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Abstract

In an unbounded domainΩ in Rn (n ≥ 2) with a compact boundary orΩ =
Rn, we investigate the existence of limits at infinity of positive superharmonic
functionsu onΩ satisfying a nonlinear inequality like as

−∆u(x) ≤ c

1 + |x|2 u(x)p for x ∈ Ω,

where∆ is the Laplacian andc > 0 and p > 0 are constants. The result is
applicable to positive solutions of semilinear elliptic equations of Matukuma type.
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1 Introduction

This paper is motivated by the following semilinear elliptic equation proposed by
Matukuma in 1930 to study a gravitational potentialu of a globular cluster of stars:

−∆u =
up

1 + |x|2
in R3,

where∆ is the Laplacian andp > 0 is a constant. The equations of this kind have been
studied widely by many mathematicians. Kenig and Ni [9] proved the existence of
positive bounded solutionsu of −∆u = V up in Rn (n ≥ 3), whereV is a measurable
function satisfying|V (x)| ≤ A(1 + |x|2)−1−ε for some constantsA > 0 andε > 0.
See also the reference therein. Using techniques of the probabilistic potential theory,
Zhao [12] generalized their result and proved that ifΩ is an unbounded domain inRn

∗This work was partially supported by Grant-in-Aid for Young Scientists (B) (No. 19740062), Japan
Society for the Promotion of Science.
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(n ≥ 3) with a compact Lipschitz boundary andV is a Green-tight function onΩ, then
there are positive bounded solutionsu ∈ C(Ω) of{

−∆u = V up in Ω,

u = 0 on∂Ω,
(1.1)

satisfying
lim

x→∞
u(x) = α (1.2)

for a given small constantα > 0. See also [3]. The corresponding result in two dimen-
sions was obtained by Ufuktepe and Zhao [11]. They actually showed the existence of
positive solutionsu of (1.1) satisfying

lim
x→∞

u(x)
log |x|

= α (1.3)

for a given small constantα > 0. In an unbounded cone, the existence of positive
solutions of (1.1) which are comparable to the Martin kernel at infinity was studied in
[7].

In this paper, we are interested in the following question:

Question. LetΩ be an unbounded domain inRn (n ≥ 2) with a compact boundary or
Ω = Rn and letV be a nonnegative measurable function onΩ with suitable conditions.
Does every positive solutionu of −∆u = V up in Ω satisfy(1.2) or (1.3) for some
α ≥ 0?

Remark1.1. Whenn ≥ 3 andV is a negative function with suitable properties, there
is a positive solutionu of −∆u = V up in Rn such thatu(x) → +∞ as|x| → +∞.
See [4, 6, 10] and references therein. Thus the above question is significant in the case
thatV is nonnegative.

More generally, we shall discuss the above question for the class of positive super-
harmonic functions satisfying a certain nonlinear inequality, which includes all positive
solutions of semilinear elliptic equations of Matukuma type. LetΩ be a domain inRn

(n ≥ 2). A lower semicontinuous functionu : Ω → (−∞, +∞], whereu 6≡ +∞, is
calledsuperharmoniconΩ if it satisfies the mean value inequality

u(x) ≥ 1
νnrn

∫
B(x,r)

u(y)dy wheneverB(x, r) ⊂ Ω.

HereB(x, r) denotes the open ball of centerx and radiusr, andνn is the volume of
the unit ball inRn. It is well known that ifu is a superharmonic function onΩ, then
there exists a unique (Radon) measureµu onΩ such that∫

Ω

φ(x)dµu(x) = −
∫

Ω

u(x)∆φ(x)dx for all φ ∈ C∞
0 (Ω),

whereC∞
0 (Ω) is the collection of all infinitely differentiable functions vanishing out-

side a compact set inΩ (cf. [2, Section 4.3]). The measureµu is called theRiesz
measureassociated withu.
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Throughout the paper, we suppose thatΩ is an unbounded domain inRn (n ≥ 2)
with a compact boundary orΩ = Rn, and study positive superharmonic functionsu
onΩ whose Riesz measure is absolutely continuous with respect to Lebesgue measure.
The Radon-Nikod́ym derivative is denoted byfu. Note thatfu is nonnegative and that
fu = −∆u if u ∈ C2(Ω). Our results are as follows.

Theorem 1.2. Letn ≥ 3. Suppose that

0 ≤ p <
n

n − 2
.

If u is a positive superharmonic function onΩ satisfying

fu(x) ≤ c

|x|2
u(x)p for almost everyx ∈ Ω \ B(0, R) (1.4)

with some constantsc > 0 andR > 0, thenu has a finite limit at infinity.

In contrast, the following theorem shows that the above question is negative when
p is greater thann/(n − 2).

Theorem 1.3. Letn ≥ 3 andc > 0. If

p >
n

n − 2
,

then for eachβ > 0, there exists a positive functionu ∈ C2(Rn) satisfying

0 ≤ −∆u ≤ c

1 + |x|2
up in Rn

such that

lim sup
x→∞

u(x)
|x|β

= +∞.

The two dimensional result corresponding to Theorem 1.2 is stated as follows.

Theorem 1.4. Let n = 2 and let p ≥ 0 be arbitrary constant. Ifu is a positive
superharmonic function onΩ satisfying

fu(x) ≤ c

|x|2(log |x|)p
u(x)p for almost everyx ∈ Ω \ B(0, R) (1.5)

with some constantsc > 0 andR > 1, thenu(x)/ log |x| has a finite limit at infinity.

2 Proofs of Theorems 1.2 and 1.4

We begin with some notation and terminology. The symbolA stands for an absolute
positive constant whose value is unimportant and may change from line to line. For
simplicity, we writeB(r) = B(0, r) andD = Rn \B(1). LetGD(x, y) andKD(x, y)
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denote the Green function forD and the Martin kernel ofD, respectively. Observe that
for x ∈ D andy ∈ ∂B(1),

KD(x, y) = ay
|x|2 − 1
|x − y|n

, (2.1)

KD(x,∞) =

{
a2 log |x| (n = 2),
an(1 − |x|2−n) (n ≥ 3).

(2.2)

The reference point is taken atx0 = (2, 0, · · · , 0), so thatay = |x0 − y|n/3, a2 =
(log 2)−1 andan = (1 − 22−n)−1. In the proof below, we will use some facts con-
cerning the minimal fine topology. LetE be a subset ofD. By R̂E

KD(·,∞), we denote
the lower semicontinuous regularization of the reduced function defined by

RE
KD(·,∞)(x) = inf

u
u(x),

where the infimum is taken over all nonnegative superharmonic functionsu on D sat-
isfying KD(·,∞) ≤ u on E. In general,R̂E

KD(·,∞) ≤ KD(·,∞). A setE is called
minimally thinat infinity (with respect toD) if

R̂E
KD(·,∞)(x) < KD(x,∞) for somex ∈ D.

We say that a functionu onD hasminimal fine limit̀ at infinity if there exists a subset
E of D, which is minimally thin at infinity, such that

lim
D\E3x→∞

u(x) = `.

The following lemma is a special case of the Fatou-Naı̈m-Doob theorem (cf. [2, Theo-
rem 9.4.6]).

Lemma 2.1. If u is a nonnegative superharmonic function onD, thenu/KD(·,∞)
has a finite minimal fine limit̀ at infinity. Moreover, ifu is a Green potential, then
` = 0.

The following lemma is well known.

Lemma 2.2. Let 0 < ε < 1 and let{xi} be a sequence inD such thatxi → ∞
(i → +∞). Then the set

∪
i B(xi, ε|xi|) is not minimally thin at infinity.

Proof. Consider the inverse and the Kelvin transform with respect to the unit sphere.
Then the inverse ofB(xi, ε|xi|) is the ball of centerx∗

i /(1− ε2) and radiusε|x∗
i |/(1−

ε2), wherex∗ denotes the inverse of a pointx. Since the minimal thinness is invariant
under the inversion, this lemma follows from [1, Lemma 5].

More detailed informations about minimal thinness and minimal fine limit are
found in [2, Chapter 9]. After showing three propositions below, we shall present
proofs of Theorems 1.2 and 1.4.
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Proposition 2.3. Suppose thatv is a positive superharmonic function onΩ whose Riesz
measure is absolutely continuous with respect to Lebesgue measure, saydµv(x) =
fv(x)dx. Let {zi} be a sequence inΩ such thatzi → ∞ (i → +∞). If there are
constantsA > 0 and0 < ρ ≤ 1/2 such that

fv(x) ≤ A

|x|2
for almost everyx ∈

∪
i

B(zi, ρ|zi|),

then the following statements hold:

(i) If n ≥ 3, thenv(zi) has a finite limit asi → +∞.

(ii) If n = 2, thenv(zi)/ log |zi| has a finite limit asi → +∞.

Here the value of the limit is independent of{zi}.

Proof. SinceΩ has a compact boundary orΩ = Rn, we may assume, without loss of
generality, thatD ⊂ Ω. In view of (2.2), it is enough to show that

lim
i→+∞

v(zi)
KD(zi,∞)

exists and its value is finite and independent of{zi}. (2.3)

For0 < ε < ρ, let

V1(x) =
∫

D\B(x,ε|x|)
GD(x, y)fv(y)dy,

V2(x) =
∫

D∩B(x,ε|x|)
GD(x, y)fv(y)dy.

By the Riesz decomposition onD, we have

v(x) = h(x) + V1(x) + V2(x),

whereh is a nonnegative harmonic function onD. Moreover, the Martin representation
gives

h(x) = αvKD(x,∞) +
∫

∂B(1)

KD(x, y)dν(y),

whereν is a measure on∂B(1) and

αv = inf
x∈D

h(x)
KD(x,∞)

= inf
x∈D

v(x)
KD(x,∞)

.

Therefore it follows from (2.1) and (2.2) that

lim
x→∞

h(x)
KD(x,∞)

= αv.

To show (2.3), it suffices to prove that

lim
i→+∞

V1(zi)
KD(zi,∞)

= 0, (2.4)
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and

lim sup
i→+∞

V2(zi)
KD(zi,∞)

≤ Aε2. (2.5)

First, we show (2.4). Observe from Lemma 2.1 that(V1 + V2)/KD(·,∞) has
minimal fine limit0 at infinity. Since Lemma 2.2 implies that the set

∪
i B(zi, ε|zi|/2)

is not minimally thin at infinity, we find a sequencexi ∈ B(zi, ε|zi|/2) such that

lim
i→+∞

V1(xi) + V2(xi)
KD(xi,∞)

= 0.

If |zi| > 10, then the Harnack inequality givesV1(zi) ≤ A{V1(xi) + V2(xi)} and
KD(xi,∞) ≤ AKD(zi,∞). Therefore

lim
i→+∞

V1(zi)
KD(zi,∞)

= 0,

and so (2.4) holds.
Next, we show (2.5). Since

fv(y) ≤ A

|y|2
≤ A

|zi|2
for a.e.y ∈ B(zi, ρ|zi|),

it follows that for alli,

V2(zi) ≤
A

|zi|2

∫
B(zi,ε|zi|)

GD(zi, y)dy.

Using

GD(x, y) ≤

A log
|x|2

|x − y|
(n = 2)

|x − y|2−n (n ≥ 3)
for y ∈ B(x, |x|/2),

we obtain

V2(zi) ≤

{
Aε2 (n ≥ 3),
Aε2(1 + log |zi| − log ε) (n = 2).

Therefore (2.5) follows from (2.2). Thus Proposition 2.3 is proved.

Also, we obtain the following proposition, using a technique in our previous paper
[8].

Proposition 2.4. Letn ≥ 3. Suppose that

0 < p <
n

n − 2
,

and thatu is a positive superharmonic function onΩ satisfying(1.4). Let {zi} be a
sequence inΩ such thatzi → ∞ (i → +∞). Then there eixst a constantA and
i0, ` ∈ N such that

u ≤ A on
∪

i≥i0

B(zi, 2−`−3|zi|).
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Proof. Without loss of generality, we may assume thatR = 1 andD ⊂ Ω. As in the
proof of Proposition 2.3, we have

u(x) = αuKD(x,∞) +
∫

∂B(1)

KD(x, y)dµ(y) +
∫

D

GD(x, y)fu(y)dy, (2.6)

whereµ is a measure on∂B(1). Therefore, by (2.1) and (2.2),

u(x) ≤ A +
∫

D

GD(x, y)fu(y)dy for x ∈ D \ B(2), (2.7)

whereA depends only onu. Let ` be a positive integer determined in the sequel. Since
u/KD(·,∞) has minimal fine limitαu at infinity and the set

∪
i B(zi, 2−`−3|zi|) is

not minimally thin at infinity, we can find a sequencewi ∈ B(zi, 2−`−3|zi|) with

u(wi) ≤ A
u(wi)

KD(wi,∞)
≤ A, (2.8)

wheneveri is sufficiently large.
Fix a sufficiently largei and letz ∈ B(zi, 2−`−3|zi|) and1 ≤ j ≤ `. Since

|z − wi| ≤ |z − zi| + |zi − wi| ≤ 2−`−2|zi| ≤ 2−`−1|z| ≤ 2−j−1|z|,

it follows from the Harnack inequality, (2.6) and (2.8) that forx ∈ B(z, 2−j−1|z|),∫
D\B(z,2−j |z|)

GD(x, y)fu(y)dy ≤ A

∫
D\B(z,2−j |z|)

GD(wi, y)fu(y)dy

≤ Au(wi) ≤ A.

(2.9)

This and (2.7) yield that

u(x) ≤ A0 +
∫

B(z,2−j |z|)

fu(y)
|x − y|n−2

dy for x ∈ B(z, 2−j−1|z|), (2.10)

whereA0 is a constant depending only onu. Also, since

GD(wi, y) ≥ 1
A
|z|2−n for y ∈ B(z, 2−1|z|),

we have by (2.6) and (2.8)

|z|2−n

∫
B(z,2−1|z|)

fu(y)dy ≤ A

∫
B(z,2−1|z|)

GD(wi, y)fu(y)dy

≤ Au(wi) ≤ A.

(2.11)

Let r = |z| and letψz(ζ) = r2fu(z + rζ). Making the change of variablesx =
z + rη andy = z + rζ, we have from (2.10) and (2.11) that∫

B(1/2)

ψz(ζ)dζ ≤ A, (2.12)
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and
u(z + rη) ≤ Ψz,j(η) for η ∈ B(2−j−1), (2.13)

where

Ψz,j(η) = A0 +
∫

B(2−j)

ψz(ζ)
|η − ζ|n−2

dζ.

Suppose that0 < p < n/(n − 2). Let

max{1, p} < q <
n

n − 2
and ` =

[
log(q/(q − 1))

log(q/p)

]
+ 1.

Puts = q/p > 1. We claim that forκ ≥ 1 there exists a constantA depending only on
κ, c, p, q, A0 andn such that∫

B(2−j−1)

ψz(ζ)κsdζ ≤ A + A

(∫
B(2−j)

ψz(ζ)κdζ

)q

. (2.14)

Indeed, by the Jensen inequality for the probability measure

|η − ζ|2−ndζ∫
B(2−j)

|η − ζ|2−ndζ
onB(2−j),

we have(∫
B(2−j)

ψz(ζ)
|η − ζ|n−2

dζ

)κ

≤ A

∫
B(2−j)

ψz(ζ)κ

|η − ζ|n−2
dζ for η ∈ B(1).

Using the inequality(a + b)t ≤ 2t(at + bt) for a, b, t > 0, we have∫
B(2−j)

Ψz,j(η)κqdη ≤ A + A

∫
B(2−j)

(∫
B(2−j)

ψz(ζ)κ

|η − ζ|n−2
dζ

)q

dη.

The Minkowski inequality andq(n − 2) < n imply that the integral of the right hand
side is bounded by(∫

B(2−j)

(∫
B(2−j)

dη

|η − ζ|q(n−2)

)1/q

ψz(ζ)κdζ

)q

≤ A

(∫
B(2−j)

ψz(ζ)κdζ

)q

.

Therefore ∫
B(2−j)

Ψz,j(η)κqdη ≤ A + A

(∫
B(2−j)

ψz(ζ)κdζ

)q

.

Sincer2 = |z|2 ≤ A|z + rη|2 for η ∈ B(1/2), it follows from (1.4) and (2.13) that

ψz(η) = r2fu(z + rη) ≤ Au(z + rη)p

≤ AΨz,j(η)p for a.e.η ∈ B(2−j−1).

Hence ∫
B(2−j−1)

ψz(η)κq/pdη ≤ A + A

(∫
B(2−j)

ψz(ζ)κdζ

)q

,
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and so (2.14) holds.
Our choice of̀ implies thats` ≥ q/(q−1), equivalent tos` ≤ (s`−1)q. Therefore

s`

s` − 1
(n − 2) ≤ q(n − 2) < n.

By the Hölder inequality,

Ψz,`+1(0) ≤ A + A

(∫
B(2−`−1)

ψz(ζ)s`

dζ

)1/s`

.

Using (2.14)̀ times, we have∫
B(2−`−1)

ψz(ζ)s`

dζ ≤ A + A

(∫
B(2−`)

ψz(ζ)s`−1
dζ

)q

≤ · · ·

≤ A + A

(∫
B(1/2)

ψz(ζ)dζ

)q`

.

Hence we conclude from (2.13) and (2.12) that

u(z) ≤ Ψz,`+1(0) ≤ A.

This completes the proof of Proposition 2.4.

The two dimensional analogue of Proposition 2.4 is stated as follows.

Proposition 2.5. Let n = 2 and letp > 0 be arbitrary constant. Suppose thatu is a
positive superharmonic function onΩ satisfying

fu(x) ≤ c

|x|2(log |x|)p−1
u(x)p for almost everyx ∈ Ω \ B(0, R) (2.15)

with some constantsc > 0 andR > 1. Let{zi} be a sequence inΩ such thatzi → ∞
(i → +∞). Then there eixst a constantA andi0 ∈ N such that

u(x)
log |x|

≤ A for x ∈
∪

i≥i0

B(zi, 2−5|zi|).

Proof. The proof is similar to that of Proposition 2.4, so we give only an outline. We
may assume thatR = 1 andD ⊂ Ω. The Riesz decomposition (2.6) and (2.2) yield
that

u(x) ≤ A log |x| +
∫

D

GD(x, y)fu(y)dy for x ∈ D \ B(2).

Fix a sufficiently largei and letz ∈ B(zi, 2−5|zi|). As in the proof of Proposition 2.4,
we can findw ∈ B(z, 2−3|z|) with

u(w) ≤ A log |w| ≤ A log |z|.
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Therefore, ifj = 1, 2, then the Harnack inequality gives that forx ∈ B(z, 2−j−1|z|),∫
D\B(z,2−j |z|)

GD(x, y)fu(y)dy ≤ A

∫
D\B(z,2−j |z|)

GD(w, y)fu(y)dy

≤ Au(w) ≤ A log |z|.

Note that forx, y ∈ B(z, 2−1|z|),

GD(x, y) ≤ A log
5|z|2

|x − y|
.

Hence we obtain

u(x) ≤ A log |z| + A

∫
B(z,2−j |z|)

fu(y) log
5|z|2

|x − y|
dy for x ∈ B(z, 2−j−1|z|).

(2.16)
Also, since

GD(w, y) ≥ 1
A

log |z| for y ∈ B(z, 2−1|z|),

we obtain

log |z|
∫

B(z,2−1|z|)
fu(y)dy ≤ A

∫
B(z,2−1|z|)

GD(w, y)fu(y)dy

≤ Au(w) ≤ A log |z|,

and so ∫
B(z,2−1|z|)

fu(y)dy ≤ A. (2.17)

Let r = |z| and let

ψz(ζ) =
r2

log r
fu(z + rζ).

Making the change of variablesx = z + rη andy = z + rζ, we have from (2.16) and
(2.17) that ∫

B(1/2)

ψz(ζ)dζ ≤ A

log r
≤ A, (2.18)

and forη ∈ B(2−j−1),

u(z + rη)
log r

≤ A + A

∫
B(2−j)

ψz(ζ) log
5r

|η − ζ|
dζ

≤ A + A

∫
B(2−j)

ψz(ζ) log
5

|η − ζ|
dζ =: Ψz,j(η).

(2.19)

Here the second inequality follows by (2.18). Letq > max{1, p} and puts = q/p > 1.
Using the Minkowski inequality, we have(∫

B(1/2)

Ψz,1(η)qdη

)1/q

≤ A + A

∫
B(1/2)

ψz(ζ)dζ.
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Since

0 ≤ ψz(η) =
r2

log r
fu(z + rη) ≤ A

(log r)p
u(z + rη)p

≤ AΨz,1(η)p for a.e.η ∈ B(1/4)

by (2.15) and (2.19), we have∫
B(1/4)

ψz(η)sdη ≤ A + A

(∫
B(1/2)

ψz(ζ)dζ

)q

.

By (2.19) and the Ḧolder inequality,

u(z)
log r

≤ Ψz,2(0) ≤ A + A

(∫
B(1/4)

ψz(ζ)sdζ

)1/s

≤ A + A

(∫
B(1/2)

ψz(ζ)dζ

)p

.

Hence (2.18) yieldsu(z)/ log |z| ≤ A. This completes the proof.

Now, Theorems 1.2 and 1.4 are proved immediately. Let{zi} be arbitrary sequence
in Ω such thatzi → ∞ (i → +∞). If n ≥ 3, then we have by (1.4) and Proposition
2.4

fu(x) ≤ c

|x|2
u(x)p ≤ A

|x|2
for a.e.x ∈

∪
i≥i0

B(zi, 2−`−3|zi|).

If n = 2, then we have by (1.5) and Proposition 2.5

fu(x) ≤ c

|x|2(log |x|)p
u(x)p ≤ A

|x|2
for a.e.x ∈

∪
i≥i0

B(zi, 2−5|zi|).

Hence Theorems 1.2 and 1.4 follow from Proposition 2.3.

3 Proof of Theorem 1.3

In this section, we give a proof of Theorem 1.3. Suppose thatp > n/(n − 2). Let
β > 0 and let

γ = 1 − β(p − 1) and λ = 2βp − 2.

Thenγ < 1 and
λ − n + 2 + nγ = β ((2 − n)p + n) < 0. (3.1)

For j ∈ N, let xj = (2j , 0, . . . , 0) andrj = 2γj−3. Observe that{B(xj , 2rj)}j is
mutually disjoint. LetA1 > 0 be a constant such that

cνp
n

2(n+4)p+4
Ap

1 ≥ A1, (3.2)
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whereνn is the volume of the unit ball inRn. Letfj be a nonnegative smooth function
onRn such that

fj ≤ A12λj onRn,

and

fj =

{
A12λj onB(xj , rj),
0 onRn \ B(xj , 2rj).

Definef =
∑∞

j=1 fj . Since

1 + |x| ≥ 1 + |xj | − |x − xj | ≥ 2j−1 for x ∈ B(xj , 2rj),

it follows from (3.1) that∫
Rn

f(x)
(1 + |x|)n−2

dx =
∞∑

j=1

∫
B(xj ,2rj)

fj(x)
(1 + |x|)n−2

dx

≤
∞∑

j=1

A12λj

2(j−1)(n−2)
νn(2rj)n

≤ A1νn

2n+2

∞∑
j=1

2j(λ−n+2+nγ) < +∞.

Thus the function

u(x) =
∫

Rn

f(y)
|x − y|n−2

dy

is positive and superharmonic onRn. Sincef is bounded and Lipschitz continuous
on each compact subset ofRn, it follows from [5, Lemma 4.2] thatu ∈ C2(Rn)
and−∆u = f in Rn. Also, we observe from the mean value property that forx ∈
∂B(xj , 2rj),

u(x) ≥
∫

B(xj ,rj)

fj(y)
|x − y|n−2

dy = A12λj
νnrn

j

|x − xj |n−2
≥ A1νn

2n+4
2j(λ+2γ).

By the minimum principle,

u(x) ≥ A1νn

2n+4
2j(λ+2γ) for x ∈ B(xj , 2rj). (3.3)

Sinceλ + 2γ = 2β, it follows that

lim
j→+∞

u(xj)
|xj |β

= +∞.

Let us show that
f(x) ≤ c

1 + |x|2
u(x)p for x ∈ Rn.

If x 6∈
∪

j B(xj , 2rj), then

c

1 + |x|2
u(x)p ≥ 0 = f(x).

12



Let x ∈ B(xj , 2rj). Then

1 + |x|2 ≤ (1 + |x|)2 ≤ (1 + |xj | + |x − xj |)2 ≤ 22j+4.

Sincep(λ + 2γ) − 2 = λ, we have by (3.3) and (3.2)

c

1 + |x|2
u(x)p ≥ c

22j+4

(
A1νn

2n+4
2j(λ+2γ)

)p

≥ A12λj ≥ fj(x) = f(x).

Thus Theorem 1.3 is proved.
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