it follows from (3.24)
that

AF —ByFl =0, o Fl 4+l =Gy, k=124

Assuming that Ay, is nonsingular we obtain F? = A, ' By F}l, and hence ¢, F}! +
oAy ' BiE}! = Gy. Tt follows that

Fyy = (e1+ A Br) T Gy = (er Ay + eoBy) T ARG, (3.25)

if c1 Ay, + BBy is nonsingular. The last condition holds if (¢q,¢;) is not
contained in a set of Lebesgue measure zero in R?, which may depend on
a1, g, N. We have similar relations if By is nonsingular.

In case k = 3, we obtain A3F? — BsFy = —e(F}? — eoF)}) instead of
ApF? — By F}! = 0. A simple computation yields that

F31 = (ClA?) + 0283)_1A3G3 + 802(01./43 + 0283)_1(F42 — €0F41),

By taking the union of all exceptional sets of (¢1,c2) with oy, @y and N in
the set of nonnegative integers such that ay + as + N > 2, we see that
there exists a unique formal power series solution f7(z) (j = 1,2) of (3.23),
provided (cg, ¢2) is not in an exceptional set of Lebesgue measure zero.

We will show the convergence of f/(x) (j = 1,2). It is sufficient to
show the convergence of f!(x). Let ¢;.AY 4+ coB3) be the diagonal part of
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Ak + By, (k= 1,...,4). In view of (3.25) we will show the following
estimate: if (¢, c) is not contained in a set of Lebesgue measure zero such
that ¢; < 0, ¢y < 0, then there exist K; and Ky > 0 such that

||01A2 + CQBgH Z K1 + KQ(OQ + a9 + N),
V(aq, a0, N) € Z3(2),k =1,2,3,4. (3.26)

Since the proof is similar we consider the case k = 1. we have
1t AV + B = (craq — ¢ + (¢1 + co)ag + N(eyv + cop)) Id. (3.27)

Clearly the right-hand side has the estimate (3.26). If we have the Poincaré
type estimate (3.26), then it is easy to see that the formal solution f!(z)
converges in some neighborhood of the origin. This ends the proof.

Proof of Proposition 3.3 :  Let g be the convergent power series defined
by gax = 0 for k = 1,2,3 and all & € Z%(2); gay,azaaia = 0 if ay > 1;
Y(ar,an,N,004 = 1 for (ar, a0, N,0) € Z4(2). We want to solve Lgv = g. Let
Aj be the eigenvalues of B. By the same argument as in the proof of Theorem
3.1 we have the formula (3.19). Then we have

U(al,ag,O,N);ll = (—El)N()\lOél -+ )\20&2 -+ )\3(N — 1)>7N71N!, (328)

for all (a1, an, N) € Z2 (2). The condition (3.5) implies that, for every 7 < 7,
we can find a constant C' > 0 and subsequence {(aq x, ok, Ni) }72; such that

|k + Agag i + As(N, — 1)) 7' > CNf, VkeN.
Therefore, by (3.28)
V(s pnmoNsa] = (Clel ) NN ke Nyag € Zo(2).  (3.29)

Because €1 # 0, 7 < 79 and 1/2 < 79, (3.29) and Stirling’s formula, N! >
CNNYN VN € Z, lead to the assertion. This ends the proof of Proposi-
tion 3.3.

We will briefly mention the general case d — actions. We suppose that
there exist j, 1 < j < m and fy, 1 < {3 < d such that Aﬁo in (1.7) admits
only one dimensional eigenspace, i.e., the geometric multiplicity of )\ﬁ is one.
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For a positive integer r we define the r square nilpotent matrix N, by

01 0 0
00 1 ... 0
Ne=| v+ 0 0. (3.30)
000 0 1
000 0 0

By assumption we have
b _ &
AP =XId+eNs, €#0. (3.31)
By the explicit description of the centralizers of matrices (cf. [15]) all other
matrices have the following form

s;—1

AL =NId+Y el (N, e/ €Ck=1,... -1 (3.32)
k=1

We also suppose that there exists a sequence o € Z7(2), ¢ € N and a positive
number ¢y such that |af| — oo (£ — oo) and

0<w(a’)<c, (€N, (3.33)
We have

Theorem 3.5 Assume that (3.31) and (3.33) hold. Moreover, suppose that
simultaneously nonresonant condition (1.17) is satisfied. Then, one can find
an (fi,..., f1) € (C3{x})? satisfying (3.2) such that v = L, f is not con-
tained in the set | J, ., o, G3(C").

4 Sternberg’s theorem for commuting vector
fields

The results in section 2 imply that, if a cone condition holds, then simulta-
neous linearization of a system with a Jordan block is reduced essentially to
the Poincaré—Dulac theorem for a single vector field in an analytic category.
On the other hand, in view of the results in section 3, the reduction seems
impossible if the cone condition is violated.
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In this section we shall illustrate that the situtation is completely different
in a smooth category. We consider two commuting vector field in R* which
are in a Siegle domain and only one of the two has a linear part with nontrivial
Jordan block. Obviously, the system does not satisfy a cone condition. We
will show that they are simultaneously linearizable in C* for every k > 1.

Let X(y) and Y (y) be commuting C* vector fields with the common
singular point at the origin 0 € R*. Suppose that VX (0) = A, VY (0) = B,
where

10 0 0
01 0 0

A=14500 -v o | (4.34)
00 0 —v
00 0 0
01 0 0

B= |00 ¢ | 70 (4.35)
00 0 —pu

We assume that the cone condition is violated, namely, (cf. Example 4.1)
v>pu>0rveR\Q. (4.36)

We also note that the irrationality of v implies that X, and hence the pair
(X,Y) is nonresonant. Then we have

Theorem 4.1 Suppose that the conditions (4.34), (4.35) and (4.36) are ver-
ified. Let m > 1 be an integer. Then there exists a C™ change of the variables
y=u(z) =z +v(z), v(0) =0, Vo(0) = 0 near the origin which transforms
both X and Y to their linear parts.

We need to prepare lemmas in order to prove our theorem. In view of
Sternberg’s theorem we assume, without loss of generality, that X is linear,
ie.

Xu(y) = (Vo(y), Ay). (4.37)
Let R(y) = (R1(y), R2(y), R3(y), R4(y)) be the nonlinear part of YV’

Yf(y) = (Vf(y), By+ R(y)). (4.38)
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Suppose that the change of variables y = u(z) = z+v(x), v(0) = 0, Vo(0) =
0 linearizes both the vector fields X and Y. Then we can easily see that v(x)
satisfies the system of homology equations

(Vu(z), Bx) — Bv = R(x + v(x)), (4.39)
and
(Vou(z), Az) — Av = 0. (4.40)

We write © = (21, x9,2") and z = (21,2'). Let ¢y > 0 and 0 < ¢ < 1 be
constants. Then we define

Q= {2 = (29, 23, 74) = (22, 2") € R?; |my)"|2"| < ¢, |2 < o},  (4.41)

0 = {x1 € R; \xl\ < 1} x (). (442)
Then we have

Lemma 4.2 Let k =00 or k > 1 be an integer. Let L be given by

2 4
L= E Oy, —V E 21,0, -
j=1 k=3

Then a C* solution of

Lf(z)— f(x) = 0, x=(x1,%9,23,24) € O, (4.43)
(respectively,
Lw(z)+vw(x) = 0 = (x1,22,23,24) € ) (4.44)
18 given by
f@) = mee(Comlnl mlnl’), for o>0,  (445)
or
f@) = mpe(Comlnl mlnl’), for £o>0,  (446)

(respectively, by

x
w(r) = |x1|_”¢i(x—2,x3|x1|”,x4|x1|”), for £x1>0), (4.47)
1
where @4 (2) € C*(Q) (respectively 14 (z) € C*().)
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Proof. We apply the method of characteristics to the equations (4.43) and
(4.44). Then we obtain the representations (4.45) and (4.47) for some ¢ in
+z; > 0. O

By the commutativity we see that every component of v = R(x) =
(Ry, ..., Ry) satisfies either (4.43) or (4.44). Hence, by Lemma 4.1 we have

Ri(z) = xj‘lli(%,xg\xll”,m\xl]”), for £x1 >0, j=1,2, (4.48)
1
Rj(x) = |x1|_y\1’i(ﬁa$3|$1|V,I4|$1|V), for £, >0, j=3,4
Ty

(4.49)
for some functions ¥%. In the following we will cut off R;(x) with a smooth
function being identically equal to 1 in some neighborhood of the origin and
with support contained in a small neighborhhood of the origin, which we

give in the proof of Theorem 4.1. For the sake of simplicity, we denote the
modified R;(z) with the same letter. We set

21 = l‘g/l’l, 9 = ZE3|J]1|V7 zZ3 = l‘4|l’1|y. (450)

For every z; # 0, we define W/, (2) by (4.48) and (4.49), namely

W (2) = x5 Ry, w2, |V z, 4|V as), for £y >0, j=1,2,
(4.51)

U (2) = |z1|"Rj(z1, 2121, |v1| V22, |21 V23), for a1 >0, j=3,4.
(4.52)

We can easily see that U/, € C(R3) (j = 1,2,3,4).

By (4.40) and simple computations we see that every component of v(x) =
(vi1(x), ... ,v4(x)) satisfies either (4.43) or (4.44). It follows from Lemma 4.1
that every component of v has an expression

vj(x) = xjgai(i—j,xgla:l\”,m]a:l]”), for £27 >0, j=1,2, (4.53)
and
vj(x) = ]331]”@i(i—j,xgla:l\”,m]a:l\”), for £x1 >0, j=3,4, (4.54)
for some ..
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We substitute the transformation (4.50) and (4.53), (4.54) into (4.39),
and we rewrite (4.39) as an equation of z for the unknown functions ¢’ (2)
with a parameter x;. Recalling that v; = z;¢% and v; = |z1]|77¢’ we obtain

ToOp,v1 = xlzlﬁzlgoli(z), x33x3vlzx12282290i(2), (4.55)

040,01 = 11230.,0%(2), 240501 = 11230.,0% (2), (4.56)

and we have similar relations for vy = x93 () and v; = |z (z). In fact
we have

(Vuy(x), Bz) = 21Lp%(2), for £x; >0, (4.57)
(Vuy(z), Bx) — va(z) = 22Lp7%(2), for £x1 >0, (4.58)
(Vvj(x), Bx) = |x1| " Lp (), for £, >0, j=3,4, (4.59)

where
Lf(z) = 210, f(2) — (nze —€23)0., f(2) — p230,,f(2).  (4.60)
We define . (2) =" (0L (2), ¥ (2), ¥ (2), ¥1(2)).
Lemma 4.3 We have the expression
Rij(z +v(z)) = 2;FL(2,0+(2)), for £21>0, j=1,2, (4.61)

where Ei(z,w) is given by

E(z,w) = (1 4 w;) W, <21%, (20 +w3)|1 + w1 ]”, (23 + ws)|1 + w1|V>
1 (4.62)
and
Ri(z +v(x) = |11V FL(2, 0+(2)) for £, >0, j =34, (4.63)
with

1+w2
1 Y 1 Y
2 Gt s e+ )l )

(4.64)

Ei(z,w) =1+ wll_”\lfft (21
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Proof. We have
Ty 4 vo() za(1 + 3 (2))
21 + vy () z1(1 + i (2))
Comltpi(r)  1+¢i(2)
nl+eh(z) ek
(3 +v3(2))|zr + 01| = (w3 + 21| 7VL(2)) |1 |1 + @i (2)]”
(zslz1]” + L ()1 + pi(2)]”
(22 + @L(2)1 + 9L (2)]". (4.66)
(s +va(@)) e +01]” = (24 + 21| 7VL(2)) |1 [T+ 9L (2)]”
(
(

(
(

(4.65)

walar|” + @3 (2))[1 + @i (2)]”

23+ 01 (2))|1 + i (2)]". (4.67)

Hence, if j = 1,2, we get
Rj(x +v(x)) = (z; + v

X9+ va(x)

)

(x
, (.%3 + 03(.1'))'.%1 + Ul‘y, (.1'4 + 04)‘1’1 + Ul(l')ly)

N
i(l'l + 1 (.I')
_ 1+ S 1+¢f 31 1w 131 1w
= (14 i) Py Zlma (z2 + @)L+ @l (2 + 1)L+ 1] ]
(4.68)
which yields (4.61). Similarly, we can readily prove (4.63). The proof of the
lemma is complete. U

Now we are ready to write explicitly the reduction of the overdetermined
system for v: (X4 — A)v =0, (X, — B)v = R(x 4+ v(z)) into a 4 x 4 system
of equations for ¢, (z) in z € 2 with a parameter z;. Then the new system
of semilinear homological equations for ¢ is written as follows

(E - é)((:pi) = Ei(2>90i(z>)’ Ei(zaw) = (Ejlz(zuw)a"' aEi('zuw)>7

(4.69)
where FZ(z,w) are given by (4.62) and (4.64) and
00 O 0
~ 00 O 0
B=| o0 _p - (4.70)
00 0 —pu

We prepare a lemma.
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Lemma 4.4 Let v > 0 be an irrational number. Let f(z) and w(x) be
smooth solutions of (4.43) and (4.44) in S, respectively satisfying that

£0) = w(0)=0 (4.71)
Vi0) = Vuw(0)=0. (4.72)

We cut off f(x) and w(x) with a smooth function being identically equal to
1 in some neighborhood of the origin and with support contained in a small
neighborhhood of the origin. For the sake of simplicity we denote the modified
functions with the same letter. Let pi(z) and ¥1(z) be defined by (4.45),
(4.46) and (4.47), respectively by the same way as (4.51) and (4.52). Then,
for every o € Zi, we have

090(2,0) =0, Vz = (z1,0) € Q, (4.73)
with © = 4 and © =P

Proof. Because v is an irrational number we can easily see, from (4.43) and
(4.44) that every f(z) and w(x) satisfying (4.71) and (4.72) are flat at the
origin, namely all derivatives 9% f(x), 0%w(x) (o € N*) vanish at the origin
= 0. Let O(2) = ¢i(2), and set f(z) = z1px(za/21, T3]21]", T4|71]"),
x1 # 0. Then we have

0y (a1 f(2)) = 8 pulwa/ar, wslan]”, walaa]”) (4.74)
= x;az ‘xl‘u(a3+a4)6§‘128§‘236?34 (pi(z) ’zlzxg/m,zszg\ml\V,Z3=x4\m1\V . (4.75)

We let x tend to zero so as to satisfy za/x1 = 21, 20 = x3|z1/¥ = 0 and
23 = x4]x1|” = 0. Then we have

02205050+ (21,0,0) = lim o[+ (a7 f(21,25,0,0)) = 0,
(4.76)

because f(z) is flat at the origin. The other cases will be proved similarly.
O

Remark. Let pi(2) € C*(Q) be given. Assume that (4.73) is satisfied for
© = ¢4 up to some finite |a|. Then the function f(x) defined by (4.45) gives
a finitely smooth solution of (4.43) if v is an irrational number. Indeed, the
finite smoothness at x; = 0 follows from the argument of Lemma 4.4.
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In order to solve (4.69) we introduce a function space. Let N > 1 and
k < N be integers. Let 0 < ¢}, < ¢ <1 be a constant. Then we define

Viey = e o (12/17MV (2)) | 4.77
1Vl ZeRS;g%Méw 82 (1217V (2)] (477)

3

V() = O_IVi))2  V(z) = (Vi(2), Va(2), Va(2)).

j=1

The set of all C* functions V(2) such that |V||,y < oo is a Banach space
B,y with the norm ||-[|,.y- Then we have

Lemma 4.5 i) For any integers k > 0 and 0 < ¢ < N, there exists a
constant Cy n > 0 such that

ullee < Crnllullen, VYu € Bin. (4.78)

ii) For every f,qg € By we have fg € By.n and there exists a constant
Ci,n > 0 such that

| falle:n < Cenllfllenllgllen, Yf,g € Bgn. (4.79)

Proof. Because |2'| < 1, we have, for || < k

[#]1910°(|12'[Tu(2)) = |2'*0°(| 12N (=)
= [0 Y &N (1M u(z)) < Cusup [P0 (12N u(2))|
Bty=a

for some C; > 0. This proves i).
In order to prove ii) we have, for |a| < k

10 (12N fo)l < > 0% (1Y )l M o7l
B+y=a
< ol fllesnllglleo < Csll f e llg - (4.80)

Here Cy > 0 and C3 > are constants. This proves ii) . O
Let C' be given by

1 0 0
C=|(0 —p ¢ . (4.81)
0 0 —u



Then we define the operator @ by

QV = —/ €7tBV(6tCZ)dt, V= (‘/17 cee 7‘/21) = ((10;:7 (pgl:a @?I:’ 903:)
0
(4.82)

We can easily see that U = QV gives the solution of (£ — B)U = V. Then
we have

Lemma 4.6 Let the integers k and N satisfy that 0 < k < N — pu and
pu(k+1—N)+k <0. Then there exists Cy n(£2) > 0 such that

1@VIpn < Cen(Q) Vi, YV € B, (4.83)

Proof. First we note that

ez = (elz, e Mz 4+ e ety e zy), (4.84)
e BV = (Wi, Va, (Vs — etVa), e V). (4.85)
Hence we have
V(e'“2) = Vie'z, e (20 + etzs), e 2s)
= e "N (2 +etzg)? + 22NV (€192), (4.86)

where V(¢) = V(¢)/|¢|N. Tt follows that the right-hand side integral of
(4.82) converges, because the growing term e#! in e7*¥ can be absorbed by
e Nt (1 > 0). First we consider the case k = 0. By (4.85) and (4.86) we

have
dt)

e*tBV(etCz)

1 [e.o]
Vlow = _sw (o [
2€R3,0<|2’| < |Z | 0

sup (|z’1|N /000(1 + [e]t)er |V (e'€2)| dt)

2€R3,0< 2’| <c)

1 > _
sup (|z’|N /0 (1 + |e[t)e" TN (2 + |e|tzs)? + 22)N/?

IN

IN

f/(etcz)’ dt) .
(4.87)

On the other hand we note that

|7 (22 + leftzs)® + 23)™2 < [7V(12] + Jeltlzs)™ < (1+ [el)™. (4.88)
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In order to estimate V(¢*Cz) we note the following inequality
e (22 + etzf? + 25)7 < [Z|(1+ [eft)e™ <[] < o, (4.89)
because we have |e| < p. It follows that

]f/(etcz)\ < sup [V (2)]. (4.90)

Z€R3,0< |2’ |<ch

It follows that the right-hand side of (4.87) is estimated in the following way

z€R3,0< 2 |<chy

< sup V(2)] / (14 [e|t)NFterO=Ntar < C||V ||o.n (4.91)
0

for some C' > 0 independent of V. It follows that ||QV |lo.y < C||V .y for
some C > 0.

Next we will estimate the derivative |2/|l*l0%(|2/| =N QV). By Leibnitz rule
it is sufficient to estimate the term |2/[I1{197]2'|7N9*=7(QV), where a@ > .
By simple computations, we have |2/[l*197|2'|~ < Cy]2/|~N*Hel=1 for some
C7 > independent of z’. On the other hand, we have

9N(QV) = _aa—V/ e B ((zg + etzs)® + zg)N/Qe_“Ntf/(etCz)dt
0

= — Z /etB“Ntﬁf((ZQ+5t23)2+z§)N/28aVQV(etCz)dt. (4.92)

BLa—y

We can easily see
|07 (22 + etzs)? + zg)N/Ql < Cy(1 + |e[t)N] |V 1A (4.93)
for some Cy > 0. If we set « — 3 —~v =49, § = (01, d2,3), then we have

D PV (%) = et‘slf“(‘sﬁ‘;‘”’)t(@fl %2 (tDy + 05)%V)(e!92). (4.94)
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It follows that
|12/[ o7~V 0 (QV))

Col2/ |7y / N0 (2 + etza)? + )V
8 0

IN

x |0V (%) | dt
D Dl B R e A
8 0

IN

IN

Co [T I )N,
O lel=la—p—I<k
(4.95)
In order to estimate |2'|€l|(35V)(e!“2)|, we set ¢ = e'“z. Then we have
[2/[F1@EV)(e“2)| = [(e7¢)|4[(8*V)(Q)]
S FVIOI(G + etts)® + ¢V
e (L4 [elt) ¢V < IV lene™ (1 + [el)". (4.96)

IAINA

By assumption we have (1+%k — N)u+|a| < (1+k— N)u+ k < 0. Hence
the right-hand side integral in (4.95) converges. Therefore we see that the
right-hand side of (4.95) can be estimated by C5||V||x.n. O

Proof of Theorem 4.1. By setting oy = QV, (4.69) is equivalent to

V = Ei(z,QV). (4.97)
We define the sequence Vi (7=0,1,2,...) by
VY= Ei(2,0), Vi=Ei(2,QV})— EL(2,0), (4.98)
and

VIt = Be(z V24 4+ V) = Ex(z, V-4 VI, j=12,...
(4.99)

Let the integers k and N satisfy that 0 <k < N —pand pu(k+1—N) +
k < 0. We will show the convergence of » 72 V{. By definition we have
VY = FE.(2,0) = Ui(z). Next we have

1
VI = By(5,QVY) — Ey(2,0) = QV? / Vo By (2, 7QVO)dr.(4.100)
0
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Let ¢ > 0 be a small constant chosen later, and suppose that
Weillky <€, [[VV&|pn <€ (4.101)

Then, by Lemma 4.5 and the definition of V{ we have

ITQVE |k < arlVElkn = il Wllsn < ere’ (4.102)
for some ¢; > 0 independent of V.
In order to estimate |V,Ei (-, TQVY) kN, We set w = (wy,... ,wy) =
TQVY and
],+-1U v
¢=(¢,¢) = ( i w (22+w3)!1+w1! (23 + wa) |1 4wy )

The differentiation 0%(V,, E+(z, TQVY)) consists of terms which are product
of °VWL(¢) (o > ) and the differentiations of w. First, the product of
differentiations of w is bounded by a constant in view of (4.102). On the
other hand, in order to estimate

110° w0y ()] < |2/ PN¢ 17190 e () < |2/1P¢ P [V P s,

we consider |2/[¥I|¢’/|718l. By Lemma 4.2 we see that ws and w, can be
divisable by 22+ 22, respectively. By the smallness of w, the term |2’|I#!|¢"| 714
can be bounded by a constant. Hence, if ¢/ > 0 is sufficiently small, then we
obtain, by the definition of E, (z,w) in (4.69), (4.62) and (4.64),

IVwEx(, 7QV)lkin < cal| VOl < o€’ (4.103)

for some ¢, > 0 independent of ¢ and V..
It follows from (4.100) that

1
Vil < ||QVﬁHk;N/ IVwEx(z, TQVY)|kindr < creze™.
0

In order to show the general case, we assume that ||V7|rn < ¢ cjet!
for 7 =0,1,2,...,k. Then we have

/

k
g
I ZVinN > dae < (4.104)
7=0

C1C2E
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By definition we have
VI = Bi(z, QW2+ + V) = Bi(z,QVP + - -+ VETY

1
= QVJE/ VoEi(z, QV2+ -+ VI £ 7QV)dr. (4.105)
0

By the apriori estimate (4.104) and Lemma 4.4 the substitution in the right-
hand side of (4.105) is well defined. Moreover, by the same argument as in
the proof of (4.103) we see that

VB (2, QVY+ -+ VE) + 7QVE) kv < o€’
It follows from (4.105) that

1
IVE o < QU hovess’ [ dr < ek,
0

Hence we have the estimate of V{ for j = k + 1. It follows that the series
Ve = Z;io Vi converges in By.y and V4 is a solution of (4.97). We note
that, by (4.104) V4 satisfies the estimate ||[Vi|[rny < &'(1 — creee’)™!, and Vi
is divisable by |z/|2.

Next we verify the smallness assumption (4.101) uniformly with respect to
x1 # 0 in some neighborhood of z; = 0. Because the argument is similar we
consider the condition ||V ||y < €’. In view of the definition of ¥, in (4.51)
and (4.52), we estimate xj_le(xl,xlzl,|x1|*”22,|x1|*”z3), (7 = 1,2) and
|21 |V Rj (21, 2121, |21V 20, |21]77), (§ = 3,4) with 21 # 0 close to 0. Because
the argument is similar, we consider the case j = 1. We have

|Z,|‘a| ’a?(|zl|_N\I’i(Z))’ = $1_1|Z,|‘a| }a?(|zl|_NR1(x1,$1217 71| ™" 22, |$1|_VZ3))’ .

(4.106)
By Lemma 4.4 we have that, for every positive integer p, the term
Ry(z1, 2121, 21| 20, |21V 28) |27
is smooth at z = 0. Because
217 = (| |za |71 DP = (la["]2"])7, 2" = (w3, 24),

and |z”| is bounded by the support condition of R;, the negative power
|2/|7" in the right-hand side of (4.106) is absorbed by [Z/|P if p is suffi-
ciently large. On the other hand, if the differentiation 99 is applied to
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Ry(x1, 121, |17V 22, |21 7" 23), then the negative power of |z | appears. These
terms are also uniformly bounded when x; — 0, because there appears pos-
itive power of |z1] from |z/|P. Because all derivatives of R(x) at the origin
vanish, we see that the right-hand side of (4.106) can be made arbtrarily
small if we cut off Rix) in a sufficiently small neighborhood of the origin.
This proves that we have (4.101).

We set pr = QVi € By, and p+(2) = (pL(2), ¥1(2), p1(2), 91 (2)).
The function ¢4 is a solution of (4.69). Then we define v’(x) (j = 1,2,3,4)
by (4.53) and (4.54). For a given integer m, we can easily see that v’(x) is
a C™ function if we take k and N in By, sufficiently large. If we rewrite
(4.69) with the variable z, then we see that v is a solution of (4.39), where the
nonlinear part R is modified by a cutoff function. In order to show that v is a
solution of the original (4.39) we will show the apriori estimate of v. In fact, if
|z +v| < &” for sufficiently small €”, then v is a solution of (4.39). By Lemma
4.6 and the uniform estimate of V4 in z; we know that ¢)(z) is uniformly
bounded in z and . It follows that vy (x) = z1¢L is arbitrarily small if z;
is sufficiently small. Similarly we can show that vy(z) = 22¢? is small by the
estimate of V. On the other hand, we have x3 + v3(z) = x3 + |z1| @2 (2).
Because ¢3. is divisable by |2/|2 and |2/| = |z1]"|2"], by Lemma 4.4 we see
that |z3 4+ v3(z)| < &” uniformly in z;. Similarly we can show the same
estimate for x4 + vy. Therefore we see that v is a solution of (4.39). This
completes the proof.
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