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ABSTRACT. We present a finite set of generators of the automorphism group
of a supersingular K3 surface with Artin invariant 1 in characteristic 3.

1. INTRODUCTION

To determine the automorphism group Aut(Y’) of a given K3 surface Y is an im-
portant problem. In this paper, we present a set of generators of the automorphism
group of a supersingular K3 surface X in characteristic 3 with Artin invariant 1.
Our method is computational, and relies heavily on computer-aided calculation. It
gives us generators in explicit form, and it can be easily applied to many other K3
surfaces by modifying computer programs.

A K3 surface defined over an algebraically closed field k is said to be supersin-
gular (in the sense of Shioda) if its Picard number is 22. Supersingular K3 surfaces
exist only when k is of positive characteristic. Let Y be a supersingular K3 surface
in characteristic p > 0, and let Sy denote its Néron-Severi lattice. Artin [3] showed
that the discriminant group of Sy is a p-elementary abelian group of rank 20, where
o is an integer such that 1 < ¢ < 10. This integer o is called the Artin invariant
of Y. Ogus [18, 19] proved that a supersingular K3 surface with Artin invariant 1

in characteristic p is unique up to isomorphisms (see also [21]).
It is known that the Fermat quartic surface
X ={w'+a2t+yt+24 =0} cP?

defined over an algebraically closed field k& of characteristic 3 is a supersingular K3
surface with Artin invariant 1 (see [33]). Let

hg = [Ox(l)} c SX

denote the class of the hyperplane section of X. The projective automorphism
group Aut(X, ho) of X C P3 is equal to the finite subgroup PGU,(Fg) of PGL4 (k)
with order 13,063, 680.
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Let (w,x,y) be the affine coordinates of P? with z = 1, and let Fy; and Fy; be

polynomials of (w,z,y) with coefficients in
Fo = F3(i) = {0, 41, +i,+(1 +4),£(1 — i)}, wherei:=+/—1,
given in Table 1.1.
Proposition 1.1. For i =1 and 2, the rational map
(w,z,y) — [Fio : Fi1 : Fip] € P?
induces a morphism ¢; : X — P2 of degree 2.

We denote by

X 2y I

PQ

the Stein factorization of ¢; : X — P2, and let B; C P? be the branch curve of the
finite morphism 7; : ¥; — P? of degree 2. Note that Y; is a normal K3 surface,
and hence Y; has only rational double points as its singularities (see [1, 2]). Let

[zo : ¥1 : 22] be the homogeneous coordinates of P2.

Proposition 1.2. (1) The ADE-type of the singularities of Y1 is 6A; +4A5. The
branch curve By is defined by fi = 0, where
f1i=20° + wo°w1 — zo®21® — wom1® — wotzy®

3.2 4.2 2. 4 24 6
+ o1 T2 + X1 X2 + o 2" + 17X + T2

(2) The ADE-type of the singularities of Ya is Ay + A + 243 + 2A4. The branch
curve By is defined by fo = 0, where

5 2 .4 4., 2 3.2
fo =221 + zo*T1” — @ T2 + ToT1 T2

4 2 2 4 4 2 4 6
+ X1 x2” — o T2 — XoX1X2 — T1°XT2 — Iy .

Our main result is as follows:

Theorem 1.3. Let g; € Aut(X) denote the involution induced from the deck-
transformation of m; : Y; — P2. Then Aut(X) is generated by Aut(X,hg) =
PGU4(F9) and g1, g2-

See Theorem 7.1 for a more explicit description of the involutions g; and go.

Let Pg, denote the connected component of {z € Sx ® R|z? > 0} that contains
ho. Following Borcherds [4], we prove Theorem 1.3 by calculating a closed chamber
Dgp in the cone Pg, with the following properties (see Section 6):

(1) The chamber Dgq is invariant under the action of Aut(X, hg).

(2) For any nef class v € Sx, there exists v € Aut(X) such that v¥ € Dgy.

(3) For nef classes v,v’ in the interior of Dgq, there exists v € Aut(X) such
that v' = v7 if and only if there exists 7 € Aut(X, ho) such that v/ = v".
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Fio=04+49) +(0+d)w+(1—-i)x—y—(1—i)wr— 2> +iwy
tiazy —iyt + (1 +i)wd —iw’z 4+ (1 +i)we? —iz® + w?y
+ (1 + i) wry + (1 +i) 2%y — (1 =) wy® — (1 +14) zy® +iy®
Fiu=0—-i) —(1+d)oz—1-i)y—1—i)w? -1 —i)wz— (1 —14)z>
— (4D wy — zy — (1 +i)y* — w* + (1 — i) w’s + wr? — iz
— (14 wy — (1 +i)way + 22y —iwy® — zy® + (1 — i)y
Fo=(0+dw—iz—y— w? 2 dzy iyt Fiw?
— (14w +iz® —iwy — wry + (1 —i)wy? + (1 +i)y?

—wr—1x

Foo=—1—iw+(1+i)z—y—(1+i)w?— wr—(1—4)2* —iwy+ (14+1i)zy
— (1 =) w® + wir — wa? + 2° — wiy+ (1 — i) wry + 2%y + (1 — i) wy?
+ (1 =)oy + (1 +i)y® — wr —iw?2® — wrd + wdy — (1 +i)wzy
— (1 =) way® + 22y — (1 —i)wy® — (1 +i)ay® — v* + (1 — i) wiz? —ia®
+ (1 =) wizy + (1 + i) wrdy —iwy? + (1 +0) w?azy?® — (14 1) war’y?
+izdy? — w?y? — (1 + i) wary® — (1—i) 2%y +iwy* + (1 =) zy* + (1 +4) y°

Foy=—(1—d) +iw+(1—i)y— (1+i)w+ wr+ (1+4) 2® + (1 +i) wy — (1 +i) zy
—iy? — wiwr+ (1 +i) wa® — 23 — (14i) wy — (1 — i) way — (1 —i) 2%y
—iwy® —(1+43) zy? + ° — (1 —i) ws — wa® + (1 —4) 2* + (1 —i) wiy +iw’zy
+ (1 =) way —i a3y + (1 —i) w?y? + (1 — i) wry? — (1+1) 22y + (1 — i) wy®
—izyP iyt + wde? + wad + (1—i) wat —i2® —iwdzy + waly+ (1+i) wady
+ zhy 4+ wdy? — wiry? — way? Fiwy + 1+ way® —iwy® —izyt + 5

Foo=(1—i) —(1+d)w—1+i)z—(1—9)y+iw? - (1+i)wz— (1 —i) 2> +iwy
— (149 zy — wd —iw?z — wa® + 23 — (1 —i) wy + wry + 22y + (1 +1) wy?
— (A4 ay® — P +iwde — (1 —i)wa? — wa® — (144) 2" +iwdy + wiay
+ (1 —i) wrly — (1 —i) w2y + (1 + i) wey® +iwy® + oy + (1 —0) y* —iwa?
— (i) wat + 2% — (1 —i) wiry —i w?ay + (1 +i) wady + (1 —i) 2ty — wy?
— (14 ) w?zy® +iway? +i23y? — way® — (1 — i) 22y — wy — zy* — o/

TABLE 1.1. Polynomials Fy; and Fy;

This chamber Dgq is bounded by 112+ 648 + 5184 hyperplanes in Pg, . See Propo-
sition 4.5 for the explicit description of these walls. Using Dgy and these walls, we

can also present a finite set of generators of O (Sx) (see Theorem 8.2).

Vinberg [35] determined the automorphism groups of two complex K3 surfaces
with Picard number 20 by investigating the orthogonal groups of their Néron-Severi

lattices and the associated hyperbolic geometry.

Let L denote an even unimodular lattice of rank 26 with signature (1,25), which
is unique up to isomorphisms by Eichler’s theorem. Conway [6] determined the

fundamental domain in a positive cone of L ® R under the action of the subgroup of
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O™(L) generated by the reflections with respect to the vectors of square norm —2.
Borcherds [4] applied Conway theory to the investigation of the orthogonal groups
of even hyperbolic lattices S primitively embedded in L. Then the first author [15]
determined the automorphism group of a generic Jacobian Kummer surface by
embedding its Néron-Severi lattice into L and using Conway theory. Keum and the
first author [14] applied this method to the Kummer surface of the product of two
elliptic curves, Dolgachev and Keum [11] applied it to quartic Hessian surfaces, and
Dolgachev and the first author [10] applied it to the supersingular K3 surface in
characteristic 2 with Artin invariant 1.

Recently, configurations of smooth rational curves on our supersingular K3 sur-
face X was studied in [13] with respect to an embedding of Sy into L, and elliptic
fibrations on X was classified in [25] by embedding Sx into L.

The new idea introduced in this paper is that, in order to find automorphisms
of X necessary to generate Aut(X), we search for polarizations of degree 2 whose
classes are located on the walls of the chamber decomposition of the cone Pg, . The
computational tools used in this paper have been developed by the second author
for the study [30] of various double plane models of a supersingular K3 surface in
characteristic 5 with Artin invariant 1. The computational data for this paper is

available from the second author’s webpage [31].

In [27] and [29], the second author showed that every supersingular K3 surface
in any characteristic with arbitrary Artin invariant is birational to a double cover
of the projective plane. In [28], [32] and [20, 30], projective models of supersingular

K3 surfaces in characteristic 2, 3 and 5 were investigated, respectively.

This paper is organized as follows. In Section 2, we give a review of the theory
of Conway and Borcherds, and investigate chamber decomposition induced on a
positive cone of a primitive hyperbolic sublattice S of L. In Section 3, we give
explicitly a basis of the Néron-Severi lattice Sx of X, and describe a method to
compute the action of Aut(X,hg) on Sx. The fact that Sx is generated by the
classes of lines in X enables us to calculate projective models of X explicitly. In
Section 4, we embed Sx into L, and study the obtained chamber decomposition
in detail. In particular, we investigate the walls of the chamber Dgg that contains
the class hg. In Section 5, we prove Propositions 1.1 and 1.2, and show that
the involutions g; and go map hg to its mirror images into walls of the chamber
Dgg. Then we can prove Theorem 1.3 in Section 6. In Section 7, we give another

description of the involutions g;. In the last section, we give a set of generators of
O+ (Sx).

Thanks are due to Professor Daniel Allcock, Professor Toshiyuki Katsura and

Professor JongHae Keum for helpful discussions.
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2. LEECH ROOTS

2.1. Terminologies and notation. We fix some terminologies and notation about
lattices. A lattice M is a free Z-module of finite rank with a non-degenerate sym-

metric bilinear form

(, )IV[ZMXM—>Z.

A submodule N of M is said to be primitive if M /N is torsion free. For a submodule
N of M, we denote by N+ C M the submodule defined by

Nt :={ueM | (u,v)yy =0 forall veN},

which is primitive by definition. We denote by O(M) the orthogonal group of M.
Throughout this paper, we let O(M) act on M from right. Suppose that M is of
rank r. We say that M is hyperbolic (resp. negative-definite) if the signature of the
symmetric bilinear form ( , )py on M @ Ris (1,7 — 1) (resp. (0,7)). We define the
dual lattice MY of M by

MY ={ueM®Q | (u,v)yy €Z forall ve M }.

Then M is contained in MY as a submodule of finite index. The finite abelian
group MV /M is called the discriminant group of M. We say that M is unimodular
if M = MV.

A lattice M is said to be even if (v,v)p € 2Z holds for any v € M. The
discriminant group MY /M of an even lattice M is naturally equipped with the
quadratic form

qu MY /M — Q/2Z
defined by gps(u mod M) := (u, u)pr mod 2Z. We call g the discriminant form of
M. The automorphism group of ¢ps is denoted by O(gas). There exists a natural

homomorphism O(M) — O(qar).
Suppose that M is hyperbolic. Then the open subset

{zeMaR | (z,2)p >0}

of M ® R has two connected components. A positive cone of M is one of them.
We fix a positive cone P. The autochronous orthogonal group O (M) of M is the
group of isometries of M that preserve P. Then O1(M) is a subgroup of O(M)
with index 2. Note that O (M) acts on P. For a nonzero vector u € M ®@ R, we
denote by (u)3; the hyperplane of M ® R defined by

(Wi ={ze MR | (z,u)yy =0}.
Let R be a set of non-zero vectors of M ® R, and let

He={(y | ueR}
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be the family of hyperplanes defined by R. Suppose that H is locally finite in P.

Then the closure in P of each connected component of

P\ <7>m U m)

u€ER

is called an R-chamber. Let D be an R-chamber. We denote by D° the interior of
D. We say that a hyperplane (u)3; € H bounds D, or that (u)3; is a wall of D, if
(u)3; N D contains a non-empty open subset of (u)3;. We denote the set of walls
of D by

W(D) :={ (u)3; € H | (u)3; bounds D }.
Suppose that R is invariant under u — —u. We choose a point p € D°, and put

W(D):={ueR | (u)i; bounds D and (u,p)s >0},

which is independent of the choice of p. It is obvious that D is equal to

{z€P | (z,u)a >0 for all ue W(D) }.

2.2. Conway theory. We review the theory of Conway [6]. Let L be an even
unimodular hyperbolic lattice of rank 26, which is unique up to isomorphisms by
Eichler’s theorem (see, for example, [5, Chapter 11, Theorem 1.4]). We choose and
fix a positive cone P once and for all. A vector r € L is called a root if the
reflection s, : L ® R — L ® R defined by

2(z, 1)L

(r,7)L .

preserves L and Pr, or equivalently, if (r,7);, = —2. We denote by Ry, the set of

rh— T —

roots of L, which is invariant under r — —r. Let W(L) denote the subgroup of
O™ (L) generated by the reflections s, associated with all the roots r € Rp. Then
W (L) is a normal subgroup of O (L). The family of hyperplanes

He={()g | reRe}
is locally finite in Pr. Hence we can consider Rp-chambers. By definition, each

R r-chamber is a fundamental domain of the action of W (L) on Pr.

A non-zero primitive vector w € L is called a Weyl vector if (w,w)r, = 0, w is
contained in the closure of Py, in L ® R, and the negative-definite even unimodular
lattice (w)®/(w) of rank 24 has no vectors of square norm —2. Let w € L be a
Weyl vector. We put

LR(w):={reRy | (w,r)p =1}
A root in LR(w) is called a Leech root with respect to w.

Suppose that w is a non-zero primitive vector of norm 0 contained in the closure
of Pr. Then there exists a vector w’ € L such that (w,w’)y =1 and (w',w") = 0.
Let U C L denote the hyperbolic sublattice of rank 2 generated by w and w’. By
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Niemeier’s classification [16] of even definite unimodular lattices of rank 24 (see
also [9, Chapter 18]), we see that the condition that (w)~/(w) have no vectors of
square norm —2 is equivalent to the condition that the orthogonal complement U+
of U in L be isomorphic to the (negative-definite) Leech lattice A. From this fact,

we can deduce the following:
Proposition 2.1. The group OV (L) acts on the set of Weyl vectors transitively.

Proposition 2.2. Suppose that w is a Weyl vector and that w' € L satisfies

(w,w')p, =1 and (w',w')p = 0. Via an isomorphism p: A = U=, the map

24 (A
2

induces a bijection from the Leech lattice A to the set LR(w).

A w—+w' + p(N\)

Using Vinberg’s algorithm [34] and the result on the covering radius of the Leech
lattice [8], Conway [6] proved the following:

Theorem 2.3. Let w € L be a Weyl vector. Then
Dr(w):={x€Pr | (z,7) >0 for allr € LR(w) }

is an Rp-chamber, and W(DL(w)) is equal to LR(w); that is, (r)3 bounds Dp(w)
for any v € LR(w). The map w — Dp(w) is a bijection from the set of Weyl

vectors to the set of Ry -chambers.

Remark 2.4. Using Proposition 2.2, Conway [6] also showed that the automorphism
group Aut(Dp(w)) € OF(L) of an Rr-chamber Dy (w) is isomorphic to the group
-00 of affine automorphisms of the Leech lattice A. Hence OT (L) is isomorphic to
the split extension of -oo by W(L).

2.3. Restriction of Rp-chambers to a primitive sublattice. Let S be an
even hyperbolic lattice of rank r < 26 primitively embedded in L. Following
Borcherds [4], we explain how the Leech roots of L induce a chamber decompo-
sition on the positive cone

Ps:=PrN(SOR)
of S®R.

The orthogonal complement 7" := S+ of S in L is negative-definite of rank 26 —r,

and we have
SeT c L c SVaTY

with [L: S&T] = [SVe®TY : L]. The projections LR — S®R and LR — TQR
are denoted by

r—xs and x— x7,

respectively. Note that, if v € L, then vg € SV and vy € TV.
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Let 7 € L be a root. Then the hyperplane (r) contains S ® R if and only if
rs = 0, or equivalently, r € T'. Since T is negative-definite, the set

Rr:={veT | (v,0)r=-2}

is finite, and therefore there exist only finite number of hyperplanes () that
contain S ® R. Suppose that rg # 0. If (rg,7s)s > 0, then either Pg is entirely
contained in the interior of the halfspace

{z€L®R | (z,r)p >0}
or is disjoint from this halfspace. Hence the hyperplane
(rs)s = (L N(S®R)
of S ® R intersects Pg if and only if (rg,7s)s < 0. We put
Rs = {rs | reRy and (rg,rs)s <0}
= {rg | reRy and (rs)s NPs#0}.

Then the associated family of hyperplanes
Hs = { (TS)JS‘ | rs € Rg }

is locally finite in Pg, and hence we can consider Rg-chambers in Pg. Note that
R is invariant under rg — —rg. We investigate the relation between R g-chambers
and R -chambers.

If Dg C Pg is an Rg-chamber, then there exists an Rp-chamber Dy (w) C Py,
such that Dg = Dp(w) N (S ® R) holds.

For a given Rg-chamber Dg, the set of Ry-chambers Dy (w) satisfying Dg =
Dp(w)N (S ®R) is in one-to-one correspondence with the set of connected compo-
nents of

TeRr)\ J ()7
r€ERr
Conversely, suppose that an Rp-chamber Dy (w) is given.

Definition 2.5. We say that Dy (w) is S-nondegenerate if Dy (w) N (S @ R) is an
R s-chamber.

By definition, Dy, (w) is S-nondegenerate if and only if w satisfies the following
two conditions:
(i) There exists v € Pg such that (v,r)r > 0 holds for any r € LR(w).
(ii) There exists v’ € Pg such that (v/,r)r > 0 holds for any r € LR(w) with
(Ts, 7‘3)3 < 0.
If Dg = Dp(w)N(S®R) is an Rg-chamber, then W(Dg) is contained in the image
of the set

LR(w,S):={reLR(w) | rs € Rs }={r € LR(w) | (rg,rs)s <0}
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by the projection L — SV. The following proposition shows that Dg is bounded by
a finite number of walls if wr # 0, and its proof indicates an effective procedure to
calculate LR(w, S). ( See [30, Section 3] for the details of the necessary algorithms.)

Proposition 2.6. Let w € L be a Weyl vector such that wr # 0. Then LR(w, S)

is a finite set.
Proof. Since T is negative-definite and wr # 0, we have

(ws,ws)s = —(wr,wr)r > 0.
Suppose that € LR(w). Then we have

(ws,rs)s + (wr,rr)r =1, (rs,715)s + (rr,r7)7 = —2.
We have (rg,rs)s < 0 if and only if (rp,rr)r > —2. Since T is negative-definite,
the set
Vr={veT" | (v,u)r>-2}
is finite. For v € Vi, we put
ay :=1— (wp,v)r, ny,:=-2—(v,0)r and A:={(ay,n,) | vE€Vp}
For each (a,n) € A, we put
Vs(a,n):={uesS | (ws,u)s =a, (u,u)s =n }.

Since S is hyperbolic and (ws,wg)s > 0, the set Vg(a,n) is finite, because ( , )g

induces on the affine hyperplane
{zeSQR | (z,ws)s=a}
of S ® R an inhomogeneous quadratic function whose quadratic part is negative-
definite. Then the set LR(w, S) is equal to
Ln{u+v | veVp, ueVs(ay,n) },

where the intersection is taken in SV & TV. O

The notion of Rg-chamber is useful in the study on O%(S) because of the fol-

lowing:

Proposition 2.7. Suppose that the natural homomorphism O(T) — O(qr) is sur-
jective. Then the action of O1(S) preserves Rs. In particular, for an Rg-chamber
Ds and an isometry v € OT(S), the image D} of Dg by v is also an Rs-chamber.
Moreover, if the interior of DY has a common point with Dg, then D = Dg holds
and vy preserves W(Ds),

Proof. By the assumption O(T) — O(gr), every element v € OT(S) lifts to an
element 4 € O(L) that satisfies 4(S) = S and 4|s = 7y (see [17, Proposition 1.6.1]).
Since 4 preserves Ry and «y preserves Pg, v preserves Rg. (]



10 SHIGEYUKI KONDO AND ICHIRO SHIMADA

3. A BASIS OF THE NERON-SEVERI LATTICE OF X

Recall that X C P? is the Fermat quartic surface in characteristic 3. From now
on, we put
S := Sx,
which is an even hyperbolic lattice of rank 22 such that SV /S = (Z/3Z)?. We use

the affine coordinates w, z,y of P? with z = 1.

Note that X is the Hermitian surface over Fy (see [12, Chapter 23]). Hence
the number of lines contained in X is 112 (see [24, n. 32] or [26, Corollary 2.22]).
Since the indices of these lines are important throughout this paper, we present
defining equations of these lines in Table 3.1. (Note that ¢; C X implies that ¢; is
not contained in the plane z = 0 at infinity.) From these 112 lines, we choose the

following:
(31) €17‘€27637647‘657gﬁu£77£97£107€117€177
l18, l1g, l21, £a2, la3, Las, Lag, Lor, £33, U35, Lag-
The intersection matrix N of these 22 lines is given in Table 3.2. Since det N = —9,
the classes [¢;] € S of the lines ¢; in (3.1) form a basis of S. Throughout this paper,
we fix this basis, and write elements of S ® R as row vectors
[1‘1, N ,3322]5’.

When we use its dual basis, we write

[€1, s Eo0]s.

Since the hyperplane w + (1 +4) = 0 cuts out from X the divisor ¢1 + fo + €3 + {4,
the class hg = [Ox(1)] € S of the hyperplane section is equal to

he = 1[1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]s
= [1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1]&.
As a positive cone Pg of S, we choose the connected component containing hg.
From the intersection numbers of the 112 lines, we can calculate their classes
[¢;] € S.

Remark 3.1. Since these 112 lines are all defined over Fg, every class v € S is
represented by a divisor defined over Fg. More generally, Schiitt [23] showed that a
supersingular K3 surface with Artin invariant 1 in characteristic p has a projective
model defined over F2, and its Néron-Severi lattice is generated by the classes of

divisors defined over IF,2.

Proposition 3.2. We have
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TABLE 3.2. Gram matrix N of S

Proof. The number of Fy-rational points on X is 280. For each Fgy-rational point

P of X, the tangent plane T'x p C P? to X at P cuts out a union of four lines from

O

10 > [6:).

X. Since each line contains ten Fg-rational points, we have 280 hg

As before, we let O(S) act on S from right, so that

=N

{T S GLQQ(Z) | TN'T

0(S)

PGU4(Fy) act on X

from right. For each 7 € PGU4(FFg), we can calculate its action 7, on S by looking

We also let the projective automorphism group Aut(X, hg)

at the permutation of the 112 lines induced by 7.
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Example 3.3. Consider the projective automorphism

1 0 1 =141
T jwixiyiz—|wix iy z]

1
1
1 -1 —1 -1
of X. Then the images £7 of the lines ¢; in (3.1) are

07 = leo, U5 =L31, 13 ="l05, l} = Los, L5 = Lo, LF = L3,

U7 = lyg, Ly = Ly10, L1g = Llag, L] =Ls, {1; = L2, {ig = Lge,

g = oz, €5 = li3, €39 = lg7, L33 =VLo1, (35 = {108, L35 = l10,

05, = Us7, U35 = U5, L35 =U51, Lhg = Uso.
Therefore the action 7, on S is given by v — vT, where T is the matrix whose

row vectors are

[lo] = [1,0,0,0,0,0,—1,0,0,0,0,0,0,—1,0,0,0,0,1,0,0,1]s,

[ls1] = [1,1, 1,1,00000000 ~1,0,0,—1,0,0,—1,0,0,0]s,

[105] = [2,223 -1,-1,-1,-1,-1,0,0,0,0,0,0,—1,0,0,0, —1,0]s,
[ls] = [-3 3,1,1,2,1,1,1,00,1,1,0,1,1,000,1, 1)s,
[les] = [~ 10000,1,00100,1,00100,1,0 —1,-1]s,

[b0] = [11110000000 1,0,0,—1,0,0,—1,0,0,0,0]5,

[tzs] = [, ~1,0,-1,0,1,0,1,0,0,0,0,0,0,0,0,0,1,1,1]s,
[t110] = [100 100,1,0000 ~1,0,1,0,0,1,0,0,0,1,0]s,

[ss] = [1,1,1,1,0,0,0,0,0,0,—1,0,0,—1,0,0,—1,0,0,0,0,0]s,

[66] :[0000010000000000000000]5,

[lao] = [1,1,1,1,000000 ~1,-1,0,0,0,0,0,0,0,0,0]s,

[los] = [4,234 -3,-2,-1,-2,0,1,0,—1,0,—1,-1,—1,—1,-1,2,0,1]g,
(2] = [~1 111100000,1,001001 ~1,0,0]s,
(03] = [0,1,1,1, ~1,0,0,-1,0,0,0,0,0,0,0,0,0,0,0,0,0,0]s,

[ls7] = [-3,-2,-3,-3,2,2,1,1,1,0,0,1,1,0,1,1,1,1,1,—1,0,—1]s,
[lo1] = [4233 2,-1,0,-1,0,0,—1,—1,—-1,-1,—1,—-1,-1,-1,1,0, 1]s,
[li0s] = [-2 3101,1,0110,1,1,01100010}3,

(0] = [00000000,1,0oooooooooooo]s,

[ls7] = [1,212 ~1,0,—1,-1,0,-1,0,1,0,0,0,—1,0,1,0,0, -1, —1]s,
[ls2] = [-1 1,1,1,1,1,1,000,1,000000 ~1,0,-1]s,
[ls1] = [1 1,1,2,0,0,—1, —1,07—1,0,170,0,0,0,070,0,0,—17—1]3,

[£50] [

2,1,2,2,-1,-2,0,0,—-1,1,0,—1,—1,0,—1,0, — ~1,1,1,1]s.



14 SHIGEYUKI KONDO AND ICHIRO SHIMADA

We put the representation
(3.2) 7T,

of Aut(X, ho) = PGU4(Fyg) to OT(S) in the computer memory. It turns out to be
faithful. On the other hand, Aut(X, hg) is just the stabilizer subgroup in Aut(X)
of hg € S. Therefore we confirm the following fact ([21, Section 8, Proposition 3]):

Proposition 3.4. The action of Aut(X) on S is faithful.

From now on, we regard Aut(X) as a subgroup of O*(S), and write v — v
instead of v +— v for the action +, of v € Aut(X) on S.

4. EMBEDDING OF S INTO L

Next we embed the Néron-Severi lattice S of X into the even unimodular hyper-

bolic lattice of rank 26, and calculate the walls of an Rg-chamber.

Let T be the negative-definite root lattice of type 245. We fix a basis of T' in

such a way that the Gram matrix is equal to

-2 1 0 0

When we use this basis, we write elements of T'® R as [y1, Y2, y3, 4|7, while when
we use its dual basis, we write as [11,72, 73, 74]}. Elements of (S & T) @ R are
written as

[®1,. 222 | Y1, -+, Y]
using the bases of S and T, or as

(€1, &2 [y ma]”

using the dual bases of SV and T".

Consider the following vectors of SV @ TV:

1

a = 3[220,0,01,221,1,2211,200,1,1,0,0,0]1,2,0,0],
1

a = £(2,0,2,0,21,1,0,2,1,2,1,0,2,2,1,1,0,1,0,0,0 | 0,0,1,2].

We define oy, a0 € (S®T)V/(S@T) by
ap:=a;mod (SBT), az:=azmod (S&T).
Then a7 and ay are linearly independent in (S @ T)V /(S @ T) = Fi. Since

gser(a1) = gser(a2) = gser(a1 + a2) =0,
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the vectors a; and ag generate a maximal isotropic subgroup of ¢sgr. Therefore,
by [17, Proposition 1.4.1], the submodule

L:=(SaT)+ {(a1) + (as)

of SY @ TV is an even unimodular overlattice of S @ T into which S and T are
primitively embedded.

By construction, L is hyperbolic of rank 26. We choose Py, to be the connected
component that contains Pg. Then, by means of the roots of L, we obtain a

decomposition of Pg into Rg-chambers.

The order of O(T') is 288, while the order of O(gr) is 8. It is easy to check that
the natural homomorphism O(T) — O(qr) is surjective. Therefore we obtain the

following from Proposition 2.7:
Proposition 4.1. The action of OT(S) on S @ R preserves Rg.
We put
wy = [1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 | —1,—1,—1,—1]
= [,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1 ] 1,1,1,1]¥.

Note that the projection wgs € SV of wgy to SV is equal to hg.
Since (wp,wo)r, = 0 and (wp, ho)r, > 0, we see that wg is on the boundary of the
closure of Py, in L ® R.

Proposition 4.2. The vector wg is a Weyl vector, and the Rp-chamber Dy (wp)

is S-nondegenerate. The Rg-chamber
Dgo := Dr(wp) N (S ®R)
contains wgy = hg in its interior.

Proof. The only non-trivial part of the first assertion is that (wg)*/(wg) has no

vectors of square norm —2. We put
w(’) =(7,6,7,7,7,7,7,7,7,7,7,7,7,7,7,7,7,7,7,7,7,7| 7,5, 7, 7]v.

Then we have (wj,w()r = 0 and (wo,wy), = 1. Let U C L be the sublattice
generated by wy and wy. Calculating a basis Aq,..., Aag of UL c L, we obtain a
Gram matrix of U+, which is negative-definite of determinant 1. By the algorithm
described in [30, Section 3.1], we verify that there are no vectors of square norm
—2in U+,

We show that wy satisfies the conditions (i) and (ii) given after Definition 2.5.
By Proposition 2.2, in order to verify the condition (i), it is enough to show that
the function Q : U+ — Z given by
24+ (ML

Q(A) == (ho, — 5

wo+w6+)\)L
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does not take negative values. Using the basis A1, ..., Ags of UL, we can write Q
as an inhomogeneous quadratic function of 24 variables. Its quadratic part turns
out to be positive-definite. By the algorithm described in [30, Section 3.1], we
verify that there exist no vectors A € U+ such that Q()\) < 0. Next we show that
wos = ho € Ps has the property required for v’ in the condition (ii), and hence hg
is contained in the interior of Dgg. Note that wor = [-1,—1, —1, —1]r is non-zero.

Hence we can calculate
LR(wo,S) ={r € LR(wy) | (rs,rs)s <0}

by the method described in the proof of Proposition 2.6. Then we can easily show
that hg satisfies (ho,7)r, > 0 for any r € LR(wy, S). O

Remark 4.3. There exist exactly four vectors A € U+ such that Q(\) = 0. They
correspond to the Leech roots r € LR(wg) such that r = rp.

From the surjectivity of O(T) — O(gr) and Proposition 2.7, we obtain the

following:
Corollary 4.4. The action of Aut(X, hg) on S ® R preserves Dgo and VNV(DSO).
Proposition 4.5. The maps r — rs and 75 +— (rs)% induce bijections
LR(wo,S) = W(Dso) = W(Dso).
The action of Aut(X, hg) decomposes W(Dso) into the three orbits
Witz := W(Dso)pi,—2),  Weas := W(Dso)ja,—as5)  and Wsisa := W(Dsgo)[3,—a2/3
of cardinalities 112, 648 and 5184, respectively, where
W(Dso)fan) = { 75 € W(Dso) | (rs.ho)s = a, (rs,rs)s =n }.
The set Wug coincides with the set of the classes [¢;] of lines contained in X :
Wiz = {[6], [€2], - .., [f12]}-

The sets W648 and ﬁ//5184 are the orbits of

1 —~
b= $[-1,0,-1,0,2,1,1,0,2,1,-1,1,0,-1,-1,1,1,0,1,0,0,0s € Weas, and
1 —~
b2 = §[0517_1a0a2,07271a1a0707_172717071a17_170707050]s € W51847

by the action of Aut(X, hg), respectively.

Proof. We have calculated the finite set LR(wq,S) in the proof of Proposition 4.2.
We have also stored the classes [¢;] of the 112 lines and the action of Aut(X, hg) on

S in the computer memory. Thus the assertions of Proposition 4.5 are verified by a
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direct computation, except for the fact that, for any r € LR(wyg, S), the hyperplane
(rs)% actually bounds Dgp. This is proved by showing that the point

h
pi= hy— L0:TS)s
(rs;7s)s
on (rg)3 satisfies (p, ') > 0 for any 7/ € LR(wo, S) \ {r}. =

Since Proposition 3.2 implies that the interior point hg of Dgq is determined by
W12 and since O(T') — O(gr) is surjective, we obtain the following from Proposi-
tion 2.7:

Corollary 4.6. For~ € O (S), the following are equivalent: (i) the interior of DY,
has a common point with Dgo, (ii) D%, = Dso, (iii) Wyi, = Wiz, (iv) h = ho,
and (v) h{ € Dso.

In particular, we obtain the following:

Corollary 4.7. If v € Aut(X) satisfies b € Dgo, then v is in Aut(X, ho).

5. THE AUTOMORPHISMS g1 AND ¢o

In order to find automorphisms v € Aut(X) such that k] ¢ Dgo, we search for
polarizations of degree 2 that are located on the walls (b1)% and (b2)%.

We fix terminologies and notation. For a vector v € S, we denote by £, — X a
line bundle defined over Fy whose class is v (see Remark 3.1). We say that a vector
h € S is a polarization of degree d if (h,h)s = d and the complete linear system
| £ | is nonempty and has no fixed components. If h is a polarization, then |£,| has

no base-points by [22, Corollary 3.2] and hence defines a morphism
o), : X — PV,

where N = dim |Lp].

A polynomial in Fg[w, z, 3] is said to be of normal form if its degree with respect
to w is < 3. For each polynomial G € Fg|w, ,y], there exists a unique polynomial
G of normal form such that

G=G mod (w!+z* +y* +1).

We say that G is the normal form of G. For any d € Z, the vector space H°(X, Lan, )

over g is naturally identified with the vector subspace
I'(d) :=={ G € Fglw,x,y] | G is of normal form with total degree < d }
of Fgw, z,y|. For an ideal J of Fg[w, x, y], we put

I(d,J) :=T(d)nJ.
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A basis of T'(d, J) is easily obtained by a Grobner basis of J. Let ¢; be a line
contained in X. We denote by I; C Fg[w,z,y] the affine defining ideal of ¢; in P3
(see Table 3.1), and put

[V =1+ (' + 2+ y' +1) C Folw,z,y]

for nonnegative integers v. Suppose that v € S is written as
112

(5.1) v:dho*zai[&‘],

where a; are nonnegative integers. Then there exists a natural isomorphism
112

HO(X,L,)2=T(d, () I}*)
=1

with the property that, for
112

o =dho - djlti] € 8
i=0
with a} € Z>, the multiplication homomorphism
H(X,L,) x HY(X, L) — HY(X, Loyor)
is identified with
r(d, (1)) x D, (1) = T(d +d', (1)

given by (G,G") — GG'.

Proposition 1.1 in Introduction is an immediate consequence of the following:
Proposition 5.1. Consider the vectors

my = [-1,0,-1,-1,2,2,1,1,2,0,—1,1,1,—-1,0,1,0,0,1,—1,0,0]s and

my = [2,2,1,2,1,-1,1,1,1,1,0,—-1,0,0,0,0,0,—1,—1,1,0,1]5

of S. Then each m; is a polarization of degree 2. If we choose a basis of the vector
space HY(X, L,,,) appropriately, the morphism ®,,, : X — P? associated with |L,p,,|

coincides with the morphism ¢; : X — P? given in the statement of Proposition 1.1.

Proof. We have (m;,m;)s = 2. By the method described in [30, Section 4.1], we

see that m; is a polarization; namely, we verify that the sets
{ves | (v,v)g=-2, (v,m;)s <0, (v,hg)s >0} and
{vesS | (v,v)s=0, (v,my)s =1}
are both empty. Since
(6.2)  m1 = 3ho— ([la1] + [22] + [€50] + [les] + [les] + [¢ss]) and
(5.3)  ma = 5ho — ([a] + [€s] + [€6] + [(1s] +
+[ls5] + [Cza] + [oo] + [lo2] + [£110] + [111]),
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lby7 — [1:1—4:1—4 (A;-point)
lys — [l:1+4+4i:—(14+14)] (Ai-point)
lgo +— [1:—(1+414):0] (A;-point)
lipg — [1:—(1—1):0] (A;-point)
logg +— [1:1+d:1+4 (A;-point)
l11g — [1:1—i:—(1—14)] (A;-point)
lyg,lag +— [1:1:—i (Az-point)
lr3,lgg — [1:1:14] (Ap-point)
l1g, 010 — [0:1:—1] (Az-point)
lig,log +— [0:1:1] (As-point)

TABLE 5.1. Lines contracted by ¢; : X — P?

the vector spaces H°(X, L,,,) and H°(X, L,,,) are identified with the subspaces
I = F(?),Igl 0122m150016301650188) and
I's = F(5,Ilﬂ]3ﬂ16ﬂ1180135ml74ﬂ190mjgzmllloﬁlnl)

of Fg[w, x,y], respectively. We calculate a basis of T'; by means of Grébner bases
of the ideals I;. The set {Fjo, Fi1, Fi2} of polynomials in Table 1.1 is just a basis of
I'; thus calculated. O

Remark 5.2. The polarizations m; and ms in Proposition 5.1 are located on the
hyperplanes (b1)g and (be)g bounding Dgo, respectively, where by € Weys and

by € Wis184 are given in Proposition 4.5.

Proof of Proposition 1.2. The set Exc(¢;) of the classes of (—2)-curves contracted
by ¢; : X — P? is calculated by the method described in [30, Section 4.2]. We first
calculate the set

Rf={veS | (v,v)s=-2, (v,mi)s =0, (v,hg)s >0}.

It turns out that every element of RZT" is written as a linear combination with

coefficients in Zx( of elements | € R;r such that (I, hg)s = 1. Hence we have
Exc(¢;) = {1 € RS | (LLho)s=1}

The AD E-type of the root system Exc(¢;) is equal to 6A4; +4 A, for i =1 and A; +
Ag+2A3+42A, for i = 2. Thus the assertion on the AD E-type of the singularities of
Y; is proved. Moreover we have proved that all (—2)-curves contracted by ¢; : X —
P2 are lines. See Tables 5.1 and 5.2, in which the lines ¢4, , ..., ¢, contracted by ¢;
to a singular point P of type A, are indicated in such an order that (¢, , 0y, )s =1
holds forv =1,...,r — 1.

The defining equation f; = 0 of the branch curve B; C P? is calculated by

the method given in [30, Section 5]. We calculate a basis of the vector space
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lyy +— [0:1:0] (A;-point)

lrgyloy — [1:—1:0] (As-point)

log, lag, log +— [1:—1:1] (As-point)

b, ls, b3 — [1:—=1:—1] (As-point)

b1, 2,4, lgr +— [1:0:1] (A4-point)
l33,036, 072,033 +— [1:0:—1]  (As-point)

TABLE 5.2. Lines contracted by ¢o : X — P?

H°(X, L3,,,) of dimension 11 using (5.2), (5.3) and Grobner bases of IZ-(?’). Note
that the ten normal forms M; 1,. .., M; 10 of the cubic monomials of Fjg, Fj1, Fijo are
contained in H°(X, L3,,,). We choose a polynomial G; € H°(X, L3,,,) that is not
contained in the linear span of M; 1,...,M; 19. In the vector space H°(X, Lom,) of
dimension 38, the 39 normal forms of the monomials of G;, Fjg, F;1, F;2 of weighted
degree 6 with weight deg G; = 3 and deg F;; = 1 have a non-trivial linear relation.
Note that this linear relation is quadratic with respect to G;. Completing the square

and re-choosing G; appropriately, we confirm that
G? + fi(Fio, Fi1, Fia) =0
holds. Hence Y; is defined by y? + f;(xo,z1,22) = 0. O

Remark 5.3. In order to obtain a defining equation of B; with coefficients in F3, we
have to choose the basis Fig, Fi1, Fia of T; = HY(X, L,,,,) carefully. See [30, Section
6.10] for the method.

Remark 5.4. The polynomial
G1 = Gyo)(z,y) + Gy (z,y) w + Gy (2, y) w? + Gy (2, y) w

is given in Table 5.3. The polynomial G5 is too large to be presented in the pa-
per (see [31]).

Proposition 5.5. Let g1 and g2 be the involutions of X defined in Theorem 1.3.
Then the action g on S is given by v — vA;, where A; is the matrix given in
Tables 5.4 and 5.5.

Proof. Recall that Exc(¢;) is the set of the classes of (—2)-curves contracted by
¢; : X — P2. Suppose that 71, ...,7, € Exc(¢;) are the classes of (—2)-curves that
are contracted to a singular point P € Sing(B;) of type A,. We index them in
such a way that (v,,7,+1)s = 1 holds for v = 1,...,7 — 1. Then g;, interchanges
vi and v,41—;. Let V(P) C S ® Q denote the linear span of the invariant vectors
i + Vr+1—¢- Then the eigenspace of g;x on S ® Q with eigenvalue 1 is equal to

(m;) & @ V(P),

PeSing(B;)
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Gioy=—-1—14) +(1+i)z+ T+i)y+iz? —(1+i)ay — (1+10)y? — zy?
+(1+0)y’ = (1 —i)at = (1 +i) 2’y — 2y’ — (1 —i)y" — (1 —i)a° — 2°y°
—iz?y — (1= ay* + (1 +0)y® — (1 =) 2% + 2Oy +iaty? — (1 — i) 23y?
+ 1+ 2yt —iay® + (1 =) y® + (L+0) 2" + 2ty + (1 +14) 2%y*
+aay® —iy" Fia® + (1 +i)a"y +iaby? — xSy + (1 — i)ty + 220
tizy” —iyS — (1 +id)a® —iady — (1 —i)aTy? — (1 +14) 25 4 i 25y*

+ (1 —i)aty® — (1 +d) a3y’ — (1 —i)a?y” — (1 —d)ay® — (1 +1i)y°

Giy=0—-49) +Q—i)z—(1+i)z° — zy+iy’ + 2° — (1 — i) 2’y — zy°
+ A+t + A=)y — (1 -y — 2+ 2ty + 2yt — (L +4)y°
+ (A +i) by — (T+d) ay® + y° —ix” — 2%+ 2%y — (1 —i)z%y?

+ (1 -2+ Q1 —i)ay® — (1 =) y" —ia®+ (1 +14) 2Ty — i 25>
—i?P — (=Dt A+ — (=) e+ (=) ay" + (1 —i)yS

Gioy=(1—1d) —(1+id)z— L+ ay+ y* — (1 —d)2® — (1 +i) 2%y — i 2y’

— (4D + 2t — A+ Sy+ P — ¢t — 2® — 2ty — ayt — P
—ixb 4+ ety ity (L) ay® — % — (1 =) 2" —iaSy —iaty?
—iaty® — (140 2’y — (1+0) 2%y + (1 +d) 2y’ — (1 +4)y"

Gizy=1+d)z—(1-i)y—(1—d)2> -1 —d)ay+ (1+4)y*— 2° — 2%y
—aof P - (A=)t —iddy+ (1 —i)ayd — iyt +ia® 4+ 2ty
+ A+ + 1+ + A+ i)yt + (1 +4)y° — 2 — (1 —i)2dy
+ 1+t +iadyt -1 —) 2yt — A+ zy® + (1 +14)y°

TABLE 5.3. Polynomial G

and the eigenspace with eigenvalue —1 is its orthogonal complement. O

Using the matrix representations A; of g;., we verify the following facts:

(1) The eigenspace of g, with eigenvalue 1 is contained in (b;)&. In particular,
we have bf" = —b;.

(2) The vector h{’ is equal to the image of hy by the reflection into the wall
(b;)&, that is h' = hg + 3b; and hJ? = ho + 9 by hold.

Since Aut(X, hg) acts on each of WMS and W5184 transitively, we obtain the fol-
lowing:

Corollary 5.6. For anyrg € Wms U W5184, there exists T € Aut(X, hg) such that
h§'" = ho +cirs

holds, where i =1 and ¢c1 =3 if rg € ng while i =2 and co =9 if rg € W5184,

6. PROOF OF THEOREM 1.3

We denote by
G := (Aut(X, ho), g1, 92)
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-1 0 0 011 1 0 10-10 0O O1 1 01-10 0
o 0o 0o o000 0 0O O0OO0OO0O OO OO O0OO0O O0ODO0O1T 0 O
11 0 110 00 1001 O0-1-10 0 0O0O0 0 O
o o 06 000 00 010 0 0 0 0 0O O0O O0ODO0OO0OD 0 0
111 100 OO OOOTUOT O-=-1-1-10 0O0O0 0 O
o1 0 111 0 0 10-10 0-101 0 01-10 0
o-10-10-11 0 -112720 -1 0 1 0 1 0 -101 1 1
-2-1-2-221 1 1 210 1 1 0 O 1 1 0O0O0O 0 -1
o o 06 o000 00 0OO0O0OT1T O0OO0OO0OO0OO O0OO0OO0O U0 0
o 0o 0 1200 0 0 00O OO OO OO OO0OO 00O
o 0o 60 01001 0 010 0 0 0 -11 0-101 1 0
o o 06 000 0 0 1200 0 0 0 0 0 O0O O0O0OO 00O
o1 0 111 o0 0 10-11 0-100011-1-10
-1 0 -1011 0 0 200 2 1 -10 01 11-1-1-1
111 10010 01~-1-1-10-10 0-101 1 1
o o 06 000 00 OO0OO0O OO OOT1 O0 O0O0OO0O U0 0
111 100 00 O0O0-1-1-10 O O O OOO O O
22 2 3 o0-1-1-1r 000 1 0 -1-10 0 0O0OO0-10
-2-1-2-211 1 0 1201 1 1 1 0 0 1 0O0O0 0 -1
o1 0 000 OO OOO O O O OO O O0ODO0OO0OD 0 o0
22 2 300 -1-1100 1 -1-1-1-10 02020 -10
i, 1 1.1 100 O O OO-10 O0O-10 0-1000 00

TABLE 5.4. The matrix A;

the subgroup of Aut(X) generated by Aut(X, hp), g1 and go. Note that the action
of Aut(X) on S preserves the set of nef classes.

Theorem 6.1. Ifv € S is nef, there exists v € G such that vV € Dgg.
Proof. Let v € G be an element such that (v7, hg)s attains
rnin{(v'y,7 ho)s |7 € G}.

We show that (v7,rg)s > 0 holds for any rg € W(DSO). If rg € Wu% then
rs = [¢;] for some line ¢; C X, and hence (v7,rg)s > 0 holds because v is nef.
Suppose that rg € WN/648 U ﬁ//5184. By Corollary 5.6, there exists 7 € Aut(X, hp)
such that k'™ = ho + ¢;rs holds, where i =1 and ¢; =3 if rg € Weas while i = 2
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1 1 -10 2 0O 211 0 0O -12 1 0 1 1 -10 0 0 O
o o 0 1.0 0 00O O OO OO O O O O O o0 o0 o0
o 2 -10 4 0 422 0 0 -24 2 0 2 2 -20 0 0 0
0 1 0o 0o 0 000 O O O 0O o 0 o0 o 0O 0 0 O
o 0o 0o 06 1. 0o 0600 0O 0O OOOOT OO OOOO0O O0 O
o 2 -20 4 0 422 0 0 -14 2 0 2 2 -20 0 0 0
o o o0 06 -1-1 000 1T 1 0 0 1 0 0O O O0O-11 0 O0
o 2 o0 1 1 0 201 0 0 -12 1 0 1 1 -10 0 0 O
4 2 3 3 -1-2-10-1 0 0 -1-1-1-1-1-1-1-11 0 1
-3-1-4-3 4 2 322 0 0 0 3 1 1 2 2 0 1 —-10 -1
2 2 1 2 1 -2210 1 0 -21 1 -11 0 —-2-11 1 1
o 2 -20 4 1 422 0 0 -24 2 0 2 2 -20 0 0 O
-1 0 -1-11 1 o001 -10 1 1 0 0 0O 1 1 1 —-1-1-1
1P 2 0 1 2 o0 200 -10 -12 1 0 1 1 -10 0 0 O
111 1 0 O OOOTO-=-1-1-10 0O 0 OO O O O O
o 0o -1-1t2 0 321 1 0 -22 1 0 1 1 -20 01 1
-2-1-2-21 2 111 0 -10 1 O 1 1 O O 1 -1 0 O
1P 2 0 1 1 ~-1101 01 0O 2 1T 0 O 1 O O O -10
o 2 o0 1 2 0 211 0 0O -12 1 0 1 1 -1-10 0 -1
o 1 1 1 0 O OO1 O O 1 0 OO0O-100-10 -1-1
4 51 4 3 -1211-10 -23 1 -11 1 -220 0-10

L 0 0 0600 0O0ODOOOOOOOTOUOT®OOTOO0OO0OI1

TABLE 5.5. The matrix As
and co =9 if rg € W5184. Since 7~ 1g; € G, we have
(7, ho)s < (V77 % ho)s = (v7,hIT)s = (v, ho)s + ci(v7,5)s.
Therefore (v7,7rg)s > 0 holds. O

The properties (1), (2), (3) of Dgo stated in Introduction follow from Corollar-
ies 4.4, 4.6, 4.7 and Theorem 6.1.

Proof of Theorem 1.3. By Corollary 4.7, it is enough to show that, for any v €
Aut(X), there exists v/ € G such that h]” € Dg holds. Since h{ is nef, this

follows from Theorem 6.1. O
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7. THE FERMAT QUARTIC POLARIZATIONS FOR g1 AND go

A polarization h € S of degree 4 is said to be a Fermat quartic polarization
if, by choosing an appropriate basis of H°(X, L), the morphism ®; : X — P3
associated with |£p| induces an automorphism of X C P3. It is obvious that hg
is a Fermat quartic polarization for any v € Aut(X). Conversely, if h is a Fermat
quartic polarization, then the pull-back of hy by the automorphism ®;, of X is h.
Therefore the set of Fermat quartic polarizations is the orbit of kg by the action of

Aut(X) on S. Consider the Fermat quartic polarizations
hy = R =ho4; =1[0,1,0,1,2,1,1,0,2,1,-1,1,0,-1,-1,1,1,0,1,0,0,0]s,
hy = h$* =hods =[1,4,-2,1,6,0,6,3,3,0,0,-3,6,3,0,3,3,-3,0,0,0,0]s.

Using the equalities

(7.1) h1 = 6ho— ([l3] + [le] + [€s] + [€ra] + [€a5] + [€a7] + [€10] +
+ [lao] + [€31] + [€34] + [lo3] + [l70] + [79] + [lo2]), and
(7.2) he = 15hg — (3[l3] +4[ls] + [¢13] + [€14] + 3 [¢18] + [lao] +
+ [l26] + [Car] + 2 [€35] + [€aa] + 2 [€50] + 3 [oa] +
]

+
+ [los] + [l106]) + [C108] + 3 [4111]),

we obtain another description of the involutions g; and gs.

Theorem 7.1. Let (w,x,y) be the affine coordinates of P3 with z =1, and let
Hyj(w,z,y) = Hijo(z,y) + Hij1 (2, y) w+ Hyjo(z,y) w* + Hyjs(z,y) w

be polynomials given in Table 7.1. Then the rational map

(7.3) (w,z,y) — [Hio : Hiy : Hyp : Hyz) € P3

gives the involution g1 of X.

Remark 7.2. We have a similar list of polynomials Hyg, Ho1, Hao, Ho3 that gives the
involution go. They are, however, too large to be presented in the paper (see [31]).

Proof of Theorem 7.1. We put
Z :=1{3,6,8,14,15,17,19,22,31, 34,63, 70,79,92},

which is the set of indices of lines on X that appear in the right-hand side of (7.1).
The polynomials Hyg, H11, Hi2, H13 form a basis of the vector space

HY(X, Ly,) 2 T(6, () L)

1€EZ

(See Section 5 for the notation.) We can easily verify that

His+ Hi + Hiy+ Hi; =0 mod (w* + 2% +y* +1)
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Hiopo=-1-(1-i)z—1-d)a>—Q+i)y* —iz® — (1 -y’ + 2" — (1 —i) 2’y
+ (149 %P+ A +i)zy® —(1—i)y* — (1—i) 2® + (1 +i) 2ty — (1 —1d) 23y® —iz?y®
—iayt iy’ +ia® — 2Py — A+ - A+ )PP+ A+ D)’ + (1 —i)y°
Hiopn=0+4id) +z+0—-i)y—iz®— A+ ay+iy’ +iz® — 2%y
—izy’ + ¢’ + 2Py + (1—0) 2’y — (1= ) ay’ + (1 - i)y
+ 2 +izty+ 2* —id?Pt =) ayt — (1 —4)y°
Hop=i+z+Q+i)y+ 2>+ 10 +0)y* + 1 +4)2® — 2%y
—(+d)ay’ +iy’ + (1 +) " + (1—9) 2"y + ay’ + (1 +4)y"
Hizs=(1—-4) —(1-d)az+1—d)y—1+i)a> - (1—i)ay+ (1 +3)2> — (1+i)y°

Hiuo=—i+iz+y— 1+ +ay—(1-)y" — 2> -1 —i)z’y+ (1 +i)ay’ — 3°
+ A4z —izdy—(1—i)2®yP + e+ (1 =) y* — (1 +i) 2° + (1 —i) 2y +i 2y
—(+i)zy’ —(1+0)y" —ia® + (1+0) 2"y’ + (1+0) 2y’ + (1 - ) 2y” — (1 —14) o°

Hu=—-(1-9)4az+04+i)y—1+d)z” —izy—iy"+(1—i)a’

—idty— P+ A+t + (1 —i) 2Py — 2°y* + (1 +4)zy®
—iy'+ Q- +izty+ (1 —i)2®P + (1 —d)ay' — °

Hiz=-1+1+d)y+a°—1—d)ay— (1+i)y° — 2’y + (1 +4)ay’

—(+d)y + (=)' + 1402’y — (1+40) 2y’ — 2y’ — (1+0)y*

Hyus=1+414) —z+y+2°—iy> — (1 —i)a® +iz’y— (1 —i)ay® —iy®

Hiso=(1+i) +(14+i)z+ 1+ y+ 1 —i)z’ + >+ (1 +i)2° + (1 +i) 2’y
—izy’ -yt = (1- )’y + (1 - i)y’ — (L + i) ay’ + (1 - i)y
+ (-2’ —izty+ 1 —i)a®y® — A+ 2’y +izy* — ¢° + 2
—(1+d)a’y — (1—i)a'y’ + 2%’ —iay’ — (1 — i) ey’ + (1 — i)y
Hioi=i+a+ay—(1+d)y°+ 2> — (149 2°y— 1 —d)ay’ + (1 +i)y® + 2" — (1 —i) 2%y
—(1=i) &y’ + (141) 2y’ — (1=i) y* — (1=4) 2” + (1+4) 2’y + (144) 2°y’ + (1—-4) y°
Higo=(1-i) —z—(14+i)y+iz® —(1—d)ay— 1+i)y’> — 2° — (1 —d)ay®
—iy’ —(1+i)a* — (1 =i’y — (1+19)2°y — ay’ + (1 +4)y"
Hizg=1—-(1+i)z+(1—i)y+a’+izy+iy’ —(1+i) 2° +(1—i) 2’y — (1 +i) zy’ +(1+9) y

6

3

3

Hizo=—(1—14) +iz+(140) y—(1+0) 2® +(1—i) zy+(1—0) y° + 2 — (1+10) 2y +i zy’ +iy°
—(4d) 2 +idty+ 2% — A+ + (1 +i)2® — (1 =) 2’y + (1 —i) 2%y® — 2%°
4y’ —(A+9) 2’ — (1 —i) 2’y — A +i) ey’ +ia’y’ +ia’y +izy® + (1 +i)y

Han=—1—-z+0+d)y—1—ia®+Q+Day—iy’ — 1+ 2> —iz’y— zy® +iy°
— 2t = Py+ - (i)t — (i) 2+ 2y + (1 —i) 2By —i 2P+ (1L +i) 2y

Hizgo= (1414 +iz+y— 2+ ay+y° +iz® —(1—i)z’y
—A+d)ay—Q—i)zt — 2% —iay® — (1 —d)y?

Hisz=1i—y+ 2>+ (1+d)zy— (1—14)y°

6

TABLE 7.1. Polynomials H,;
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holds. Hence the rational map (7.3) induces an automorphism ¢’ of X. We prove
g’ = g1 by showing that the action ¢, of ¢’ on S is equal to the action v — vA; of
g1. We homogenize the polynomials H;; to fflj (w,x,y,2) so that ¢’ is given by

[w:x:y:z]H[ﬁm:ﬁu ZE[121H13].
Let ¢ be a line on X whose index k is not in Z. We calculate a parametric
representation

[u : ’U] — [lkO : lkl : lkg : lkg]

of ¢, in P3, where u, v are homogeneous coordinates of P! and I, are homogeneous
linear polynomials of u,v. We put

L(S') = Hyj(Iko, b1, L2, lis)

for j = 0,...,3, which are homogeneous polynomials of u,v. Let M) be the

greatest common divisor of Lg’é), Lg’i), ng), ng) in Fg[u, v]. Then

prt [wsv] e (L3 /MW L ® L) @ L) ®)

is a parametric representation of the image of ¢, by ¢'. (If k € Z, then Lgl;) are
constantly equal to 0.) Pulling back the defining homogeneous ideal of ¢ by py,
we can calculate the intersection number ([(z]?", [(x/])s. Since the classes [¢;] with
k ¢ Z span S ® Q, we can calculate the action g, of ¢’ on S, which turns out to be
equal to v — vA;. O

Remark 7.3. The polynomials Hyg, H11, H12, H13 are found by the following method.
Let H{, H{, H), H} be an arbitrary basis of T'(6,N;czI;) = H°(X,Lp,). Then the
normal forms of the quartic monomials of H{, Hy, H}, H} are subject to a linear
relation of the following form (see [24, n. 3] or [30, Theorem 6.11]):

3
§ : T3 —
ainiHj —0,
i,j=0

where the coefficients a;; € g satisfy a;; = a?j and det(a;;) # 0; that is, the matrix

a;;) is non-singular Hermitian. We search for B € GL3(Fgy) such that
J
(aij) = B 'BY
holds, where B() is obtained from B by applying = — z° to the entries, and put
(H[/)/’ Hilv Hélv Hi/i/) = (H(/)v Hi’ Hé’ Hé)B
Then Hy, HY, H), HY satisfy
HY* + H + HY* + H)* =0 mod (w* + z* +y* +1).

Therefore (w,x,y) — [HYy : H{ : HY : H{] induces an automorphism ¢” of X.
Using the method described in the proof of Theorem 7.1, we calculate the matrix

A" such that the action g7 of ¢"” on S is given by v +— vA”. Next we search for
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7 € PGU4(Fg) such that A”T, is equal to Ay, where T, € O"(S) is the matrix
representation of 7. Then the polynomials

(Hio, Hu1, Hio, Hi3) :== (Hy, HY, Hy , H)T
have the required property.

Remark 7.4. We have calculated the images of the Fg-rational points of X by the
morphisms ¥; : X — Y; and ¢g; : X — X, and confirmed that they are compati-
ble (see [31]).

8. GENERATORS OF O7(9)

Let F € O7(S) denote the isometry of S obtained from the Frobenius action ¢
of Fg over F3 on X. Calculating the action of ¢ on the lines (Z‘f = {g, Zf =5, 6? =
ls, Ef ={7,...), we see that F'is given v — vAp, where A is the matrix presented
in Table 8.1. Since hf’ = hg, we have D, = Dgq by Corollary 4.6.

Proposition 8.1. The automorphism group Aut(Dgo) C O1(S) of Dso is the split
extension of (F) =2 Z/27 by Aut(X, hg).

Proof. Since we have calculated the representation (3.2) of Aut(X, hg) into O1(S),
we can verify that F' ¢ Aut(X, hg). Therefore it is enough to show that the order
of Aut(Dgp) is equal to 2 times | Aut(X, hg)|. Since |[PGU4(Fy)| is equal to 4 times
|PSU4(Fy)|, this follows from [13, Lemma 2.1] (see also [7, p. 52]). O

Since ([¢1],[¢1])s = —2, the reflection 51 : S®R — S ® R into the hyperplane
([¢1])% is contained in OF(S). In the same way as the proof of Theorem 1.3, we
obtain the following:

Theorem 8.2. The autochronous orthogonal group OT(S) of the Néron-Severi
lattice S of X is generated by Aut(X, hg) = PGU4(Fy), g1, g2, F and s;.
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