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Discontinuous Friction Model with Finite-Time Convergence to Zero-Velocity

*Ryo Kikuuwe, Naoyuki Takesue, Akihito Sano, Hiromi Mochiyama,
and Hideo Fujimoto (Nagoya Institute of Technlogy)

Abstract—This paper proposes a new regularization of discontinuous friction models, such as the Coulomb
friction model, for the purpose of constant-step discrete-time numerical simulations. In this method, the
friction force is determined so that the velocity reaches zero in finite time. This method is dependent on the
mass and the sampling interval, and does not include arbitrariness in the threshold setting, which is included

in Karnopp’s model.

This regularization method can be applied to discontinuous models with arbitrary

force-velocity relations. Its generalization to multidimensional representation is straightforward. Results of

simple numerical simulations are presented.
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Fig. 1 Friction between a mobile object and a fixed surface.
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Fig. 2 Discontinuous friction models: (a) the Coulomb fric-
tion model, (b) Coulomb friction plus static friction,
(¢) Coulomb friction plus viscous friction, and (d)
Coulomb friction plus Stribeck effect.
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Fig. 3 Friction models:

(a) Coulomb friction model, (b)
Karnopp’s model [12], defined by (7) and (3), (c) vis-
cosity approximation [11], defined by (8), (d) Quinn’s
model [13], defined by (9), and (e) the proposed
model, defined by (11). In all figures, the thick black
lines represent the value of f with v = 0.
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Fig. 4 Regularization of ¢(v) to guarantee fr = ¢(vg).

Fig. 5 Relative movement between two mobile objects.
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Fig. 6 Regularization of friction model including static fric-
tion.
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Table 1 Models used in the simulation
name model
K1 Karnopp’s model with e =1 m/sec
K2 Karnopp’s model with e = 0.01 m/sec
K3 Karnopp’s model with e = 0.0001 m/sec
Q1 Quinn’s model with e =1 m/sec
Q2 Quinn’s model with e = 0.01 m/sec
Q3 Quinn’s model with e = 0.0001 m/sec
P Proposed model
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Fig. 7 Simulation.
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Fig. 8 Simulation results with Fo = Fg = 10 N.
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Fig. 9 Simulation results with Fo = 10 N and Fg = 13 N.
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Fig. 10 Simulation results with Fo = Fg = 10 N and a con-
stant external force h = 40 N. Gray lines represent
analytical results.

OQuinnOO0O00OO0O0O0O0O0DODOOOOOOOO
OO0000O0O000O 3000000000 Quinn 0O
oboobo0ooocoooboobobobo eononoon
ooooooooooooooboooooooooon
oobooobobooooooboooooooooooo
oboobooooooobooboobobooooooon
oooon

5. OO

booboooooooboboobobooboobog
gbooooooboboboobooooooogn
gboooooooobobooboboooooogn
gboooooooboboboooobOobOoOoognn
gbooooooooooboboboooooogn
oboooooooooboobooboboobooboooon
oboooooooooboobooboboooooon
oboooooooooboobooboboooooon
obOooooboooooooooobooooooooon
obooooboobooobooboobooboboobonbo
oooooobooooobono

odooooooooooooooooooooon
000000 [400000000oouoooooooo
ob0oo0oo0ooobOobobo0oooonognFs = Fe
obooboooooooboobooboboooooon
00 [15,16]0

oboobooooooobooooboboboobon
oboooooobooooobooooooon

good
[1] B. Armstrong-Hélouvry, P. Dupont, and C. Canudas

de Wit. A survey of models, analysis tools and com-
pensation methods for the control of machines with
friction. Automatica, 30(7):1083-1138, 1994.

[2] H. Olsson, K. J. Astrém, C. Canudas de Wit,
M. Gafvert, and P. Lischinsky. Friction models and
friction compensation. Furopean Journal of Control,
4:176-195, 1998.

[3] C. Canudas de Wit, H. Olsson, K. J. Astrém, and
P. Lischinsky. A new model for control of systems
with friction. IEEFE Transactions on Automatic Con-
trol, 40(3), 1995.

[4] P. R. Dahl. Solid friction damping of mechanical vi-
brations. AIAA Journal, 14(2):1675-1682, 1976.

[5] P. Dupont, V. Hayward, B. Armstrong, and F. Alt-
peter. Single state elastoplastic friction models. IEEE
Transactions on Automatic Control, 47(5):787-792,
2002.

[6] J. Swevers, F. Al-Bender, C. G. Ganseman, and
T. Prajogo. An integrated friction model structure
with improved presliding behavior for accurate fric-
tion compensation. IEEFE Transactions on Automatic
Control, 45(4):675-686, 2000.

[7] G. Ferretti, G. Magnani, and P. Rocco. An integral
friction model. In Proc. of the 2004 IEEFE Int. Conf.
on Robotics and Automation, pages 1809—-1813, 2004.

[8] A. Bonsignore, G. Ferretti, and G. Magnani. Ana-
lytical formulation of the classical friction model for
motion analysis and simulation. Mathematical and
Computer Modelling of Dynamical Systems, 5(1):43—
54, 1999.

[9] S. E. Salcudean and T. Vlaar. On the emulation
of stiff walls and static friction with a magnetically
levitated input-output device. Transactions of the
ASME: Journal of Dynamic Systems, Measurement,
and Control, 119:127-132, 1997.

[10] C. Richard. On the identification and haptic display
of friction. PhD thesis, Stanford University, 2000.

[11] J. A. C. Martins and J. T. Oden. A numerical analy-
sis of a class of problems in elastodynamics with fric-
tion. Computer Methods in Applied Mechanics and
Engineering, 40(3):327-360, 1983.

[12] D. Karnopp. Computer simulation of stick-slip fric-
tion in mechanical dynamic systems. Transactions of
the ASME: Journal of Dynamic Systems, Measure-
ment, and Control, 107:100-103, 1985.

[13] D. D. Quinn. A new regularization of coulomb fric-
tion. Transactions of the ASME: Journal of Vibration
and Acoustics, 126(3):391-397, 2004.

[14] Y. Yamada, H. Konosu, T. Morizono, and
Y. Umetani, “Proposal of skill-assist: A system of as-
sisting human workers by reflecting their skills in po-
sitioning tasks,” In Proc. of the 1999 IEEFE Int. Conf.
on Systems, Man, and Cybernetics, vol. 4, pages 11—
16, 1999.

[15] C. Richard and M. R. Cutkosky. Friction modeling
and display in haptic applications involving user per-
formance. In Proc. of the 2002 IEEE Int. Conf. on
Robotics and Automation, pages 605-611, 2002.

[16) 00,00,00,00,00000000000000
ggobooooboboobboobob.booboboo
goooooooooo, 2D11, 2004.



