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1. X .

(1) A,B ⊂ X , A ∩ B = ∅ ⇔ A ⊂ Bc .

(2) Aλ ⊂ X (λ ∈ Λ) ,
(
⋂

λ∈Λ Aλ

)c
=

⋃

λ∈Λ A
c
λ .

(3) A ⊂ X , j : A → X . , O ⊂ X

, j−1(O) = A ∩O .

2. X, Y , f : X → Y .

(1) A ⊂ X , A ⊂ f−1(f(A)) .

.

(2) Aλ ⊂ X (λ ∈ Λ) , f(
⋂

λ∈Λ Aλ) ⊂
⋂

λ∈Λ f(Aλ) .

.

(3) B ⊂ Y , f(f−1(B)) ⊂ B .

.

(4) Bλ ⊂ Y (λ ∈ Λ) , f−1(
⋃

λ∈Λ Bλ) ⊂
⋃

λ∈Λ f
−1(Bλ)

. .

3. A,B ⊂ R , f : A → B .

(1) A = R, B = (0,∞) (2) A = [0, 1), B = (0, 1)

4. X, Y , ∼ X . x ∈ X , x [x]

, π : X → X/∼ : x 7→ [x] .

(1) a, b ∈ X , .

(i) a ∼ b (ii) [a] = [b] (iii) [a] ∩ [b] 6= ∅

(2) f : X → Y ∀x1, x2 ∈ X, (x1 ∼ x2 ⇒ f(x1) = f(x2))

. , f = g ◦ π g : X/∼ → Y

.

5. X, Y , f : X → Y . X a ∼ b :⇔ f(a) = f(b)

, g : X/∼ → Y (2) .

(1) ∼ X .

(2) f , g .

1



II No. 2 (2019/10/04)

https://home.hiroshima-u.ac.jp/akira-kubo/lecture/19tsuron2ex.html

6. (X, d) . , .

(1) a ∈ X ε- U(a, ε) .

(2) O1, O2 , O1 ∩O2 .

(3) Oλ (λ ∈ Λ) ,
⋃

λ∈Λ Oλ .

7. d R (d(x, y) := |x− y|) .

(1) (a, b) , [a, b) .

(2) , Oλ (λ ∈ Λ) ,
⋂

λ∈Λ Oλ

. (R, d) .

8. R2 2 d1, d2 :

d1(x, y) := |x1 − y1|+ |x2 − y2|,

d2(x, y) :=
√

(x1 − y1)2 + (x2 − y2)2,

, x = (x1, x2), y = (y1, y2) . , a ∈ R2 di (i = 1, 2)

ε- Ui(a, ε) ( ).

(1) d1 R2 . , ε- U1((0, 0), 1) .

(2) ∀a ∈ R2, ∀ε > 0, ∃δ > 0 s.t. U1(a, δ) ⊂ U2(a, ε) .

(3) ∀a ∈ R2, ∀ε > 0, ∃δ > 0 s.t. U2(a, δ) ⊂ U1(a, ε) .

9. (X, d) . .

(1) A ⊂ X , “ ”

.

(2) {x} .

(3) ∀x1, x2 ∈ X (x1 6= x2), ∃ε1, ε2 > 0 s.t. U(x1, ε1) ∩ U(x2, ε2) = ∅.

(4) ∆(X) := {(x, x) ∈ X ×X | x ∈ X} X ×X

.

10. (X, dX), (Y, dY ) . .

(1) f : X → Y , “ ”

.

(2) y0 ∈ Y , g : X → Y g(x) := y0 , g .

(3) h : X × Y → X h(x, y) := x , h .
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11. .

(1) X = {1, 2, 3} ,

O := {∅, {1}, {2}, {1, 2}, {1, 2, 3}}

O′ := {∅, {1}, {3}, {1, 2}, {1, 2, 3}}

. O X , O′ X

.

(2) X = {1, 2} . X .

12. X . .

(1) Od := P(X) . Od X . ( )

(2) Ot := {∅, X} . Ot X . ( )

(3) X O , Ot ⊂ O ⊂ Od .

13. R O+, O′

O+ := {(a,+∞) | a ∈ R} ∪ {∅,R}

O′ := {[a,+∞) | a ∈ R} ∪ {∅,R}

. .

(1) O+ R .

(2) O+ ( OR .

(3) O′ R .

14. (X, d) , Od d X . ,

Od .

15. d1, d2 8 R2 , Oi (i = 1, 2) di .

(1) O1 = O2 .

(2) , R2 dmax

dmax(x, y) := max{|x1 − y1|, |x2 − y2|}

, Omax dmax (dmax ).

, O2 = Omax .
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16. X .

OZ := {A ⊂ X | Ac : } ∪ {∅}

. , OZ X .

17. X = {1, 2, 3} O

O := {∅, {1}, {2}, {1, 2}, {1, 2, 3}}

( 11 ). A := {1, 3}, B := {2, 3} . .

(1) 1 A , 3 A .

(2) B B◦ , .

18. R O+

O+ := {(a,+∞) | a ∈ R} ∪ {∅,R}

( 13 ). A := [0,∞), B := [0, 2) . .

(1) 1 A , 1 B .

(2) B B◦ , .

19. (X,O) , A X . .

(1) A◦ ⊂ A.

(2) ∀O ∈ O, O ⊂ A ⇒ O ⊂ A◦.

(3) A◦ .

(4) :

(i) A (i.e., A ∈ O),

(ii) ∀x ∈ A, ∃O : x s.t. O ⊂ A,

(iii) A = A◦.

20. O, Od, Ot, O+ R , , , 18

. , , A := [0,∞) A◦ .

21. (X,O) , A, B X . (

, ).

(1) A ⊂ B ⇒ A◦ ⊂ B◦.

(2) (A ∩ B)◦ = A◦ ∩ B◦.

(3) (A ∪ B)◦ = A◦ ∪ B◦.
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22. (X, d) , O , A ⊂ X .

(1) A A

.

(2) A A

.

23. X = {1, 2, 3} O

O := {∅, {1}, {2}, {1, 2}, {1, 2, 3}}

( 11, 17 ). A := {1}, B := {2, 3} . .

(1) 2 A , 3 A .

(2) B B , .

24. R , O+ ( 13, 18 ). A := {0},

B := [0, 2) . .

(1) 2 A , −1 A .

(2) B B , .

25. (X,O) , A X . (A)c = (Ac)◦

( 19) , .

(1) A ⊂ A.

(2) ∀F : X , A ⊂ F ⇒ A ⊂ F .

(3) A .

26. O, Od, Ot, O+ R , , ,

. , , A := (0,∞) A .

27. (X,O) , A, B X . .

(1) A ⊂ B ⇒ A ⊂ B.

(2) A ∩ B = A ∩ B.

(3) A ∪ B = A ∪ B.

28. (X,O) . Aλ (λ ∈ Λ) ,
⋂

λ∈Λ Aλ

.
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29. OR, O
+ R , . f : R → R

f(x) :=

{

1 (x > 0)

−1 (x ≤ 0)

.

(1) f : (R,OR) → (R,OR) , .

(2) f : (R,OR) → (R,O+) , .

(3) f : (R,O+) → (R,O+) .

30. (X,OX), (Y,OY ) , f : X → Y . OX

OY , f .

31. (X,OX), (Y,OY ) , f : X → Y . 3

(i) f : X → Y . (i.e., ∀O ∈ OY , f
−1(O) ∈ OX .)

(ii) ∀x ∈ X, ∀V : f(x) , f−1(V ) : x .

(iii) ∀A ⊂ Y , f−1(A◦) ⊂ (f−1(A))◦.

.

(1) (i) (ii) .

(2) (i) (iii) .

32. X , O1, O2 X . , O1 ⊂ O2

, id : (X,O2) → (X,O1) .

33. (X,OX), (Y,OY ) , f : X → Y .

(1) ∀O ∈ OX , f(O) ∈ OY . ( .)

(2) ∀A : X , f(A) : Y . ( .)

34. .

(1) X = {1, 2, 3} ,

O1 := {∅, {1}, {2}, {1, 2}, {1, 2, 3}}

O2 := {∅, {1}, {1, 2}, {1, 3}, {1, 2, 3}}

(O1, O2 ). , (X,O1)

(X,O2) .

(2) X = {1, 2} . X .
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35. X, Y , f : X → Y . , 3

.

(i) f .

(ii) f .

(iii) f .

, , .

36. O R2 .

S1 := {(x, y) ∈ R2 | x2 + y2 = 1}

, S1 R2 . ,

A := {(cos θ, sin θ) | θ ∈ (0,
π

2
)} ⊂ S1

. .

(1) A S1 .

(2) A R2 .

37. (R,O+) R , A := [0, 2] ⊂ R .

(1, 2] A , [0, 1) A .

38. X , A ⊂ B ⊂ X .

(1) B X , A B , A X .

(2) B X , A B , A X .

39. (X, d) , OX d X . A ⊂ X

, OX A OA , d A dA
A OdA . , OA = OdA .

40. (X,OX) , A ⊂ X .

(1) OX , A .

(2) OX , A .

41. X, Y , f : X → Y .

(1) {Uλ}λ∈Λ X . , f |Uλ
: Uλ → Y

, f : X → Y .
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(2) A,B X , X = A ∪ B . ,

f |A : A → Y , f |B : B → Y , f : X → Y

.

42. (X,OX) , A ⊂ X , j : A → X , OA OX

A . .

(1) j : (A,OA) → (X,OX) .

(2) O A ( ) . , j : (A,O) →

(X,OX) , OA ⊂ O .

(3) (B,O) , f : B → A . , f : (B,O) → (A,OA)

, j ◦ f : (B,O) → (X,OX)

.

43. (R,O+) , O+ R

.

44. (X,O) .

(1) X , (X,O) .

(2) O , (X,O) .

(3) O , (X,O) , X

.

45. (X,OX) , A ⊂ X . , .

(i) A OA .

(ii) A X , , :

∀{Oλ}λ∈Λ ⊂ OX , “A ⊂
⋃

λ∈Λ

Oλ ⇒ ∃λ1, . . . , λn ∈ Λ s.t. A ⊂
n
⋃

i=1

Oλi
”.

46. (X,O) . .

(1) A,B ⊂ X , A ∪B .

(2) A,B ⊂ X (A ∩B 6= ∅) , A ∩ B .

47. (X,O) . .

(1) A ⊂ X , A .

(2) A ⊂ X , A .

48. [0, 1] , S1

. , [0, 1], S1 R, R2

. ( “ ” f : R → R2 .)
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49. ( X 6= ∅ ).

(1) (X,Ot).

(2) (X,Od).

(3) X := {1, 2, 3} ,

O := {∅, {1}, {2}, {1, 2}, {1, 2, 3}}

, (X,O).

(4) (R,O+), O+ .

50. (X,OX) , A ⊂ X . , .

(i) A OA .

(ii) ∃O1, O2 ∈ OX s.t. “A ⊂ O1 ∪O2, A ∩O1 ∩O2 = ∅, O1 ∩ A 6= ∅, O2 ∩ A 6= ∅”.

51. (R,O) . I ⊂ A ,

(i) I .

(ii) ∀a, b ∈ I (a < b), (a, b) ⊂ I.

.

(1) (i) ⇒ (ii) .

(2) (ii) ⇒ (i) . , R

.

52. (X,O) , {Aλ}λ∈Λ X ,
⋂

λ∈Λ Aλ 6= ∅

. , Aλ ,
⋃

λ∈Λ Aλ .

53. (X,O) , A,B ⊂ X A ⊂ B ⊂ A .

, A B .

54. (X,O) , X ∼C : a, b ∈ X ,

a ∼C b :⇔ a, b .

(1) ∼C X .

(2) ∼C a ∈ X C(a) . C(a) a

, .

(3) C(a) . .
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(4) A ⊂ X , . , a ∈ A

A = C(a) .

55. X ( ) , Y , f : X → Y .

, f . X .

56. ( X 6= ∅ ).

(1) (X,Ot).

(2) (X,Od).

(3) X := {1, 2, 3} ,

O := {∅, {1}, {2}, {1, 2}, {1, 2, 3}}

, (X,O).

(4) (R,O+), O+ .

57. (X,OX) , A ⊂ X . , .

(i) A OA .

(ii) ∀a, b ∈ A, ∃c : [0, 1] → X : s.t. “c([0, 1]) ⊂ A, c(0) = a, c(1) = b”.

58. (R2,O) . .

(1) {(x, y) ∈ R2 | x 6= 0}.

(2) S1 := {(x, y) ∈ R2 | x2 + y2 = 1}.

(3) R2 .

(4) Γf := {(x, f(x)) ∈ R2 | x ∈ I}, , I ⊂ R , f : I → R (

) .

59. (X,O) , {Aλ}λ∈Λ X ,
⋂

λ∈Λ Aλ 6= ∅

. , Aλ ,
⋃

λ∈Λ Aλ .

60. (X,O) , A ⊂ X . , A , A

.

61. (X,O) , X ∼PC : a, b ∈ X ,

a ∼PC b :⇔ a, b .

(1) ∼PC X .

(2) ∼PC a ∈ X PC(a) . PC(a) a

, .

(3) PC(a) ⊂ X . , a ∈ X , PC(a) =

C(a) (C(a) 54 ).
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62. (T2 ) (

X 6= ∅ ).

(1) (X,Ot).

(2) (X,Od).

(3) X := {1, 2, 3} ,

O := {∅, {1}, {2}, {1, 2}, {1, 2, 3}}

, (X,O).

(4) (R,O+), O+ .

(5) (X,Od), Od X d .

63. (X,OX), (Y,OY ) , f : (X,OX) → (Y,OY ) .

.

(1) X , f , Y .

(2) Y , f , X .

(3) X , A ⊂ X .

64. (X,O) . .

(1) A ⊂ X , A .

(2) A ⊂ X , A .

(3) A, B (A ∩ B 6= ∅) , A ∩B .

65. (X,O) ,

∀x ∈ X,
⋂

U : x

U = {x}

.

66. X . (X,O) ,

, T1 .

67. (X,OX) , (Y,OY ) , f, g : X → Y .

, I := {x ∈ X | f(x) = g(x)} X . f ,

g A ⊂ X A .
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68. B R2 O .

(1) B := {U(x; ε) ⊂ R2 | x ∈ R2, ε > 0}.

(2) B := {(a, b)× (c, d) ⊂ R2 | a < b, c < d}.

69. X .

(1) B := {X} . B X Ot .

(2) B := {{x} | x ∈ X} . B X Od .

70. B R (R )

.

(1) B := {(1− ε, 1 + ε) ⊂ R | ε > 0}.

(2) B := {(x− 1, x+ 1) ⊂ R | x ∈ R}.

(3) B := {(p, q) ⊂ R | p, q ∈ Q, p < q}.

71. X , B X . , S X ,

B(S) := {
n
⋂

k=1

Wk | n ∈ N, W1,W2, . . .Wn ∈ S} ∪ {X}

. .

(1) ∀O : X , B ⊂ O ⇒ 〈B〉 ⊂ O.

(2) B(S) X .

(3) ∀O : X , S ⊂ O ⇒ 〈B(S)〉 ⊂ O.

72. (X,OX), (Y,OY ) , f : X → Y . , BX , BY

OX , OY . , 3

(i) f : X → Y . (i.e., ∀O ∈ OY , f
−1(O) ∈ OX .)

(ii) ∀V ∈ BY , f
−1(V ) ∈ OX .

(iii) ∀x ∈ X, ∀V ∈ BY with f(x) ∈ V , ∃W ∈ BX with x ∈ W s.t. W ⊂ f−1(V ).

.

(1) (i) (ii) .

(2) (ii) (iii) .
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73. (X,O) . .

(1) X T3 ,

∀x ∈ X, ∀O : x , ∃Ox ∈ O s.t. x ∈ Ox ⊂ Ox ⊂ O

.

(2) X T4 ,

∀A : , ∀O ∈ O with A ⊂ O, ∃OA ∈ O s.t. A ⊂ OA ⊂ OA ⊂ O

.

74. X , O1, O2 X . O1 B1 ,

∀B ∈ B1, ∀x ∈ B, ∃O ∈ O2 s.t. x ∈ O ⊂ B

, O1 ⊂ O2 .

75. (X,OX), (Y,OY ) , (X × Y,OX×Y ) . ,

A ⊂ X, B ⊂ Y , OA, OB . , A× B

, OA, OB , OX×Y .

76. (X1,O1), (X2,O2) , (X1 × X2,OX1×X2
) . ,

i = 1, 2 , pi : X1 ×X2 → Xi . .

(1) pi : (X1 ×X2,OX1×X2
) → (Xi,Oi) .

(2) O X1 ×X2 . , pi : (X1 ×X2,O) → (Xi,Oi)

, OX1×X2
⊂ O .

(3) (Z,OZ) , f : Z → X1 ×X2 . , f : (Z,OZ) →

(X1×X2,OX1×X2
) , pi ◦f : (Z,OZ) →

(Xi,Oi) .

, , .

77. X, Y , Z , f : X × Y → Z .

(1) f , (x, y) ∈ X × Y ,

∀V : f(x, y) , ∃U1 : x , U2 : y s.t. f(U1 × U2) ⊂ V

.
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(2) f . y0 ∈ Y , g : X → Z g(x) := f(x, y0)

, g .

78. i = 1, 2 , Xi, Yi , fi : Xi → Yi . ,

F : X1 ×X2 → Y1 × Y2 F (x1, x2) := (f1(x1), f2(x2)) , F

.

79. X, Y , A ⊂ X, B ⊂ Y . .

(1) A◦ × B◦ = (A×B)◦. (2) A× B = A× B.

80. (X,OX), (Y,OY ) .

(1) y0 ∈ Y , X X × {y0} .

(2) X × Y Y ×X .

81. (X,OX), (Y,OY ) . .

(1) X, Y , X × Y .

(2) X, Y , X × Y .

(3) X, Y , X × Y .

(4) X, Y , X × Y .

82. (X,OX) , ∆

∆ : X → X ×X : x 7→ (x, x)

. .

(1) ∆ .

(2) X , ∆(X) X ×X

.

83. Rn . f : Rn → Rn ( )

, f ( ) .

84. .

(1) R2 × R R3 .

(2) S1 × R C := {(x, y, z) ∈ R3 | x2 + y2 = 1}

.

(3) S1 × S1

T := {((2 + cosα) cos β, (2 + cosα) sin β, sinα) ∈ R3 | α, β ∈ R}

:
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85. R R2 . R ∼

x ∼ y :⇔ x− y ∈ Z

, R/∼ ∼ .

(1) ∼ R .

(2) f : R/∼ → R2 f([x]) := (cos(2πx), sin(2πx)) (x ∈ R) . f

well-defined , .

(3) R/∼ S1 ⊂ R2 . , S1 R2

.

86. (X,OX) , ∼ X , (X/∼,OX/∼)

. , π : X → X/∼ . .

(1) π : (X,OX) → (X/∼,OX/∼) .

(2) O X/∼ . , π : (X,OX) → (X/∼,O)

, O ⊂ OX/∼ .

(3) (Z,OZ) , f : X/∼ → Z . , f : (X/∼,OX/∼) →

(Z,OZ) , f ◦ π : (X,OX) → (Z,OZ)

.

, , .

87. (X,OX) , ∼ X . .

(1) X , X/∼ .

(2) X , X/∼ .

(3) X , X/∼ .

(4) X , X/∼ .

88. (X,OX) , ∼ X . , X/∼ T1

, [x] ⊂ X .

89. (X,OX) , ∼ X . ,

R := {(x, y) ∈ X ×X | x ∼ y}

. R X ×X , π : X → X/∼ , X/∼

.
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90. X , Y , f : X → Y

. X ∼

x ∼ y :⇔ f(x) = f(y)

. , X/ ∼ Y .

, , , .

91. R ∼ , R/∼

. , a ∈ R [a] .

(1) x ∼ y :⇔ ∃c > 0 s.t. y = cx.

(2) x ∼ y :⇔ x− y ∈ Q.

92. .

(1) I := [0, 1] ⊂ R ∼

x ∼ x′ :⇔ x = x′ {x, x′} = {0, 1}

, I/∼ S1 .

(2) I2 := [0, 1]× [0, 1] ⊂ R2 ∼

(x, y) ∼ (x′, y′) :⇔











(x, y) = (x′, y′)

x = x′ {y, y′} = {0, 1}

y = y′ {x, x′} = {0, 1}

, I2/∼ T .

93. R2 \ {(0, 0)} ∼

x ∼ y :⇔ ∃c ∈ R \ {0} s.t. y = cx

. , (R2 \ {(0, 0)})/∼ RP1 .

(1) RP1 .

(2) RP1 .

94. S2 := {(x1, x2, x3) ∈ R3 | x2
1 + x2

2 + x2
3 = 1} . ϕ : S2 \ {(0, 0, 1)} → R2

ϕ(x1, x2, x3) := (
x1

1− x3

,
x2

1− x3

)

. , ϕ .
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