RATIONAL DOUBLE POINTS ON SUPERSINGULAR K3
SURFACES

ICHIRO SHIMADA

ABSTRACT. We investigate configurations of rational double points with the
total Milnor number 21 on supersingular K3 surfaces. The complete list of
possible configurations is given. As an application, we also give the complete
list of extremal (quasi-)elliptic fibrations on supersingular K3 surfaces.

1. INTRODUCTION

Let Y be a normal projective surface defined over an algebraically closed field
k, and let f: X — Y be the minimal resolution. Suppose that X is a K3 surface.
Then the normal surface Y has only rational double points as its singularities. (See
[2, 3, 5] for the definition of rational double points.) The total Milnor number
w(Y) of Y is, by definition, the number of (—2)-curves that are contracted by f.
It is obvious that u(Y) is less than the Picard number of X. In particular, u(Y)
cannot exceed 19 in characteristic 0. In positive characteristics, however, there
exist supersingular K3 surfaces (in the sense of Shioda [26]), and we have singular
K3 surfaces Y with pu(Y") > 20.

For example, Dolgachev and Kondo [8] showed that a supersingular K3 surface
X in characteristic 2 with the Artin invariant 1 is birational to the quartic surface
in P3 defined by the equation

4 4 4 4 2 2 2 2 2 2
xg + 2] + x5 + x5 + xir] + xias + virs + roxi1xa(xo + 1 + x2) = 0.

This quartic surface has seven rational double points of type A3 so that its total Mil-
nor number is 21. They also showed that X is birational to the purely inseparable
double cover of P? defined by

w? = wox 2o (2 + 23 + 23),
which has 21 rational double points of type A;.

We say that Y is a supersingular K3 surface with maximal rational double points
if u(Y') attains the possible maximum 21. It is quite plausible that K3 surfaces
with this property have many interesting features that are peculiar to algebraic
varieties in positive characteristics. The purpose of this paper is to investigate the
combinatorial aspects of such supersingular K3 surfaces by means of the lattice
theory.

An ADE-type is a finite formal sum
R=> aA+Y dnDp+ Y enEy
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of symbols A; (I > 1), D,, (m > 4) and E,, (n = 6,7,8) with non-negative integer
coefficients, and its rank is defined by

rank(R) := Z a;l + Z dmm + Z enn.

For an ADE-type R, we denote by Q(R) the negative definite integer lattice whose
intersection matrix is the Cartan matrix of type R multiplied by —1. The rank of
Q(R) is therefore equal to rank(R).

Let Y be a supersingular K3 surface with maximal rational double points, and
f X — Y its minimal resolution. We denote by Ry the ADFE-type of rational
double points on Y. In the Picard lattice Sx of X, we have a negative definite
sublattice Ty generated by the classes of (—2)-curves contracted by f. By definition,
we have rank(Ry ) = pu(Y') = 21, and Ty is isomorphic to Q(Ry). The orthogonal
complement of Ty in Sx is therefore generated by a vector hy € Sx, and its norm

ny = h3

is uniquely determined. Note that ny is a positive even integer. Since X is a
supersingular K3 surface, it is known from [4] that the discriminant of Sx is equal
to —p?°X, where p is the characteristic of the base field k, and ox is a positive
integer < 10, which is called the Artin invariant of X. Thus we obtain a triple

(Ry,ny,ox).

For simplicity, we define an RDP-triple to be a triple (R,n,0) consisting of
an ADE-type R with rank(R) = 21, a positive even integer n, and a positive
integer o < 10. We say that an RDP-triple (R,n, o) is geometrically realizable in
characteristic p if it satisfies the following conditions, which are equivalent to each
other:

(i) There exists a supersingular K3 surface Y with maximal rational double
points in characteristic p such that (Ry,ny,ox) = (R,n,0).

(ii) Every (smooth) supersingular K3 surface X with the Artin invariant o in
characteristic p admits a birational morphism f : X — Y to a supersingular
K3 surface Y with maximal rational double points such that Ry = R and
ny = n.

See §2 for the equivalence of these conditions.
Our main results are as follows:

Theorem 1.1. An RDP-triple (R,n,0) is geometrically realizable in characteris-
tic p if and only if (R,n,0) is a member of the list given in Table RDP at the end
of this paper.

Corollary 1.2. There exists a supersingular K3 surface with mazimal rational
double points in characteristic p if and only if p < 19. O

The appearance of (214;,2,0) with o = 1,...,10 in the list of RDP-triples
geometrically realizable in characteristic 2 implies that every supersingular K3
surface in characteristic 2 is birational to a projective surface with 21 ordinary
nodes. In fact, we will prove the following:

Proposition 1.3. FEvery supersingular K3 surface in characteristic 2 is birational
to a purely inseparable double cover of P? that has 21 ordinary nodes.
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This proposition gives us another proof of the unirationality of supersingular K3
surfaces in characteristic 2, which was first proved by Rudakov-Safarevi¢ in [20].

As an application, we give the complete list of extremal (quasi-)elliptic fibrations
on supersingular K3 surfaces.

Let X be a K3 surface. A (quasi-)elliptic fibration on X is, by definition, a
surjective morphism ¢ : X — P! such that the general fiber F of ¢ is a reduced
irreducible curve of arithmetic genus 1, and that there exists a distinguished section
O : P! — X of . We say that ¢ : X — P! is elliptic if F is smooth, and ¢ is
quasi-elliptic if F' is singular. A quasi-elliptic fibration exists only in characteristic
2 or 3 ([29, 23)).

Let ¢ : X — P! be a (quasi-)elliptic fibration. The generic fiber E of ¢ is a curve
defined over the rational function field K := k(P') of the base curve, and the set
E(K) of K-rational points of E is endowed with a structure of the abelian group
such that the point o € E(K) corresponding to the section O : P! — X is the zero
element. We call F(K) the Mordell-Weil group of ¢ : X — P!, and denote it by
MWg. Let Ty be the sublattice of Sx spanned by the classes of the general fiber of
¢, the zero section O and the irreducible components of reducible fibers of ¢ that
are disjoint from O. Then we have the following famous formula ([28], [12]):

(1.1) MW, = Sx/T,.

Let R, be the set of points v € P! of the base curve such that the fiber ¢—*(v) is
reducible. It is well-known that, for each v € Ry, the classes of irreducible com-
ponents of ¢~1(v) disjoint from the zero section span an indecomposable negative-
definite AD E-lattice in Sx. Let R, be the AD E-type of this sublattice, and put

Since rank T, = rank(Ry) + 2, we have rank(Ry4) < 20. We say that ¢ is extremal
if rank(Ry) attains the possible maximum 20. It follows that, if ¢ is an extremal
(quasi-)elliptic fibration, then X is supersingular and MW, is finite. On the other
hand, if ¢ is quasi-elliptic, then ¢ is necessarily extremal ([21]).

A triple (R,o0, MW) counsisting of an ADE-type R of rank 20, an integer o
with 1 < ¢ < 10, and a finite abelian group MW, is called an elliptic triple. An
elliptic triple (R, o, MW) is called a triple of extremal elliptic (resp. quasi-elliptic)
K3 surfaces in characteristic p if it satisfies the following conditions, which are
equivalent to each other:

(i) There exists a K3 surface X with the Artin invariant o in characteristic p
that has an extremal elliptic (resp. quasi-elliptic) fibration ¢ : X — P! such
that Ry = R and MWy = MW.

(ii) Every supersingular K3 surface X with the Artin invariant ¢ in characteristic
p admits an extremal elliptic (resp. quasi-elliptic) fibration ¢ : X — P! such
that Ry = R and MWy = MW.

Theorem 1.4. The complete lists of triples of extremal quasi-elliptic and elliptic
K3 surfaces are given by Tables QE and E.

The complete lists of triples of extremal elliptic K3 surfaces and of extremal
quasi-elliptic K3 surfaces in characteristic 3 have been already obtained by Ito [12,
14, 15]. His method is completely different from ours, and he gave explicit defining



ICHIRO SHIMADA

Table QE: The complete list of extremal quasi-elliptic K3 surfaces
p=2 MW = (Z/27)%".

R o r R o r
2Es + Dy 1 0 Di2 + Dg 1,2 2—o0
Es + E7 +5A1 2 1 D1+ 2Dy 2,3 3—o0o
Eg + Dj2 1 0 D12 + 84, 3,4 5—o0
Es + Dg + Dy 2 0 D19 + Dg + 4A4 2,3 4—0
Eg + Dg +6A1 3 1 Do+ D4 +6Aq 3,4 5—o0
Eg + 3Dy 3 0 Dio + 1044 4,5 6—o
Es + D4+ 8A1 4 1 2Dg + Dy 1,2,3 3—o
Es + 12A; 5 1 Dg + Dg + 6A1 2,3,4 5—o0o
2FE7 + Dg 1 1 Dg + 3Dy 2,3,4 4—0
2E7 + D4 + 2A, 2 1 Dg + Dy + 8A4 3,4,5 6—o0
2E7 + 6A; 3 1 Dg + 12A; 4,5,6 7T—o0o
E7 + Do + 34, 1,2 3—0o 3Dg + 2A4 1,2,3 4 —0
E7;+ Dg +5A1 2,3 4—0 2Dg + Dy + 4A4 2,3,4 5—0
E7 4+ 2Dg + Ay 2 1 2D¢ + 8A1 3,4,5 6—o
E7 + Dg + D4 + 3A4 2,3 4 — o Dg +2Dy4 + 6A, 2,3,4,5 6 —o
E7; + Dg + TA1 3,4 5—0 Dg + D4 + 10A, 3,4,5,6 7T—o
E7; +2D4 +5A1 3,4 5—0 Dg + 14A1 3,4,5,6,7 8—o
E7 4+ Dy + 94, 3,4,5 6—o 5D, 1,2,3,4,5 5—0
E7 + 13A; 4,5,6 7T—o0o 3D4 + 8A, 2,3,4,5,6 7T—0o
Dao 1 0 2Dy + 12A4 3,4,5,6,7 8—o
Dig + D4y 1,2 2—o0 D4 + 16A; 2,3,4,5,6,7,8 9—o0
Dy + 64, 2,3 4—o0 20A1 3,4,5,6,7,8,9 10— o
p=3, MW = (2/32)°".
R o r R o T
2Eg + 2A5 1 0 3Es + Az 1,2 2—o0
Egs + 2FE¢ 1 0 2FE¢ + 4A4 1,2,3 3—o
Eg + Eg + 3A2 2 0 Eg + TA2 2,3,4 4—0
Eg + 6A2 2,3 3—o 10A5 1,2,3,4,5 5—0o
Table E: The complete list of extremal elliptic K3 surfaces
[a] =Z/aZ, [a,b|=Z/aZ ® Z]VZ.
L p | R | o [ MW || p | R | o | MW
11 2A10 1 0 3 D7+ Ay + Ag 1 [4]
7 A3+ Ag + Ay 1 [2] 2 A7 +3A 1 (6]
7 Es + 2A¢ 1 0 2 4As 1 [3,6]
5 E;+ Ag + Ay 1 [2] 2 2A9 + 2A4 1 [10]
5 A14 + Ay + Ao 1 [3] 2 FEg + A1 + A3 1 [6]
3 Dig + 2A-> 1 [2] 2 Ds + A1 1 [4]
3 Dy + 245 1 [2,2]

equations of these extremal (quasi-)elliptic K3 surfaces. The complete list of triples
of extremal quasi-elliptic K3 surfaces in characteristic 2 seems to be new.

In [31] and [32], Yang classified all configurations of rational double points on
complex sextic double planes and complex quartic surfaces. He used the ideas of
Urabe [30], and reduced the problem of listing up all rational double points on these
complex K3 surfaces to lattice theoretic calculations via Torelli theorem. By a sim-
ilar method, the complete list of configurations of singular fibers on complex elliptic
K3 surfaces has been obtained in [25] and [24]. In [9], the maximal configurations
of ordinary nodes on rational surfaces in characteristic # 2 are investigated.
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The plan of this paper is as follows. In §2, we review some known facts in the
theory of K3 surfaces and the lattice theory. In §2.1, we give lattice theoretic
conditions for a K3 surface to have a given configuration of (—2)-curves and to
have a (quasi-)elliptic fibration with a given ADE-type of reducible fibers. In §2.2,
we briefly review the theory of discriminant forms due to Nikulin [17]. In §2.3, we
quote from Artin [4], Rudakov-Safarevic [20, 21] and Shioda [27] some fundamental
facts about the Picard lattices of supersingular K3 surfaces. These facts play, in
positive characteristics, the same role as the one Torelli theorem played for complex
K3 surfaces in [24, 25], [30] and [31, 32]. The algorithms for obtaining the lists of
geometrically realizable RD P-triples and of triples of extremal (quasi-)elliptic K3
surfaces are presented in §3 and §4, respectively. In §5, we investigate the geometry
of supersingular K3 surfaces in characteristic 2 with 21 ordinary nodes, and prove
Proposition 1.3.

The lists in Tables RDP, QE and E are also available from the author’s homepage:
http://www.math.sci.hokudai.ac.jp/ shimada/ssK3.html

Part of this work was done during the author’s stay at Korea Institute for Ad-
vanced Study in October 2001. He would like to thank Professor Jonghae Keum
for his warm hospitality. He also would like to thank Professors 1. R. Dolgachev,
Shigeru Mukai and Tetsuji Shioda for helpful discussions and comments.

2. PRELIMINARIES

2.1. Rational double points and (quasi-)elliptic fibrations on a K3 surface.
An integer lattice A is said to be even if v? € 27Z for any v € A. A vector v of an
integer lattice A is said to be primitive if the intersection of Q- v and A in A ®z Q
is generated by v.

Let T be a negative definite even integer lattice. A vector v € T is called a root
if v2 = —2. Let Roots(T') be the set of roots of T', and let Tyoots be the sublattice
of T generated by Roots(T). We denote by X(7T') the ADE-type of the root lattice
Troots; that is, 2(T') is the ADE-type such that Tyoots is isomorphic to Q(X(T)).
(See [6], [10].)

Let X be a smooth K3 surface defined over an algebraically closed field of ar-
bitrary characteristic. The Picard lattice Sx of X is an even integer lattice of
signature (1, px — 1), where px is the Picard number of X.

The purpose of this sub-section is to establish the following propositions:

Proposition 2.1. Let R be an ADE-type, and X a smooth K3 surface. There
exists a birational morphism f : X — Y with the singularity of Y being rational
double points of ADE-type R if and only if there exists a vector h € Sx such that
h? > 0 and X(h*) = R, where h* is the orthogonal complement of h in Sx.

Proposition 2.2. Let R be an ADE-type, MW an abelian group (not necessar-
ily finite), and X a smooth K3 surface. There exists a (quasi-)elliptic fibration
¢+ X — P! such that Ry = R and MW, = MW if and only if there exists
an indefinite unimodular sublattice U C Sx of rank 2 such that X(UL) = R and
MW = UL /(U o0ts, where UL is the orthogonal complement of U in Sx.

For the proof of these propositions, we need several lemmas. A line bundle L on
X is said to be numerically effective (nef) if L.C' > 0 holds for any curve C' on X.
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For a line bundle L and a divisor D on X, we denote by [L] € Sx and [D] € Sx
the corresponding vectors in Sy .

Lemma 2.3. Let L be a nef line bundle on X with L? > 0.
(1) The complete linear system |2L| is fized-component free and base-point free.
(2) Let Ry, be the set of reduced irreducible curves C; on X such that L.C; = 0.
Then Ry, is an ADE-configuration of (—2)-curves on X whose ADE-type is equal
to L([L]1).

Proof. From Nikulin’s proposition [18, Proposition 0.1], it follows that, if the com-
plete linear system |M| of a nef line bundle M on X with M? > 0 has a fixed
component, then there exists a divisor £ on X such that £? = 0 and E.M = 1.
Therefore |2L] is fixed component free. Then, by Saint-Donat’s result ([22, Corol-
lary 3.2]), |2L| is base-point free.

Since [L]* is negative definite and C? is > —2 for any reduced irreducible curve
C on X, every C; € Ry, satisfies C? = —2 and hence is a (—2)-curve. We put

Ry = { [CJ | C, € Rp }
We will show that [L]%,,. is generated by Ry. Let v be an arbitrary vector in

roots
Roots([L]*1). Since v or —v is effective, we can and will assume that v is the class
of an effective divisor D = Y v;C/, where C/’s are reduced irreducible curves and
i ’s are positive integers. Since L is nef and L.D = 0, it follows that L.C! = 0 for
each C}, and hence [C]] is contained in Ry.

The set Ry is contained in the set of positive roots
RY :={r €Roots([L]*) | ~[H] >0}

in [L]* with respect to the class [H] € Sx of a hyperplane section H of X. Since
every C; € Ry, is irreducible, each [C;] € Ry, is indecomposable in RT. Therefore
Ry, is a fundamental root system of [L]5 .. (See [6], [10].) The ADE-type X([L]*)

of the root lattice [L], and that of the configuration Ry, of (—2)-curves are thus

identical. O

Lemma 2.4. Let R be an ADE-type. A smooth K3 surface X has a contraction
f: X =Y of an ADE-configuration of (—2)-curves of type R if and only if there
exists a nef line bundle L on X such that L* > 0 and X([L]*+) = R.

Proof. Suppose that X admits a contraction f : X — Y of an AD E-configuration of
(—2)-curves of type R. Let L be the line bundle Ox (f*H), where H is a hyperplane
section of Y. Then L is nef and L? > 0. Since the set of reduced irreducible curves
on X contracted by f is equal to Rp, ([L]1) = R follows from Lemma 2.3 (2).

Conversely, suppose that there exists a nef line bundle L on X with L? > 0 and
Y([L]*) = R. By Lemma 2.3 (1), we have a morphism

Doy X — Z' =P (X) C PV

defined by |2L|. Since L? > 0, we have dim Z’ = 2. Let Z be the normalization of
7', and let

x Ly % 7z

be the Stein factorization of the morphism X — Z induced from ®57). Since
g is finite, the set Ry coincides with the set of reduced irreducible curves on X
contracted by f. By Lemma 2.3 (2), f is a contraction of an AD E-configuration of
(—2)-curves whose type is equal to X([L]*) = R. O
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Lemma 2.5. (1) For any vector v € Sx with v?> > 0, there exists an isometry
of Sx such that y(v) is the class [L] of a nef line bundle L.

(2) For any primitive vector v € Sx with v? = 0, there exists an isometry v of
Sx such that v(v) is the class [F] of a reduced irreducible curve F of arithmetic
genus 1.

Proof. Using the scalar multiplication by —1 if necessary, we can assume that v is
the class of an effective divisor. Then Lemma 2.5 follows from [21, Proposition 3
in Section 3. O

Let ¢ : X — P! be a (quasi-)elliptic fibration on a K3 surface X. We denote by
Uy the sublattice of Sx generated by the classes of the general fiber F' of ¢ and
the zero section. Then Uy is an indefinite unimodular lattice of rank 2. Since Uy
is unimodular, we have an orthogonal decomposition

(2.1) Sx =Uy @ Uy.

It is easy to prove Ty = Uy @ (U;)roots by the same argument as in the proof of
Lemma 2.3. (See also [19, Lemma 6.1].) From the definition and (1.1), we have

(2.2) Ry=%(Uf) and MWy = UL/(Uf)roos.

Consider the module [F]*/Z[F], where F is the general fiber of ¢, Z[F] is the
sublattice of Sx generated by [F], and [F]* is the orthogonal complement of [F]
in Sx. Since F? = 0, we can naturally regard [F]*/Z[F] as an integer lattice.
Since the orthogonal complement of [F] € Uy in Uy, is generated by [F], we obtain
from (2.1) the isomorphism of lattices

(2.3) [F]*/Z[F) = Uy

Lemma 2.6 ([16] Lemma 2.1). Suppose that Sx has an indefinite unimodular sub-
lattice U C Sx of rank 2. Then X has a (quasi-)elliptic fibration ¢ : X — P! such
that [F)1/Z[F) = U+, where UL is the orthogonal complement of U in Sx. O

Note that the proof in [16] is valid also in positive characteristics with the only
exception that ¢ : X — P! may be quasi-elliptic.

Proof of Propositions 2.1 and 2.2. Proposition 2.1 follows from Lemmas 2.4 and
2.5. Proposition 2.2 follows from the isomorphisms (2.2), (2.3) and Lemma 2.6. O

2.2. The discriminant form of an even integer lattice. Let A be a non-
degenerate even integer lattice. We denote by AV the dual lattice of A, which is
the free Z-module Hom(A, Z) equipped with the natural symmetric bilinear form

IﬁA:AvXAvH@.

There exists a natural inclusion A < AY. A submodule A’ of AV containing A is
said to be an overlattice of A if 1, restricted to A’ x A’ takes values in Z.

The discriminant group G of A is defined to be AY/A. Note that the order of
G, is equal to |disc A|. There is a quadratic form

qrn : Gan — Q/2Z

on Gy defined by ga () := ¥a(v,v) mod 2Z, where v := v + A € G5. The pair
(G, qn) is called the discriminant form of A.
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More generally, let (G, ¢) be a pair of a finite abelian group G and a quadratic
form ¢ : G — Q/2Z. We define a symmetric bilinear form

b:GxG — Q/Z

by b(x,y) = (q(z + y) — q(z) — q(y))/2. For a subgroup S of G, we define its
orthogonal complement S+ by

St:={zeG | blx,y)=0forallycS}.

Proposition 2.7 ([17] Proposition 1.4.1). Let pry : AY — Gx be the natural pro-
jection. Then the correspondence S +— erl(S) yields a bijection from the set of
subgroups of (G, qa) to the set of even overlattices of A. If S is an isotropic sub-
group of (Ga,qn), then the discriminant group of the even integer lattice prxl(S)
is isomorphic to S+ /S. O

2.3. The Picard lattice of a supersingular K3 surface. Let p be a prime
integer. A non-degenerate even integer lattice A is called p-elementary if its dis-
criminant group Gy is p-elementary; that is, p- AY C A holds. A 2-elementary
lattice A is said to be of type 1 if o (v,v) € Z holds for any v € AV, where 1), is
the natural symmetric bilinear form on AY.

Let M be the intersection matrix of A with respect to a certain basis of A.
Then A is p-elementary if and only if all the coefficients of p - Mgl are integers.
Suppose that A is 2-elementary. Then A is of type I if and only if all the diagonal
coefficients of Mgl are integers.

Theorem 2.8 ([4], [20]). Let X be a supersingular K3 surface in characteristic p.

Then the Picard lattice Sx of X is a p-elementary lattice of signature (1,21), and

its discriminant is equal to —p®°, where o is an integer satisfying 1 < o < 10.
When p = 2, Sx is of type L. |

Theorem 2.9 ([20], [27]). For each pair (p, o) of a prime integer p and an integer
o satisfying 1 < o < 10, there exists a supersingular K3 surface with the Artin
imvariant o in characteristic p. ([l

For a pair (p,o) of a prime integer p and an integer o with 1 < o <10, let A, ,
be a lattice of rank 22 satisfying the following conditions:

(1) A, » is a non-degenerate even integer lattice of signature (1,21),
(2) disc A, , = —p??, and
(3) Ap s is p-elementary.

When p = 2, we further impose on A, , the following condition:
(4) A, is of type L

Theorem 2.10 ([21], [7] Chapter 15 ). These conditions determine the lattice Ay, o
uniquely up to isomorphisms. O

Corollary 2.11. If X is a supersingular K3 surface in characteristic p with the
Artin invariant o, then the Picard lattice Sx of X is isomorphic to Ay . O

By Propositions 2.1, 2.2 and Corollary 2.11, we see that the two conditions in
the definition of geometric realizability of RD P-triples and elliptic triples given in
Introduction are equivalent to each other.
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Corollary 2.12. An RDP-triple (R,n, o) is geometrically realizable in character-
istic p if and only if there exists a primitive vector h € A, , such that h* = n and
S(ht) = R, where h* is the orthogonal complement of h in A, ,. O

Corollary 2.13. An elliptic triple (R, o, MW) is a triple of extremal (quasi-)elliptic
K3 surface in characteristic p if and only if there exists an indefinite unimodular
sublattice U C A, of rank 2 such that S(UL) = R and MW =2 UL /(UL)r00ts,
where U™ is the orthogonal complement of U in Ay, ;. (]

Proposition 2.14. An elliptic triple (R,o, MW) is a triple of extremal (quasi-)
elliptic K3 surface in characteristic p if and only if there exist vectors h and z in
Ap.o satisfying the following conditions:
(i) 2 =2, %(ht) =R+ Ay,
(ii) 2 € Roots(ht),
(iii) 72 = 0 for any r € Roots(h*) \ {£z} (so that Roots(ht) \ {£2} is a root
system of type R),
(iv) h — z is divisible by 2 in A, ,, and
(v) the sublattice U of A, , generated by f := (h — 2)/2 and z satisfies MW =
UL/(UL>roots'
In particular, if an elliptic triple (R, o, MW) is a triple of extremal (quasi-)elliptic
K3 surface in characteristic p, then the RDP-triple (R+ A1,2,0) is geometrically
realizable in characteristic p.

Proof. Suppose that there exist vectors h and z with the properties (i)-(v). Since
f2=0,fz=1and 22 = —2, the sublattice U is indefinite and unimodular. From
(iii), we have $(U1) = R. Thus the condition in Corollary 2.13 is satisfied.
Conversely, suppose that there exists an indefinite unimodular sublattice U C
A, o of rank 2 such that YN(UL) = Rand MW =2 UL /(Ub)o0ts: We can find
vectors f and z in U that generate U and satisfy f2 = 0, fz = 1 and 2% = —2,

1 (1) with respect to a certain basis
of U. The vectors h := 2f + z and z obviously satisfy h? = 2, and the conditions
(i), (iv) and (v). Since U is unimodular, we have an orthogonal decomposition
A, - = U & UL, Therefore we have an orthogonal decomposition ht = Ut & (z),
and hence the condition (iii) is fulfilled and ¥(h*) = R + A; holds.

The last assertion follows from Corollary 2.12, because a vector h with h? = 2
is necessarily primitive. ([

because U is given by the intersection matrix <O

In order to determine whether a (quasi-)elliptic fibration ¢ : X — P! is elliptic or
quasi-elliptic, we use the following:

Theorem 2.15 ([21] Theorem in Section 4 ). Let ¢ : X — P! be a (quasi-)elliptic
fibration on a K3 surface X in characteristic p, where p = 2 or 3. Then ¢ is
quasi-elliptic if and only if ¢ is extremal and Q(Ry) is p-elementary. O

3. THE ALGORITHM FOR THE LIST OF RD P-TRIPLES

Let (R, n,c) be an RD P-triple. We denote by I(n) the lattice of rank 1 generated
by a vector e, with €2 = n, and by Q(R,n) the lattice Q(R) & I(n) of rank 22
with signature (1,21). By Theorem 2.10, we can rephrase Corollary 2.12 to the
following:
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Corollary 3.1. An RDP-triple (R,n, o) is geometrically realizable in characteris-
tic p if and only if there exists an even overlattice A of Q(R,n) with the following
properties;

(1) discA = —p?°

(2) A is p-elementary, and, if p =2, A is of type 1,

(3) the vector é, = (0, e,) € Q(R,n) remains primitive in A, and

(4) Roots(é;) = Roots(Q(R)), where & is the orthogonal complement of &, in

A, and Q(R) is regarded as a sublattice of A. O

Using Proposition 2.7, we can further rephrase Corollary 3.1 as follows. For
simplicity, we denote by (Gr,qr), (Gn, ) and (Gg n, qr,n) the discriminant forms
of Q(R), I(n) and Q(R,n), respectively. There exists a natural isomorphism

(GR,vu QR,n) = (GR7 QR) S (Gna Qn)~
Note that G, is a cyclic group of order n generated by
eni=ey +1(n),
and we have ¢, (e,) = 1/n mod 2Z. See [24, §6] for the structure of (Gg,qr). Let
S be an isotropic subgroup of (Grn,qrn). We denote by Ag the even overlattice
of Q(R, n) corresponding to S via the bijection given in Proposition 2.7. We regard
Q(R) as a sublattice of Ag. Let (&,)3 denote the orthogonal complement of é, =

(0,e,) € Ag in Ag, which is a negative definite even integer lattice. Since Q(R) is
contained in (€,)%, we have Roots(Q(R)) C Roots((é,)s). We put

= |ROOtS(Q(R))|’ and QR,TL(S) = |R00ts((én)§')|-
See [25] for gor and for the method of calculating or ,(S).

Corollary 3.2. An RDP-triple (R,n,0) is geometrically realizable in character-
istic p if and only if there exists an isotropic subgroup S of (Grn,qr.n) with the
following properties;
(1) S+/S is a p-elementary group of order p>°
(2) SNG, is trivial,

)
(3) 2rn(S) = ¢or, and
(4) if p=2, then Ag is of type L. a

3.1. Finiteness of the triples [R,n,p|. In this sub-section, we show that there
exist only a finite number of triples [R,n,p] such that (R,n,o) is geometrically
realizable in characteristic p for some o.

Let R be an ADE-type with rank(R) = 21, and n a positive even integer. We
denote by Ngi the minimal positive integer such that

Npr-qr(z) =0 in Q/2Z forall z € Gpg.

Then Npg is the least common multiple of Nx, where X runs through the set of
indecomposable AD E-types that appear in R. From the intersection matrix of ¢x
given in [24, §6, Table 6.1], we obtain Table 3.1. We denote by Pg the set of prime
factors of |G| = |disc Q(R)|.

Lemma 3.3. Let p be a prime integer. Suppose that (Grn,qrn) contains an
isotropic subgroup S such that St/S = (Z/(p))®?° for some ¢ > 0, and that
S NG, is trivial. Then (n,p) is contained in the following finite set NP(R);

{(n,p) | p € Pr, 2n | (Ng - p?), p2|(n-|GR|) and +/n-|Ggr|€Z}.
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TABLE 3.1. Ny for indecomposable ADFE-type X

X Ay Dy, E,
l:even|l:0odd |l m=4k | m=4k+2 | m:0dd | n=6|n=7|n=8§

Nx I+1 | 2(+1) 2 4 8

|G x| [+1 4 3 2 1

Proof. First we fix some notation. For an abelian group A and a prime integer [,
we denote by A; the maximal subgroup of A whose order is a power of [. For a
discriminant form (G, ¢), we denote by ¢; the restriction of ¢ to G;. Then we have
a natural orthogonal decomposition

(Gv Q) = @(Gla ql)a

l

where [ runs through the set of prime factors of |G|. Let S be an isotropic subgroup
of (G,q). Then the I-part (S); of S+ coincides with the orthogonal complement
(S))* of Sy in (Gy, q;), and (S+/S); coincides with (S;)*/S;.

Let [ be a prime factor of n, and suppose that [ ¢ Pg. Then (Gg); is trivial.
Since S N G, is trivial, S is also trivial, and we have

(S*/8) = (S)*" = (Grn)i = (Ga)i,

which is a non-trivial. Therefore we have [ = p. Then we get a contradiction with
(S+/S), = (Z/(p))®??, because (Gy); is cyclic. Thus we have proved that every
prime factor of n is contained in Pg. It then follows that p is contained in Pg,
because p is a prime factor of |Gg.n| =n-|Gr|.

We put

T = {teG, | Np-gn(t)=0}, and
kE = min{veZsy | Ng-v*=0mod 2n }.
Note that T is a cyclic group of order n/k generated by ke,,. Let
pr, : Grn — Gy

be the projection onto the second factor. Then pr,,(S) is contained in T. Indeed,
since S is isotropic, we have gg,(x,y) = 0 for any (z,y) € S (z € Ggr, y € G,).
By the definition of Ny, we have

0= Ng-qrn(z,y) = Nr-qr(z) + Nr - ¢,(y) = Nr - ¢ (y)

for all (z,y) € S. Let iy, : G, — GRg,y, be the inclusion given by y — (0,y). Then
i-1(S*) coincides with the orthogonal complement of pr,(S) in G,, and hence
i-1(S+) contains the orthogonal complement 7% of T in G,,, which is of order k
generated by (n/k) - €,. On the other hand, since i,,1(S) is trivial by the assumed
property SN G, = {0} of S, the composite

st st sh/S = (z)(p)0%

is injective. Since i, 1(St) C G, is cyclic, it follows that |i;1(St)| = 1 or
li-1(S1)| = p. Therefore |[T+| = k is either 1 or p. If k = 1, then N = 0 mod 2n
holds. If k = p, then then Ny - p?> = 0 mod 2n holds.
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Finally, since |S+/S| = p*7 is equal to n|Gg|/|S|?, it follows that n|Gg| is a
square integer divisible by p?. O

Lemma 3.3 implies, in particular, that if (R,n,o) is geometrically realizable in
characteristic p, then p divides |Gg|. The ‘only if” part of Corollary 1.2 now follows.
This assertion is also derived from a theorem of Goto [11, Theorem 3.7].

It is easy to list up all ADFE-types R with rank 21. For each R, we calculate the
set NP(R), and make the list
R:={[R,n,p] | rank(R) =21, (n,p) € NP(R) },
which consists of 20169 triples.

3.2. Algorithm I. We make the list
R:={[R,n] | [R,n,p] € R for some p },

which consists of 14487 pairs. For each pair [R,n] € R, we do the following calcu-
lations.

Let Sg., be the set of isotropic subgroups of (Ggn,qr.n), and let g, be the
image of the natural homomorphism

Aut(Q(R)) x Aut(I(n)) — Aut(Grn,qrn)-

See [24] for the structure of the subgroup I'g ,, of Aut(Grn,qr,n). The group I'r ,,
acts on Sg . We find a subset S ,, of Sg,,, such that the map

!
SR,n — SR,H - FR,n\SR,n

is surjective. For each S € Sf?,w we check the conditions in Corollary 3.2. Note
that these conditions are invariant under the action of I'g ,,. If all the conditions in
Corollary 3.2 are satisfied, we put (R, n, o) in the list of RD P-triples geometrically
realizable in characteristic p.

3.3. Algorithm II. Algorithm I takes impractically long time when the coefficient
of Ay in R islarge. We improve Algorithm I as follows. Observe the following trivial
facts. Let S and T be two isotropic subgroups of (Ggn, ¢r,») such that T C S.

(a) If T NG, is non-trivial, then S N G,, is non-trivial.
(b) If 9rn(T) > 0r, then gr (S) > or.
We do the following calculations for each [R,n,p] € R.
Step 1. We decompose the set Pg of prime factors of |Gg| into the disjoint union

Pr=A||B

of certain subsets A and B such that p € A. Note that every prime factor of |Gg .|
is contained in Pg by the definition of NP(R). We then decompose (G,q) :=
(GR.nyqR,n) into the orthogonal direct sum

(Ga Q) = (GA7 qA) D (GBa QB)7

where (G4, q4) and (Gp, ¢p) are the orthogonal direct sum of (G;, q) (I € A) and
(G1,q) (I € B), respectively.

Let T4y C Aut(Ga4,q4) and I'p C Aut(Gp,qg) be the intersection of I'g,, C
Aut(@G, q) with the subgroups Aut(G 4,q4) and Aut(Gp,qp) of

Aut(07Q) = AUt(GA>(IA) X AUt(GBan)a

respectively.
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Step 2. Let Sp be the set of the isotropic subgroups of (Gpg,¢p), on which I'g
acts. We find a subset Si; of Sp such that

S/B — SB - FB\SB
is surjective. Then we make the subset S of Sp consisting of all Sp € S with

the following properties;

e [Sg|* =Gl

e Sp NG, is trivial, where Sp C Gp is regarded as a subgroup of GG, and

® 0rn(SB) = 0rR-
Note that these properties are invariant under the action of I'g.
If 8%, # 0, then we go to the next step.
Step 3. Let S4 be the set of the isotropic subgroups of (Ga,qa), on which T'4
acts. We find a subset S/ of S4 such that

31/4 — SA — FA\SA

is surjective. Then, for each positive integer o < 10, we make the subset S’ (o) of
&', consisting of all S4 € 8’y with the following properties;

e S%/S4 is a p-elementary group of order p?>®, where S% is the orthogonal
complement of S in (Ga,qa),
e S4 NG, is trivial, where Sy is regarded as a subgroup of G, and

® 0rn(Sa) = 0r.
Note again that these properties are invariant under the action of T 4.
If S’ (o) # 0, then we go to the next step.
Step 4. For each pair (S4,S55) € S4(0) x 8%, we make an isotropic subgroup
S = SA X SB
of (G, q). Note that SN G, is still trivial. We check the condition

0rn(S) = or.

When p = 2, we further check the condition that the 2-elementary lattice Ag be of
type L. If we find a pair (54, Sp) satisfying these conditions, then we put (R, n, o)
in the list of RD P-triples geometrically realizable in characteristic p.

In fact, Algorithm I is a special case of Algorithm IT where B is taken to be an
empty set.

3.4. Remarks. For many [R,n,p|] € R, the set
10
Sh o= | Silo)
o=1
or the set S is empty, so that (R,n,0) is not geometrically realizable in charac-

teristic p for any o.

Let [R,n,p] be an element of R. For a positive integer k, we denote by ord, (k)
the maximal integer v such that p” | k.

Lemma 3.4. Let p be the minimal non-negative integer such that p*x = 0 holds
for any x in the p-part (Gr)p of Gr. If ord,(n) > p+ 2, then S is empty.
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Proof. We put v := ord,(n). Then the p-part (Gy,), of G, is a cyclic group of order
p”. Let n be a generator of (Gy,),. Suppose that S (o) # 0. Then Sp,y (o) is not

empty, because p € A. Let SpL be the orthogonal complement of S, in (G, ¢p).
Since S, N (Gy)p is trivial, we have pty = 0 in (G,,), for any (z,y) € Sy, and hence

br.a((2,y), (0,p"7?0)) = bu(p""?y,n) = 0 mod Z
holds for any (z,y) € S, by the assumption v > p + 2. Consequently, the cyclic
group (p”2n) C (Gp)p of order p? is contained in S;-. Since S, N (Gy),, is trivial,
we obtain an element of order p? in S;-/S),. This contradicts the condition that
SIJ; /Sp be p-elementary. O

Lemma 3.5. Suppose that p # 3 and 3 € B. Let ay and as be the coefficients of
Ay and As in R, respectively. Then S% is empty in the following cases:

(i) ord3(|Gr|) =2, ordz(n) =0, and ay = 2;
(ii) ords(|GRrl|) =2, ords(n) =0, and a5 = 2;
(iii) ords(|Gr|) =1, ordg(n) =1, n/3 =4 mod 6 and ag = 1;
(iv) ords(|Ggr|) =1, ords(n) =1, n/3 =2 mod 6 and as = 1.

Proof. We decompose (G g, ¢g) into the orthogonal direct sum of its 3-part (Gs, q3)
and the part prime to 3. In the cases above, G'3 is isomorphic to (Z/(3))%?, and ¢3
is given by the matrix
2/3 0
S /3} :

because (ga,)s is given by the matrix [—2/3], (qa,)s is given by [—22-5/6] = [2/3],
and (g,)3 is given by [m?/n] = [m/3], where m := n/3. Therefore (G3,q3) does
not contain any non-zero isotropic vector. O

By the same argument, we can prove the following:

Lemma 3.6. Suppose that p # 7, ord7(|Gr|) = 2 and ordz(n) = 0. Suppose also
that ag = 2. If 7 € B, then S} is empty. O

By these lemmas, we can remove 9247 triples from R and 7722 pairs from R,
before we start the calculations.

3.5. An example. Let (G, q) be the discriminant form of the lattice Q(2144,2).
Then (G, q) is naturally isomorphic to the vector space F3! & Fy with the quadratic
form

21
1
(T1,.. . 221,y) — 5( —233?4'3/2 ) € Q/2z.
i=1
In Table 3.2, we present, for each o, an example of an isotropic subgroup S, of
(G, q) that yields an even overlattice of (2141, 2) isomorphic to A ,. A vector
(x1,...,221,y) € G, where x; and y are 0 or 1,
is expressed by an integer
222y + 289 + -+ + 22290 + 2201 +y
in Table 3.2.



SUPERSINGULAR K3 SURFACES 15

TABLE 3.2. Codes for supersingular K3 surfaces with 21 ordinary nodes

Generators of S, C G

2097406, 1050398, 527206, 265642, 134866, 65657, 34069, 18113, 10633, 6693
2097183, 1048803, 525093, 263497, 133521, 69123, 37457, 21637, 14377
2097406, 1048607, 525091, 263493, 132745, 67985, 37457, 25649
2097183, 1048803, 525093, 263497, 137257, 75845, 51459

2097406, 1048607, 525091, 265253, 143401, 114737

2097183, 1048803, 526083, 276483, 245763

2097406, 1050398, 538654, 507905

2097406, 1081088, 1015809

2101246, 2093057

4194303

ol |vN|lo|la|lalw| ]| =]Q9

—_
o

4. THE ALGORITHM FOR THE LIST OF ELLIPTIC TRIPLES

We use Proposition 2.14. First we make the list £ of ADE-types R of rank 20
such that the RDP-triple (R + A1,2,0) is geometrically realizable for some ¢ and
in some p. This list consists of 95 elements. For each R € &£, we make the following
calculations.

In the dual lattice

QR+ A41,2)" =Q(R)" & QA1) ®1(2)Y,
we fix two vectors
h:=1(0,0,2) and z:=(0,2,0),

both of which are in Q(R + A1,2) C Q(R + A1,2)Y. Let Sgta, 2 be the set of
isotropic subgroups of (Gr+a,2,qr+4,,2), and let T'rya, 2 be the image of the
natural homomorphism

Aut(Q(R)) x {Idgay} x {Id2)} — Aut(Grya, 2, qria,2)

We find a subset S;%+A1,2 of Sr44,,2 such that the map

/
Shiar2 = Srya2 — Trya, 2\Sria, 2

is surjective. For each S € Si, 4, 5, we check the conditions in Corollary 3.2. If
these conditions are satisfied, we then check the condition that h — z be divisible
by 2 in the overlattice Ag. Suppose that h — z is divisible by 2 in Ag. We denote
by Us the indefinite unimodular sublattice of Ag spanned by f := (h—2)/2 and z,
and calculate

MW := Ug /(U3 )roots-
If p =2 or p = 3, we determine the quasi-ellipticity by Theorem 2.15; that is, we
see whether Q(R) is p-elementary or not. Then we put (R, MW, o) in the list.

Remark 4.1. Let ¢ : X — P! be an elliptic fibration on a K3 surface. Then the
ADE-types and the Kodaira types of reducible fibers are corresponding in the
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following way:
Al <1y or 111, Ay — I3 or IV, Al (l > 2) — Il+1;
D, < I* E¢ — IV*, E; < III*, FEg« II*.

m—4»

When ¢ : X — P! is a quasi-elliptic fibration in characteristic p, the correspondence
becomes one-to-one:

Ay <11, Doy <15, ,, E;—II", FEg«< II" in characteristic 2;
Ay — IV, Eg«—IV*, FEg«II* in characteristic 3.

Moreover, the Mordell-Weil group MW is necessarily p-elementary, and the torsion
rank r := dimp, MW is related to the Artin invariant o of X by the following
formula, which is easily derived from the isomorphism (1.1):

2o +7) 2> v(13,,) + v(III) + v(IIT*)  in characteristic 2,
o+r)=
v(IV) + v(IV") in characteristic 3,

where v(7) is the number of singular fibers of type 7. See [12, 13] for the detail.

Remark 4.2. In [20], it was shown that every supersingular K3 surface X in char-
acteristic 2 has a quasi-elliptic pencil. Table QE shows that, if the Artin invariant
of X is 10, then any quasi-elliptic pencil on X does not have a zero section.

Remark 4.3. In [24], it was shown that, over the complex number field, the torsion
part of the Mordell-Weil group of an elliptic K3 surface is isomorphic to one of the
following abelian groups:

0,[2], (3], [4], [5], [6], [7], [8], [2, 2], [4, 21, [6, 2], [3, 3], [4, 4],

where [a] = Z/(a) and [a,b] = Z/(a) x Z/(b). Therefore the appearance of
(4A5,1,[3,6]) and (249 + 2A1, ,[10]) in Table E is a so-called pathological phe-
nomenon in characteristic 2.

5. SUPERSINGULAR K3 SURFACES WITH 21 ORDINARY NODES

We prove Proposition 1.3. First note the following proposition, which holds in
every characteristic.

Proposition 5.1 ([30] Proposition 1.7). Let L be a nef line bundle with L? = 2 on
a smooth K3 surface X. Then the complete linear system |L| defines a surjective
morphism X — P2 if and only if there does not exist a divisor E such that E.L =1
and E? = 0. ]

The proof in [30] is valid in positive characteristics if we replace Kawamata-
Viehweg vanishing theorem by Nikulin’s proposition [18, Proposition 0.1].

From now on, we will assume that the base field k is of characteristic 2.

For each ¢ = 1,...,10, we explicitly construct from Table 3.2 a pair (A, h)
of a lattice A isomorphic to Az, and a vector h € A with h? = 2 such that
Y(ht) = 21A;. Tt can be checked by direct calculations that the set of u € A
satisfying u?2 = 0 and wh = 1 is empty. By Corollary 2.12 and Proposition 5.1, it
follows that every supersingular K3 surface X has a nef line bundle L with L? = 2
such that |L| defines a surjective morphism

o X — P?
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that decomposes into a composite
(5.1) x Ly & op

of a contraction f of mutually disjoint twenty-one (—2)-curves and a finite morphism
7 of degree 2.

It remains to show that 7 is purely inseparable. Since h°(X, L®™) = m? + 2 for
each m > 0, the graded ring ®,,>0H°(X, L®™) is generated by elements

zo, 1,20 € HY (X, L), we H(X,L®?),
and the relations are generated by a relation
(5.2) w2+C(w0,x1,x2)w+G(mo,x1,x2) =0

in degree 6. It is enough to show that the cubic homogeneous polynomial C' is in
fact zero.

We will assume that C is non-zero, and derive a contradiction. Let I' C P? be
the divisor defined by the cubic equation

0(1'0, Zq, .’EQ) =0.

We write I' as > v;I';, where I';’s are reduced irreducible curves distinct to each
other, and ~;’s are positive integers. Let Y’ be the surface defined by (5.2) in the
weighted projective space P(3,1,1,1), and let

(5.3) x Loy ©op

be the natural morphisms. We have 7’0 f’ = wo f = ®. The double cover 7’ is étale
over P2\ T'. In particular, the singular locus Sing(Y”) of Y is contained in 7'~1(T").
We will show that Y” is normal, and hence the decomposition (5.3) of ® coincides
with the Stein factorization (5.1) of ®. It suffices to show that dim Sing(Y”’) = 0
by [1, Corollary (3.15) in Chapter VII].

Suppose that dim Sing(Y’) = 1. There exists a reduced irreducible component
I'; of T' such that 7/~*(T;) is contained in Sing(Y’). Let ¢ be a general line on
P2. The divisor £ := ®*(¢) on X is reduced and irreducible (|22, Proposition 2.6]),
but may possibly be singular. The reduced irreducible curve ¢ := 7/~1(¢) on Y” is
defined by a homogeneous equation

w? + C' (yo, y1)w + G'(yo,y1) =0

of degree 6 in the weighted projective plane P(3,1,1). Hence its arithmetic genus
Da (57’) is 2. Let @ be an intersection point of £ and I';. Since /£ is general, we can
find formal local parameters (&g, &1) of P? at @ such that £ is defined by & = 0
and I'; is defined by & = 0. Since Y” is singular along 7'~1(I';), the surface Y’ is
defined over k[[o, £1]] by an equation of the form

n? + & alé,&)n + &b, &) =0  (v>1, p>2),

where n = w+5(&o, &1) for some 8(&o,&1) € k[[€o, &1]]- Therefore the homomorphism
09 g — (fLOx)3/ o factors through

O}Aﬂ,Q - OQ/,Q[U/&]-
By local calculations, it follows that the cokernel of the homomorphism

Op — ()05
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has a non-trivial torsion subsheaf whose support is on 7/~1(Q). Thus the arithmetic
genus p,(£) of £ is smaller that p, (') = 2, which contradicts p, (L) = 2. Therefore
Y” is normal.

Let Ey,...,E5 be the (—2)-curves that are contracted by f : X — Y. We
denote by T; the strict transform of I'; by ® : X — P2, and put

P e ST
Since ® maps each FE; to a point of I', we have

') =T+> B, € [3L]
with a,, > 1 for each v = 1,...,21, and hence

(5.4) [?=(3L)*+) alE}<-24.

Note that each fz is irreducible. Let A; be the reduced part of ﬂ-, and put fl =
8;A;, where §; = 1 or 2. Since A? > —2 for each i, we have

(5.5) 2> -2 > (7idi)?

From (5.4) and (5.5), it follows that only the following cases can occur:
Case I: I =3Iy, E = 6Aq,

Case II-1: T'= 2F1 + FQ, E = 4A1 + AQ,

Case II-2: T = 2F1 + FQ, I'= 4A1 -+ ZAQ,

Case I T =T;+Ts+T3 I =2A;+2A,+ 2As,

where, in each cases, the components I'; are mutually distinct lines. Suppose that
§; = 2 for some I';. We choose affine coordinates (z,y) on P? such that I'; is defined
by x = 0, and let

w? 4 bz, y)zw + g(z,y) = 0
be the defining equation of the affine part of Y. Since §; = 2 for some I';, the curve
defined by

w? 4+ g(0,) =0

is non-reduced, and hence g(z,y) is of the form ~(y)? + h(z,y)z. Replacing w
by w + v(y), we can assume that g(z,y) is equal to h'(z,y) xz, where h/(z,y) is a
polynomial of degree < 5. The points in Sing(Y) N7~ (I';) are therefore mapped
by 7 to the intersection points of the line I'; and the curve i’ = 0. Note that, since
Y is normal, A’ is not divisible by z. Hence Sing(Y) N7 ~!(T;) consists of at most
5 points. Therefore Cases I, II-2 and III cannot occur, because the cardinality of
Sing(Y) is 21. In Case II-1, there are at least 16 points on Sing(Y) N 7~ 1(Is).
Hence _

A2=T2<2+16-(—2) = —30,
which is obviously impossible. [
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p=19 || p=19
R | n | o | | R | n o
Ajg + As |76 | | Ais+A+4, | 114 1
p=17 H p=17
R | n | o | | R | n o
Ag + As | 102 |1 || A+ As+ Ay 170 1
Aig + Az + Ao 204
p=13 || p=13
R n o R n o
Eg+ Ao+ 4 26 1 Ao+ A7+ As 312 1
E;+ A + Ay 78 1 Aqs + Ag + Az 364 1
Ao+ As + Ay 234 1 Ao+ As+ Az + A 780 1
p=11 | p=11
R n o | | R | n o
Eg + A9 + A3 44 1 A+ Ao 132 1
Dy + Ago 44 1 2410+ 4 2 1
D7+ Ajg + Ay 220 1 Ao + Ag + As 462 1
A21 22 1 AlO + AG + A4 + A1 770 1
p=T [ p=7
R n o H R n o
Es + E7 + Ag 14 1 Ds +2A6 + Ay 20 1
FEg + D7 + Ag 28 1 Agp + Ay 42 1
FEg + A3 14 1 Ais + Ag 112 1
Eg + A7 + AG 56 1 A15 + A6 28 1
ES + 2A6 + A1 2 1 A14 + A6 + A1 210 1
Er +Ais+ Ay 14 1 Az + Ag 126 1
Er7 4+ Ag + Ag 126 1 Ais+ A+ A 56 1
Eg + Ag + Ag 210 1 Az + Ag + 244 2 1
FEg +2A6 + A3 12 1 Ao+ Ag + Ay + Ay 546 1
D15 + Ag 28 1 A+ Ag + Ay 420 1
Dis+ Ag + Aq 14 1 Ag + 246 10 1
Dys + Ag + A3 28 1 Ag + Ag + As + Ay 210 1
Dg + 246 4 1 Ag + A7 + Ag 504 1
Dg + A7 + Ag 56 1 Ag + Ag + As + As 126 1
Ds + Aqg + Ag 308 1 2A6 + As + Ay 30 1
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ICHIRO SHIMADA

| p=5 p=>5

| R n | o R n | o
2Fs + Ay + Aq 10 1 Ajg + Ay 60 1
Es+ D7+ Ay + Ay 60 1 A7+ Ay 90 1
Eg+ Ag + Ay 2 1 Ayr + Ay 10 |1
Eg+Ag+As+ A 20 1 A5+ Ay + As 240 1
Eg+ Ag + Ay + As 140 1 Az + Ay + Ag 60 |1
Eg +3A4+ A 10 1,2 Ay + Ay 120 1
E;+ Do+ Ay 10 1 Ay + As + As 30 1
E;+ D5+ Ay 20 1 A+ As+ Az 12 1
Er+ Ay 30 1 A+ A+ A+ Ay 2 1
Er+ Ao+ Ay 110 1 Ais+ Ag+ As + Ay 140 1
E;+ Ag + As 30 1 Ajp + Ag 130 1
E;+Ag+ A+ Ay 2 1 Ao+ As + Ay 390 |1
Eg+ Dg + Ag 30 1 Ay + Ag + 243 60 1
Dig+ Ay + Ay 10 1 Aro+ Ag + As 330 1
D5+ Ay + As 60 1 Ao+ A7 + Ay 440 1
Do+ Ay + As + Ay 60 1 Ag + Ag + Ay 18 1
Dy + Ao+ Ay 20 1 Ag + Ag + As + Ay 180 1
D1y + Ag + Ay 140 1 Ag + A7 + As 120 1
D7+ Ag + Ay + Aq 4 1 Ag + Ag + Ay + As 42 1
D7+ A7+ Ay + A3 40 1 A9+ As + Ay + As 12 |1
D7+ 3A4+ Ay 60 1,2 Ag + 3A4 2 1,2
Dg+ A1 + Ay 60 1 Ag +2A,+ As+ Ay 20 1,2
Dg + Ag + Asg 70 1 2As + Ay + Aq 90 1
Dg+ Ag + Ay + Ay 6 1 Ag+ Ag + Ay + As 1260 | 1
Dy + Ay + Ao 20 1 Ag +3A4 + A3 140 1,2

bAs + Ay 10 1,2,3
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p=3 || p=3

R | n [ o ] R | n | o
2Fs + As 6 1 Eg+ A7 + As + Ay 24 1
2Fs + As + Ao 12 1 Es+ A7+ Ay + A 120 1
2Fg +2As + Ay 2 1 Eg + Ag +3A5 + Ay 42 1,2
Es+ E;+ Eg 6 1 Es +2A5 + A3 4 1
Es+ E7 + Ay + As 30 1 Es+ As + Ay + 24, 30 1,2
Es + E7 + 34, 6 1,2 Es + A5 + 4A5 6 1,2,3
Es +2Eg + Ay 2 1 FEs + Az +5A5 12 2,3
Eg + Fg + Ag + Ax 42 1 Fs+ 645 + Ay 2 2,3
Eg+ Eg + As + As 6 1,2 2E7 4+ D5 + As 12 1
Eg + Eg + Az + 2A5 12 1,2 2E; + Az + 2A5 4 1
Eg+ Eg+ 342+ A 2 2 E;+2Eg + As 6 1,2
Eg + D1y + As 12 1 E; +Es+ A7+ Ay 24 |1
Eg + Dg + 24, 4 1 Er + Eg+ As + A3 4 1
Eg+ Ds + Ag + Ao 84 1 E;+ Eg+ Ay + 24, 30 1,2
Eg+ D5+ Ay + 245 20 1 E7 + Fg +4A, 6 1,2,3
Eg+ A1 + A 4 1 E7 + Dip + 24, 2 1
Eg + A1 + 24, 12 1 E;+ Dg+ A5 + A 6 1
Eg+ A+ Az + Ay 66 1 E7 + Ds + As + 24, 12 1,2
Eg + Ag + 245 10 1 E7;+4+ Dy + 2As5 2 1
Eg + Ag + 242+ A4 18 1,2 E7 4+ Ajg + 245 22 1
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ICHIRO SHIMADA

| p=3 p=3

| R | n | o R n o
E;+ Ag +2A5 + A 10 |1 D14+ 342+ Ay 6 1,2
Er + A7 +342+ Ay 24 11,2 D13+ Ag + Ay 84 1
E; 4+ Ag+ Ay + 24, 70 |1 D13+ Ag + 24, 20 |1
E7 4+ As + As + 34, 412 D5+ D7+ Ay 12 1
E;+ Ay +5A4A, 30 12,3 Do+ D5 + 24, 4 1
E;+T7As 6 (2,3,4 D1y + 245 4 1
3Es + As 12 1,2 D11 + 54, 12 2,3
3E¢ + As + Ay 2 11,2 Do+ Dg + As 6 1
2Es + Dg 411 Do+ A1 12 1
2FE6 + D5 + Ay 20 |1 Dig+ Ag + A5 42 1
2Fg + Ag 10 |1 Dy +2A5 + Ay 2 1
2F¢ + Ag + A 18 |1,2 Do+ As + 345 2 2
2E6 + A+ Aa + A4 42 1,2 Dg + 6A2 4 2,3
2FEg + As + Ay 30 1,2 2Dg + Az + Ao 12 1
2Fg + Ay + 24, 6 1(1,2,3 Dg + A1 + Ay 4 1
2FEg + Az + 34, 12 11,2,3 Dg+ A7 + As + Ay 24 1
2Fg + 4A5 + Ay 211,2,3 Dg+ A7+ Ag+ Ao 120 1
Eg+ D1y + A 6 |1 Dg +2A5 + Ay + A4 6 1,2
Eg + Dy1 + 2A5 12 | 1,2 D7+ Ay 60 1
Eg + Dqg + As 2|1 D7+ App + Ay 156 1
Eg + Dg + 345 4 12 D7+ Ay + Az 12 1
FE¢ + D5 + Ag + Ay 60 |1 D7+ A1+ Ay + Ay 2 1
Eg+ D5 + Ag + 2A5 84 1,2 D7+ Ag + As 60 1
FEg + D5 + 245 12 1,2 D7 +2A5+ Ay 20 1
Eg+ D5+ Ay + 345 20 |2 Dg + D5 + 245 4 1
FEg+ A1s + Aq 10 |1 2D5 4+ A7 + 2A, 8 1
Es + A1z + 24 42 |1 Ds + A1z + As + Ay 84 |1
Eg + A1 + 245 4 11,2 D5 + As + 245 52 1
Eg+ A1 + A + 24, 12 1,2 D5+ Ay + A+ Ay 30 1
Eg+ Ao + As 22 |1 D5+ Ay + Az + Ay 4 1
Eg+ Ajg+ As + Ay 330 |1 D5 + Ay + 245 + Ay 6 1,2
Eg + Ao + 245 + Ay 66 |1,2 Ds + Ag + 345 + Ay 60 1,2
Ee+ A9+ A5+ A4 10 |1 D5 + Ag + As + 24, 180 1,2
Eg + Ag + 345 10 |2 Ds +2A7 + Ay 12 1
Eg+ As + 342+ Ay 18 [1,2,3 D5+ Ag + 54, 84 2,3
Eg+ A7 +As5+As+ Ay | 24 |1,2 D5 +2A5 + 345 12 1,2,3
FEg+ A7+ Ay + 24, 120 1,2 D5+ Ay +6A, 20 2,3
Eg + Ag+ As + Ay 70 |1 Dy+ A5+ A 12 | 1
Fe¢ + Ag +4A5 + A 42 (1,2,3 Dy + A1 + Ag 84 1
Eg +2A5 + A3 + Ay 4 11,2 Dy+ A + As + Ao 20 1
FEg+ As + Ay + 34, 30 [1,2,3 Dy +3A5 + Ay 2 1,2
FEg+ As + 5As 6 (1,2,3,4 A7 + 24, 2 1
Eg+ A3 + 645 12 11,2,3,4 || A1 +242+ A 34 |1
FEg+ TAy + A 212,3,4 A5+ 245 + 244 4 1
Dig + Ay 12 |1 Ay + 342+ Ay 10 1,2
D17 + 24, 4 |1 Az + As+ 245 70 1
Dig + A5 6 |1 A3+ 345 + 24, 42 | 1,2
D+ Az + As 12 |1 Ao+ Ay +2A5 + Ay 130 1
Dqg +2A5 + A4 2|1 Ay + 54, 4 2,3
Diyy+ Ay + A+ Ay 30 |1 A +4A5 + 24, 12 1,2,3
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p=3 || p=3

R | n| o ] R | n] o
Ao+ As + 345 22 | 2 A7+ Ay +5A5 120 | 2,3
Ao+ A4 +342+ A, | 330 | 1,2 A+ As + As + 34, 70 |2
Ajg + 545 + Ay 66 | 2,3 Ag +TAs + Aq 42 | 2,3,4
A9+ As + 342+ Ay 10 | 2 245 + A3 + 44, 4 11,2,3
Ag +2A4 + 245 10 |1 As + Ay + 645 30 11,2,3,4
Ag + 6As 10 | 2,3 As + 8As 6 11,2,3,4,5
Ag 4+ 645 + Ay 18 | 1,2,3,4 Az 4+ 94, 12 1,2,3,4,5
A7+ As +4A2+ Ay 24 11,2,3 1045 + A 2 11,2,3,4,5




ICHIRO SHIMADA

p=2 p=2

R n | o R | n | o
2Fg + D5 4 1 FEs+ Dy + As + Ay 18 |1
2Fg + Dy + Ay 2 1 Es+Dy+Asg+As+A; |42 |1
2Fg + As + 34, 6 |1 Es+ Dy + As + Ay 30 |1
2FEs + 54, 2 2 Eg+Dy+ Az + 64, 4 |3,4
Egs + E7 + Dg 2 1 Es+ Dy + Ay +TA; 6 | 3,4
Egs+ E;+ Dy + Ay 6 1 Es+ D4+ 9A, 2 13,4,5
Eg+ E7+ Dy + 24, 2 2 FEs + A9 + 344 22 |1
Egs + E7 + A3 + 34, 4 1,2 Eg + Ag +4A; 10 | 1,2
Eg+ E7+ As + 44, 6 2 FEs + Ag + 5A; 18 | 2
Es + E7; +6A; 2 2,3 Es + A7 + As + 4A, 24 | 1,2
Es+ Eg + Dy 12 1 Eg + A + As + 34, 70 |1
Es + Eg+ Dy + Ag 12 1,2 FEg + Ag + As + 5A, 42 | 2
Eg+ Eg+ Ay + 34 30 1 Eg+ As + Ay + 44 30 |2
Es + Dq3 4 |1 Eg + As + A3z + 54, 12 | 2,3
Eg + D1y + Ay 2 1 Eg+ Ay + A5+ 644 20 | 2,3
Es + Do+ Ay + Ay 6 |1 Eg + A3 + 104, 4 14,5
Eg + D1y + 3A; 2 1,2 Es + As + 1144 6 | 4,5
Es+ Dg + Dy 4 1,2 Eg + 134, 2 14,56
Eg + Dg + Ay 20 1 3E; 2 |1
Es + Dg + Ds 4 1,2 2E; + D 4 |1
Es + Dg+ Dy + Ay 2 2 2E7 + Dg + Ay 2 11,2
Eg+ Dg + Az + 344 6 2 2F7 + D5 + 2A; 4 11,2
FEs + Dg + 5A; 2 2,3 2E7 + Dy + As 4 11,2
Es+ D7 + 64, 4 2,3 2E7+ Dy + As+ Ay 6 | 1,2
Es +2Dg + Aq 2 2 2F; + Dy + 34, 2 11,2,3
Es+ Dg+ Dy+ As + A 6 2 2F7 + Ay + As 20 |1
Eg+ Dg + Dy + 3A; 2 2,3 2F; + Az + 44, 4 12,3
Es+ Dg+ A+ 44, 4 2,3 2F7 4+ As + 54, 6 |2,3
Eg+ Dg + A + 54, 6 2,3 2E7 + 74 2 12,3,4
Es + Dg + TA; 2 3,4 E7 + Eg+ D5 + 3A; 12 | 1,2
Es+ D5+ 2D, 4 2,3 E7+ Eg+ Dy + Ay 30 |1
Es+ D5+ Dy + Ay 20 1,2 E;+ Eg+ Ay + 4A, 30 | 2
Eg+ D5 + As + 34, 12 1,2 E;+ Es+ As + 54, 12 | 2,3
Es + D5 + 84, 4 3,4 E7+ Dy 2 |1
Es +3Dy + A 2 3 E;+ Dy + Ay 6 |1
Eg+2Dy + Ay + 34, 6 |3 E7+ Dig + 24 2 |1,2
Es+2Dy+ 54 2 3,4 E7 + Dq1 + 34 4 11,2
Es+ Dy + Ag 10 1 E7 + Do+ Dy 2 11,2
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| p=2

| R [n| o ] R n| o
E;+ D+ Az + Ay 41,2 E;+ Dy + Ay + 844 613,4,5
E7+4 Do+ Az + 24, 6 (1,2 E;+ D4+ 104, 213,4,5,6
E7 + Dy + 44,4 211,2,3 Er+ A+ As 6 (1

E7 4 Dg + As 12 |1 E7 + Ay + 44 22 |2
E7+4+ Dg + 54, 4 12,3 E7+ Ag+ A3+ Ay 60 |1
E7+ Dg + Dg 21,2 E;+ A9 +5A; 10 12,3
E;+ Dg+ Dy + As 6 |2 FE7 4+ Ag + 64, 18 12,3
E7+4+ Dg+ Dy + 24, 211,2,3 E; + A7 +2A5+ Ay 8 11,2
E7 + Dg + As + 34, 411,2,3 E7 + A7+ Ay + 54, 24 12,3
E;+ Dg + Ay + 4A, 6 11,2,3 E;+ Ag + As + Az 84 |1
E7+4+ Dg + 64, 212,3,4 E7 + Ag + Ay + 44, 70 |2
E;+ D7+ Dg + Aq 41,2 E;+ Ag + As + 6A4 42 12,3
E7+4+ D7+ Dy + 34, 42,3 Er+As + As+ 54, 30 12,3
E; + D7+ As + 24, 12 11,2 E;+ As + A3 + 64, 12 12,3,4
E7+4+ D7+ Ay + 34, 20 11,2 Er+ Ay + A3+ 74 20 (3,4
E;+ Dy +7A 4 13,4 E; + A3 +11A, 413,4,5,6
E7+2D¢g + Ay 6 (1,2 E;+ As + 1244 613,4,5,6
E7 4+ 2Dg + 24, 211,2,3 E; +14A, 213,4,5,6,7
E7+4+ D¢ + D5 + 34, 411,2,3 3FEs + 34, 6|1
E;+4+ Dg+ 2Dy 212,3 2FEg + Dy + As 6 (1
E;+ Dg+ Dy + Az + Ay 411,2,3 2F¢ + A5 + 4A, 6 |2
E;+Dg+Dy+ Ay +2A, | 62,3 FEs + Di5 12 1

E; 4+ Dg + Dy + 44, 212,3,4 Eg+ D1y + A3 12 11,2
E7 4+ Dg + Ag 18 |1 Es+ Dy1 + Dy 12 11,2
E; + Dg + Ag + Ay 42 |1 Es + Do+ Ay + A4 30 |1
E7+ Dg+ As + A3 12 11,2 Eg + Dg + Ag 84 |1
E;+Dg+ Ay +A3+ A1 |20 |1,2 FEg+ Dg + 64, 12 12,3
E7 4+ Dg + As + 54, 412,3,4 Eg+ Dg + Dy 121,22
E7+ De + Ay + 64, 6 (2,3,4 Eg+ Dg + Dy + Az 12 11,2,3
E;+ Dg + 84, 212,3,4,5 ||Eg + Dg + Ay + 3A; 30 |2
E7+Ds+ Dy + As 12 11,2 Eg¢+ D7+ 2Dy 12 12,3
E;+ D5+ D4+ 544 412,3,4 FE¢+ D7 + 8A; 12 (3,4
E7+ D5+ As +44, 12 12,3 Es + Dg + D5 + 44, 12 12,3
E;+ Ds+ Ay + 5A, 20 12,3 E¢+ Dg+ Dy+ Ay + Ay | 30 |2
E7+4+ Ds +94; 4 13,4,5 E¢+ D¢+ As+ 544 30 12,3
E;+3Dy+ As 6 |3 Eg+ Dg + Az +6A; 12 12,3,4
E7 43Dy +2A, 212,3,4 E¢+ D5+ Dy + Ag 84 11,2
E7+2D4+ Az + 34, 4 12,3,4 Eg+ D5+ Dy + 64, 12 13,4
E;+2Dy+ Ay +4A, 6 2,3,4 Es + D5 + 104, 12 4,5
E7; 42Dy +6A; 212,3,4,5 ||Fg + 3Dy + As 12 12,3,4
E;+ D4+ Ao 22 |1 Es+2Dy+ Ay + 34, 30 |3
Er+Dy+Ag+ Ay 10 1,2 FEg+ Dy + Ay 411,2
E7;+ Dy + Ag + 24, 18 |2 E¢+Ds+ Ao+ 4y 66 |1
Er4+Dy+ A7+ As+ Ay |24 (1,2 Es+Dys+As+ A+ A1 | 181
E;4+Dy+ Ag+ Ay 70 |1 E¢+ Dy + A7+ Ay 120 |1,2
E;+ Dy+ Ag + As +2A, |42 |2 E¢+Dy+2A5 + Ay 6 (1,2
E;+Dy+ As+As+ A1 |30 1,2 Eg+ Dy + Ay +TA; 30 (3,4
E7+4+ Dy + As + As +2A; |12 11,2,3 E¢+ Dy + As + 84, 12 13,4,5
E;+Dy+ Ay + A3 +3A; |20 (2,3 Eg + Ais 12 1
E7+4+ Dy + A3+ T7A; 412,3,4,5 ||Eg + A2 + As 156 |1




26

ICHIRO SHIMADA

| p=2 [ p=2

| R | n [ o | R n| o
Eg + A1 + Ay 20 1 D11+ Ay + 644 20 | 2,3
Es+ A + A3+ A 2 1 D11 + 104, 4 14,5
E¢ + A9 + 54,4 66 2 2D1o + Ay 2 11,2
E¢+ As + As + 54, 18 2 Do+ Dg+ As + Ay 6 | 1,2
Eg+ Ag + A3 + 64, 84 2,3 Dyg + Dg + 34,4 2 11,2,3
Eg + 345 2 1 Dqg+ D7 +4A, 4 11,2,3
Eg+2A5 +5A; 6 2,3 Dig+ De + Dy + Ay 2 11,2,3
Es+ Ay +11A, 30 4,5 Do+ Dg + Az + 244 4 11,2,3
Eg+ As + 124, 12 4,5,6 Dig+ Dg + Az + 34, 6 |1,2,3
Doy 4 1 Do+ Dg + 54, 2 12,3,4
Doy + Ay 2 1 Do+ Ds + As + Ay 12 | 1,2
Dqg + Ay + Ay 6 1 Dy + D5 + 64, 4 12,3,4
Dig + 34, 2 1,2 Dyg+2Ds+ Ay + Ay 6 |23
D7+ Dy 4 1,2 Dio+2D4 + 34, 2 12,3,4
D7+ Ay 20 1 Dig+ Dy + Az + 44, 4 12,3,4
Dis + Ds 4 1,2 Dqg+ Dy + As +5A, 6 |2,3,4
D+ Dy + Ay 2 1,2 Dig+ Dy +TA; 2 12,3,4,5
Dig + As + 3A; 6 1,2 Do+ Ayg + Ax 22 |1
Dig + 54, 2 2,3 Dqg + Ag + 244 10 | 1,2
D15+ 64, 4 2,3 Do+ Ag + 3A; 18 | 1,2
D14+ Dg + A4 2 1,2 Do+ A7 + As + 24, 24 1,2
Dy + Dy + Ay + Ay 6 1,2 Do+ Ag + Ay + Ay 70 |1
Dis+ Dy + 34, 2 2.3 D1g + Ag + Ay + 34, 42 | 1,2
Dig+ As +44, 4 1,2,3 Do+ As + Ay + 24, 30 | 1,2
D1y + Ay + 54,4 6 2,3 Dqo+ As + A3 + 34, 12 11,2,3
Dy +7A; 2 2,3,4 Dig+ Ay + As + 44, 20 | 1,2,3
D3+ Dg 4 1,2 Do+ Az + 84, 4 13,4,5
Dys+2Dy 4 2,3 Dqg+ Ay + 944 6 |3,4,5
D13+ Dy + Ay 20 1,2 Dqg + 114, 2 13,4,5,6
Dq3+ A5 + 344 12 1,2 Dg + Dg + Dy 4 11,2,3
D13+ 84, 4 3,4 Dy + Dg + Ay 20 | 1,2
Dy + Dy 4 1,2 Dy + Dg + A5 + Ay 12 | 1,2
Dis+ Dg + Ay 2 1,2 Dg + Dg + 64, 4 12,3,4
Dis+ Dg + As + Ay 6 1,2 Dy + D5 + A 8 1,2
D15+ Dg + 34, 2 1,2,3 Dy + 3Dy 4 12,3,4
D19+ Ds + Dy 4 1,2,3 Dg 42Dy + Ay 20 | 2,3
Do+ D5 + Ay 20 1,2 Dg+ Dy + As + 34,4 12 | 2,3
D12+ 2Dy + Ay 2 2,3 Dg + Dy + 84, 4 13,4,5
Dig+ Dy + Ay + 344 6 2,3 Dg + Aqo 52 |1
D5+ Dy + 54, 2 2,3,4 Dy + A1 + Ay 6 |1
D5+ Ag 10 1 Dy + Ag + As + A 60 |1
Do+ Ag + A4 18 1 Dy + Ag + Ay 180 |1
Do+ Ag + A2+ Ay 42 1 Dy + A5 + TA; 12 | 3,4
Dis + A5 + Ay 30 1 Dg + Ay + 84, 20 3,4
D15+ A3 + 64, 4 2,3,4 Dy + 124, 4 14,56
Do+ A + TA; 6 2,3,4 2Dg + Ds 4 11,2,3
D12 4+ 94, 2 3,4,5 2Dg + Dy + Ay 2 11,2,3
D1y + Dg + 44, 4 2,3 2Dg + As + 3A; 6 |1,2,3
Dy + Dy + 64, 4 3,4 2Dg + 54, 2 11,2,3,4
D1y + As + 5A; 12 2,3 Dg + D7 + 64, 4 12,3,4
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| p=2 [ p=2

| R |n| o R n o
Ds + 2Dg + A; 2 [1,2,3 3Dg + 34, 211,2,3,4
Ds+ D+ Ds+ Ay + Ay | 6]1,2,3 2Dg + D5 + 44, 411,2,3,4
Ds + Dg + Dy + 34, 211,2,3,4 |[2Dg + 2D4 + A, 211,2,3,4
Dgs + D¢ + As + 44, 411,2,3,4 |[2Dg + Dy + As + 24, 411,2,3,4
Dg+ Dg + Ag + 54, 6[2,3,4 2Dg + Dy + As + 34, 61,2,3,4
Dg + Dg + 7TA; 212,3,4,5 2Dg + Dy + 5A; 211,2,3,4,5
Ds + D5 + 2Dy 41(1,2,3,4 |2Dg + Ag 10[1,2
Dg+ D5+ Dy + Ay 20 |1,2,3 2Dg + Ag + Ay 18 |2

Ds + D5 + As + 34, 121]1,2,3 2Dg + A7 + A, 24 1,2

Ds + D5 + 84, 412,3,4,5 |[2Dg+ Ag + As + Ay 12 2

Ds + 3D4 + Ay 212,34 2Dg + A5 + Ay 301, 2

Ds + 2D, + Ay + 34, 61(2,3,4 2D + As + Az + A 1211,2,3
Dg + 2Dy + 54, 21(2,3,4,5 |[2Dg + Ay + A5 + 24, 2011,2,3
Ds + Dy + Ag 10 |2 2Dg + A3 + 6A; 412,3,4,5
Dg+ Dy + Ag+ Ay 18 (2 2Dg + As + TA; 6(2,3,4,5
Ds+ Dy + Ag + Ay + A, 42 |2 2Dg + 94, 22,3,4,5,6
Ds+ Dy+ A5+ Ay 30 |2 Dg+Ds+Dy+ A5+ Ay [121]1,2,3
Ds + Dy + Az + 64, 412,3,4,5 ||Dg+ D5+ D4+ 64, 412,3,4,5
Dg + Dy + Ay + TA; 6 12,3,4,5 D¢ + D5 + As + 5A; 1212,3,4
Ds + Dy + 94, 212,3,4,5,6 ||Dg + D5 + Aq + 6A; 20 2, 3,4
Ds + Ao + 34, 22 |2 D + D5 + 104, 413,4,5,6
Dg + Ag + 44, 10 [1,2,3 D¢+ 3Dy + Ay + Ay 62,3,4
Ds + Ag + 54, 18 12,3 Dg + 3Dy + 34, 211,2,3,4,5
Ds+ A7 + Ay + 44, 24 [1,2,3 D + 2Dy + As + 44, 411,2,3,4,5
Ds + Ag + Ay + 34, 70 |2 Dg + 2Dy + Ay + 54, 61[2,3,4,5
Dg+ A + A2 + 54, 42 12,3 D¢+ 2Dy + 7TA; 212,3,4,5,6
Ds + As + Ay + 4A; 30 [1,2,3 Dg + Dy + A1g + Ay 222

Dg + A5 + A3 + 54, 12 |1,2,3,4 D¢+ Dy + Ag + 244 10 2,3
Ds+ Ay + As + 6A; 20 |2, 3,4 Dg + Dy + Ag + 34, 82,3

Dg + A3z + 1044 4 13,4,5,6 D+ Dy+ A7+ Ay +2A, 24 2,3

Dg + As + 114, 6 (3,4,5,6 Do+ Dy + Ag + As+ Ay 702

Ds + 134, 2(3,4,5,6,7 ||Dg + Dy + Ag + As + 34, 42 2,3

D7 +2Dg + 24, 411,2,3 Dg+ Dy+ A5+ Ay + 24,130 2,3

D7+ Dg + Dy + 4A; 412,34 Do+ Dy + As + As + 34, [12]1,2,3,4
D7 + Dg + A5 + 34, 12 ]1,2,3 Dg + Dy + Ay + As + 44, 20 2,3,4
D7+ Dg + Ay + 44, 20 [2,3 Do + Dy + Az + 84, 412,3,4,5,6
D7+ Dg + 84, 413,4,5 D¢+ Dy + Ay + 94,4 6(2,3,4,5,6
D7 + 2Dy + 64, 412,3,4,5 ||Dg+ D4+ 114, 212,3,4,5,6,
D7+ Dy + As + 5A; 12 |12,3,4 7

D7+ Dy + Ay + 64 20 [3,4 D¢ + Ay 41

D7 + Dy + 104, 413,4,5,6 |[Ds+ A1z + Ao 42 |1

D, + Ay + 34, 61,2 Ds + A1+ A3+ A 61,2
D7+ Ay + Ay + 34, 60 [1,2 Dg + Ay + 24, 121

D; + A; + Az + 44, 811,2,3 D¢ + Ao + As 66 |1

Dy + Ag + As + 34, 84 11,2 Dg + A1p + 54,4 22 2,3

D7 + As + 94, 12 13,4,5 De + Ag+ A3 + Ao + Ay |60 1,2
D7+ Aq + 1044 20 [4,5 Dg + Ag + 64, 10(2,3,4
D7 + 144, 413,4,5,6,7 ||De + As + A5 + Az 181

3Dg + Az 411,2,3 D¢+ Ag +7A; 18 3,4

3Dg + As + A 611,2,3 Dg + A7 +2A3 + 24, 811,2,3
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ICHIRO SHIMADA

| p=2 [p=2 |
| R (o] o || R BN
D + A7 + Ay + 644 24 [2,3,4 3D, + 94, 201,2,3,4,5,
Dg+ Ag+ A5 + A3+ Ay | 84 (1,2 6,7
Dg + Ag + As + 541 70 2,3 2D, + Ao + 34, 2213 |
De + Ag + Az + TA; 42 3.4 2D4 + Ag + 44, 10[2,3,4 |
Dg + 345 61,2 2D, + Ag +5A, 18 13,4 |
D + As + Ag + 64 30 [2,3,4 2D, + A7 + Ag + 44, 242, 3,4 |
D¢+ As + Az + TA; 1212,3,4,5 |2Dsa+ As + Ay + 34, 70 3 |
D + Ay + Az + 84, 201[3,4,5 2D, + Ag + Az + H5A; 4213, 4 |
Dg + Az + 124, 412,3,4,5,6, |RDs + As + Ay + 44, 302, 3,4 |
7 2Dy + As + Az +5A; 122,3,4,5 |
D + Ay + 134, 613,4,5,6,7 |[2Ds+ Ay + A3 + 64, 202,3,4,5 |
D¢ + 154, 212,3,4,5,6, |2Ds + Az + 104, 4[2,3,4,5,6,
7,8 7
2D5 4+ Dy + A7 811,2,3 2D, + Ay + 114, 612,3,4,5,6,
Ds + 4Dy 411,2,3,4,5 7
D5+ 3D, + Ay 20 2,3,4 2Dy + 134, 212,3,4,5,6,
Ds + 2D, + As + 34, 122,3,4 7,8
Ds + 2Dy + 84, 112,3,4,5,6 |[Pa+ A1z 21 |
D5 + Dy + Aro 52 1,2 Dy + Arg + Ax 341 |
Ds + Dy + Ay1 + Ay 61,2 Dy + A5 + 24 411,2 |
D5+ Dy + Ag + Ay + A1 | 60 [1,2 Dy + A1y + As + Ay 101 ]
Ds + Dy + Ag + Ay 180 [1,2 Dy + Az + Ay 70 [1 |
Ds + Dy + A5 + T4, 122,3,4,5 |Pa+ A1z + Ay 424, 4211,2 ]
D5+ Dy + Ay + 84, 20 [3,4,5 Dy + A + Ay + Ay 130 [1 |
D5 + Dy + 124, 413,4,5,6,7 |Pa+ A + A3 + 34, 62,3 ]
D5 + A1 68 |1 Dy + A1 + 245 + 24, 1211,2 |
Ds + Ays + Ay 21 Dy + Ao + As + 24 66 2 ]
Ds + Ay + As 201 Dy + A+ As+ Ax+ Ay 330 |1 |
D5 + A1 +54; 62,3 Dy + Ao+ TA; 2213,4 |
Ds + Ag + Ag + Ay 140 [1 Dy + Ag + 24,4 10 |1 |
D5 + Ag + Ay + 54, 60 [2,3 Dy + Ag + Az + Az + 341 | 60 2,3 |
Ds + 245 36 [1 D, + Ag + 84 10[3,4,5 ]
Ds + 2A7 + 24, 411,2 Dy + Ag + As + Ao + 24, | 182 |
Ds + A7 + A3 + 64, 812,3,4 Dy + Ag + 94, 183,4,5 |
D5 + Ag + As + 541 84 12,3 Dy + A7 + 243 + 44, 812,3,4 |
Ds + As + 114, 1213,4,5,6 |[Pa+ A7+ Ay + 84, 241[3,4,5 |
Ds + Ay + 1244 20 [4,5,6 Dy + Ag + As + A3 + 34, | 84 2,3 |
D5 + 164, 112,3,4,5,6, |[Pa+ As + Ay + 74 703,4 ]
7.8 Dy + Ag + As + 94, 4213,4,5 |
5Dy + Ay 211,2,3,4,5 ||Da +3A5 + 24, 6,23 |
4D, + Az + 344 6[1,2,3,4,5 |[Da+ As + Ay + 84, 303,45 |
4Dy + 54, 211,2,3,4,5, ||Da + As + A3 + 94, 1212,3,4,5,6 |
6 Dy + As + Az + 104, 20[3,4,5,6 |
3Dy + Ay 103 Dy + Az + 144, 412,3,4,5,6,
3D, + Ag + Ay 1813 7.8
8Ds + A + Az + Ay 423 Dy + Az + 154, 612,3,4,5,6,
3Dy + A5 + Ay 30 [3 7,8
3D, + Az + 64 411,2,3,4,5, Dy + 174, 212,3,4,5,6,
6 7,8,9
3Dy + Az + TA; 612,3,4,5,6 |40 +24 20 |1 |
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p=2 || p=2

R | n | o | R | n| o
Ars + 34, 38 |1 249 + Ag + A, 6 |1
Air + Ay + A 36 | 1 249 + 34, 2 11,2
Avr + As + Ay 4|1 Ag + Ag + As + 3A; | 140 | 1,2
A7 + As + 24, 6 | 1 Ag + 24, + 44, 10 1,2
Ay + 44, 2 | 1,2 Ag+ A3+ Ay +T7A; | 60 |2,3,4
A + 54, 34 | 2 Ay + 124, 10 |3,4,5,6
Aus + Ay + 24, 20 | 1 As+ A5 + Ay + 64; | 18 2,3
A+ Az + A+ Ay 6 1 Ag+ Ay + A3 +64; | 180 [2,3
A5 + As + 34, 2 1,2 Ag 1 134, 18 [4,5,6
Ars + 64, 4 23 247 + 245 + Ay 21,2
Ay + As + 24, 60 | 1 247 + As + 44, 1]1,2,3
A+ Ay + 5A,; 10 |2 A;+ Ag + Ay +4A; | 280 [ 1,2
Ajs + Ag + A 84 | 1 Ar + Ag + 245 + Ay | 168 | 1,2
Az + A+ 44, 70 | 1,2 Ag+ As + Ay + 54, |120 [1,2,3
Ars + As + 64, 2 |23 A; + 445 + Ay 24 [1,2,3
A+ Ag + 341 182 1 A7 +2A3 + 8A; 8 13,4,5
Ao+ As +5A, 130 2 A7+ Ay + 1244 24 13,4,5,6
As + A3 + 64, 52 | 2,3 346 + As 28 |1
A+ Ag+ Ay 60 1 3A6 + 34, 14 |1
Al + Ag + As + Ay 2 |1 Ag + 345 2 |1
AL+ Ag + 24, 84 |1 Ag+ A5 + Az +7A, | 84 3,4
App + 245 12 |1 A+ Ay 1 114, 70 4,5
A+ A + A + Ay 6 |1 Ag + Ay + 134, 42 4,5,6
A+ As + As + 24, 2 [ 1,2 445 + A 2 11,2
Ay + As + 54, 4 | 1,2,3 |[345 +64; 6 1,2,3,4
A+ 245 + 24, 12 | 1,2 Ay 1 Ay 1 124, 30 |3,4,5,6
A + A3 + TA; 6 | 2.3.4 || A5 + A3 + 134, 12 13,4,5,6,7
Ay + 245+ 64, 12 2,3 Ay + Az + 144, 20 |3,4,5,6,7
Ao + Ag + 24, 110 | 1 7A; 41,234
Aqg + A7 + 44, 88 | 1,2 As + 184; 402,3,4,5,6,
A+ Ag + As + Ay 924 |1 7,8,9
Ajg+ As + 64, 66 2,3 As + 194, 6 |2,3,4,5,6,
A+ As+ Ay +5A; | 330 | 2 7,8,9
Ao+ 1A, 52 [ 4.5 214, 2 [1,2,3,4,5,
24, + As 11 6,7,8,9,10
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