A SEIFERT FIBERED MANIFOLD WITH INFINITELY MANY
KNOT-SURGERY DESCRIPTIONS
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ABSTRACT. Osoinach introduced a way to construct a 3-manifold which can be
obtained by the same integral Dehn surgery on an infinite number of knots in
the 3-sphere. Using it, he gave such a hyperbolic 3-manifold and a toroidal 3-
manifold. In this paper, we give the first example of a Seifert fibered manifold
that can be obtained by the same integral surgery on an infinite number of
hyperbolic knots. Interestingly, most of those knots have no symmetry. This
implies that those knots cannot lie on a genus two Heegaard surface of the
3-sphere.

1. INTRODUCTION

By the famous theorem of Lickorish [23], Wallace [42], any closed connected
orientable 3-manifold M admits a link-surgery description. That is, M can be
obtained by Dehn surgery on some link in the 3-sphere S3. In this paper, we focus
on knot-surgery descriptions. There are some 3-manifolds which have the unique
knot-surgery description. The simplest example is S* x S' [10], and Ghiggini [11]
proved that the Poincaré homology 3-sphere does so by using knot Floer homology
theory. On the other hand, there are several works on 3-manifolds with multiple
knot-surgery descriptions. Lickorish [24] gave the first example of a homology 3-
sphere that is obtained by (—1)-surgery on distinct two knots. Next, Brakes [4]
showed that for any positive number N, there exists a 3-manifold which admits N
knot-surgery descriptions with the same surgery coefficient. Later, various examples
with multiple (finite) knot-surgery descriptions were found in [18, 25, 39].

Problem 3.6(D) of [19] asks if there is a homology 3-sphere (or any 3-manifold)
which can be obtained by the same surgery on an infinite number of distinct knots.
As an answer to this problem, Osoinach [36, 37] introduced a way to construct a
3-manifold that can be obtained by the same integral surgery on an infinitely many
knots in S3. In fact, he gave such a hyperbolic manifold and a toroidal manifold,
that is, a manifold containing an incompressible torus. We note that the surgery
coefficient is zero in his examples.

As a consequence of Thurston’s geometrization conjecture (cf. [7]), the resulting
3-manifold by Dehn surgery on a knot is either hyperbolic, toroidal, a Seifert fibered
manifold, or reducible (see [14]). The last possibility is conjectured not to happen
for hyperbolic knots [13].

The purpose of this paper is to give the first example of a small Seifert fibered
manifold that has infinitely many knot-surgery descriptions. By a small Seifert
fibered manifold, we mean one with orbit manifold S? and just three exceptional
fibers, which is denoted by S?(p1, p2,ps3) when three exceptional fibers have indices
p1,P2,p3 (pi > 2), respectively.
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FiGURE 1

Theorem 1.1. There exists a small Seifert fibered manifold which can be obtained
from an infinite number of knots in S® by the same integral Dehn surgery.

In general, for a knot or link K, an orientation-preserving diffeomorphism f :
S3 — S3 of finite order which leaves K invariant is called a symmetry of K.
Theorem 1.1 is an immediate consequence of the following theorem.

Theorem 1.2. There exist infinitely many hyperbolic knots in S® such that

(1) 4-surgery on them yield the same Seifert fibered manifold of type S*(2,6,7);

(2) they have no symmetry; and

(3) they lie on a genus three Heegaard surface of S, but cannot lie on a genus
two Heegaard surface.

Any knot which admits a small Seifert fibered surgery was expected to lie on
a genus two Heegaard surface of S [15, 26], but Deruelle-Miyazaki-Motegi [8] re-
cently found infinitely many hyperbolic knots which give counterexamples. Their
knots are constructed from the (—3,3,5)-pretzel knot by twisting along some un-
knotted simple closed curve disjoint from the knot, called a “seiferter”, and have
the properties (2) and (3) of Theorem 1.2. However, the surgery coefficients are
not constant, and the resulting small Seifert fibered manifolds, which are of type
S2(3,5, %), are mutually distinct. From this point of view, we might say that our
examples have different nature from those of [8].

For a knot K in S®, the resulting 3-manifold by r-Dehn surgery is denoted by
K(r) as usual.

The author would like to thank the referee for many valuable comments to make
the paper more readable.

2. THE CONSTRUCTION

Let us consider the link L = Ko U Cy U Cy as illustrated in Figure 1. Note that
Ky is 942, which is the Montesinos knot of type (—1/2,1/3,2/5). Clearly, there is
an annulus A between Cy and Cy, which meets K in two points (see Figure 2).

For a non-negative integer n, let K,, be the knot obtained from Ky by twisting
along A n times. That is, consider a bicollar N(4) = A x [0,1] on A. Let f :
N(A) — N(A) be a homeomorphism defined by f((e?,s),t) = ((e??+27) s),1),
where A is parametrized as S* x [0,1] = {(¢?,5) | 0 < 0 < 27,0 < s < 1}. Then
K, is obtained from Ky by replacing Ko N N(A) with f*(Ko N N(A)). The arrow
in Figure 2 indicates the direction of the twist. Equivalently, K, is the image of Ky
after performing (n + 1)/n-surgery on C; and (n — 1)/n-surgery on Cs. (Although
we can use negative integers n, but it suffices to consider non-negative integers n
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FIGURE 3

for our purpose.) On the other hand, there is a once-punctured annulus A’ whose
boundary consists of KogUC; UC, as illustrated in Figure 2. Note that the boundary
slope of A" on Ky is 4, and OA’ defines the same slope on each of N(C;) as 0A.

Proposition 2.1. The resulting manifold K,(4) by 4-surgery on K, does not
depend on n. That is, K,,(4) = Ky(4) for any n.

Proof. This follows from [37, Theorem 2.3]. However, we can easily prove this by
using Kirby calculus (cf. [12]) here.

Figure 3 shows the surgery description of K, (4) after inserting an extra unknot-
ted component with coefficient —1. Note that the coefficients 4, (n + 1)/n and
(n —1)/n on Ky, C; and Cs are changed to 0, 1/n and —1/n, respectively. More
precisely, we should replace the component with coefficient 1/n (resp. —1/n) by
n parallel copies with coefficient 1 (resp. —1). Perform the handle slide as shown
in Figure 4 (indeed, n repetitions of this slide). Since the parallel copy of Ky, the
band as in Figure 4 and C5 are contained in the once-punctured annulus A’, Cy
becomes isotopic to Cp after the sliding operation. Hence K,(4) is the same as
Ko(4). O

Proposition 2.2. For Ky = 942, its 4-surgery yields a Seifert fibered manifold of
type S2(2,6,7).

Proof. This can be seen by the Montesinos trick ([28]). Let us take the quotient by
the strong inversion of S® with an axis A as shown in Figure 5.

Then it is not hard to see that the resulting link is isotopic to the Montesinos
link of type (1/2,—1/6,—2/7). Hence Ky(4) is the double branched cover of S*
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branched over this link, which is a Seifert fibered manifold of type S?(2,6,7) (see
[6])- O

3. HYPERBOLICITY OF THE LINK L

In this section, we will prove that the link L = Ko U C; U Cy of Figure 1 is
hyperbolic. We take advantage of the technique of tangle decomposition. See
[20, 31, 33, 34, 38].

An m-string tangle T, m > 1, is a pair (B, s) where B is a 3-ball and s is a finite
disjoint union of simple closed curves and m properly embedded arcs. We say that
T is essential it 9B —IntN (s) is incompressible and boundary-incompressible in B —
IntN(s). In fact, the boundary-incompressibility follows from the incompressibility
when m > 1. Also, T is atoroidal if B —IntN(s) does not contain a non-peripheral
incompressible torus.
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The pair (S3, L) can be expressed as the union of two 3-string tangles H and T,
where H = (B, h) is the 3-string Hopf tangle and 7' = (B, t). See Figures 6 and 7.

Let a1, @z, ag be the arc components of h. Clearly, (B, a1, a2, as) has a product
structure (D?,p1,p2,p3) x I, where py,ps, ps are points in IntD?. We say that an
annulus in B — h is vertical if it is of the form w X I for some simple closed curve
wC IntD* — {p1;p2ap3}'

Similarly, let the unknotted arc components of ¢ be «},a), and the knotted
component 3. Similar to H, (B,a},ab) has a product structure (D2, p},pb) x I,
where p/,p) are points in IntD?. An annulus in B — t is vertical if it is either of
the form w x I for some simple closed curve w C IntD? — {p},ph}, or parallel to
ON(B)—Int(N(8)NIB), where N (f) is a regular neighborhood of 8 in B—{a}, a4 }.

Lemma 3.1. Both tangles H and T are essential and atoroidal. Furthermore, any
essential (incompressible and non boundary-parallel) annulus in B —h or B —t is
vertical.

Proof. Our tangles H and T coincide with H3 and T3 of [16, p.402]. Hence this
lemma is shown in Lemmas 5.1, 5.2 and 5.3 of [16]. O

Proposition 3.2. The link L = Ky U Cy U (5 is hyperbolic.

Proof. This is equivalent to the conditions that F(L) = S® —IntN (L) is irreducible,
atoroidal, and not a Seifert fibered manifold.

Since Cy has non-zero linking number with each of Ky and C, (after suitably
oriented), L is not a split link, and the exterior E(L) is irreducible. The atoroidality
of E(L) is shown by Lemma 3.1 as follows. Let F' be an essential torus embedded
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in E(L). Let S be the decomposing sphere of the tangle decomposition (S®,L) =
H UT. By an isotopy of F, we may assume that F' intersects S transversely in a
finite number of simple closed curves, and the number of components in F NS is
minimal. Since F' is incompressible and both tangles are essential, each component
of FFNS does not bound a disk on F. Hence the components are mutually parallel
on F. By Lemma 3.1, FNS # (. Thus F intersects H and T in properly embedded
essential annuli, each of which is vertical in B — h or B — t by Lemma 3.1 again.
However, as seen from the labeling in Figure 7, the only possibility is the case where
F is boundary-parallel, a contradiction.

Finally, if E(L) is a Seifert fibered manifold, then each component of the link
must be a torus knot [5]. However, this is not the case, because Ky is not a torus
knot. (For, Ky has unknotting number one. If Kj is a torus knot, then it must be
a trefoil [22], which is absurd.) O

4. HEEGAARD SURFACE

In this section, we prove that our knots can lie on a genus three Heegaard surface
of S3.

Recall that an unknotting tunnel system for a knot K is a collection of disjoint
arcs {t1,...,t,} such that t; N K = 0t; (1 <i < s) and S® —IntN(K Ut  U---Uty)
is a handlebody. Then the tunnel number of K, denoted by t(K), is the minimal
number of arcs required in an unknotting tunnel system for K. It is easy to see
that K can lie on a genus ¢(K) + 1 Heegaard surface of S®.

First, Figure 8 shows the unknotting tunnel ¢ for Ky = 942, hence t(Ky) = 1.
Thus Ky lies on a genus two Heegaard surface of S3.

Proposition 4.1. For any n > 1, K,, can lie on a genus three Heegaard surface of
S3.

Proof. 1t suffices to show that the tunnel number of K, is at most two. Figure
9 shows the unknotting tunnel system {t¢1,t2} for K,, and the deformation of
K, Ut Uts to a standard bouquet. (For simplicity, Ko is drawn there.) a

5. SYMMETRY

The computer experiment using the software SnapPea [43] suggests that our knot
K, is always hyperbolic, and more interestingly, &, has no symmetry whenever n >
1. (We remark that Ky is strongly-invertible.) In this section, we prove a weaker
result that the family {K,} contains infinitely many knots without symmetry by
suitably modifying the arguments of [8].

First, we will show that the link L = Ky U C; U Cy (Figure 1) has no symmetry.

Lemma 5.1. There is no orientation-preserving diffeomorphism f : S® — S3 such
that f(Ko) = Ko, f(Cl) = 02 and f(Cg) = Cl.
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Proof. The sublink KoUC of L is isotopic to the link in Figure 10. By performing
(—1)-twist along Cy, we have an algebraic link, which is the sum of two Mon-
tesinos tangles (see Figure 10). In particular, its double branched cover contains
a separating incompressible torus which derives from the sphere giving the tangle
decomposition.

On the other hand, it can be seen that the sublink Ky U C; changes into the
Montesinos link of type (1/3,—-1/5,—2/5) by performing (—1)-twist along Cs. Its
double branched cover is a Seifert fibered manifold of type S%(3,5,5), which does
not contain a separating incompressible surface [9, 40] (see also [17]).

If there is an orientation-preserving diffeomorphism f on S% which sends K
to itself and exchanges C; and C5, then the two links Ko U C; and Ko U Cs are
equivalent with K invariant. However, this is impossible, because the resulting
links after (—1)-twist along Cy, Cs, respectively, are not equivalent as above. O

Lemma 5.2. The link Ko U C> is not strongly-invertible.
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Proof. Assume that the link Ko U C2 admits a strong inversion f. Take an f-
invariant tubular neighborhood N(C5>) of C2. Then the involution f restricted to
S3 — IntN(Cy) extends to an involution after 1-surgery along Cs (cf. [30]). Since
1-surgery is equivalent to (—1)-twist, this means that the resulting link L' after
(—1)-twist along C5 remains strongly-invertible. This contradicts the fact that the
Montesinos link L' of type (1/3,—1/5,—2/5) is not invertible [3]. (It has the unique
symmetry that is a cyclic period of order two.) O

Proposition 5.3. The link L = Ky U Cy U Cy has no symimetry.

Proof. Assume that L has a symmetry f. Since Ky is knotted and both of C}
and Cy are unknotted, f(Ky) = Kp. According to [21], Ky = 942 has the unique
symmetry that is a strong inversion. Note that f is non-trivial on Ky, because of
the positive solution to the Smith conjecture [1]. Hence f gives the unique strong
inversion of Ky. Furthermore, f(Cy) = Cy and f(C3) = C2 by Lemma 5.1.

Let A denote the axis of f. Then either ANCy £ 0 or ANCy = 0.

First assume A = Cy. Then lk(Ky,C2) = £1 after giving orientation (see Figure
5). But this is impossible, since 1k(Ky, C>) is even as seen from Figure 1.

Thus if ANCy # @, then A meets C5 in two points. Then f reverses an orientation
of Cy. Hence f gives a strong inversion of Ko U C3, which contradicts Lemma 5.2.
Thus we have ANCy = 0.

Let us take an f-invariant tubular neighborhood N(C3) of Cy. Then the invo-
lution f restricted to S® — IntN(Cs) extends to an involution after 1-surgery along
C>. This means that the resulting link L', which is the Montesinos link of type
(1/3,—-1/5,—-2/5), after 1-surgery along C> admits an involution preserving the
components. However, L' has the unique symmetry that is a cyclic period of order
two and exchanges the components [3]. This is a contradiction. g

Proposition 5.4. There is a constant N such that if n > N then K, is hyperbolic
and has no symmetry.

Proof. Let M = S® - L = S§®— KoUC, UC,. By Proposition 3.2, M is a hyperbolic
3-manifold with three cusps. The knot complement S® — K, is obtained from M by
(n +1)/n-filling along Cy and (n —1)/n-filling along C>. By Thurston’s hyperbolic
Dehn surgery theory, there is a constant N such that if n > N then S3 — K, is
hyperbolic and for some € > 0 the only simple closed geodesics of length less than e
in §® — K, are the cores C7 and Cj of the attached solid tori (see [2]). Furthermore,
we may assume that the volume of S® — K, is bigger than that of S®— K, forn > N
([35)])-

Assume that K, has a symmetry f for some n > N. Let N(K,) be an f-
invariant tubular neighborhood of K,. Then we have a periodic diffeomorphism
f:S83—IntN(K,) — S®—IntN(K,). By Mostow’s rigidity theorem, f is homotopic,
and isotopic by [41], to an isometry ¢. Thus ¢(C} U C3) = CT U C;, the union
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of the shortest closed geodesics. Since ¢ preserves a meridian of K, ¢ restricted
to S% — Int(N(K,) U N(C}) U N(C3)) extends to a periodic diffeomorphism ¢ :
S3 —Int(N(CF)UN(C3)) = S* —Int(N(Cy) UN(C3)) such that p(K,,) = K,,.

On the other hand, there is a diffeomorphism A : S — Int(N(C;) U N(Cy)) —
S$3 — Int(N(CY) U N(C3)) induced by twisting along the annulus A n times (see
Figure 2). Note that h(Kp) = K,. Let g = h™to@goh : S —Int(N(C1)UN(Cs)) —
S3 —Int(N(C1) UN(C2)). Then g is periodic and g(Ky) = Ko. Choose (preferred)
meridian-longitude systems (p;, A;) for C; and (uf, Af) for Cf for i = 1,2. Here, we
can choose their orientations such that lk(u;, A;) = 1 and lk(pf, A¥) =1 fori =1,2.
Then 0ANON(C;) = p; + As in Hi (ON(C;)). Hence we may suppose that

h(pa) = (L =n)pi —nA7,  h(A) =npi + (0 + DAY,
h(pz) = (L+n)ps +nA3,  h(Ay) = (=n)ps + (1 —n)As.
The argument is divided into two cases.

Case 1. p(CF)=Cf fori=1,2.

In this case, @(uf) = e;uf and @(AF) = ;A for some ¢; € {1,—1}, since @
is orientation-preserving. Then a simple calculation shows that g(u;) = e;u; for
i = 1,2. Hence g can be extended to a periodic diffeomorphism over S? leaving K,
C1, C5 invariant, respectively. This means that the link L = Ky U C; U Cy admits
a symmetry, contradicting Proposition 5.3.

Case 2. p(CT) =C5 and o(C3) = Cf.

Then @(uy) = e1p3, P(AT) = e1A3, @(u3) = e2pi and 9(A3) = e2A] for some
e1,e2 € {1,—1}. A similar calculation shows that g(u1) = €1((1 — 2n)pus — 2nAz)
and g(p2) = e2((1+ 2n)p1 + 2nA1). By twisting along the annulus A 2n times, we
see that (5%, Kj) is equivalent to (S3, Ks,), a contradiction. O

6. PROOF OF THEOREM 1.2 AND QUESTIONS

Proof of Theorem 1.2. By Proposition 5.4, there is a constant N such that if n > N
then K, is hyperbolic and has no symmetry. By Proposition 4.1, K,, can lie on a
genus three Heegaard surface of S®. If K, lies on a genus two Heegaard surface,
then either it has a cyclic period of order two or it is strongly-invertible (cf. [8]). For
any n, 4-surgery on K, yields the same Seifert fibered manifold of type S%(2,6,7)
by Propositions 2.1 and 2.2. Finally, the volume of S® — K,, increases monotonically
to the volume of S® — L for n large enough ([35]). Thus the family {K,} contains
infinitely many distinct knots that satisfy the required properties. O

Remark 6.1. Takuji Nakamura [32] informed that K, can be shown to be fibered
and have genus 2n + 2 by finding a suitable Seifert surface.

As a starting point, we can use the link illustrated in Figure 11. Similar to
our previous knot, 4-surgery on Ky, hence on K,, for any n > 0, yields the same
Seifert fibered manifold of type S%(3,4,8) in this case. The computer experiment
by SnapPea suggests that K, has no symmetry if n > 1. Although we have one
more candidate for Ky with such property, it is not definite that there are infinitely
many such knots, and that there are infinitely many small Seifert fibered manifolds
with infinitely many knot-surgery descriptions.

We close this paper with the following questions.

Question 6.2. Does there exist a lens space that can be obtained by the same
surgery on an infinite number of knots?

Probably, the answer is negative.

Question 6.3. Does there exist a 3-manifold that can be obtained by the same
non-integral surgery on an infinite number of knots?
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It is known that for a given NV > 1, there exists a 3-manifold that is obtained by

the same non-integral surgery on N mutually distinct hyperbolic knots [18].

Assume that r-surgery on a knot K yields a Seifert fibered manifold. If there

exists an unknotted simple closed curve C' disjoint from K which becomes a fiber

in

K(r), then C is called a seiferter [8]. (The idea of seiferter has already been

appeared in [27].) It is expected that a seiferter always exists for any Seifert surgery,
but we could not find a seiferter for 4-surgery on K, when n > 1.

Q
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13.

14.

15.

16.

uestion 6.4. Does there exist a seiferter for 4-surgery on K, when n > 1?7
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