THE AUTOMORPHISM GROUP OF AN APERY-FERMI K3
SURFACE

ICHIRO SHIMADA

ABSTRACT. An Apéry-Fermi K3 surface is a complex K3 surface of Picard
number 19 that is birational to a general member of a certain one-dimensional
family of affine surfaces related to the Fermi surface in solid-state physics. This
K3 surface is also linked to a recurrence relation that appears in the famous
proof of the irrationality of ¢(3) by Apéry.

We compute the automorphism group Aut(X) of the Apéry—Fermi K3 sur-
face X using Borcherds’ method. We describe Aut(X) in terms of generators
and relations. Moreover, we determine the action of Aut(X) on the set of
ADE-configurations of smooth rational curves on X for some ADE-types. In
particular, we show that Aut(X) acts transitively on the set of smooth rational
curves, and that it partitions the set of pairs of disjoint smooth rational curves
into two orbits.

1. INTRODUCTION

1.1. Main results. We consider a pencil of complex affine surfaces X¢ C A3 de-
fined by the equation

1 1 1
1.1 G+ttt —+&G+—=s
(1) & & &
where &1, &, &3 are coordinates of A3, and s € C is a parameter. When s is very
general, the surface X7 is birational to a projective K3 surface X, whose Néron—
Severi lattice is isomorphic to

where U is the hyperbolic plane, Fg(—1) is the negative-definite root lattice of type
Eg, and (—12) is a rank-one lattice generated by a vector with square-norm —12.
We call the K3 surface X, with s sufficiently general an Apéry—Fermi K3 surface.
For simplicity, we assume that the parameter s is very general throughout this
work.

In this paper, we study the automorphism group Aut(Xj) of the Apéry—Fermi
K3 surface X, by using Borcherds’ method. We provide a finite set of generators
of Aut(Xy), and describe the action of Aut(X;) on the nef-and-big cone of X
explicitly. We prove that the nef-and-big cone of X is tessellated by copies of a
polyhedral cone with 80 walls, that the action of Aut(X;) preserves this tessellation,
and that Aut(X) acts transitively on the set of tiles of this tessellation with the
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poT |€(7)/Aut(X)] BT |€(7)/Aut(X,)]
1 A 1 4 44, P
2 24, 2 4 245 + A, 2
2 A, 1 4 A+ A 9
3 34, 2 4 24, 2
3 A+ Ay 1 4 Ay 1
3 A, 3 4 D, 2

TABLE 1.1. Sizes of €(7)/Aut(X5;)

stabilizer subgroup Aut(Xs, Dg) of a tile Dy being isomorphic to a dihedral group
of order 16. Using this tessellation, we obtain the following result in Section 3:

Theorem 1.1. The automorphism group Aut(X;) is generated by a finite subgroup
Aut(Xg, Do) of order 16, and eight extra automorphisms.

In Section 4, we provide an explicit geometric description of these generators
in terms of Mordell-Weil groups of Jacobian fibrations, using the algorithm for
computing the Mordell-Weil action on the Néron—Severi lattice described in our
previous paper [25]. We also analyze the faces of Dy, and using the list of faces of
codimension 2, we describe Aut(X,) in terms of generators and relations in Sec-
tion 6.

Next we study the action of Aut(Xj) on the set of ADE-configurations of smooth
rational curves on X;. Let 7 be an ordinary ADE-type, and let u be the number
of nodes in the corresponding Dynkin diagram. We denote by €(7) the set of all
non-ordered sets C = {C1,...,C,} of smooth rational curves on X, such that the
dual graph of C is the Dynkin diagram of type 7. For example, €(A;) is the set
of smooth rational curves on X, €(24;) is the set of non-ordered pairs of disjoint
smooth rational curves, whereas €(As) is the set of non-ordered pairs of smooth
rational curves intersecting at one point transversely.

Theorem 1.2. For p < 4, the numbers of the orbits of the action of Aut(Xy) on
the set €(1) are given in Table 1.1.

Corollary 1.3. The group Aut(X;) acts on the set of smooth rational curves on
X transitively. (I

In fact, it is theoretically possible to obtain the same result for ADE-types 7
with higher Milnor numbers p. However, we stopped the computation at yu = 4
because the computation becomes too expensive for u > 5. See Section 5.3.

Our result is obtained by using Borcherds’ method. This method was introduced
by Borcherds [7, 8], and its first geometric application was given by Kondo [16].
In [23] and [25], we presented tools and techniques for implementing Borcherds’
method in a computer.

Borcherds’ method has been applied to many K3 and Enriques surfaces. For
the Apéry—Fermi K3 surface, the tasks of computing a finite generating set of
Aut(X,) and obtaining geometric realizations of these generators were carried out
smoothly by the tools that had been established previously. A new tool introduced
in this paper is an algorithm that enumerates the faces of higher-codimensions of
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the nef-and-big cone modulo Aut(X,), which is described in Section 5. By this
tool, we obtain Theorem 1.2 above, and defining relations of Aut(X;) as presented
in Section 6.

With the advances in machine computing power, the geometric information that
can be obtained by Borcherds’ method is rapidly expanding. A project is also
underway to implement this method in a new computer algebra system [19]. A
secondary aim of this paper is to highlight the power and utility of Borcherds’
method through its application to a significant K3 surface.

1.2. Previous studies of the Apéry—Fermi K3 surface. The Apéry—Fermi
K3 surface is an important K3 surface that has been extensively studied by many
authors. Here, we provide a brief review of previous works related to the Apéry—
Fermi K3 surface.

In 1984, Beukers and Peters [6] constructed a one-dimensional family of K3
surfaces whose Picard-Fuchs equation is the differential equation arising in Apéry’s
famous proof [2] of irrationality of ¢(3). In 1986, Peters [20] determined the Néron—
Severi lattice and the transcendental lattice of the general member of this family,
and in 1989, Peters and Stienstra [21] showed that the general member is an Apéry—
Fermi K3 surface defined above. The equation (1.1) has its origin in the solid-state
physics, where it is related to the Fermi surface of electrons moving in a crystal.
See Introduction of [21] and the reference therein for the background in physics.

In 1996, Dolgachev [12] introduced the notion of lattice polarized K3 surfaces.
The Apéry-Fermi K3 surface is an Mg-lattice polarized K3 surface, where Mg is
defined in (1.2), and Dolgachev [12] determined, among other things, the coarse
moduli space of Apéry—Fermi K3 surfaces. In 2004, Hosono et al. [15] used Apéry—
Fermi K3 surfaces in the study of the autoequivalences of derived category of its
Fourier—-Mukai partner, a K3 surface with Picard number 1 and of degree 12. In
the paper [11] by Dardanelli and van Geemen, the Apéry—Fermi K3 surfaces appear
as the Hessians of certain cubic surfaces (see Proposition 5.7 of [11]).

On the other hand, there exists a rigid Calabi-Yau 3-fold birational to a smooth
affine 3-fold defined by

1 1 1 1
1.3 t—tbt—+&+—+&+— =0
(1.3) & & 13 & 3 & &4 &
Its modularity was studied by van Geemen and Nygaard [28], Verrill [29], and
Ahlgren and Ono [1].
In 2015, Mukai and Ohashi [17] found another birational model of the Apéry—
Fermi K3 surface: the symmetric quartic surface Y; C P? defined by

(1.4) (1‘1.132 + X123 + 124 + T2x3 + Tox4 + l‘3$4)2 =1x1T223%4,

where (z7 : 2o : x3 : x4) are homogeneous coordinates of P3and t € Cis a
parameter. Mukai and Ohashi [17] exhibited an Enriques involution ¢ of Y;, and
described the automorphism group of the Enriques surface birational to Y;/(e).

Remark 1.4. To the best of our knowledge, the fact that the Apéry—Fermi K3 sur-
face X is birational to the quartic surface Y; for some ¢ = ¢(s) has not yet appeared
in the literature. We were informed of this fact through personal communication
with the authors of [17]. See Proposition 2.3 for the proof of this fact.
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In 2020, Bertin and Lecacheux [4] determined all Jacobian fibrations of the
Apéry-Fermi K3 surface by using Kneser—Nishiyama method. Some special mem-
bers of the pencil (1.1) with Picard number 20 have also been studied, for example,
in [23, 24], and in Bertin and Lecacheux [3, 5]. In [14], Festi and van Straten
provided an account on the relation between the Apéry—-Fermi K3 surfaces and
quantum electrodynamics, highlighting the importance of studying this K3 sur-
face.

1.3. Plan of this paper. In Section 2, we review the result of Peters and Stien-
stra [21], and present 32 smooth rational curves on the K3 surface X whose classes
generate the Néron—Severi lattice of Xs. We also compare X with the quartic sur-
face Y; of Mukai and Ohashi [17], and prove that X, is birational to Y; for a
suitable choice of ¢ (see Remark 1.4). In Section 3, we execute Borcherds’ method,
and obtain a set of generators of Aut(X;) lattice-theoretically, thereby proving
Theorem 1.1. We also describe the finite polytope Dy with 80 walls. Although
Corollary 1.3 is a part of Theorem 1.2, it can already be proved at this stage, and
hence we provide its proof in this section. In Section 4, we give geometric real-
ization to each of the generators of Aut(X) given in Theorem 1.1. In Section 5,
we calculate the set of faces of the polytope Dy, and prove Theorem 1.2 in Sec-
tion 5.3. In Section 6, we explain how to describe Aut(X) in terms of generators
and relations using the faces of Dy of codimension 2.

Detailed computational data are available from [26]. For our computation, we
used GAP [27].

2. TWO PROJECTIVE MODELS OF AN APERY-FERMI K3 SURFACE

In Sections 2.1 and 2.2, we review results by Peters and Stienstra [21], and by
Mukai and Ohashi [17], respectively. The main purpose of this section is to label
certain 32 smooth rational curves on an Apéry—Fermi K3 surface. Since we employ
the labeling of [21] and use it throughout this paper, the results in Section 2.2 are
not used for the computation of the automorphism group.

2.1. The Fermi surface model. We review the result of Peters and Stienstra [21].
Let X2 be the affine surface in A3 defined by the equation (1.1), and let X, be the
K3 surface containing X as a Zariski open subset. Recall that we have assumed
that the parameter s € C is very general. We present 32 smooth rational curves on
X, whose classes generate the Néron—Severi lattice NS(X;) of Xj.

The K3 surface X, is isomorphic to a smooth surface in P% x P! x P! x P! defined
by the equation (4) in [21]. Considering the projection onto the first factor P®, we
see that X is birational to the surface X in P defined by

U + us + usz + v + v2 + vz = sw,
(2.1) s 2 2
ULV — W = UV — W = uzvgy —w” =0,
where (w : uy : ug : u3 : vy : V2 : v3) is a homogeneous coordinate system of PS such
that we have & = u;/w = w/v; on X2. We denote by H,, the hyperplane of PS
defined by w = 0. For i = 1,2,3, let 7; € {0,+, —} denote the condition

ui:Oandvi:O, 1f")/l:O,
u; #0and v; =0, if v, =+,
ui =0and v; #0, ify =—.
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If one of v1,72,73 is 0 and the other two are not, then the conditions 1, 72, 73
with w = 0 determine a single point p.,~,~, on Xy N Hy. For example, we have

Py-0=(0:1:0:0:0:—-1:0).

The points p.,,~, are ordinary nodes of X, and the singular locus Sing X, of X
consists of these 12 points. Let L., ,~, denote the exceptional (—2)-curve of the
minimal desingularization X; — X OVer p,,,+,. 1f none of 1, 72,73 is 0, then the
conditions y; and 72 and 73 with w = 0 define a line L,,,,, on X, N Ho,. For
example, we have

Z+_+={(01)\1:02/\3102/\220)|/\1+)\2+/\3=O}.

Let L 4,y C Xs denote the strict transform of L., ~,~, in X;. Thus, we obtain
12 + 8 smooth rational curves L., ,~, on X;.

Let 0,071 € C be the roots of the equation £ + 1/¢ = s. For k € {1,2,3} and
a, B € {+,—}, we define the curve M3 on X, as follows. Let ¢, j be the indexes
such that {i,7,k} = {1,2,3}. The curve defined by

&+1/&+E&+1/6=0

in A? with coordinates (&;,€;) is a union of two rational curves & + &; = 0 and
§i€;+1=0. Let My, 5 be the curve on X C A3 defined by

k=0 fa=+, and &G+&§ =0 ipg=+,
fp=0"" 7 &&+1=0 ifg=—,

and let My.3 C X, be the strict transform of the closure of M,;’aﬁ. Thus, we obtain
12 smooth rational curves Moz on Xj.

We now confirm the following results proved in Section 7 of [20] and [21] by
direct computation.

Lemma 2.1. (1) The intersection numbers of these 20+ 12 smooth rational curves
Ly voys and Myopg are as follows.
(i) The dual graph of the curves L, ~,~, s shown in Figure 2.1, which we refer
to as the L-cube.
(ii) The curves Myqp intersect as follows:

2 ifk=k,
ifk =k,
ifk=k,

o, B=p,
o, B# G,
o, B=0,
ifk =k, o, B# G,
ifk £k, o, B=p,
ifk#k, a=a, B#p,
ifk#k, a#d, f=4,
k4K, a#d,8#£p0.

(Miag, Mirarpg) =

S Lo o o Q
[ N NI

_ O O = O O N

(iii) We have

1 Zf% =0 and B = YiYj, where {lajvk} = {1a2a3}7
0 otherwise.

<L7172’Y3’Mka5> = {
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FIGURE 2.1. Dual graph of the curves L., ,, (L-cube)

L___
T M-+ Lyvo  Lyytr Loty Mgy
O O O O O O O
Loy L4+ Lo
L+07 L+77 L+70
O O O O O O O
Msio Lo L.y Loy Mi__
L+

FIGURE 2.2. Sub-configuration containing 2 IT*

Moyt

(2) The classes of these 32 smooth rational curves span the Néron—Severi lattice

NS(Xs) of X, which is of rank 19 and with discriminant —12.

(3) The lattice NS(X;) is isomorphic to Mg defined by (1.2).

O

To prove the assertion (3), we use the following Jacobian fibration of X,. The
configuration of the 32 smooth rational curves described in Lemma 2.1 contains a
sub-configuration shown in Figure 2.2. Hence X, has an elliptic fibration with a
section My and two singular fibers of type IT*. Consequently, NS(X;) contains
a sublattice of rank 18 isomorphic to U ® Fg(—1) @ Eg(—1). Since this sublattice is
unimodular, it must be a direct summand of NS(X). Comparing the discriminant,

we see that NS(X;) is isomorphic to Ms.
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Thus, X can be regarded as an Mg-lattice polarized K3 surface in the sense
of Dolgachev [12]. According to [12], the isomorphism classes of Mg-lattice polar-
ized K3 surfaces are parameterized by an irreducible curve, and our surface X,
corresponds to a geometric generic point of this curve.

2.2. The Mukai—Ohashi quartic. We review the paper [17] by Mukai and Ohashi.
The results in this section are not directly related to the main line of argument of
the paper.

Let Y; be the quartic surface in P? defined by the quartic polynomial (1.4),
where the parameter ¢ is assumed to be very general. For i € {1,...,4}, let H; C
P3 denote the plane defined by x; = 0, and let p; denote the point such that
{pi} = H; N Hy N Hy, where {i,7,k,1} ={1,...,4}. Then the singular locus Sing Y}
of Y; consists of four points py, ..., ps, each of which is a rational double point of
type Dy. Let (P3)" — P3 be the blowing up at the points pi,...,ps. We denote
by Y/ C (P3)’ the strict transform of Y;, and by E; C (P3)’ the exceptional divisor
over p;. We have homogeneous coordinates (u;; : uyx : uy) of E; = P2, where
{i,j,k,1} = {1,...,4}, such that the strict transform of the plane in P? defined by
a;jT; + apxy + ayx; = 0 intersects F; along the line a;ju;; + apus + ajuy = 0. We
consider the line

A; U5 + Uik + Ujg =0

on E;. Then the scheme-theoretic intersection of Y, and E; is the double line 2A;.
For v € {4, k,1}, let g;, be the intersection point in E; = P? of the line A; and the
line defined by w;, = 0. Then the singular points of Y/ located on F; are precisely
the three points g;,,, forming a total of 3 x4 ordinary nodes of Y;/. Let (P3)"” — (P3)’
be the blowing up at these nodes ¢;,,, and let Y” C (P?)” be the strict transform
of Y/. Then Y/ is smooth. Let P, C Y}’ be the strict transform of A;, and let
Qi C Y/ be the exceptional curve over the ordinary node ¢;,, € Y;. Then, for
each i, the smooth rational curves P; and Q;, (v € {j,k,1}) form a dual graph
isomorphic to the Dynkin diagram of type D4 with P; being the central node.

The scheme-theoretic intersection of ¥; and Hy = {z) = 0} is a double conic
2T, where T is a smooth conic on Hy. Let 7§ C Y/ and Ty C Y/’ be the strict
transforms of T in Y/ and in Y}, respectively. Suppose that ¢ # A. Then Tj
intersects E; at the point g;x, and the curve T intersects Q;x, but is disjoint from
the other three component P; and Q;,, Qs of the Dy-configuration over p;, where
{i, \,p,v} ={1,...,4}.

Let 7 and 1/7 be the two roots of the equation (u — 1)? — tu = 0 in variable
u. Let p,v € {1,...,4} be distinct indexes, and let H,, C P3 be the plane in P3
defined by z, + 2, = 0. We put {¢,5} = {1,...,4}\ {g,v}. Then H,, NY; is a
union of two conics

Cuvyp  Zpxy +pxiz; =2, +2, =0,

where p € {7,1/7}. Let C},, , C Y/ and C},, , C Y/ be the strict transforms of C,,, ,
in Y{ and in Y}, respectively. Note that, since the strict transform H},, C (P?)" of
H,, intersects the exceptional surface F; along the line u;, + u;, = 0, the curves

C’:MT and C;/w,l/r pass through ¢;;, because A; is defined by w;; + s + us = 0.

Thus, the curves C”  _ and Cl’:

v v1/- intersect Q.

We can now establish the following result by direct computation.
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Qa4
NGO, @ P
Q14 Q23
Q13
P1 L \ Té/
Q34 @ @ Q21
Q2@ @31 @Qu
Ps @ C Tll/
Q32 Q1
Qa2
40 @ Py

FIGURE 2.3. Dual graph of the curves P;, Q;;, T))

Lemma 2.2. The intersection numbers of the 32 smooth rational curves P;, Q;j,

T, and Cy, , on Y" are as follows.

(i) The dual graph of the curves P;, Q;j, T, is shown in Figure 2.3, where the
thick edges indicate the four Dy-configurations over the singular points of Y;.
(ii) The intersection numbers of the curves C}, ,, where p,v € {1,...,4} with
w#v and p € {1,1/7}, are as follows.
If {Mv V} = {:u/v Vl}? then

=2 ifp=y
1 " _ s
<Cul/,p’cu’v’7p’> - {0 if p+ p/.
If {u,v} n{w,v'} consists of a single element, then
<C// 1" ) = {1 ifp=1r,
wv,ps =~ p'v’p! 0 ifp#yp.
If {p, vy {u,v'} =0, then
<C// " ) = 0 ifp=p,
pv,pr v p 2 ifptp
(iii) The curve C}}, , is disjoint from P;, T)/, and we have

1 Z:}t{11'1171/72.7‘7'}:{:I‘727E>)74}7
0 otherwise.

(C, 0 Qij) = {
O

As noted in Remark 1.4, the following result was known to the authors of [17].
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kaf |1-— 1—+ 14— 14+ 2—— 2—+ 24— 24+
pv,p | 23,7 14,1/ 23,1/7 14,7 13,7 24,1/ 13,1/t 24,7
kaB | 3—  3—+ 3+—  3++
pv,p | 34,7 12,1/7 34,1/t 12,7

TABLE 2.1. Bijection between Mjy,p and C/Zv,p

Proposition 2.3. There exists a parameter t(s) € C such that the K3 surfaces X
and Yt'(’s) are isomorphic.

Proof. The 32 smooth rational curves in Lemma 2.1 and those in Lemma 2.2 have
the same configuration. Indeed, a bijection between these two sets of 32 curves
preserving their intersection numbers can be established by comparing the cubes
in Figures 2.1 and 2.3 for the curves L., ~,~,, and using Table 2.1 for Mpyqg.

Since the isomorphism class of the K3 surface Y} varies as t changes, and ¢ is as-
sumed to be very general, we conclude that NS(Y}”) is of rank 19. By Lemma 2.1 (2)
and the bijection above, NS(Y}”) contains a sublattice isomorphic to NS(X) with fi-
nite index. Since NS(X,) admits no non-trivial even overlattice, as was noted in the
proof of Proposition 7.1.1 of [20], we see that NS(X,) = NS(Y;). By Corollary 7.1.3
of [20], the transcendental lattice of X is isomorphic to that of ¥;”. Applying the
Torelli theorem for K3 surfaces, we conclude that there exists a suitable choice of
t(s) for which X = Y/ . O

3. NERON-SEVERI LATTICE AND AUTOMORPHISM GROUP

From now on, we omit the parameter s in X, and simply denote the Apéry—
Fermi K3 surface by X. We also write Sx for the Néron—Severi lattice NS(X) of
X. We make the orthogonal group O(Sx) act on Sx from the right.

In this section, we execute Borcherds’ method. In Section 3.1, we fix terminology
and notation about chambers. In Section 3.2, we describe Sx explicitly, and in
Section 3.3, we present an ample class aszs. In Section 3.4, we embed Aut(X)
into O(Sx), so that out geometric problem is transformed into a lattice-theoretic
problem. In Section 3.5, we describe a finite subgroup Aut(X, L32) C Aut(X) of
order 48. With these preparations, in Section 3.6, we perform Borcherds’ method,
and obtain a set of generators of Aut(X) in Proposition 3.16. In Section 3.7, we
prove Corollary 1.3.

3.1. Chambers and their faces. We fix terminology and notation about lattices
and hyperbolic spaces. Let L be an even lattice of signature (1,{ — 1) with { > 2.
A positive cone of L is one of the two connected components of the space

{ze LR | (x,xz) >0}.
We fix a positive cone Pr,, and define the autochronous subgroup of O(L) as
O(L,Pr):={geO(L) | Pl =Pr}.

We also define
Rp:={relL]|(rr)=-2}.
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For v € L ® R with (v,v) < 0, let (v)* denote the real hyperplane in Py defined
by (x,v) = 0. The Weyl group W (L) is the subgroup of O(L,Py) generated by
reflections = + x + (z,7)r into the mirrors (r)* defined by vectors r € Rp. A
standard fundamental domain of the action of the Weyl group W (L) on Py, is the
closure in Py, of a connected component of the space

Pr\ U
reRL
Now, let M be a primitive sublattice of L with signature (1,m — 1) with m > 2,
and let Pys be the positive cone (M @ R) NPr, of M.

Definition 3.1. An L/M-chamber is a closed subset D of Pjy; such that

(i) D has the form Py, N Dy, where Dy, is a standard fundamental domain of the
action of W(L) on Pr, and
(ii) D contains a nonempty open subset of Pyy.

Each L/M-chamber is defined in Pjs by locally finite linear inequalities
(3.1) (x,v;) >0, where v, € M ®Q.

Remark 3.2. According to this terminology, the lengthy phrase “standard funda-
mental domain of the action of W (L) on P.” can be shortened to “L/L-chamber”.
Note that W(L) acts on the set of L/L-chambers simply transitively.

Remark 3.3. In general, L/M-chambers are not congruent to each other.

Remark 3.4. Each M /M-chamber is a union of L/M-chambers, meaning that each
M /M-chamber is tessellated by L/M-chambers. (We use the term “tessellation”
even when the constituent tiles are not congruent to each other.)

More generally, if M’ is a primitive sublattice of M, then every M /M’'-chamber
is tessellated by L/M’-chambers.

For v € L N'Pr, we put
[t ={relL|(v,r)=0}.

Then a point v € L NPy, is an interior point of an L/L-chamber if and only if
[v]: MRz = 0. Suppose that v is an interior point of an L/L-chamber N, and let
v’ be another vector of L N'Pr. Then v’ belongs to the same L/L-chamber N as v
if and only if the set

Sep(v,v') :={reRy | (v,r) >0, (', r)y<0}

of separating (—2)-vectors is empty. The set Sep(v,v’) can be computed using an
algorithm given in Section 3.3 of [22].
Let D be an L/M-chamber. A closed subset f of D is called a face of codimension
i of D if there exists a linear subspace Py of Py of codimension p such that
(i) f=PsND,
(if) Py is disjoint from the interior of D, and
(iii) f contains a nonempty open subset of Py.
The linear subspace Py is called the supporting linear subspace of the face f. A
face of codimension 1 is called a wall.
Let w be a wall of D. We say that a vector v of the dual lattice MV is a primitive
defining vector of the wall w = P, N D of D if
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N4 A4 N4 A4
N N R @
FIGURE 3.1. Dual graph of e{”), ... e{")
(i) Puw = (v)",

(ii) v is primitive in MY, and
(iii) (v,x) > 0 for an (and hence every) interior point z of D.

Each wall of D has a unique primitive defining vector.

For a face f of D, let D(f) be the set of L/M-chambers that contain f. If wis a
wall of D, there exists a unique L/M-chamber D’ # D such that D(w) = {D, D'}.
We call D' the L/M-chamber adjacent to D across the wall w.

3.2. The lattice Sx. We study the Néron—Severi lattice Sx, which is an even
lattice of signature (1,18). Let Px C Sx ® R be the positive cone of Sx containing
an ample class of X. We define the nef-and-big cone of X by

Nx :={z € Px | (z,C) > 0 for all curves C on X }.
It is well known that Nx is an Sx/Sx-chamber. We then define
Rx = RSX = {’I" € Sy ‘ <T,T> = —2},

and denote by Rats(X) C Rx the set of classes of smooth rational curves on X.
Then Nx is determined by

Nx ={z € Px | {z,C) >0 for any C € Rats(X) }.

Remark 3.5. To simplify notation, we do not distinguish a smooth rational curve
on X and its class in Sx. For example, we often write C' € Sx for C' € Rats(X).

We introduce a basis of the Néron—Severi lattice Sx. First, we fix a basis for the
lattice Mg defined in (1.2). Let uj,us be the basis of the hyperbolic plane U with
the Gram matrix

0 1
(3)

For v = 1,2, let e(ly), .. ,eg/) be the (—2)-vectors in the two copies of Eg(—1) that
form the dual graph illustrated in Figure 3.1. Let (—12) = Zwv;2 be the rank-one

lattice generated by a vector vis satisfying (via,v12) = —12. Then the 19 vectors
(3.2) uy, Uz, egl), R eél), 652), ce eé2)7 V12

form a basis of Mg. We write vectors of Mg as row vectors of length 19 with respect
to this basis. Next, we choose an isometry Mg = Sx as given in Table 3.1, and
express vectors of Sy using the same row vector representation.

Remark 3.6. Under this isomorphism Mg = Sx, the vector u; € Mg corresponds to
the class of a fiber of the elliptic fibration ¢: X — P! defined by the configuration
in Figure 2.2, the vector us € Mg corresponds to the class z 4+ u;, where z is the
zero section Moy 4 of ¢, and the vectors egy) correspond to the reduced parts C' of
the irreducible components of the two reducible fibers of ¢ satisfying (z,C) = 0.
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L___ 0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0

L__, 0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0, 0

L__, 0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0, 0

L_o_ 4,3,-8,—5,—10, —15, —12, -9, —6, —3, —6, —4, —8, —12, —10, —8, —6, —3, —1]

L_o4 0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0

L_4_ 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0

L_4o 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0

Ly 4,4,-8,—6,—11, 16, —13, —10, -7, —4, -9, —6, —12, —18, —15, —12, —8, —4, —1]
Lo__ 4,4,-8,—5,—10, —15, —12, -9, —6, —3, —10, —7, —14, —20, —16, —12, —8, —4, —1]
Lo—4 4,4,-10, -7, —14, —20, —16, —12, —8, —4, —8, —5, —10, —15, —12, —9, —6, —3, —1]
Loy 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0

Loyt 0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0

Ly__ 0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0

Li_o 0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0

Ly_y 0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0

Lyo_ 0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0, 0

Lyot 4,3,-6,—4, —8,—12, —10, —8, —6, —3, —8, —5, —10, —15, —12, —9, —6, —3, —1]

Lyy_ 4,4,-9,—6,—12, —18, —15, —12, -8, —4, —8, —6, —11, —16, —13, —10, —7, —4, —1]
Lito 0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0]

Lyyy 0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0]

My — 1,0,0,0,0,0,0,0,0,0, -3, -2, —4, =6, —5, —4, —3, —2, 0]

Miy_ 4 7,7, —15,—10, —20, —30, —25, —19, —13, -7, —12, —8, —16, —24, —20, —15, —10, —5, —2]
Mg 7,7,—12, -8, —16, —24, —20, —15, —10, —5, —15, —10, —20, —30, —25, —19, —13, —7, —2]
Mgy 1,0, -3, -2, —4, -6, -5, —4, —3, —2,0,0,0,0,0, 0,0, 0, 0]

Mo_ _ 3,3,—5,—4,—7,—10, -8, —6, -4, —2, —5, —4, —7, —10, —8, —6, —4, —2, —1]

Ma_ 5,5,—12, -8, —16, —24, —20, —15, —10, —5, —12, —8, —16, —24, —20, —15, —10, —5, —1]
Moy _ 9,7,—17,—12, —23, —34, —28, —21, —14, —7, —17, —12, —23, —34, —28, —21, —14, —7, =2
Moy —~1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

My__ 12,11, —24, —16, —32, —48, —40, —30, —20, —10, —24, —16, —32, —48, —39, —30, —20, —10, —3]
Ms_y 0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0]

Ms _ 0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0]

My 12,11, —24, —16, —32, —48, —39, —30, —20, —10, —24, —16, —32, —48, —40, —30, —20, —10, —3]

TABLE 3.1. Isometry between Mg and Sx

The sign of v12 is chosen so that (vi2,C) > 0 holds for all 32 smooth rational curves
C in Lemma 2.1.

3.3. An ample class ags. Let L35 be the set of 32 smooth rational curves in
Lemma 2.1. Let hg € Sx be the class of a hyperplane section of the projective
model X, C PS of X defined by (2.1). Since X is a (2,2,2)-complete intersection
in the hyperplane of P defined by the first equation of (2.1), it follows that hg is
a nef vector of degree 8. Examining the intersection numbers with the 32 smooth
rational curves in L35, we find

hs = [24,22,—48,—32, —64, —95, —78, —59, —40,
—20, —48, —32, —64, —95, —78, —59, —40, —20, —6).

Recall that Sing X, consists of 12 ordinary nodes p.,~,~,, where one of v1, 72,73 is
0 and the other two are in {+, —}. Thus, we obtain

{r e Rats(X) | (r,hg) =0} ={Lyysys | One of v1,72,7318 0} C Lsa.

It follows that Nx is the Sx /Sx-chamber containing hg and contained in the region
of Px defined by

(3.3) (x,C) >0 for all C = L., ,, with one of v1,72,73 being 0.
Now we define
asy; = [70,63,—140,—94, —187, —279, —230, —174, —117,
—59, —140, —94, — 187, —279, —230, — 174, —117, —59, —17].
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(C’,a32>‘ 1 4 6 8§ 9 10 11 12 13 14 15 16 17
number‘24 4 0 0 0 16 32 0 32 16 0 80 192

<C,a32>‘18 19 20 21 22 23 24 25 26 27 28 29
number‘ 0 136 96 0 248 384 0 416 320 304 560 816

2 3 ) 7
0 0 0 8

TABLE 3.2. Numbers of smooth rational curves of low degrees

(See Remark 3.8 for a method by which we found this vector.) We verify that

<a32, a32> = 32.
The intersection numbers of azs with elements of L35 are

1 ifC= L'YI'YZ”YS or C € {M2_+7M2+_,M3__7M3++},
(34) <C, CL32> =44 if C = M1ag ,
7T ifCe {MQ,,,M2++,M3,+,M3+,}.

Hence ags lies in the region defined by (3.3). We confirm by direct computation
that © = a3o satisfies the following:

(3.5) [z]* "Rx =0, Sep(hg,z)=10.

Therefore ass is ample.

Thanks to the ample class azs, we can now utilize various tools and methods
explained in [25]. For example, we can determine whether a given (—2)-vector
r € Rx belongs to Rats(X) or not by the criterion in Section 3.4 of [25]. The
numbers of smooth rational curves C on X of low degree (C,ass) are given in
Table 3.2.

Remark 3.7. The smooth rational curves C' with (C,age) < 7 belong to L35. Only
four smooth rational curves among the 8 curves C' with (C,a32) = 7 are in Lgo.
The dual graph of the smooth rational curves C with (C, a32) = 1 (that is, the lines
of the projective model of X by agz) is obtained from (3.4) and Lemma 2.1.

Remark 3.8. We explain a method to find many ample classes by random search.
First we find an ample class a by the following method. We choose a random vector
v € Sx such that (v,C) > 0 for all C' = L, ,, with one of 71, y2,73 being 0. Then
we choose a positive integer n and put a := nhg + v. If n is sufficiently large,
then a € Px and z = a satisfies (3.3) and (3.5), and hence a is ample. Once an
ample class a is found, we repeat the following process. We choose a random vector
v € Sx NPx of degree d := (v,v) such that [v]* NRx = 0. Then we calculate
the set Sep(v,a) of (—2)-vectors in Sx separating v and a. Applying to v the
reflections with respect to the elements r of Sep(v,a) in an appropriate order, we
obtain a vector a’ of degree (a’,a’) = d such that [a’|*NRx = () and Sep(a,a’) = (.
Thus we obtain a new ample class a’.

Remark 3.9. The class asy is the image of the orthogonal projection of Weyl vector
wo € Log, and hence it plays an important role in specifying the Log/Sx-chamber
Dy = Px N C(wy) in Borcherds’ method. See Section 3.6.
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3.4. Embedding Aut(X) into O(Sx,Px). Let
asx @ Sx/Sx = Q/2Z

denote the discriminant form of the even lattice Sx (see [18]), where SY is the
dual lattice of Sx. The discriminant group S¥/Sx is a cyclic group of order 12
generated by vi12/12 mod Sx, and gg,, satisfies qg, (v12/12) = —1/12 mod 27Z. Let

O(gsy) = (2/122)" = {£1,£5}

denote the automorphism group of the finite quadratic form gs,,. We have a natural
homomorphism

n: O(Sx) — O(gsy)-
By Theorem 5.4 and Example 5.5 of [25], we obtain the following result:

Proposition 3.10. The natural homomorphism Aut(X) — O(Sx,Px) is injective,
and its image consists precisely of isometries g € O(Sx,Px) satisfying N§ = Nx
and n(g) € {£1}. O

From this point onward, we will regard Aut(X) as a subgroup of O(Sx,Px).
An isometry g € O(Sx,Px) satisfies the condition N§ = Ny if and only if the
set Sep(asz, ajs) of (—2)-vectors separating ase and aj, is empty. Thus, for g €
O(Sx,Px), we have

g€ Aut(X) <= ( Sep(asz,aly) =0 and n(g) € {£1} ).

3.5. The finite subgroup Aut(X, L32). Let O(Sx, L32) denote the group of per-
mutations of the set L35 of 32 smooth rational curves in Lemma 2.1 that preserve
intersection numbers. Since the classes of curves in L35 generate Sx, we can nat-
urally embed O(Sx, L32) into O(Sx). Since the sum s of elements of L35 satisfies
(s,8) > 0 and (s,asq) > 0, it follows that O(Sx, L32) is contained in O(Sx,Px).
‘We put
Aut(X, £32) = O(Sx, £32) N Aut(X),

where the intersection is taken in O(Sx,Px). In this section, we present various
facts about this finite automorphism group Aut(X, L32).

(a) The size of the group O(Sx,Ls2) is 96. Every element g of O(Sx,Ls2)
satisfies Sep(asz, ajy) = 0, which implies
Aut(X, L32) = {g € O(Sx, Ls2) [ n(g) € {£1} }.
Let 1 € O(Sx, L32) be the involution given by
L vavs = Lyiyans: Mlgaﬁ = Mi(—a)p-

Then we have n(p) =5 € O(gsy ), and

O(Sx,ﬁgz) = </,L> X AAut()(7 £32).
In particular, the size of the group Aut(X, L32) is 48. This group Aut(X, L33) acts
on the L-cube (Figure 2.1) faithfully. We put the L-cube in R? by

L’Yl’Y2’73 = mer + 2@z + y3es,

where e, e, e3 are the standard ortho-normal basis of R3. This gives a represen-
tation

(36) PL: Aut(X, ,632) — 0(3)
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Then the morphism 7: Aut(X, L32) — {1} C O(gs, ) is given by

(3.7) nlg) =1 < pr(g) € SO(3).

(b) The action of Aut(X, L32) decomposes L32 into three orbits

{ L+ ~svs | DONE Of Y1, 72,73 is Zer0 },  { Ly ~yys | O0E Of v1,72,73 s Zero },  {Myap}-

These orbits have sizes 8,12, 12, respectively.

(c) By the natural embedding L35 — Sx, we have

L3z = {r € Rats(X) | (r,hs) <2}.
Hence the group
Aut(X, hg) :={g € Aut(X) | h] = hs }

of projective automorphisms of the (2,2, 2)-complete intersection X, C P° given
by (2.1) is contained in Aut(X, L32). In fact, by computing the order of Aut(X, hg),
we can show that Aut(X, hg) = Aut(X, L32).

(d) There exists an involution € € Aut(X, L32) defined by

L5 e = Loy ()90 Miag = Mi(-a)s-

The center of Aut(X, L32) is equal to (¢). Let ¥ C Aut(X, L32) be the subgroup
consisting of all g € Aut(X, L32) such that

{Piq,Pﬁqvpéquf}:{P13P27P3ap4}a

where P, = Ly, Po=L_,, Ps=L___, P, = Li,_ are the vertices of a
regular tetrahedron in the cube in Figure 2.3. Then we have

Aut(X, £32) = <E> X E,

and ¥ is isomorphic to the symmetric group &4. The involution € is induced by
the Enriques involution

(38) 331(—)1/.131, 33‘2(—)1/.’132, $3<—>1/1‘3, x4<—>1/a:4

of the quartic surface Y;. This Enriques involution and the associated Enriques
surface were studied by Mukai and Ohashi [17]. The action of ¥ = &4 on Y; is
induced by the permutations of the coordinates (xq : x5 : x3 : 24) of P3.

(e) We have an isomorphism
Aut(X,L3) = (6) x X = (Z/2Z)3 x Gs.

This isomorphism arises from the action of Aut(X, £32) on the affine Fermi surface
X? in A? via the three involutions &; <+ 1/¢; and the permutations of the coordinates

(fla£2a€3) of AS'
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flI
O O O O Oo——=0
fe fa fa fs fe Iz

FIGURE 3.2. Basis of R

3.6. Borcherds’ method. Let Log be an even unimodular lattice of rank 26 and
signature (1,25). Note that such a lattice is unique up to isomorphism. We embed
Sx into Lag primitively using the technique of discriminant forms [18] as follows.
Recall that the discriminant group SY/Sx is a cyclic group of order 12 generated
by 7s, where vs := v12/12 mod Sx, and the discriminant form g¢g, is given by
gsy (vs) = —1/12mod 2Z. Let R be the negative-definite root lattice of type
D5 + Ay. We fix a basis fi1,..., fr of R as is shown in the Dynkin diagram in
Figure 3.2. Then RV /R is a cyclic group of order 12 generated by vg := g mod R,
where

. 1 1
Tr= - Bh+ t2fs+2fs)+ S (fot2f) € RY,
and we have qr(vgr) = 1/12 mod 2Z, where qr: RY/R — Q/2Z is the discriminant

form of R. Hence vs — —7yr gives an anti-isomorphism ¢g, = —qgr. The graph of
this anti-isomorphism in (SY /Sx) % (RY/R) yields an even unimodular overlattice
Log of the orthogonal direct sum Sy @ R. Indeed, Log is generated in S}/( @ RY over
Sx @ R by the vector v12/12 + 4g. From this point forward, we regard Sx and R
as primitive sublattices of Log via this embedding (Sx @ R) < Log.

Let Pag C Lag®R denote the positive cone of Log containing the positive cone Py
of Sx. We refer to an Log/Log-chamber as a Conway chamber, as its structure was
determined by Conway [10]. The tessellation of Pag by Conway chambers induces a
tessellation of Px by Log/Sx-chambers. Each Sx/Sx-chamber, including the nef-
and-big cone Ny, is also tessellated by Lag/Sx-chambers. For every g € Aut(X),
its action n(g) € O(gsy) on the discriminant form gg, is in {£1}, and hence the
action of g on Sx extends to an action on Log. Consequently, the action of Aut(X)
on Nx preserves the tessellation of Nx by Log/Sx-chambers. We put

(3.9) Vx := the set of Log/Sx-chambers contained in Nx.

Our goal is to analyze the action of Aut(X) on Nx via the the action of Aut(X)
on Vx.

Definition 3.11. Let D be an element of Vx, and f a face of D. We say that
f is inner if the set D(f) of all Log/Sx-chambers containing f is a subset of V.
Otherwise, we say that f is outer.

Suppose that w = D N (v)* is a wall of D € Vx, where v € S is the primitive
defining vector (see Section 3.1). Then w is inner if and only if the Lag/Sx-chamber
adjacent to D across the wall w belongs to Vx. It is also obvious that w is outer if
and only if v is equal to aC for some a € Q¢ and C € Rats(X).

We put
Rgﬁ = {7“ S L26 ‘ <7“,7”> = —2}.
Recall that age € Sx is an ample class with (as2, ase) = 32, which we regard as a
vector of Log by the embedding Sx < Log.
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Proposition 3.12. The ample class azs is an interior point of an Log/Sx -chamber.

Proof. By direct computation, we verify that the set {r € Rog | (r,az2) =01} is
equal to the set

{reRos|(r,v)=0 forall ve Sx}={reRy|reR}={reR|(rr)=-2}

of roots of R. This implies that, if r € Rog satisfies (r,azs) = 0, then we have
Px C (T‘)J‘ in Pog. 0

Definition 3.13. A vector w of Log is called a Weyl vector if

(i) w is non-zero, primitive in Log, and of square-norm 0,
(ii) w is contained in the closure of Pag in Log ® R, and
(iii) the negative-definite even unimodular lattice [Zw]*/Zw of rank 24 contains
no vectors of square-norm —2.

For a Weyl vector w, we call a (—2)-vector r € Rag of Lag a Leech root of w if
(r,w) = 1 holds.

Conway [10] proved that the mapping w — C(w), where
C(w):={x € Py | (x,r) >0 for all Leech roots r of w },

is a bijection from the set of Weyl vectors to the set of Conway chambers. Moreover,
he showed that C(w) N (r)* is a wall of the Conway chamber C(w) for each Leech
roots r of w; that is, C(w) N (r)* contains a nonempty open subset of (r)* for
every Leech root r of w.

We put

ag:=[-5,-5,-9,—-7,—-4,—1,—-1] € R,
which is a vector of R satistying (ag, f;) =1forj =1,...,7. Since (ar,ar) = —32,
the vector
Wq := a3z +agr

of Log is of square-norm 0. We verify that wy is a primitive vector in Lyg, and that
the negative-definite even unimodular lattice [Zwg]*/Zwo has no (—2)-vectors.
Thus, we confirm that wq is a Weyl vector.

Proposition 3.14. The closed subset
DO = PX N C(Wo)
of Px is the Log/Sx-chamber containing ass in its interior.

Proof. We have already proved that ass is an interior point of a certain Log/Sx-
chamber in Px. Thus, it suffices to show that ass lies in C(wy). Since wg € Log
is a primitive vector with square-norm 0 and we have Log = L, there exists a
vector w(, € Lgg such that (w(,wq) = 0 and (wo,wg) = 1. Then wy and wy
span a hyperbolic plane Uy, in Lgg, and its orthogonal complement A := Ug is
isomorphic to the negative-definite Leech lattice [Zw]* /Zwy. Thus we can write
Log = Uy ® A. The Leech roots with respect to wq are given by
Ty = (2;)\’)\>> wo+wy+ A, where \€A.

We put
ar = 2wo + wy,.
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Since (ar,ar) > 0 and (ar,ry) > 0 for any A € A, it follows that ay, is an interior
point of C(wy). Then we confirm that the set

SepL%(aL,agg) = {7" € Rog | <aL,r> > 0, <a32,r> <0 }

of (—2)-vectors in Log separating ay, and ass is empty by the algorithm given in [22].
Therefore ags belongs to the Conway chamber C(wy). O

Remark 3.15. The order of the Weyl group W(R) of the root lattice R of type
D5 + As is 11,520. Consequently, there exist exactly 11,520 Conway chambers C’
such that Dg = Px N C'.

Starting from Dy, we execute the algorithm described in Section 5 of [25], and
obtain the orbit decomposition of Vx under the action of Aut(X), where Vx is the
set of Lag/Sx-chambers contained in Nx (see (3.9)). As a result, we obtain the
following facts.

(1) The Log/Sx-chamber Dy has 80 walls. Let wy, ..., wgo be the walls of Dy,
and let v; € SY be the primitive defining vector of w;. (See Section 3.1 for the
definition of the primitive defining vector.) The values

n(w;) = (v, v;) and a(w;) = {asa, v;)
for each wall w; are given in Table 3.3.
(2) The group
O(Sx, Do) :=={g € O(Sx,Px) | D§ = Do }
is of order 32, and is equal to
O(Sx,as2) :={g € O(Sx,Px) | ajy = ass }.
Its subgroup
Aut(X, Dg) := Aut(X) N O(Sx, Do) = {g € O(Sx, Do) | n(g) € {£1}}

is isomorphic to the dihedral group of order 16. We see that Aut(X, Dy) is equal
to the group

Aut(X, azz) :={g € Aut(X) | ay = as2 }

of the projective model of X defined by ass. Table 3.3 shows the orbit decomposition
of the set of walls of Dy by the action of Aut(X, Dg). In Table 3.4, the primitive
defining vector of a representative wall of each orbit o; is given. The orbits o5
and og merge into a single orbit under the action of O(Sx, Dy), as do the orbits
09 and 019. Meanwhile, each of the other six orbits remains to be an orbit under
O(Sx, Dy).

(3) Let w be a wall of Dy. If w € 01 U 0g, then w is an outer wall. Suppose
instead that w € o3 U--- U o019. Then the Log/Sx-chamber adjacent to Dy across
the wall w is congruent to Dy by the action of Aut(X). In other words, the set

Dg is the Log/Sx-chamber adjacent to }

(3.10)  Adj(w) := { g € Aut(X) ‘ Dy across the wall w

is nonempty. Thus, by Proposition 4.1 of [9] (see also Proposition 5.1 of [25]), we
obtain the following result.
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orbit | size n(w;) a(w;) in Nx (ase,aly)
01 8 -2 1 out 33
03 16 -2 1 out 33
03 4  —4/3 2 inn 38
04 8 -1 5 inn 82
05 8 —3/4 6 inn 128
06 8 —3/4 6 inn 128
o7 8 -3/4 6 inn 128
os | 4 —1/3 6 inn 248
09 8 —1/12 7 inn 1208
010 8 —1/12 7 inn 1208

TABLE 3.3. Walls of Dy

o1 : [0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0]

os : [0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0]

o5 : [—6,—6,12,8,16,24,20,15,10,5,12,8,16, 24,20, 15, 10,5,5/3]

o4 ,5,—12, -8, —16, —24, —20, —15, —10, —5, —10, —7, —14, —20, —16, —12, —8, —4, —3/2]

o5 : [5,5,—12,—8,—16,—24, —20, —15, —10, —5, —9, —6, —12, —18, —15, —12, —8, —4, —5/4]

o : [7,6,—14,-10,—19, —28, —23, —18, —12, —6, —12, —8, —16, —24, —20, —15, —10, —5, —7/4]

o7 ¢ [14,12,-29, —19, —38, —57, —47, —36, —24, —12, —27, —18, —36, —54, —44, —33, —22, —11, —13/4]
os ¢ [13,12,—27,—18,—36, —54, —44, —33, —22, —11, —26, —18, —35, —52, —43, —33, —22, —11, —19/6]
o9 [12,11,-25,—17, —33, —49, —40, —30, —20, —10, —24, —16, —32, —48, —40, —30, —20, —10, —35/12]
010 : [14,12,-27,—18,—36, —54, —44, —33, —22, —11, —27, —18, —36, —54, —44, —33, —22, —11, —41/12]

TABLE 3.4. Primitive defining vectors of walls of Dg

Proposition 3.16. (1) The group Aut(X) acts transitively on the set Vx of Log/Sx-
chambers contained in Nx.

(2) From each orbit o, for v =3,...,10, we choose a wall w® € o,, and an
element g(w™) of Adj(w™)). Then Aut(X) is generated by the finite subgroup
Aut(X, Dy) together with eight extra automorphisms g(w™)) for v =3,...,10. O

(4) The outer walls in the orbit oy are given as DyN(C1)L, where C; € Rats(X)
are the following 8 smooth rational curves:

(3.11) Loyy, Loy—, Lo—y, Lo——, Moy, My , Mz, Mz _.
The outer walls in oy are given as Dy N (Co)*, where Cy ranges through the set
(3.12) {Lyiyays |11 #0}

(5) In the rightmost column of Table 3.3, we present (ass,aj,), where g is an
isometry in O(Sx,Px) such that D{ is adjacent to Dy across a wall w € o,. (For
v=3,...,10, we have g € Adj(w).) For a fixed wall w, the element g is unique up
to the multiplication from the left by elements of O(Sx, Do) = O(Sx, as2). Hence
(a3, a3,) does not depend on the choice of g.

3.7. Proof of Corollary 1.3. Now we can prove Corollary 1.3, even though The-
orem 1.2 has not been proved yet. Let C be an arbitrary element of Rats(X), and
set 7 := C. Then Nx N (r): contains a nonempty open subset of (r), and hence
there exists an Logg/Sx-chamber D € Vy such that D N (r)t is a wall of D. By
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Proposition 3.16, there exists an automorphism g € Aut(X) such that D9 = Dy.
Then Do N (r9)% is an outer wall of Dy. From (3.11) and (3.12), there exists an
automorphism ¢’ € Aut(X, Dy) such that

’ ’
r99 :L0++ or 199 :L+O+.

By Fact (b) in Section 3.5, there exists an automorphism g” € Aut(X, L32) such

that 799'9" = Ly, . Consequently, Rats(X) forms a single orbit under the action
of Aut(X). O

4. GEOMETRIC DESCRIPTION OF GENERATORS

In Proposition 3.16, we provided a finite generating set of Aut(X) in lattice-
theoretic terms; that is, we presented a finite set of isometries of Sx that generate
the subgroup Aut(X) of O(Sx,Px). In this section, we describe these generators in
terms of the geometry of X. We state our goal precisely in Section 4.1, and present
a strategy in Section 4.2. Then, in Sections 4.3-4.9, we describe the generators
geometrically.

4.1. Goal. Recall the definition (3.10) of Adj(w).

Definition 4.1. Let o, be an orbit of inner walls of Dy under the action of
Aut(X, Dy). We say that g € Aut(X) is a generator associated with o, if g € Adj(w)
for a wall w € o,.

The geometric origin of the finite subgroup Aut(X, L32) of order 48 is well un-
derstood. (See Section 3.5.) The intersection Aut(X, Do) N Aut(X, L32) is of order
8, and an element g of Aut(X, L33) belongs to Aut(X, Dy) if and only if its action
pr(g) on the L-cube (see (3.6) and (3.7)) preserves the set {Lo14 } of four vertices
and satisfies det(pr(g)) = 1.

Our goal is to provide a geometric description of
(a) an automorphism ¢/ in Aut(X, Dy) not belonging to Aut(X, £35), and
(b) generators B3l ..., g% associated with the orbits os, ..., 019 of inner walls.
Then Aut(X) is generated by Aut(X, L3) along with gl g3l ... glt0],

4.2. Strategy. For each inner wall w of Dy, we calculate
a(w) := ay, where ¢ € Adj(w).

Note that, since Aut(X, Dy) = Aut(X,asz), the vector a(w) does not depend on
the choice of g € Adj(w). Then we search for as many automorphisms g with clear
geometric meaning as possible, and calculate their actions on Sx. If a, is equal to
a(w) for some inner wall w € o,, then we adopt this automorphism g as gi*.

To obtain many geometric automorphisms, we use the Jacobian fibrations and
their sections. Let ¢: X — P! be a Jacobian fibration with the zero section z €
Rats(X). Let Ey4 be the generic fiber of ¢, which is an elliptic curve defined over
the function field of P! with the zero element z. We regard the Mordell-Weil group
MW (¢) of ¢ as a subgroup of Aut(X) by identifying a rational point s € MW(¢)
of E4 with the translation x — z +g s of E4 by s, where +f is the addition on
the elliptic curve E,. We also have an involution «(¢) € Aut(X) coming from the
inversion x — z —g x of Fg.

Suppose that we have a configuration

@:{C(]a"'acn}
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o—(C— O—O
Mzyy My My Lo
FIGURE 4.1. Configuration for ¢!

of smooth rational curves C; € Rats(X) whose dual graph is a connected affine
Dynkin diagram of type Ay, D,,, or E,. Then © yields an elliptic fibration

do: X — P!

such that © is the set of irreducible components of a reducible fiber

do' (p) =D aiC,
where the coefficients a; € Z~( are determined by the ADE-type of ©. (See Table
4.1 of [25].) A smooth rational curve C' is a section of ¢g if and only if

> ai(C;,C) =1.
Hence, if we find an appropriate configuration of elements of Rats(X) whose dual
graph contains a connected affine Dynkin diagram, we obtain a Jacobian fibration
of X and some elements of its Mordell-Weil group. The procedure for computing
the Mordell-Weil group and its action on Sx is explained in [25]. The action of the
inversion ¢(¢) on Sx is also easily computed.

We search for connected affine Dynkin diagrams in the dual graph of L35, and
when we find one, we search for sections of the corresponding elliptic fibration
also in L33. In the following, we present dual graphs of such configurations. In
each graph, we depict sections by black nodes, elements of © disjoint from the zero
section z by white nodes, and the element of © intersecting z by a gray node. Hence
the white nodes form a connected ordinary Dynkin diagram, and the black node
connected to the gray node is the zero section z.

4.3. The group Aut(X, Dg). The configuration L35 contains a sub-configuration
depicted in Figure 4.1. The white node form a Dynkin diagram of type A;, and,
together with the gray node, they form an affine Dynkin diagram of type Aj.
Therefore we obtain a Jacobian fibration

ol X —» P!
with the zero section z := Lg__. This Jacobian fibration has four reducible fibers
of type A7 + A7+ Ay + A;. The Mordell-Weil group MW (¢[)) of ¢!% is isomorphic
to Z ® 7Z/47. The section s := Ms, , generates the free part of MW(¢[%). We
calculate the action on Sx of the product
g =1 (¢ . s e Aut(X).

It turns out that g[% is an involution, and that it belongs to Aut(X, D) but not
to Aut(X, Do) n Aut(X, ,632).

Remark 4.2. The Jacobian fibration ¢[% has a beautiful property with respect to
L35. Since the reducible fibers of ¢l is of type A7 + A7 + A1 + A;, there exist
20 smooth rational curves contained in fibers of ¢l°l. All these 20 curves belong to
L35. The other 12 smooth rational curves in L35 are sections of ¢, The section
t = Loy _ is a torsion section of order 4, and the following sections belong to L3s:

as +p bt (a={-1,0,1}, b€{0,1,2,3}), where s:= Msy,.



22 ICHIRO SHIMADA

Lo
Lo_ O O O O O Los_
0=+ L+ L o L._ Lo L ot
Ly 4 Ly

FIGURE 4.2. Configuration for ¢4

4.4. A generator associated with o3. Let g[* be the involution in Aut(X, £32)
whose action on the L-cube makes the exchanges

Livy = L4, Lyy- — L___,

and fixes the other four vertexes L, _4 and L_, 1. Then gl® is a generator associ-
ated with the orbit o3.

4.5. A generator associated with o4. The configuration L35 contains a sub-
configuration depicted in Figure 4.2. The seven white nodes form a Dynkin diagram
of type E7, and, together with the gray node, they form an affine Dynkin diagram
of type E7. Therefore we obtain a Jacobian fibration

oW X — P!

with the zero section L, _. This Jacobian fibration has three reducible fibers of
type E7 + Ds + As. The Mordell-Weil group of ¢4 is isomorphic to 7,/27 and its
non-trivial element is the section Ly, _. Let

gl X - X
be the translation by the non-trivial torsion section L4, _. Then ¢! is a generator

associated with the orbit o4.

4.6. Generators associated with o5 and og. The configuration L35 contains a
sub-configuration depicted in Figure 4.3. The seven white and gray nodes form an
affine Dynkin diagram of type Eg, and hence we obtain a Jacobian fibration

ol X —» P!

with the zero section L_g,. This Jacobian fibration ¢[°! has four reducible fibers of
type Eg+ Fg+ As+ As. The Mordell-Weil group of ¢! is isomorphic to Z & 7/3Z,
and the section Lyg_ is of order co. Let

g[5]:X—>X

be the automorphism obtained by the translation by this section L,o_. Then g°
is a generator associated with the orbit o5. We put

g = (g~

Then ¢[% is a generator associated with the orbit og.
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Lo Lo L4 Loyt
O @
O O O O

Lo Lo_ Lo_ Lo Lo

FIGURE 4.3. Configuration for ¢!°!

L Li—+ Lo—+ L4
O @
O O O O

Lo- Moy Lioy Lyt Lo+

FIGURE 4.4. Configuration for ¢l

L Livy Loyt
O O O O O O O
My Lo- L4 Loy— Liyy— Liyo My

FIGURE 4.5. Configuration for ¢[®!

4.7. A generator associated with o;. We consider the Jacobian fibration
oM. X - P!

associated with the configuration whose dual graph is in Figure 4.4. The zero

section of @7l is L__,. This Jacobian fibration ¢[7) has four reducible fibers of

type Fg+ Eg+ Ay + Ay. The Mordell-Weil group of ¢l7] is isomorphic to Z$Z/3Z,

and the section L___ is of order co. The automorphism ¢g!”': X — X obtained by

the translation by this section L__ _ is a generator associated with the orbit o7.

4.8. A generator associated with og. We consider the Jacobian fibration
¥ X — p?

associated with the configuration whose dual graph is in Figure 4.5. The zero section
of ¢!8l is Ly, . This Jacobian fibration has two reducible fibers of type Dg + Ds.
The Mordell-Weil group of ¢! is isomorphic to Z @ Z/27Z. The automorphism
gl8l: X — X obtained by the inversion L(¢[8]) of the generic fiber is a generator
associated with the orbit osg.

4.9. Generators associated with o9 and o015. We consider the Jacobian fibra-
tions
o x 5Pt gl x 5 pt
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Lo
O O O O O O O ®
M2+, L+0, L+,, L+,0 L+,+ L0,+ L,,+ L,,O M3++
Lo__
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My Lo L L_o Ly Loy Ly Ly M _

FIGURE 4.6. Configurations for ¢! and 4"

associated with the two configurations whose dual graphs are in Figures 4.6. Each
of these Jacobian fibrations has two reducible fibers of type Fs + Eg, and their
Mordell-Weil groups are isomorphic to Z. The automorphisms g/¥: X — X and
g!t%: X — X obtained by the inversions ¢(4[”)) and ¢(¢['%) of the generic fiber of

# and of ¢ are generators associated with the orbits o9 and 010, respectively.

5. FACES OF Dy

We explain methods to enumerate the faces of Dy and investigate them in Sec-
tion 5.1. Then we study the faces of Dy with codimension 2 in Section 5.2. This
will lead to a presentation of Aut(X) in terms of generators and relations in The-
orem 6.6. In Section 5.3, we present an algorithm to enumerate the faces of Nx
modulo Aut(X), and prove Theorem 1.2.

5.1. Enumeration of faces of Dy. Let F#(D) denote the set of faces of codimen-
sion u of an Lgg/Sx-chamber D.

The set F*(Dy) of faces of Dy with codimension i can be calculated by induction
on y as follows. Suppose that we have f € F#(Dy). Let (f)r C Sx @ R denote the
minimal linear subspace containing f, so that the supporting linear subspace Py of
f is equal to (f)r NPx. Suppose also that we have linear forms p1, ..., pg of (f)r
such that f is defined in Py by the linear inequalities p; > 0 (i =1, ..., k) and that,
for each i = 1,...,k, the closed subset f; := f N (p;)* of f contains a non-empty
open subset of the hyperplane (p;)* = {x € Py | pi(x) = 0} of P;. Then, using the
algorithm of linear programming (see Algorithm 3.17 of [23] or Section 3.4 of [13]),
for each i = 1,...,k, we can make a list p;1,..., pim, of linear forms of (f;)g such
that f; is defined in (p;)* by the linear inequalities p;; > 0 (j = 1,...,m;) and
that, for each j = 1,...,m;, the closed subset fi; := fi N (pi;)* of f; contains a
non-empty open subset of the hyperplane (p;;)* of (p;)*.

Since the size of the set F#(Dy) grows rapidly with p as is indicated in the table
below, we stopped the computation at = 5. In the table below, the number of
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Aut(X, Dg)-orbits in F*(Dy) is also given.
g1 2 3 4 5

|F(Do)| | 80 1746 20228 150750 793280
orbits |10 128 1322 9578  49880.

For each wall w of Dy, we choose an isometry g,, € O(Sx,Px) such that DJ" is
the Log/Sx-chamber adjacent to Dy across the wall w and that

(5.1) n(gw) € {£1}.

When w is an inner wall of Dy, any element of Adj(w) defined by (3.10) can be
taken as g,,. When w is an outer wall of Dy, we can choose g,, to be the reflection
Sp: @+ x + (x,r)r with respect to the (—2)-vector r such that w = Dy N (r)*.
(Note that n(s,) =1.)

Recall that, for a face f of an Lag/Sx-chamber, we denote by D(f) the set of
Log/Sx-chambers containing f. Suppose that f € F#(Dgy). All the elements of
D(f) are enumerated by the following procedure. Since Dy € D(f), we initialize

QZ[Id], .A: [agg], i:1,

where id is the identity element of O(Sx,Px). Note that G is a list ordered by the
order in which elements are added (the insertion order). We then expand the list
G of elements of O(Sx,Px) maintaining the following properties:

(a) If g is a member of G, then DJ € D(f) holds.
(b) If g and ¢’ are distinct members of G, then D§ # D{ holds. Note that the

condition D # Dg, is equivalent to the condition af, # ag;. Hence this
condition is equivalent the condition that the list A of a},, where g runs through
G, be duplicate free.

The procedure goes as follows. While the counter ¢ is < |G|, we repeat the following.
Let g; be the ith element of G, so that we have DJ' € D(f). We put

f/ = f(giil) c ]:#(Do)

If a wall w of Dy passes through f’, then DJ*%" is an element of D(f) adjacent to

D{' across the wall w9 of D§'. For each wall w of Dy, if w D f’ and ajy?" ¢ A,

then we append g¢,,g; to the list G as the last element, and append ajy?" to A. After

doing this task for all walls w of Dy, we increment the counter ¢ by 1. When this

procedure terminates, that is, if ¢ = |G| + 1, the set D(f) is equal to { D | g € G }.
Then we can compute the set

D(f)NVx ={DeD(f)| D C Nx }.
We can also compute the set
(5.2) C(f):={C eRats(X) | (C)F > f}.

Remark 5.1. For D € D(f), let g(D) denote the element of G such that D = Dg(D).
Since the choice of gy, satisfies (5.1), we have n(g(D)) € {£1}. In particular, we
have

DeD(f)NVx <« g(D) € Aut(X)
by Proposition 3.10.
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uwoT |F# (Do, T)| orbits T |F#(Dg,T)| orbits
1 A 24 2 4 4A, 8802 572
2 24, 276 23 4 2A;+ A, 5056 322
2 A 32 3 4 A+ As 10760 673
3 34 1936 126 4 2A, 384 32
3 A+ A 592 37 4 Ay 96 8

3 Az 712 45 4 Dy 160 10

TABLE 5.1. Sizes of F*(Dy, 7) and the number of Aut(X, Dy)-orbits

rre
Apve
R Ll

8804 8s0b
FI1GURE 5.1. Types of faces of Dy of codimension 2

Computing these data for all f € F#(Dg) and examining the dual graph of C(f)
for each f, we calculate the subset

FH(Do, 1) :={f € F*(Do) | C(f) € &(7) }
of F*(Dy) for each ADE-type 7. The group Aut(X, Dy) acts on F#(Dg, 7). The

sizes of the set F#(Dy, 7) and the numbers of Aut(X, Dy)-orbits in F*(Dy, ) are
given in Table 5.1.

5.2. Faces of codimension 2. We examine the set F2(Dy). The faces in F2?(Dy)
are classified into 12 types, which are illustrated in Figure 5.1. We choose a general
point p of f, and consider a small disk A centered at p within a 2-dimensional
linear subspace in Px intersecting f at p orthogonally. In Figure 5.1, we depict the
intersections of A with the Log/Sx-chambers D € D(f) containing f. The dark
gray sector is AN Dy, and the dark and light gray sectors are AND with D C Nx.
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type o |F2(Dg),| orbits (cos®;)? pairs of walls
419 244 21 0 0 11,12,22
4y 1096 30 0 13,...,19,1¢,23,...,29,2t
440 88 8 0 0 34, 35, 36,37
612 32 3 1/4 14 1/4 12,22
65 8 1 3/8 3/8 1/16 13
620 4 1 1/16 3/8 3/8 33
6o 2 1 /4 1/4 1/4 33
821 32 2 12 1/2 12 1/2 14,24
8y 112 8 2/3 2/3 1/3 1/3 15,16,25,26,27
8 112 8 1/3  2/3 2/3 1/3 45,46,47
8s0a 8 1 1/4 3/4 3/4 1/4 38
8s0p 8 1 3/4 1/4 1/4 3/4 34

TABLE 5.2. Data of faces of Dy of codimension 2

Thick lines indicate AN (C)L, where C € Rats(X) is a smooth rational curves such
that (C)*+ D f.

The type is denoted as o := ny,., where n is the size of the set D(f), [ is the
size of D(f) N Vx, and r is the number of C' € C(f) such that (C)* N Dy is a
wall of Dg. The size of the set F2(Dy), of faces of type o is listed in the second
column of Table 5.2. The group Aut(X, Dg) acts on F2(Dy),. The numbers of
Aut(X, Dyg)-orbits in F2(Dy), are also presented.

We index the Log/Sx-chambers D € D(f) as Dy,...,D,_1, starting Dy and
proceeding around f. Then the dihedral angle 6; of D; at p fori =0,1,...,n/2—1
are given in the third column of Table 5.2 by means of the rational number

(v,v')?
(v, v) (v, V")’
where (v)+ N D; and (v')1 N D; are the two walls of D; containing f. The fourth
column of Table 5.2 provides all possible pairs kk’ = {k, k’} of the indexes of orbits
oy, and oy to which the walls (v)~ N Dy and (v') N Dy of Dy containing f belong.
Here the index 10 of 01 is denoted by ¢ so that 1¢ and 2¢ mean {1, 10} and {2, 10},
respectively.

Let w € FY(Dg) be a wall of Dy that belongs to the orbit 0;. The numbers and
types of faces f € F2(Dy) of codimension 2 such that f C w are given in Table 5.3.

(cosf;)? =

5.3. Orbit decomposition of €(7) by Aut(X). We present a method to cal-
culate the orbit decomposition of the action of Aut(X) on the set €(7) of ADE-
configurations of smooth rational curves of type 7. This method requires the sets
FH(Dyg) and FFH1(Dy) of all faces of codimension p and p+1, where y is the Milnor
number of 7. From the set F!(Dy), ..., F°(Dy), we obtain the orbit decomposition
of €(7) for all ADE-types 7 with u < 4, and prove Theorem 1.2.

Let C = {C4,...,C,} be an element of €(7). We define

Pe=(C1)=N--n(Cu)*,

which is a linear subspace of codimension p in Px.
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orbit total number types and numbers

01 7 (412)21 (421)%5(612)%(631)" (821)%(841)°

02 74 (412)°(421)%6(612)3(821)* (841)*

03 53 (421)?%(440)*2(631)2(630)*(660)* (8s0a)* (8s05)?
04 42 (421)%(440)(821)*(840)**(8s00)*

05 32 (421)"(440)(841)°(840)°

06 32 (421)" (440)?(841)°(840)°

o7 30 (421)%°(440)*(841)" (840)"

08 22 (421)*°(8504)?

Og 19 (421)19

010 19 (491)"

TABLE 5.3. Faces of codimension 2 that bound a wall

Proposition 5.2. The intersection Pc N Nx is a face of codimension u of the
Sx/Sx-chamber Nx.

Proof. Since {(a,C;) > 0 for any ample class a, it follows that P¢ is disjoint from
the interior of Nx. It suffices to show that there exists a point p on P¢ such that
(p,C") > 0 holds for any smooth rational curve C’ on X that is not a member of
C. We define m;; := (C;, C;), and consider the p x p matrix M := (m;;), which is
the Gram matrix of the negative-definite root lattice of type 7 with respect to the
standard basis. It is well known that every entry of the inverse matrix Mt is < 0.

Fixing an ample class a, we define t,,...,t, € Q by
131 (a,C1)
Sl =M1 :
179 <a7 C;L>

Since (a,C;) >0 fori=1,...,u, we have t; <0 fori=1,...,u. We put
p=a— (t1C1+---+1t,C,).
Then we have (p,C;) =0fori=1,...,u, and

(p,p) = (p,a) = (a,a) — (t1(Cr,a) +--- +1,(Cp,a)) > 0.
Thus we have p € P¢. For any C’ € Rats(X) such that C’ ¢ C, we have (a,C") > 0

and (C;,C'") > 0 for ¢« = 1,...,u. Hence (p,C’) > 0 holds. Therefore a small
neighborhood of p in P¢ is contained in Pz N Nx. O

Let [C]* be the orthogonal complement of the sublattice [C] of Sx generated
by the elements of C. Then [C]* is a primitive sublattice of Sx with signature
(1,18 — p), and

Pec :=Px N ([C}J' ®R)
is a positive cone of [C]*. The tessellation of Px by the Sx/Sx-chambers in-
duces a tessellation of Pe by the Sx/ [C]J——chambers, and Pc N Nx is one of these
Sx /[C]t-chambers. On the other hand, since Sy is embedded primitively into
Ly in Section 3.6, we can regard [C]* as a primitive sublattice of Log, and every
Sx /[C]t-chamber is tessellated by Log/[C]1-chambers. Note that every Log/[C]t-
chamber is of the form PecND, where D is an Log/Sx-chamber and PcND is a face of
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D with supporting linear subspace Pc. The algorithm below is Borcherds’ method
applied to the tessellation of the Sy /[C]*-chamber Pe N Ny by Lag/[C]*-chambers
Pe N D.

We consider the map
(5.3) F*(Do,7) — &(7)

given by f +— C(f), where C(f) is defined by (5.2). Let C be an arbitrary element of
¢(7). By Proposition 5.2, there exists an element D of Vx such that fp := PN D
is a face of D with supporting linear subspace Pc. Since Aut(X) acts on Vx
transitively, there exists an automorphism g € Aut(X) such that D9 = Dy. Then
we have f}, € F#(Do, ), and the mapping (5.3) maps f7 to C9. Therefore the
mapping (5.3) induces a surjective map
(5.4) FH (Do, ) = €(7)/Aut(X).

Fix an element C of €(7). We define

Ve = {DeVx|PesNDis a face of D with supporting linear subspace Pc }
= {D € Vx| PeND contains a nonempty open subset of Pc },
Ve == {PenD|DeV}.
Then the stabilizer subgroup
Aut(X,C) := {g € Aut(X) | g preserves C }

of C acts on ‘N/c.

Remark 5.3. The mapping D +— P¢ N D from XN/C to Ve may not be a bijection. For
example, when 7 = 244, if Pc N Dy is a face of Dy of codimension 2 with type 821
(see Figure 5.1), then there exists an Lgg/Sx-chamber D’ such that D’ # Dy and
that Pe N D' = Pe N Dy.

For D € Vg, there exists an automorphism g(D) € Aut(X) such that D = Dg(D).
Then
(Pe N D)W1) = Pewomy-1 N Do
is a face of Dy of codimension y, and this face is a member of F#(Dy, 7). Recall that
Aut(X, Dy) acts on F*(Dy, 7). The choice of g(D) € Aut(X) such that D = Dg(D)
is unique up to the left multiplication of elements of Aut(X, Dg). More generally, if

D' € Ve is equal to DY for an element ~v € Aut(X,C), then there exists an element
h € Aut(X, Dg) such that hg(D)vy = g(D’). Since

(Pe N DYDY = (po 0 DO 9@ T = (p A D)@D)TAT)
the mapping D +— (P¢ N D)(Q(D)fl) induces a mapping
O : Ve — F*(Do,7)/Aut(X, Dp)
that factors through the natural projection
Ve —» Ve /Aut(X,C).
Proposition 5.4. For C € €(1) and C' € &€(7), the following are equivalent:

(i) C and C' are in the same Aut(X)-orbit.
(ii) The images of ®¢ and of ¢: are the same.
(iii) The images of ¢ and of e have nonempty intersection.
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Proof. Suppose that C' = C® for some « € Aut(X). We have Pe @) = Pe. For
D € Ve, we have D* € Ver and ®¢(D) = B¢ (D), because g(D*) = hg(D)a for
some h € Aut(X,Dg). Thus, the image of ®¢ is contained in the image of ®¢r.
Therefore (i) implies (ii).

The implication (ii) = (iii) is obvious. The implication (iii) = (i) follows
from the fact that, if f is an element of the Aut(X, Dg)-orbit ®¢(D), then C and
C(f) are in the same Aut(X)-orbit, because the supporting linear subspace P¢ of
the face Pc N D of D is mapped to the supporting linear subspace Pe(y) of the face
f of Dy by an element of Aut(X). O

As is seen from the surjectivity of the map (5.4), every Aut(X)-orbit in €(7)
contains a configuration C(f) for some f € F*(Dg,7). Hence, calculating the
images of ®¢(y) for all f € F#(Dy,T), we obtain the orbit decomposition of €(7)
by Aut(X).

The images of ®¢(y) for faces f € F*(Dp,7) are computed as follows. The
idea is to calculate the orbit decomposition of 17@ under the action of Aut(X,C) by
Borcherds’ method. For simplicity, we put

[.F] = ./—'.M(Do,T)/Aut(X, Do),

and for f € F*(Dg, ), let [f] € [F] denote the Aut(X, Dg)-orbit containing f. We
construct a graph whose set of nodes is [F] and whose set of edges is defined as
follows. Let f be an element of F#(Dy, 7). We have Dy € Vc(f), and ®¢(y) maps
Dy to [f], as Pe(sy N Do = f. Using the set F#*1(Dy), we compute the set

FEEHf) i={ o e F**Y (Do) | f D ¢},

which is the set of all walls of the Lyg/[C(f)]*-chamber f = Pc(s) N Do. For each
@ € FFHL(f), we calculate the set D(p) and subsequently compute the subset

D(f,¢) == Ve(s) N D().

For an Lyg/Sx-chamber D, we have D € D(f, ) if and only if Pepy N D is an
Lo /[C(f)]*-chamber that is contained in Pe(syNNx and that is either equal to f or
adjacent to f across the wall . For each D € D(f, ), we choose an automorphism

g(D) € Aut(X) such that D = Dg(D), and consider the face
—1
f/ = (Pc(f))(g(D) ) N Dy.

Then f’ is an element of F*(Dy,7) and [f’] € [F] does not depend on the choice
of g(D). If [f'] # [f], we connect the nodes [f] and [f’] by an edge. Performing
this procedure for all [f] € [F] , ¢ € F¥FL(f) and D € D(f, ), we obtain a graph
structure on [F].

Since any pair of elements of V¢ (s (that is, any pair of Log/[C(f)]*-chambers
contained in P¢(s) N Nx) is connected by the adjacency relation of Lag/[C(f)]*-
chambers, it follows that the image of ®¢(y) is precisely the connected component
of the graph [F] containing the node [f].

Therefore the number of Aut(X)-orbits in €(7) is equal to the number of con-
nected components of the graph [F]. Using this method, we obtain a proof of
Theorem 1.2.
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Example 5.5. We consider the case where 7 = 24;. The number of nodes of the
graph [F] = F2(Dy,2A;1)/Aut(X, Dy) is 23, and this graph has two connected com-
ponents [F|a; and [Fly of size 21 and 2, respectively. Every face in the connected
component [Flg; is of type 412, whereas every face in the connected component
[F]2 is of type 821. Hence Aut(X) partitions the set €(24;) of pairs of disjoint
smooth rational curves into two orbits €(241)9; and €(2A41)s, which correspond to
the connected components [Fo1 and [Flz, respectively.

The linear subspace

(Lo—o)" N (Lgy)*

of Px is a supporting linear subspace of a face of Dy with type 415. Hence the pair
{L___, L_o+} is a member of the orbit €(2A4)s;.

Let L’ be the image of the smooth rational curve L, __ by the automorphism
gt € Aut(X) of order 2 given in Section 4.5. Then the linear subspace

(L) ()t
of Px is a supporting linear subspace of a face of Dy with type 821. Hence the pair

{L4—_, L'} is a member of the orbit €(2A4;)2. (Note that, for every face f of type
891, there exists a wall in the orbit o4 passing through f. See Table 5.2.)

6. RELATIONS

It is well known that a set of defining relations of a group acting on a space
of constant curvature can be derived from the shape of a fundamental domain.
See, for example, the survey [30]. In our current setting involving Aut(X) and
Dy, however, we cannot apply this theory directly because of the following reasons.
First, the cone Dy is not a fundamental domain; it has a non-trivial automorphism
group Aut(X, Dy). Second, not all faces of codimension 2 contribute to relations
as Dy has outer faces. Hence we provide a detailed explanation how to obtain a
set of defining relations for Aut(X) from Dy. The main result of this section is
Theorem 6.6.

Remark 6.1. In [13], we have treated the case where Aut(X, Dy) is trivial.
For simplicity, we put
Fo = Aut(X, Do)
Recall from (3.10) that we have defined Adj(w) for each inner wall w of Dy. For
h € Ty and g € Adj(w), we have hg € Adj(w), and this action of 'y on Adj(w)

by the multiplication from the left is free and simply transitive. Note that 'y and
these Adj(w) are pairwise disjoint. We put

Ta= || Adjw) and T:=ToUT4.

w :inner

Since Dy has exactly 56 inner walls, we have |I'| = |T'g| 4+ 56 x |T'g| = 912.

Lemma 6.2. The subset I' 4 of Aut(X) is closed under the operation g — g~'.

Hence so isT'=TgUT 4.

Proof. Suppose that ¢ € Adj(w), where w is an inner wall of Dyg. Then Dy and
) -

D{ are adjacent across w. Hence D(()g ) and Dy are adjacent across w(® ). Since

D((]gil) C Ny, the wall w@ ") of Dy is inner, and we have g~' € Adj(w®@ ). O
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We consider I' as an alphabet, and denote by I'* the set of finite sequences of
elements of I'. An element of I'* is called a word. Note that the empty sequence
e :=[] is also a word. The conjunction of two words u and v is denoted by u - v
or by uv. We have seen in Proposition 3.16 that the multiplication map

m : I — Aut(X)
given by [y1,...,7n] = 71 -+ Yn I8 surjective.

Definition 6.3. A pair {w,w’} of words is called a relation if m(w) = m(w’)
holds. Let R be a set of relations. The R-equivalence relation is the minimal
equivalence relation on I'* that satisfies the following: if two words w and v have
decompositions u = a-w-b and v = a-w’ - b with {w,w’} € R, then uw and v are
R-equivalent.

Note that, for any set of relations R, if two words w and v are R-equivalent,
then we have m(u) = m(v).

Definition 6.4. We say that a set of relations R is a set of defining relations if
every word in the fiber

K:=m™(1)
of the map m over 1 € Aut(X) is R-equivalent to the empty word €.

Our goal is to exhibit a finite set of defining relations.
Let Riiv be the set of relations consisting of the following pairs of words:

{[t; e},
{ly™ 00 (ver),
{{n, 1], [} (R, h' € T),
{[h.g],[hgl}  (heTo, g €T )
Here, in the pair {[h, h'], [hh']}, the word [h, R] is of length 2, whereas [hh'] is the

word consisting of a single letter hh' € T'y. The same remark is applied to the pair

{[h, g], [ng]}.
A word w is said to be of gh-form if it is of the form
lgns--y91,h] (9N, s91 €Ta, h€T).
We allow N to be 0, so that [h] is (and hence [1] is) of gh-form for any h € T'y. It is
easy to see that every word is Ryiv-equivalent to a word of gh-form. For example,
for g1,92 € T4 and h € Ty, the word [g1, h, g2] is Ririv-equivalent to the word
[g1, hg2, 1], which is of gh-form.
Let N be a non-negative integer. A chamber path of length N is a sequence
A= (D) .. D)
of Log/Sx-chambers D®) such that
(i) each D) is contained in Nx, and
(ii) D™ and D*~1) are distinct and adjacent for k = 1,..., N.
A chamber path is read from right to left, so that the chamber path A above is
from D© to DIV Let
N = (DN D)
be a chamber path of length N’ such that D’(®) = DY) Then the conjunction
N-X:=DW) . pO pWN-1) Do)
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is defined and is a chamber path of length N’ + N. A chamber loop is a chamber
path (D), ... D©)) such that DY) = D), In this case, we say that D(® is the
base point of the chamber loop.

Let w = [gn, ..., 91, h] be a word of gh-form. Then we have a chamber path

Mu) = (DY) ..., D)
from D© = Dy to D) = D™ defined by
DO .=ph DW.=pgh . DW.=pgat o pW) .= pgvoah,

We call A(u) the chamber path associated with w. If w € K = m~1(1), then \(u) is
a chamber loop with the base point Dy.

Conversely, let A = (DN), ..., D)) be a chamber path of length N starting
from D© = D,. We define

W(A) :== {u € I | u is of gh-form such that A(u) = A}.
A word u = [gn, ..., g1, h] of gh-form is in W(A) if and only if
(6.1) DW) = pgrorh

holds for k =0,..., N. Here we set go = h. The elements of W(A) can be enumer-
ated by the following method. First choose gy = h arbitrarily from I'y. Suppose
that g, ..., g1, h have been obtained such that (6.1) holds for kK = 0,...,m. Let
w™) be the wall between D(™) and D™+, Then

Wy 1= (w(m))(gm”'!]lh)71

is an inner wall of Dy. We choose ¢p,+1 from Adj(w,,) arbitrarily, and append it
to the beginning of the sequence gn,,...,g1,h. By iterating this process until we
reach m+1 = N, we obtain a word in W(A). Repeating this process for all possible
choices of h € Ty and gy4+1 € Adj(w,,), we obtain all words in W(A). Therefore
the size of the set W(A) is equal to [[o|V+HL.

Now suppose that A is a chamber loop with the base point Dy. Then, for any
u € W(A), we have m(u) € Ty, and the map m induces a surjection from W(X)
onto I'g. We define

Wic(A) :=WA)NK.

The size of the set Wi () is equal to [[o|V. In particular, if N = 0, then Wyc(\)
is equal to {[1]}.

Remark 6.5. Suppose that g € Aut(X) is given. Then a word u € T'* satisfying
m(u) = g can be obtained by means of the following method. We choose a chamber
path A = (DW),... D) from D©® = Dy to DN) = D, and compute an element
u' = [gN7"'59151]

of W(A) using the method above. Since D = D) = Dgn(u/), there exists an
element h € Ty such that g = h-m(w'). Then the word w := [h, g, . . ., g1] satisfies
m(u) = g.

Let D be an Log/Sx-chamber contained in Nx, and let f be an inner face
of D of codimension 2. Recall that D(f) is the set of Log/Sx-chambers D such

that D O f. We have D(©) € D(f). Since f is inner, we have D(f) C Vx. Then we
have two chamber loops A(f)* and A(f)~ with the base point D(®) such that

(i) every chamber in the loop belongs to D(f), and
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FIGURE 6.1. AT (f) and A (f)
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FIGURE 6.2. X =1 X\

(ii) each element of D(f)\ {D®} appears in the loop exactly once.

See Figure 6.1. These two loops differ only in the direction to which the loop goes
around f. We call these loops the simple chamber loops around f with the base
point D©).

Suppose that fj is an inner face of Dy of codimension 2. In other words, f is of
type 440, 660, 830a, O 830y (see Figure 5.1). Let A(fo)™ and A(fp)~ be the simple
chamber loops around fy with the base point Dy. Then, for any word « belonging
to W(A(fo)™) or W(A(fo) ™), we have m(u) € T'y. We define a set of relations Riace
as

Riace = [ { {u, Im(w)]} | u € WA(So) ") UWA(fo) )},
fo

where fy ranges over the set of inner faces of Dy of codimension 2.

Theorem 6.6. The set Ririv U Riace @S a set of defining relations of Aut(X) with
respect to the generating set ' =ToUT 4.

To prove Theorem 6.6, we introduce additional definitions and propositions. Let
(6.2) A= (DM .. D) with DWW = pO = p,

be a chamber loop with the base point Dy. We say that X is reduced to a cham-
ber loop A by a type-I-move and write A =1 A’ if there exists a subsequence
(DD DE) DE=1) in X such that D®* D = D*=1 and that A’ is obtained
from X by removing the two chambers D*+1) and D®*) See Figure 6.2. We say
that two chamber loops X, X with the base point Dy are connected by a type-I-move
if either X =1 X or X =1 A.



APERY-FERMI K3 SURFACE 35

<N
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FIGURE 6.3. A= X

Proposition 6.7. Suppose that chamber loops A and X' with the base point Dy are
connected by a type-I-move. Then, for each word u € Wi (), there exists a word
u' € Wic(X') that is Ry -equivalent to u.

Proof. Let A be as in (6.2), and we put u = [gn, ..., g1, h] with go = h.

Suppose that A =1 A" as is shown in Figure 6.2. Then D**+1) = D*+=1 implies
that gryr19x € To. We put b’ := gr119k, and let u’ be a word obtained from u
by removing the two letters gx11,gx and replacing gg—; with h'gi_1. Then we see
that u’ is Ryiv-equivalent to u, using the relation {[h’,g;l], [gk+1]}- Tt is easy to
see that u/ belongs to Wi (X).

Conversely, suppose that A’ =1 XA. We assume that A’ is obtained from X\ by
putting D”, D’ on the left of a chamber D®) in X, where D" = D®) and D’ is
adjacent to D*) = D", Let w’ be the wall between D®*) and D', and define

Ve = (g ... g1h) "%

Then (w')" is an inner wall of Dy = (D®))". We choose an arbitrary element g’

from Adj((w’)7*). Then we have D' = Dg/g’“'“glh. We make a word w’ by putting

g%, ¢’ on the left of the letter g; in w. Then u’ is Riv-equivalent to u, and

belongs to Wyc(X). O

We say that a chamber loop A as in (6.2) is reduced to a chamber loop X' by a
type-II-move and write A =11 A’ if there exists a subsequence

p=([D"™, . .. . DP®) with m >k

in A such that
(i) D(m) = D),
(ii) p is a simple chamber loop with the base point D®) around an inner face f

of D) of codimension 2, and
(iii) A’ is obtained from X by removing the chambers D=1 ... D),

See Figure 6.3. We say that two chamber loops A, A" with the base point Dy are
connected by a type-II-move if either A =1 A or X' =11 A.
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Proposition 6.8. Suppose that chamber loops X and X' with the base point Dy are
connected by a type-Il-move. Then, for each word u € Wic(A), there exists a word
u' € Wic(X') that is (Ririv U Riace)-equivalent to u.

Proof. Let A be as in (6.2), and we put w = [gn, ..., g1, h] with go = h.
Suppose that A =1 A’ as is shown in Figure 6.3. Then D("™) = D) implies

B = gm - grt1 € To.
We define
Yo = (gr-..g1h) "

Then f7* is an inner face of Dy, and the simple chamber loop p = (D™, ..., D))
around f is mapped by 7 to a simple chamber loop p”* around f7* with the base
point Dy. Moreover, the word [gm, . . ., gk+1, 1] of gh-form is an element of W(p7*).
In particular, we have

{[gm7~--,gk+1,1],[h/]} € Rrtace-

Let v’ be a word obtained from u by removing the letters g, . .., gr+1 and replacing

gk by h'gx. Then 4/ is (Ririv U Riace)-equivalent to u, and we have u’ € Wic(X').
Conversely, suppose that A’ =11 A. We assume that A’ is obtained from A by

putting a sequence D' ... D'V on the left of a chamber D*) in X, where

p =D p'e= DD DOy with D™ =D® and D' .= p*

is a simple chamber loop around an inner face f of D). Again, we put v :=
(g -..g1h)~1. Then f7 is an inner face of Dy = (D®))"  and v, maps p’ to a
simple chamber loop p/7* around the inner face f7* of Dy. Then W(p"*) contains
a word of the form

v =g, .- 91, 1]

We have m(v) € T'g. Since n > 0, by replacing g/, with m(v)~!g
can assume that

/

7, if necessary, we

Gn g1 =1,
and we have {v,[1]} € Reace. We make a word u’ from w by putting g, ..., 9] on
the left of the letter g in w. Then w' is (Riyiy U Reace)-equivalent to w, and u’
belongs to Wi (X'). O

Proof of Theorem 6.6. Let u be a word in K. We show that w is (Ririv U Reace)-
equivalent to an empty word e = []. Since every word is Riyiv-equivalent to a word
of gh-form, we can assume that w is of gh-form. Let Ag := A(u) be the chamber
loop with the base point Dy associated with w. Since the nef-and-big cone Ny is
simply connected, there exists a sequence

A07 Alv ey A’rL:(-D(])

of chamber loops with the base point Dy such that, for i = 1,...,n, the two loops
Ai—1 and A; are connected by either a type-I-move or a type-II-move, and that
the last chamber loop A, is the loop (Dg) of length 0. Since u € Wi (Ag) and
Wic(An) = {[1]}, Propositions 6.7 and 6.8 imply that w is (Ririy URtace )-equivalent
to [1], and hence to €. O
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