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1 Introduction

Thema Inference on Bernoulli trial
Data Xi,---.,X,

Assumptions
Al. Xi,---,X, : independent
A2. Pr{X; =1} =1-Pr{X; =0} =p (0<p<1)

1.1 Binomial test

Null hypothesis

Hy:p=po (aspecified number)

Test statistic
i=1

Null distribution Under H
T~ B(”a pO)a

Pr{T =k} = qo(k) := n k>!p§(1 —po)"™" (k=0,1,---,n)

kl(n —

a. One-sided upper-tail test

Hy:p=py versus Hy : p > pg

n

T > b, = Reject Hy, b, = min{k : qu(k) < a}

j=k
Randomized test
In the case of ag = Pr{T > b,} < «a.
Let U : uniform random variable on (0, 1).
T>b, = Reject
or
a — (o .
T=b,—1land U < —— = Reject
QO(ba - 1) )



The P—value
Let ¢ : observed value
Pr{B >t} is called “P-value”, B ~ B(n,pg)

b. One-sided lower-tail test

Hy :p=py versus Hy : p < pg

T < co, = Reject Hy, c,= max{k: : qo(k) < oc}

<.
I x>
o

c. Two—sided test

Hy : p=pg versus Hs : p # py
T > by, or T < c,, = Reject Hy, a1+ ay=a
Large—sample approximation

T —
TF— - ™o 4, N(0,1)
npo(1 — po)

T" >z, = Reject (one-sided upper—tail test)
T < -2, = Reject (one-sided lower—tail test)
|T*| > 2072 = Reject (Tow-sided test)

2o upper 100« percent point of N(0,1)

1.2 Point estimation

Estimator

1 1
p=-T=—#{i:X;=1,1<i<n}
n

n
Properties
E[p] =p (unbiased estimator)
Var[p] = %p(l —p)

VP =P) 4 N0 1) (n— o)

1.3 Interval estimation
Define
{pL(k;O‘)}k:o,L...,n and {pU(k;a)}k:O,l,m,n



such that

pr(k;a) <pu(k;a) (k=0,1,--- n)
k;a) <

pr(k; pe(k+ 1), pu(kia) <pu(k+La) (k=0,1,---,n—1)
n! & &

k:pr (k;0) <p<py (k;c)

=
Pri{pr(Tia) <p<pu(T;a)} 21 —a forallp
Confidence interval
[pr(T; ), pu(T;a)] : 1 — « confidence interval for p
Large—sample approximation
R p(1 — p)71/2 R (1 — p)71/2
pL(T; Oé) =D = Za/2 [W] ) pU(Ta Oé) =p+ )2 [u}

lim Pr{p,(T;0) <p <py(Ti;a)}=1—-«a
n—oo

2 The One-Sample Location Problem

Thema Inferences on the location

Two types of data
e paired replicates data — “pretreatment” and “posttreatment”

e one—sample data

2.1 Paired replicates analyses by way of signed ranks

Data
Subject ¢+ X, Y]
1 X1 N
2 Xy Yo
n X, Y,




Assumptions

Z1,+++ , 4, : independent

A2. Let F(t) =Pr{Z <t} (i=1,--,n).

F; is continuous and
F,0+t)+ F;(0—t)=1, foreveryt (i=1,---,n)
Note 6 is the median which is referred as the treatment effect

2.1.1 A distribution—free signed rank test (Wilcoxon)
Null hypothesis

HO :0=0
Test statistic
77[}‘ - 1, (Z,L > 0)
v 0, (ZZ < 0)
R; : the rank of |71, - ,|Z,| ordered from least to greatest

= Tt= Z R;; © Wilcoxon signed rank statistic

i=1
Null distribution Let
Vi,---,V, : independent random variables

Pr{Vi =i} =Pr{Vi =0} = > (i=1n)

n
= T~ Z V; same distribution = distribution free (not depend on F;)
i=1

0 =0=|Z|, | Zal o1, by : independent
Define I;,--- , I, by

= (I, - ,I,),%1, - , 1, : independent
bj=0o0rl(j=1,---,n).



Sy, : set of all permutations of (1,2,---,n).

Pr{¢fl - bl’ T 7¢In - bn}

- Z Pr{l/}h:bh”'71/)In:bn7(-[17"'7]71):(817"'

(517"' 15n)€Sn

— Z Pr{thy, = by, s, =bp, (I, , I,) = (s1, -

(51, ,5n)€Sn
n

= Y (L L) = (s ,sn>}(HPr{¢si = m})

(51,7 ,5n)€Sn

= Pr{(ll,"',]n):(sl’...78n)}(%>n:(%>"

(513“' 7STL)€STL

Yr,, -+, ¢ independent,

Pri{y, =0} =Pr{yy, =1} =5 (=1, ,n)

NO| —

Define
‘/}:wfjj (]Zlvvn)

Then V; - -+, V, : independent, Pr{V; = 0} = Pr{V; = j} = 3,
oSy,
=1

Three types of test
a. One-sided upper-tail test

Hy:0=0versus H; : 0 >0

T+ >t, = Reject Hy, t, — min {k : Pr{Zm > k} <

=1

b. One-sided lower-tail test

Hy:0=0versus Hy: 6 <0

n(n+1)
2

T < —t, = Reject Hy,

c. Two—sided test

Hy:0=0versus Hy : 0 # 0
n(n+1)

TT >taporTT < 5

—ta2 = Reject Hy,

}



Large—sample approximation

Under H,
BT+ = n(n4+ 1)’ Var[T+] = n(n + 12)512n +1)
- T BT 45 N(0,1) (n— )
Var[T]

T* >z, = Reject (one-sided upper—tail test)
T" < —z, = Reject (one-sided lower-tail test)
|T"| > 2072 = Reject (Tow-sided test)

2o » upper 100« percent point of N(0,1)

Lemma (Lindeberg)
{X, }n=12.. : sequence of independent random variables
E[X,] =0,E[X?] =02 < 0

n

1
lim — E / 2?*dFj(x) =0 foralle >0
|z|>€esn

n—oo §

"X,
zjﬂ; LN N(0,1),
Sn

where

2
n
K j=1

Let X; = V; — E[V;]. Then Pr(X; = —1) =Pr(X; = 1) = L.

. .2 . 2 2
J J J J
EVil =3 o} = Var[Vj] = 5 <§> =7
1)(2 1
s2 = Var[T"] = nnt 1@n+1)
24
J
i P bn 50 (n— o)
Sn| T 28, (n+1)2n+1)
Hence
dn. s.t. n>n. = 2?dFj(z) = 0,

|z|>esn

which leads that the Lindeberg condition holds.

Testing equality to the specified value

Hy: 0 =10y (specified value)



Test statistic

o 1, (Zz > 00)
wi B {0, (Zz < 90)

R; : the rank of |Z; — 6|, --- ,|Z, — 6y| ordered from least to greatest
= Tt = Z R;v; : Wilcoxon signed rank statistic
i=1
2.1.2 An estimator associated with Wilcoxon’s signed rank statistic
(Hodges—Lehmann)

Derivation Choose the value of 6y such that Hy : 0 = 6, is least significant, that is

A 1
6 — argmin M‘ |
9o 4

T, : test statistic for testing “0 = 6"

Ty —

Estimator
A Zi + Z; o
9:median{ + 1 1<i< §n}
Zi+ 7
WO <. <« WM . ordered values of %
1 ~
M:M:2k+1z>ezw(k+l)
~ W®E L+
M =2k = 6= +2
to
1
/X\ 90<Z(1)<Z(2)---<Z(n):>T0+:n(n—+)
Zi4+ 7 2
iT4
2 Z(n)<90$T+:0
Ty =T, —1

2.1.3 A distribution—free confidence interval based on Wilcoxon’s signed
rank test (Tukey)

Derivation Collect 8y such that the two sided test for
Hy: 0 =0y versus Hs : 0 £ 0,

does not reject.

Confidence interval
1
Ca:@—k]—_ta/?,

0; = W(C”), Oy = WMHL=Ca _ 11/ (tay2)
=
Pro{0, <0 <0y} =1—aforall

7



Large—sample approximation

Co =

— Za/2

4

2.2 Paired replicates analyses by way of signs

Data
Subject ¢ X; Y;
1 X1 Y
2 Xo Y5
n X, Y,
Assumptions

Zy, -+, 4y ¢ independent

B2.

N —

2.2.1 A distribution—free signed test (Fisher)
Null hypothesis

Test statistic

- 1, (ZZ > 0)
i = {0, (Z; < 0)

= B= Z v; : Fisher’s signed statistic

=1

Null distribution

L nn+1) {n(n+1)(2n+1)}1/2



Three types of test
a. One-sided upper-tail test

Hy:0=0versus H; : 0 >0

" n! 1\~
B> by, = Reject Hy, by =mindk: —(-) <
> eject Hy mln{ ;z!(n—z)! 5 a}

b. One-sided lower-tail test

Hy:0=0versus Hy : 6 <0
B <n—b, = Reject Hy,

c. Two—sided test

Hy:0=0versus H3: 0 #0
B > by or B <n —ty,2= Reject Hy,

Large—sample approximation
Under H,

E[B] = g Var[B] =

B*:B—}—>N(O,1) (n — 00)

\/ Var|B|

B* >z, = Reject (one-sided upper-tail test)
B* < —z, = Reject (one-sided lower-tail test)
|B*| > 242 = Reject (Tow-sided test)

2o upper 100« percent point of N(0,1)

Testing equality to the specified value
HO 10 = (90

Test statistic

2.2.2 An estimator associated with the sign statistic(Hodges—Lehmann)

Derivation Choose the value of 8y such that Hy : 0 = 6, is least significant, that is

A n
0 = argmin‘Bo — —‘ ,
0o 2

By : test statistic for testing “ 6 = 6y ”



Estimator
0 = median{Zi 1< < n}

2.2.3 A distribution—free confidential interval based on the sign test (Thomp-
son, Savur)

Derivation Collect 6y such that the two—sided test for
Hy: 0 =0y versus Hs : 0 £ 0,

does not reject.

Confidence interval

Ca=n+1—ba/2

Zay < Zg) < -+ < Zy : ordered statistics of Zy,---,Z,
0= 2.y, v =2,
=

Pr9{9L<0<9U}:1—afor all 6

Large—sample approximation

2.3 One—sample data
Data

Xla"' aXn

Assumptions

Cl. Xy,---,X, : independent
C2. Let Fi(t) =Pr{X; <t} (i=1,---,n).

F; is continuous and
F@+t)+F(@—t)=1, foreveryt (n=1,---,n)
2.3.1 A distribution—free signed rank test
Null hypothesis
Hy:0 =86,
Define
Zi=X;—6y (i=1,---,n)

The same procedure as §2.1.1 can be used.

10



2.3.2 An estimator based on the signed rank test

The same procedure as §2.1.2 can be used

2.3.3 A distribution free confidential interval based on the signed rank test

The same procedure as §2.1.3 can be used.

2.4 Procedures based on the sign statistic

Data
X17 e 7Xn
Assumptions
D1.
Xq,---, X, : independent
D2.
1
Pr{X; <0} =Pr{X; > 0} = 5 (n=1,---,n)

Define

ZZ:Xl—eo (Z:L,n)

Procedures The same procedures in §2.2 can be used for testing problem, point esti-
mation and interval estimation.

3 The Two—Sample Location Problem

Data
Xl)"' 7Xma}/1>"' 7Yn
Assumptions
Al. Xy,---,X,, : arandom sample from population 1
Yy, -+, Y, : arandom sample from population 2
that is

Xq,++, X, ii.d. (independent and identically distributed)
Yi,---,Y, : iid. (independent and identically distributed)

A2, (Xq,--+, Xm), (Y1, -+ ,Y,) : independent

A3. Population distribution functions of 1 (F'(t)) and 2 (G(t))are continuous.

11



Null hypothesis
Hy: F(t) = G(t) for all ¢
F(t)=Pr{X; <t}, G(t)=Pr{Yy; <t}

Alternative hypothesis(Assumption)
H:G(t)=F(t—-A)
Under H
S X 4 A X+ ALY Y i,

F : control (XfHEEE)
G : case (MLEFRE)

A : treatment effect

3.1 A distribution—free rank sum test (Wilcoxon, Mann and
Whitney)

Testing problems

H1 : A >0

Hy: A=0versus { Hy: A <0

H3 :A 7é 0
Derivation
Under H,

X1, X, Yo, oo Yo s idid,

Test statistic

S;: rank of Y in { Xy, , X, Y1, -+ Yo}

Null distribution

8, : set of subsets of {1,2,--- N} (N =m +n) of size n
=

{S1,-++,Sn} is uniformly distributed random set on 8, x

Example m =4,n =3
( {1,2,3},{1,2,4},{1,2,5},{1,2,6},{1,2,7},{1,3,4},{1, 3, 5},\

{1,3,6},{1,3,7},{1,4,5},{1,4,6},{1,4,7},{1,5,6},{1,5,7},

Si7 =14 {1,6,7},{2,3,4},{2,3,5},{2,3,6},{2,3,7},{2,4,5},{2, 4,6},
{2,4,7},{2,5,6},{2,5,7},{2,6,7},{3,4,5},{3,4,6},{3,4, 7},
[ {3:5,6},{3,5,7},{3,6,7},{4,5,6},{4,5,7},{4,6,7},{5,6,7} |

12



w 61 71890101112 13]14115116] 1718
_ T T 2 3 4 4 5 4 4 3 2 T T
Pr{iW=w} |5 %55 |% % |3 |3 3|3 |%|%| %

Three types of test
a. One-sided upper-tail test

Hy: A =0versus H : A >0
W > w, = Reject Hy,

b. One-sided lower-tail test

Hy: A =0versus Hy : A <0
W< n(m+n+1)—w, = Reject H,

c. Two—sided test

Hy: A =0versus Hy : A #0

W > wqj or W <n(m+n+1) —wa2 = Reject Hy,

Large—sample approximation
Under H,

E[W] = M7 Varo[IW] =

mn(m+n+ 1)

2 12
we= WZEW] 4 0 1) (0 o0)

/ Varg[W]

W* >z, = Reject (one—sided upper—tail test)
W* < -z, = Reject (one-sided lower-tail test)

(W*| > zay2 = Reject (Tow-sided test)
Zo : upper 100« percent point of N(0,1)

Proof

J1 i<y
or,y) = 0 otherwise

13




R(Y;) : rank of Y]

=Z¢<Xi,lfj>+2¢m Yj)+1
W= 6(X.Y] +ZZ¢

j=1 i=1 =1 =1
n n B 1
> ¢(3?'73?)=0+1+---+n—1:”(”2 )
Jj=1j=1
EU] =Y Y EB(X.V), XY'XF
i=1 j=1

E[p(X,Y)] = Ey[o(X, Y)[Y] = Ey[F(Y)] =

F(Y) ~ U(0,1) Uniform distribution
_mn_ nn+1) nm+n+1)
2 2 2

1
2

VarlU] =3 0% % 0> Cov[p(Xi, 5), ¢(Xir, Ye)]

i=1 i'=1 j=1 j'=1

Ifi#d,j#j

COV[qb(Xla Y}) ¢(Xi’7 )/;/>] =0
Ifi#d,j=4

Cov[p(Xi, Y)), o(Xir, Yj)] = E[¢(X;, Y))o(Xwr, Yj)] — E[¢(X;,Y))] - E[¢(Xy, Y))]

1

= EXi,XjE[Qb(XwY})(b( i’y ])‘X’HX } 4

= Ey, x, [Pr{max{X;, X;} <Y|X;, Xys}] — i

=Ex, x, [min{l - F(X;),1 - F(Xy)}] - i = % — ;1 = 1—12
Ifi=i,j#

Covip(X;,Y;), o(X;, Y] = 1—12 similarly as above
Ifi=4d,5=4

»Jkli—‘
1 =

CovlB(X.,Y;), 6(Xs, Y3)] = Blo(X, Y;)7] — ; = Elo(X;, ¥})] -

m (L= 5i)s Gl —8i0) Gl
Var[U]:‘ ZZZ{( 12)].7 + (12 ]])+ 4.7]}

n n

1_122222{5]] +5u ‘|‘5”5“}_ mn+mn +mn) n<m1—;n+1)

14



Theorem (CLT for a general Mann—Whittney statistic)

Assume
X, X itad., Yy, Y, sdad.
(X1, X)), (Yl,--- ,Y,,) : independent
E[p(X;,Y;)] =0, Var[p(X;,Y;)] =0* < .
Let
1 m n
U=—> > #lX.Y))
i=1 j=1
If
lim — =dpyg, lim — = dpgy;
N—oco m
then

d
VNU —= N(0,02), 07 = p1ois+ poogy
where N = m + n, and

oty = Varx[E[p(X,Y)|X]], o5, = Vary [E[p(X,Y)|Y]]

Proof
Let
, 1 1<
U == ouX)+=> ealty),
i=1 =1
e10(z) = E[p(z,Y)],  wo(y) = E[p(X,y)].
Then
* 2 1 2
Var[U*] = —o7 + Egop
VNU* -4 N(0,02)
1 1 1
Var[U] = EUfo + 5031 + %(02 — 050 — o)
L1 1
Cov[U,U*| = EU%O + 50(2)1.
Hence

E[N(U — U*)?] = N{Var[U] — 2Cov[U, U*] + Var[U*]}
_ (02—0%0 o2)—=0 = VNU-U) 0.

mn

VNU = VNU* + {VNU - U")} -5 N(0,0?)

15



3.2 An estimator associated with Wilcoxon’s rank sum statistic
(Hodges—Lehmann)

Testing equality to the specified value
Hy: A = Aq (specified value)
Let
Sij(Ag) : rank of Y; — Agin {Xy, -+, X,, Y1 — Ag, -+, Y, — A}

Two—sided test
Hy versus Hsz: A # A

W(Ay) = ZS]-(AO) > Wap or W <n(m+n+1) —wa2 = Reject Hy

J=1

Derivation Choose the value of A such that Hy : A = A is least significant, that is

. 1
A = argmin, (W(Ag) — w

Estimator

~

A = median{(Y; — X;);i=1,--- ,m;j=1,--- ,n}

iR (n+1)

W(Ao) = ZZ¢(X1‘7Y; — Qo) + HT

i=1 j=1

3.3 A distribution-free confidence interval based on Wilcoxon’s
rank sum test (Moses)

Derivation Collect Ay such that the two—sided test for
Hy: A= Aqversus Hy : A # A

does not reject.

Confidence interval

2 1
RCLATEE N

Uny < Up) < -++ < Upy : ordered statistic of
{(Vj=Xi)yi=1,-- myj=1,--,n}
AL =Uc.), Av=Unnti—(cn)
=
P;r{AL <A <Ay}=1-—aforall A.

16



Large—sample approximation

L mn(m+n—+ 1) "
a5 — Za .
2 /2 12

4 The Two—Sample Dispersion Problem and Other
Two—Sample Problems

Data
Xl)"' 7Xm7}/17"' 7Yn
Assumptions
Al. Xy, ---,X,, : arandom sample from continuous population 1
Yi,---,Y, : arandom sample from continuous population 2
that is

Xi,++, X, : ii.d. (independent and identically distributed)
Yi,---,Y, : iid. (independent and identically distributed)

A2 (X4, -+, X)), (Yr,--+Y,) : independent

4.1 A distribution—free rank test for dispersion—case of equal
medians (Ansari—Bradley)

Null hypothesis
F, G : the distribution functions corresponding to population 1 and 2.

Hy: F(t) = G(t), for every t

Alternative hypothesis (Assumption)

H:F(t):H(t_el) and G(t):H(t—QQ)

Ui 2

Additional assumption
A3. 0, =6,

Testing problems
H1 . ’)/2 > 1
Hy:v=1versus { Hy: v <1,
Hs:~*#1
where
T
T2

17



Test statistic

n

C=>5;

j=1
N +1 N+1

5= _‘ 1

R;: rank of Y in {Xy, -+, X, Y1, - Y, },

N=m+n

Note

N

Rjg ;_ = Sj:Rj
N+1

Rj>T+ = S=N+1-R,

Three types of test
a. One-sided upper-tail test

Hy:~v* =1 versus H : 7y* > 1
C > ¢, = Reject Hy,

b. One-sided lower-tail test

Hy:~*=1versus Hy : 72 < 1
C <lc1—a — 1] = Reject H,,

c. Two—sided test

Hy:~v* =1 versus Hy : v* # 1
C > cqyp or C < [c1_a/2 — 1] = Reject Hy,

Null distribution

(S1,+-+,S,) : random sample of n integers from

{1,2,--- 5,8 8 —1,--. 1} (N :even)
{1’2’...’_+1 M_l’...J} (N :odd )

without replacement

Lemma
(X1,--+,X,) : random sample of size n from finite population
H - <a17a27“' 7aN)

without replacement.

1

X =- X;

n <
7j=1



Proof.
L (N-D(N=2) - (N—nt1) 1
P =al=—Fm-0  -ntD) N
N
1
= B[Xj] = p, Var[Xj] = BX]] =" = & Y al—pt=o’
j=1
(N=2)---(N=n+1) 1
P - = = =
X=X =} = SN T NSt NN D)
1 /en 2 ITen, 1
F( o) gty a
k=1 k=1 m
(i#7)=
E[X;X]] ! > wa L Np? — (o +p?) p = p® — !
I N(N—1)k¢m’“m N-1 N-1
_ ] &
E[X]=EZE[XJ]=M
j=1
. 1 & 1 n(n—1)
X == X+ = Xi, Xj] = —0* - 2
Var[X] HQJ;Var[ ]—FnQ;COV[ ir X o nQ(N—l)U
Case of N : even
N/2
2 ~ n(N+2)
BolCl= 5D k==
k=1
Vangfc] = " =) ENZ/QkQ_<N+2>2 ~ mn(N —2)(N +2)
T TN TT AN & 1 T BN
Case of N : odd
~ n(N+41)?
EO[C]_T
mn(N +1)(3 + N?)
Vary[C] = BN

19



Large—sample approximation

_ C-EC]
N Var[C]

c* — N(0,1) (m,n — o0)

. Under Hy

FLY), o FU(Ya), FU(X0), o P () (0, 1)
( uniform distribution on (0, 1))
The following theorem can be applied since
n(N+1 N+2 2R;
f— — 1 —
€= 2|

Theorem (CLT for a general rank statistic) Let

Ul; e 7Un7 Un+17 Ty Um+n z}\fl u(()? ]-)
R; : rank of U;

N
SN:;C@(NB—E >>

N =m+n,

¢ : Lipschitz continuous function on [0, 1] which is not constant

If
(AN ()2 N
. max;(c; M) _ 1 (N)
lim : =0 (™M =— ¢ )
oo SR (e — )2 (=5 Z )
Then
—E
Sv — ElSy] N(0,1) (N — o)
Var[Sy]
Proof
Define
N
Tn =Y dig(Ui), di=c" -

i=1

Then
Ty — E[T
(1) v BN (o, 1)
Var[Ty]
Var[SN — TN]

2
2) Var[Ty] 0
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Sy —E[Sy] Tw —E[Tn] »
Var [SN] Var [TN]

(3)

when (N — 00).
Proof of (1)

g(t) :=log E[exp(ito(U;))] = iut — gaz +e(t)t?
(1) = 3 {o"(00) — "0} (0<0<1)

p=Elo(U)] = g/(0). o* = Varlp(U))] = —4"(0)

1
TN—E[TN]>] | i“f( d;t ) 22
j=1 Zﬁvldi Z] L 4

Var[Ty| 2
5( d;t )
Sl

log E {exp <

—0

< max
J

2
j=1"j

Proof of (3)

L = {X : random variable such that E[X]| = 0, Var[X] < co}
— Cov[X,Y]: an inner product on the linear space £

. (SN —E[Sy]  Twn —E[TN]>2
VVar[Sy]  \/Var[Ty]

_Jg (SN—E[SN] Sy — E[SN] SN—E[SN] _TN—E[TN])2
- v/ Var[Sy] \/m /Var[Ty] /Vat[Tn]

|/ Var[Ty] — /Var[Sy]| Var[Sy — T] Var[Sy — T]
= Var[Ty] * Var[Ty] =2 Var[Ty]

}1/2

Proof of (2)

(2-1) Uilpy=i,ro=j ~ Utlpy=i (i # j)

(2-2) COV[¢<NRJi1>’¢(U2)] - N pCov [¢<NR1 1) Cb(Ul)}

29 or[o(77) o ()] = e ()
arjoy — 4N Var|d( 5 —olth)
) - v[ir[TN]T - {N]i 1 ’ \(/ar[cb%Ul)] | N - 1}

(2-5) Var [¢<NRJi 1) - ¢(U1)] =0
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Proof of (2-1)
b . . jlk!
Formula - /a (u—a)(b—u)f = (b—a)+h! GTRED

Ifi<y
. ) 1
PI‘{Rl :Z,RQ :j} = m

Pr{U; <t|Ry =1i,Ry = j}
- 1 (N —2)!
CP(Ri=0, Ry =) (i - DI —i— DN —j)!
Pr{Us < Uy, U1 < Uy, Uy < Ussa, -+ ,Ujy < Us, Uy < Ujiy, -+, U, Uy <t}

NI I - y
T =D —i— DN —j)! /0 {/ i g~ L ) de}dul

N' ! i—1 N—i
R
PI‘{Ul §t|R1:Z}
(N — 1)
.(i_l)'(N_i)'PI'{UQ<U1,...,Ui<U1,U1<Ui+1,...7U1<UN,U1St}

N! ! i— —i
- (z’—l)!(N—z')!/O ui (1= ) e,

Similarly,
PI{UQ S t|R1 = i, R2 = ]}
B 1 (N —2)!
- Pr{Ry =4, Ry =j} (i — 1)!(j —i — 1)I(N — j)!
'PT{Us <Up,- JUipn <UL Uy < Uggo, - Ujmy < U, Uy < Uy, -+ U, Us St}
N! i1 i1 N—j
= oG =i = IV = j)!E[1U2§t7U1<U2U1 (U2 = U (1= Up) "]
= — . ].V! : /t{/uz T (U — w1 - UQ)N_de1}dU2
(i = DG —i—= DN =)o 0
ok /t 171 — ug)N T duy = Pr{U, < t|Ry = j}
G DI =gy = 0 T R
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Proof of (2-2)

v) = ¢(ﬁ) h %Z;(b(]vll)
Cov [gb(NR_i 1),¢(U2)] = EW(Rl)ﬁﬁ(U?)]

S L.
i#]

_ m S W()E[¢(Uz)|Re = j]
1#]

_ m{éw(i)}{éﬂﬂ%)‘& = ﬂ}
Lo

- N =T ;¢(¢)E[¢(U2)}Rg = i]

Proof of (2-3)

Cov[qb(NRil),qb( 1 )} — E[¢(Ry), %(Ry)]

Proof of (2-4)

Cov[t(R1) — ¢(Uh), ¥ (R2) — d(Us)] = Cov[th(Rr), ¥ (Ra)] — 2Cov[Y)(Ry), ¢(Us)]
- —#{Var[wml)] ~ 2Covly(R), 6(U)]}

N 1
Var[Sy — Tn] = Z dVar[yp(R;) — p(Us)] + > did;Cov[ip(Ri) — ¢(Us), (R;) — $(U;)]

i#]

(Z )| g {vator)] - 20, o)} + Varlo(w]

Var(Ty] — (Z & ) Varlofh)
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Proof of (2-5)

N! i=1(1 _ o \N—i
Var[U)| R, = j] = E[U?|R, = j] — E[Ui|R: = j]?
~ N (G + DN =) ( N j!(N—j)!>2
G-V =) (N 2)! (= DN =) (N+1)!
N +1—7) .
= NI DAV 12 (Formula in page 22)

{6 () - ot} ] = & S B[{ol(h) - owa) | =]

A2l ) o)

/Iu—]vjﬂ|>e{¢<NL;k1> - ¢(“)}2fU1|Rlzj(u)du]

)<5|R1:j}+MPr{‘U1—N‘11‘ >5|R1:j}}

A
2|~
[]=

S

ml\')

7
—

S

|
=
+

1 Ny, M 1 , M j(N+1-))
<NZ{D€ +§Var[U1|R1—]]}—NZ{D5 +5_2(N+1)2(N+2)}

B 1 2N +1 o, M
= be +§{2(N+2) _6(N+1)(z\f+2)}_D€ +6€2(N+1)

S[{o(yin) o} <o r (4= \5wem)

4.2 An asymptotically distribution—free test for dispersion based
on the Jackknife-medians not necessarily equal (Miller)

Assumptions

Al. Xy, ---,X,, : arandom sample from continuous population 1
Y1, .-+, Y, : arandom sample from continuous population 2
that is

Xq,++, X, ii.d. (independent and identically distributed)
Yi,---,Y, : iid. (independent and identically distributed)

A2, (Xq,--+, Xm), (Y1, -+ ,Y,) : independent
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Further hypothesis (Assumption)
t—6,
m

H:F(t):]-]( )andG(t):H<

Additional assumption
A4. H has finite fourth moment.

t— 0,
2

Procedure
L= X (X, — X;)?
X, = § — D? = § : ’ =1,2
! ‘m —1’ E < m—2 (i T
s#i sF#£i
.« Y (Y; —Y))
Y. = E? = J =1

Test statistic
A—B
vVi+V,

a. One-sided upper-tail test

Hy:v*=1versus H; : 72 > 1
Q > 2z, = Reject Hy,

b. One-sided lower-tail test

Hy:~*=1versus Hy : 72 < 1
Q < —z, = Reject Hy,

25
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c. Two—sided test

Hy:~7* =1 versus Hy: v* # 1
|Q| > zaj2 = Reject Hy,

Jackknife technique

Xi,-, X, " F, E[Xy] = p, Var[Xy] = o2
én . an estimator based on Xy, -+, X,

éﬁﬁl . the estimator based on Xy, -+, X; 1, Xiy1,---, X,
Oni = nb, — (n — 1)9521 . jackknife pseudo—value

Tukey’s conjecture

(A1) O,q,- -

,HNn,n can be vied as an i.7.d. sample
(A2) Var[f,,] ~ Var[\/nb,]

Jackknife estimator

i=1 j=1
. Jackknife variance estimator for Var[f,]

Case of a smooth function of the sample mean

Xy, X, RN F, BX] = p, Var[X

]:
_ 1 <&

0, = h(X,), h:C®-l —
(Xn), class , n;

Zn = /n(X, — ) — N(0,0%) central limit theorem
1

(
h(u + _nZ"> = h(p) + %h’(u)Zn + %h"(u)zg +
VI{R(X) = ()} = B () Zo + D (1) 22 + -

2\/— S N[0> {h/(U)}202]
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Bias of the jackknife estimator

S -1 (i i
X, = 20X ox = X0 (X - X))
1 1 _
. i - B i Z(l) Z(Z) —v/n—1 Yo
H+ P + n(Xl 1) =1 —1 1 n—1 n (X5li — 1)
_ ) 1 i 1 1 i
h(Xn) - h(:u) + h (M){ \/mzn—l + (Xz - :u) - 1 — 1Zn—1}
1 1 ; 1 1 2
_h// A 1 - )(Z . —Z(z)
+2 (:U’){\/m n71+n( :U’) n\/m nfl}
1 1 1 1 ;
Zhp®) Z(@ ~(X; . —Z(l) O.(n 2
O] == A+ K ) — s 2 | 4 0y
7 / 1 7
WX21) = i) + h <u>ﬁ2&
L, 1 (2) 3 1 (1) 3 -2
+5h (M)m{z Y+ 2 h( ( )W{Zn_ﬁ + Op(n™7)
0, = nh(X,,) — (n — 1)h()?§>1)
B (1) 3 h“ h(3) (1) ¢, 13
/ 1 %
1) { (X =) = = 12521}
W) 2 2 ORE
+ S =2 K+ - - {20
RO 3 0 42 3
7 . /2
+ Y -+ 0,
/ h” H i
= h)+ K )X = 0+ 280X =
W'(p) 1 2 1 () 12
(X _
() ¢ a2
i X 3/2
foll, (X;) : independent
Jo1_ hﬂ(ﬂ) 1 2 —3/2\ _ —3/2
Blf,] = ) + L Lo 0(n) = i) + O~

(i #) = {0 — h()}Hbs ~ h()
= 120,20, (X, WX, = 0] + 007 = O~

n —
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B[{fn: — h(n)}] = {h'(u)}?EKXi P+ WEM )
+h/( he E{ D V(X {h/ E{ZY V(X
+ O( _3/2) (k3 = E[(Xi — M)3])

_ {h/(,u)}202 + wﬁg + ﬁ{h/(u)h(:&)(u) + {h”(u)}ﬂa‘l +O(n73/2)

Let Z, = v/n(X,, — p) then

0, = h(X,) = h(p) + hi%) Zy + h”( )22 -

Varly/nf,] = (1 ()}0” + %

LA )+ {0 (1))0" + O(n¥?)

n

So
Var[y/nb,] — Var[f,] = O(n™")

Asymptotic normality of 6,

s — 1) T X O
St 0(n?),  Su=—— 3 (X — XY

n—14%
=1 i=1

V{0 = h(p)} = Vil — h(i)} = Oy(n™'2) (2 Xy 5 1, S 5 0?)

4.3 A distribution—free rank test for either location or dispersion
(Lepage)
Assumptions
Al. Xi,---,X,, : arandom sample from continuous population 1
Y1, .-+, Y, : arandom sample from continuous population 2
that is
Xi,-++, X ¢ 11.d. (independent and identically distributed)
Yi,---,Y, : iid. (independent and identically distributed)

A2, (Xq,--+, Xm), (Y1, -+ ,Y,) : independent
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Further hypothesis (Assumption)

H:F(t)=H (t ;191) and G(t) = H (t ;292)

Testing problem

Hy : 01 = 05 and n; = ny versus Hy : 01 # 05 and/or 1y # 1o

Test statistic

R;: rankof YV; in Xq,---,X,,, Y7, -+ ,Y,

n
W = Z R; : Wilcoxon rank sum statistic ,

=1

" (N+1 |N+1
csz L

=1

} : Ansari-Bradley scale statistic

2
_E _E
D= (W*)?+(C*)?,  where W*= W — Eo[W] and O — C—EC]
Varo[W] Var,[C]
Procedure
D > d, = reject Hy
d, is obtained based on the fact that
(Ry,- -+, R,) is a random sample from {1,2,--- N} without replacement

Large—sample approximation

D — x5, (min{m,n} — o)
D > X%,a = reject
X5 : chi-square distribution with degree of freedom 2

X%,a : upper 100« percent point of X%
Let

m N —
Tw =+ i 7T n+i
m — n —
To =5 D 0U) = 5 D 0(Unsi) 6(u) = [1 - 2u].
i=1 i=1
where Uy = F7YX;) i=1,---,m; U=FYY;) i=1,---,n

Then from the proof of Theorem in section 4.1,

Var(Tw)

. Tw P . Tc I



Let aq,as : any constants, and

Ty =aTw + alc = Z{alU + azp(U Z{@l itn + a20( z+n)}
Then
E[T,] = 0 and Var|T,] = %(af +a?)
\/VZ% = al%é — N(0,1) (min{m,n} — o0)

T
Ty, = T* ¢

\/Var (Tw)’ c- V/Var(T¢)’

(%) -[6)-6 )]

4.4 A distribution—free test for general differences in two popu-
lations (Kolmogorov—Smirnov)

Hence

Assumptions
AL Xy, X, 'ROF, Vi Y, 'R0 G

A2, (Xq,--+, Xm), (Y1,--+,Y,) ¢ independent

Testing problem

Hy: F(t) = G(t) for any t  versus Hy: F(t) # G(t) for at least one t

Test statistic

J = — max {|F () Fn(t)|}7

—oo<t<oo
where
d : greatest common divisor of m and n
F(t) = %#{XAXZ- <ti=1,---,m}
(the empirical distribution function for X)
Got) = %#{Yim <ti—1,-.m}

(the empirical distribution function for Y')
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Procedure
J > jo = reject H

Under Hy the conditional distribution of (X, - - -, X,,,) can be viewed as the one of random
sample from Z(;) < Z(5) < -+ < Z(n) without replacement.

Deriving J

data
No.|1 2 3 4 5 6 7 8 9 10
X 13 3 5 7 9
Y |3 4 4 6 7 8 10 10 11 12

Zay < Zgy < -+ < Zy ¢ ordered statistic of Xy, .-+, X, Y1, Y,
i Zy F(Zw) GiolZy) |F5(Zs) — GulZe)
1 3 2/5 1/10 3/10
2 3 2/5 1/10 3/10
3 3 2/5 1/10 3/10
4 4 2/5 3/10 1/10
5 4 2/5 3/10 1/10
6 5) 3/5 3/10 3/10
7 6 3/5 4/10 2/10  10x5 4
8 7 4/5 5/10 3/10 ===
o 7 4/5 5/10 3/10
10 8  4/5 6,/10 2/10
11 9  5/5 6,/10 4/10
12 10 5/5 8/10 2/10
13 10 5/5 8/10 2/10
14 11 5/5 9/10 1/10
15 12 5/5 10/10 0

Large—sample approximation

J* = /% _ggi{m{’Fm(t) — Fa()[}

Po(J* < s) — Z (=1)Fe=2*" 0 for s >, <0 (min{m,n} — o)

k=—oc0

5 The One-Way Layout

Data
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Treatments

1 2 .k
Xll X12 e Xlk
X21 X22 e X2k
Xn11 Xn22 e Xnkk

Assumptions

AL X1, Xo1, -+, Xors - s Xagy -+ X ¢ independent

A2, X5, Xoj, -+, Xy RO F

A3. Fi,---, F} belong to the same location family of distributions:

Fi(t)=F(t—r1j), —oco<t<oo, j=1,---,k
7; : unknown parameter

F : continuous distribution function with unknown median 6

One-way layout model

Xij:9+7'j+eij i:1,--~,nj, jzl,,k)

7; + treatment j effect

e;j : 1i.d. ,medianfe;;] =0
Hypothesis

HO:TIZ-..:Tk

5.1 A distribution—free test for general alternatives
(Kruskal-Wallis)

Testing problem

Hy versus Hy : 11, -7 are not all equal

Test statistic

k
N+1 R
= N+1 Z”J( —> ( N(N +1) Zjln_>_3N+1)

J:1 J

j R‘
NZZ”J? RJZZTU7 Rj:n_j7 ]:177k
j=1 i=1

ri; - rank of X;; in all observations
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Procedure

H > h, = reject Hy
h, 1s derived based on the fact that

Under Hy, all N'/(Hé€ . n;!) assignments of n; ranks to the treatment

1 observations, no ranks to the treatment 2 observations, - - - , ng ranks
to the treatment k observations, are equally likely.
Example for deriving the exact null distribution
. 6!
k=3,n =ny =n3 =2, Number of rank assignments = 31901 = 90

12 R} + R} + Ry? A s o )
H76(6+1) 5 —3(6+1)f7—21, A=R{+ R+ R;
I II III1
(a) [1 2[3 4|5 6] A=179, H = 4.57
(b) [1 2|3 5[4 6|A=173,H=3.71
() |1 2|3 6|4 5|A=171,H =343
(d) |1 3|2 4|5 6|A=173,H =371
() |1 3|2 5|4 6| A=165H =2.57
f) |1 3]2 6|4 5| A=161,H =2.00
() |1 4|2 3|5 6|A=171,H =343
(h) |1 4|2 5|3 6| A=155H=1.14
i) [1 4|2 6|3 5| A=153,H =0.857
G) |1 5|2 3|4 6| A=161,H=2.00
k) |1 5|2 4|3 6| A=153H =0.857
M |1 5|2 6|3 4| A=149,H = 0.286
(m)|1 62 3|4 5|A=155H=1.14
(m) |1 6|2 43 5| A=149, H =0.286
(0) |1 6|2 5|3 4| A=147,H=0

(LILII) = (L,ILID), (ILLII),(IL,IILT), (11L,L,IT), (I1L,IL,1)

h 0 0286 0.857 1.14 2.00 2,57 3.43 3.71 4.57

= L 2 2 Z 2z L 2z Z L
Pr{H = h} 15 15 15 15 15 15 15 15 15

Large—sample approximation

H— qu,
H > Xz—l,a = reject Hy

(min{nq, -+ ,ng} — )

Proof

-, ag : constants



Then

Sy — E[SN] .

Var[Sy] N(0.1)

Theorem in section 4.1 can be applied since

N+1
N : .
z(’j)::—n. a; (z:1,~~,nj;j:1,--~,k)
j
1 - N+l N+1
vy _ 1 ™) _ o
¢ _NZZ%‘ =N Z%——N A (say)
Jj=1 =1 j=1
maxij(cgm — ¢N)2 max; (L — 42 1 | 0 A
k ’n~ ; (N) = A Ja. Ao <— =0, .= argmaxj(—* — N)
Dim 2ialey —et2 S n (B =R M n;

N 2
=1
1 N+1)(N-1
Var[r;] NZP — = ( ié ) = o2 (say) ,
=1
1
COV[Tijari’j’] = N(N — 1) le/ . ,U/Q
AU
N 2 N
1
—L l l __Zl2 _MQ
N -1 N — N2 —
_ N 2 1 2 2 2 ]_ 2
_N—l{u N(U —i-,u)} W=—5_1°
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7=1
k n; . k nj s "5 Q.
Vaslsy] = 3 Var S 2 43 Con [0 By 3 2,
i e P e A
A a2 [ o
S5 200 = (2 (vl + 3ot
Pl s Uid i’

a:\ 2 n-(n‘_1)
n_j-) {”f_ jvil }02

s Qi e a;Q;r 02
C —rig, )T E:E: m (‘ )
OV|:A nT]’ , :| — n]n] N—1

i=1 7 i=1 7
a
Var[SN] (CL1, , ak)lB 0-27
ag
1 N1 nj—1 (=1
B=(by), by=4™ 1 ~
). b 5 G#D
N o ’ 1 :
_ v - (1’... 71)
N-11, 1] N-1
nk
. 1
N \/_771 0 1 A/ T \/_”71 0
:m I —N (\/nla" 7\/nk)
1 n 0 7=
= N N
Define
sz 17011 \/Lnil 0 v m 1
Zy = , Dy = " , = : andHN:Ik_Nnn/

r Zz 1 Tik 0 L”k Vi
then
Sy =ad DnZy,
B[Sy = N+1

aIDNn7

N(N +1)

Var[Sy| = B

a/DNHNDNCL.
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Define

1
HN:Ik——nn’: HN H]/V
N kex (k—1)
12 N+1 12
Ux = | v Hi (2 = ==n) = | | = H Z
NEAN NN Ve T T NN +1) NN

= Uy — Np—1(0, [;—1)
(- 8Uy = Sy — E[Sy] with a = ,/%D;}HN& and Var[s'Uy] = §'s)

rZum L b V(R = 5)
7 E?_ﬂ ik =1 i=1 k(R — )
12 12 N+1)\?
UUy=—— Z' NyZy = ——— (R, -~ =H
NENTN(N g NN N(N+1);nj( T )
Hence
H UNUN_>Xk1
Note
k n;j
) . 1, 1 2 1 /N(N+1)\2
o =2 =Y (5) 5 ()

3(N+1
( N(N +1) j> 1)
J:1

5.2 A distribution—free test for ordered alternatives
(Jonckheere—Terpstra)

Testing problem

Hy versus Hy : 1y <15 < --- <7, with at least one strict inequality

Test statistic

Z Uab

1 b=a+1

ab—iqu (Xio, Xjp), 1 <a<b<k

=1 j5=1

J1 i<y
o(z,y) = {O otherwise

||F1?r
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Procedure
J > jo = reject H

Example for deriving the exact null distribution

Ng Np Nag  Mp

Ry: rankof Xi;; = U= Y (X, Xp) = > > (Ria, Rp)
i=1 j=1 i=1 j=1
k:3,n1—n2—1,n3—2
LI 1mr J
(a) |1]2|3 4|5
(by 2|13 4|4
()| 1132 4|4
(d)[3]1]2 413
()| 1] 412 373 j 0 1 2 3 4 5
() [4]1]3 2]2 - T 2 3 3 2 1
Pr{J = = = =2 = = =
e |2]3|1 4|3 =t 55 & BB o1
(hy [3]2]1 4]2
i) 241 3|2
Gy 14121 3|1
(k) [3]4|1 2|1
147311 20
Large—sample approximation
Under H,
N2—SF n.
S e
N2(2N +3) = S%  n2(2n; + 3
Vg = VRN +8) = S on, 9
72
J —E[J] .
—— — N(0,1 min{ni,--- , Nk — 00
w5~ VO i, = o)
Proof
k-1 k& k-1 k Nz_zk 2
B =30 3 BlUal =3 37 nanElo(X,Y)) = St e X, Y
a=1 b=a+1 a=1 b=a+1
k=1 k
J*:ZZ ab
a=1 b=a+1

Ugy =Mt Za: b10(Xia) + 1 zb: Po1(Xjp)
¢10(7) = E[¢(X, Y)[X = 2], do1(y) = E[p(X, Y)Y =y
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Formulas

XY, z"% F

010 = Var[pio(X)], 001 = Var[gbm( ) U%l = Cov]p10(X), go1 (X)]

= Cov[p(X,Y),0(X, Z)] = 0fy,  Cov[p(X,Y),d(Z,Y)] = a5y,
Cov[p(X,Y),0(Y, Z)] = on, Cov[p(X,Y),¢(Z, X)] = o
Cov[p(X,Y), p10(X)] = 0y, Cov[p(X,Y), d10(Y)] = on
Cov[p(X,Y), o1 (X)] = 011, Cov[p(X,Y), o1 (V)] = (2)

Var[Uy) = ngny(0® — 03y — 03y) + nanios, + ninyog,
Cov[Uap, Use) = nanoneoiy, (b# c)
COV[Uab> ch] = NgNpNo11,

Cov[Uup, Us| = nangneog,, (a # c)

] 52 2 9
Uab, Ug) = nanyo1g + ngneogs,

[
Cov[Uuw, UL] = nanpneoiy, (b# c)
Cov[Uuw, U] = Cov[Uab, Us] = ngnpneons
Cov[Uuw, Uk] = nangneos,, (a # c)

Var[U%] = nonios, +n2 nbam
Cov[U},,Ur] = nanbncam, (b+#c)
Cov([U},, U] = ngnpneoin,

Cov[U},, Us| = nanbncagl, (a # ¢)

k-1 k
Var[J — J*| :Z Z Var[Uq, — Uy
a=1 b=a+1

k-1 k k-1

+ Z Z Z Z Cov[(Uas — Ugy)s (Uary — Uz )]

a=1 b=a+1a'=1b'=a'+1
(a,b)#(a’,b")

k-1 &k
2 2
= { § na"b} — 019 _001)
+1
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a=1 b=a-+ a=1 b=a+1 c=b+1
k—1 k k—2 k-1 k
+ {Z Z nanf + 22 Z Z nanbnc}alo
a=1 b=a-+1 a=1 b=a-+1 c=b+1
k-1 k k—2 k-1 k
+ { n,ny + 2 Z Z Z nanbnc}agl
a=1 b:a+1 a=1 b=a+1 c=b+1

k-1 k& k=2 k-1
—i—{ Z NgM, —1—22 Z Z nanbnc}alo

a=1 b:a+ a=1 b=a+1 c= b+1
k—1 k-2 k-1
—1—{ nb —1—22 Z Z nanbnc}am
a=1 b=a+1 a=1 b=a+1 c=b+1
$10(z) = Elo(z,Y)] =1 - F(z), ¢n(y) =E[o(X,y)] = F(y)
B6(X, Y)] = Blow(X)] = Blon(X)] = 5~ F(X) ~U(0,1)
k
E[J] N2 %al nz
1
U%o = 081 ~ 12
1 1
011 = E[{l - F(X)}F(X)] T = 12
1 1 1
o’ = E[p(X,Y)?’] - 1= E[p(X,Y)] - 1-1
ko k E k k ko k k
N? = Z Z Znanbnc = 62 Z Z + 32 Z(”Z“b + ngng) + Zni
a=1 b=1 c=1 a=1 b=1 c=1 a=1 b=1 a=1
a<b<c a<b

NS NS n"’} _ NP2N +3) = 3 m (20 + 3)
72
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ny

Ugp = 1 Z $10(Xia) + 14 Z Po1 (Xin)
i=1

j=1
k-1 & Na k-1 k ny
T=3Un=> > my ¢ulXw)+) > n.) du(Xn)
a<b a=1 b=a+1 =1 a=1 b=a+1 =1
k—1 k Ng k a—1 Ng
= Z Z N Z P10(Xia) + Z Ny Z ¢01(Xia)
a=1b=a+1 i=1 a=2 b=1  i=1
k-1 k Na k a—1 Nga
S 3D LD IENIEHIED 9) B SLEH
a=1b=a+1  i=1 a=2 b=1  i=1
k-1 k k k a—1 n
:Z Z nanb—i—Z{— Z ny + nb}ZF(Xm)
a=1 b=a+1 a=1 b=a+1 b=1 i=1
k a—1
cm:{—an—l— nb} (t=1,--+ ,ngza=1 k)
b=a+1 b=1
1 k n 1 k—1 k k a—1
EZG_NZZCW_N{_ Z nanb+22nanb}—0
a=1 i=1 a=1 b=a+1 a=2 b=1
kK ng k
> ch NS_%“ :, Jeul < N
a=1 i=1
max; , 2, 3N?
: < —0

k — r k
Za:l Z?:al sza Nd - Za:l ng
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