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Introduction

* The Standard Model is our best theory for 3 fundamental forces of nature
- However, it is not a complete model

I the Standard Model formulates neutrinos as massless. I
I However, massive neutrinos are required to explain flavor oscillations |
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Introduction

* Can we have a single model that explains all of these questions?

Which type of mass do neutrinos have? Is the lightest neutrino zero mass?
1 ) (eff)\2 2
URMpUr, §mMI/LVL (m,/e ) < 1.1eV
Dirac Mass Majorana Mass

Why does a large scale hierarchy exist?
&
%2 W

. 05 & GOy
@30 GG
| | | | | | | | | | >
| | | | | | | | | |
1073 1 103 106 10° eV
PLANK, 2018 Approximate Mass
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Type-I Seesaw Model

* Type-I Seesaw Model is an extension of the SM
- Introduced to explain Neutrino masses

[Minkowski, P. 19771
[Yanagida, T. 1979]
[Gell-Mann, M. Etc 1979]
[Glashow, S. L. 1980]
[Mohapatra, R. N. 1980]
[Fukugita, M. & Yanagida, T. 1986]

L=Lsy+ LN

new right-handed singlet neutrinos

neutral under SM gauge symmetries
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Type-I Seesaw Model

* Type-I Seesaw Model is an extension of the SM
- Introduced to explain Neutrino masses

1— —~ 1—
['N — §NnZ@Nn - yunlLHNn - iNgMRnNn

— \

left-handed lepton doublets

Minkowski, ».19777 | SO we have both Dirac mass and Majorana mass |
[Yanagida, T. 1979] D 0 0 T L L L R R R L B R R — — =
[Gell-Mann, M. Etc 1979]
[Glashow, S. L. 1980]
[Mohapatra, R. N. 1980]
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Type-I Seesaw Model

* The new right-handed neutrinos are heavy
- Right-handed neutrino mass is close to GUT energy scales

:N; d_o 1_10: c;n;i(;er_ 1| Higher | ENEigy | Lowﬁr
what occurs above | AGUT | | SM
. Shecutoftocale | l = B |
High Energy Low Energy Experimental Regions
SO, SO,
‘Full’ Theory Low Energy Effective Theory

Quantum Effects occur between energy regions |

Apply Renormalization Group Methods (RGEs) to connect regions !

2nd IITB-Hiroshima Workshop (online 2021)

7/39



Type-I Seesaw Model

* The new right-handed neutrinos are heavy
- Right-handed neutrino mass is close to GUT energy scales

o = = Em Em o Em == e - 2 .
I We do not consider | Higher I Energy i Lowﬁr
I whatoccurs above | Agur | | SM
" the cut-off scale ! M., M1 e My
o= =0 oo ! ‘Full’ Theory Low Energy Effective Theory
(¥ (Y
I I V vV
| | N /s
| | AN .’
| | N /
1% I/R N
| R |
> > < < 7 O ”
Uy, Yv Mp Yu vy, Ly L
v? 1 T v
Mess (1) = =5 Yu (1) VML (1) Mefs(p) = = (p)  Weinberg, .1979]

\
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Type-I Seesaw Model

* For our work we are interested in the left-handed neutrino masses
- Effective mass is renormalization scale dependent

v? v? 1 o T T —
- - I
Mes s (1) = A K(p) 9 yu (1) Mg(p) Yy (1) ; Neutrino Yukawa coupling :
: Weinberg Operator , |-~ =~ —==—===—=™

[Antusch, S. Etc 2001]
[Antusch, S. Etc 2003]
[AntUSCh, S. Etc 2005] 2nd IITB-Hiroshima Workshop (online 2021) 9/39



Type-I Seesaw Model (1) = =200 = ) 3 1)
* For our work we are interested in the left-handed neutrino masses
- Focus on the one-loop RGEs for, . Mjn
Sinergopr
167 P40 (3, ()01 ()1 (0) + O O ()T + (D)

T
[Antusch, S. Etc 2001] ar (y,,(t)Ty,,(t)) MRg(t) —I—MR(t)y,,(t)Tyy(t)

[Antusch, S. Etc 2003]
[AntUSCh, S. Etc 2005] 2nd IITB-Hiroshima Workshop (online 2021) 10/39
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3-2 Type-I Seesaw

* We start with 3-2 as it is the simplest model still allowed by experiments

Energy

A | | g
(2) (2)

Mg, yu M, K, Mp, Yy M K

- 2 Right-Handed neutrinos
* The zero mass holds for all energy scales as we will show

(1)

Rank[meff] =2 Rank[meff] =2
0 O 0 0 0 0
diaglmess] = | 0 ma - 0 diaglrmies] = |0 my 0
0 0 ms (1)
0 0 ms
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3-2 Type-I Seesaw

*  We start with 3-2 as it is the simplest model still allowed by experiments

Energy

A | | g
(2) (2)

Mg, yu M, K, Mp, Yy M K

« Start with high-energy rank calculation

2
v 1 T

Mefs(0) =~ (0) Mn(0)% (0)

Explicitly the Rank can be determined via two methods for a square, complex effective mass matrix

Rank[m.sf] = 2

Mesp = UDes Ul decomposition of the matrix
0 O 0
> diag[mess] =0 ma O
Deff = det(mi FrMeff — A1) Solving the characteristic polynomial 0 0 ms
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3-2 Type-I Seesaw

* How to calculate, start at energies equal to heaviest neutrino mass

RGE Quantum Effects Ener
( )gy | -
2
Pahg o W
Here we must integrate out the heaviest neutrino
(2)
d K (t)
— 1672
T
L dyo (1)
T  Now we have new RGEs —167°
(2) > dt
b0) 2)
Mr(0) 16,2 3MR()
dt
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3-2 Type-I Seesaw

* Continue integrating energy until next heavy neutrino
RGE Quantum Effects \_E

A =
(1)
K
1
i}
Solutions to the RGEs in this region are given as
(2) 1 L (2) (2)
2R () Y= [— — / g,i(s)ds] W B w7
dt ™ Jo
(2)
dy, (t) t (2)
_ 2 (2) 1 (2) (2)
167 dt > yv(t) = exp [—16—2/ Oéyy (S)dS] U(t)yy (O) - '
) ™ Jo RGEs Matrix Kernel Solutions
dMpg(t (2) 1 b
—167? dR( ) (2) 1 [t +(2) W(t) = Texp [— 5 / gfy)(s)(yQ,,)(s)Tdsl
‘ Ma(t) = exp |~ [ (6015|210 167 Jo

(2) 1 ("3, @
= Texp | — S e
U (t) exp[ 167T2/0 5 Yv(8)yw(s) dS]
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3-2 Type-I Seesaw

* Continue integrating energy until next heavy neutrino

m 5 W
Vg — Ny —— ]
AR ————F i ——— Y 1 K

'l Then we match the effective mass matrices |

(2) (1)

Megf(tr) = meypy(t1) 1)
2 2 T 5 Now we only have the RGE  _ 152 dr (1)
—v—(/%c)(t)—v—@)(t) 1 (2)(15) ——v—(/};)(t) > dt
1 1 9 Yu(l1 2 Yo (l1 =7 1

Mpg(t1)
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3-2 Type-I Seesaw

* Solve for Rank of the low energy mass matrix

>
(1)
K
(1) v? (1) v (2) 1 (@ v? (2)
Mes(t1) = = K (t) = —uwlt) g (b1)" — 7 ()
Mg (t1)
Sub in the solutions to the RGEs
(1) v? (2) 1 (2 v? 1 1 g, @00 (2) 1 (2)
Meff(t1) = ——Yu(t1) U ()T — —eTomz Jo" BT (11)y,,(0) Yo (0)W (t1)"
4 (2) M>(0)
Mpg(ty)
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3-2 Type-I Seesaw

* Solve for Rank of the low energy mass matrix

RGE Quantum Effects
ANEE====== = >
(1)
K
_________________________ 1
Right handed mass matrix terms are just scaling factors | H
(1) v2(2) 1 (© v 1 g, 200 (2) 1 (2)
mess(t1) = =~ (t1) Yo (1) — e 07 " PO (1)y,5(0) <y ()W (1)
4 (2) 2 M5(0)
Mpg(t1) \
(2) 1 9y (2 Physical Mass of heavy neutrino,
MEg(t1) = exp [_W/o Y (S)TQV(SMSI M;(0) Just a number

Physical Mass of heavy neutrino after RGE effects,
Just a number
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3-2 Type-I Seesaw

* Solve for Rank of the low energy mass matrix

o2~

S r
M

(1)
K

]
2 71

@ ) L@ N T
Meyr(ti) = =X U (t1)yu1(0)y,1 (0)U (t1)" — Z W (t1)y2(0)y,2(0)W (t1)

\ /

RGE Kernels act like linear transformations on the Yukawa vectors
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3-2 Type-I Seesaw

* Solve for Rank of the low energy mass matrix
RGE Quantum Effects \_E

Explicitly the Rank can be determined via two methods for a square, complex effective mass matrix

1 (1)
””Eej)f f=UD¢sU f decomposition of the matrix e

—

.i.
(1) (1) (1)
Pefs = det (me ff Meff — Al) Solving the characteristic polynomial Rank

2nd IITB-Hiroshima Workshop (online 2021)

[ (1)

Mefs(ts)

[ (1)

mefs(t1)
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3-2 Type-I Seesaw

* Solve for Rank of the low energy mass matrix

o2~

Ry — =~ F M e~ 1
R e B e e L e e B e B e e e . . = == =
I Only the Yukawa RGEs contributes to the Rank | H
] 0 0 0
: (1) (1) —
diag |mess(t1)| = [0 ma(ty) 0 Rank[meyys] =2
i ] 1
0 0 musty) (Y0
) ) —_— Merr =10 ma 0
1
Rank m(e}f(tl) =2 0 0 mg
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Outline
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3-3 Type-I Seesaw

* The 3-3 model is the next simplest model
A En?rgy

} >
|

@) 3 @) | 2) 2 (2 (1)
K

Mg, yu M K, Mg,y M, K, Mg,y M,

- 3 Right-handed neutrinos
* We construct a Rank degenerate mass matrix at the high energy scale

2
( 1
Mefs = g wyryy — > Ranklmes]=2
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3-3 Type-I Seesaw

* The 3-3 model is the next simplest model
A En?rgy

@) 3 @) | 2) 2 (2 | (1) >
MRayVMS K,Mp,1y, M, K, Mpg,y, M; *

- 3 Right-handed neutrinos
* We construct a Rank degenerate mass matrix at the high energy scale

2
v 1
Mefy = —EyuM—RyZ’ —> Rank[mess] =2

We can achieve that by constructing the Yukawa matrix,

Y11 Y12 ayi1 + byio
Yy = | Y21 Y22 ayz1 + byao
Y31 Ys2 aysi + bysz

Clearly the 3 column is a linear

_— R k e —= 2
combination of the first 2 columns ank|mey ]
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3-3 Type-I Seesaw

* The 3-3 model is the next simplest model
A En?rgy

' »
@) 3 @) | 2) 2 (2 | W

Mg, yu M K, Mg,y M, K, Mg,y M,

- 3 Right-handed neutrinos
* We construct a Rank degenerate mass matrix at the high energy scale

2

v 1

Mepp =~ WY — > Rank[mess] =2
R

2

We can achieve that by constructing the Yukawa matrix,

In terms of matrix invariants of the
Characteristic Polynomial, }mportantly Rank
the lowest order term is zero

3
Deff = det (mlffmeff — )\1) = ka)\k
k=0
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Yy = | Y21 Y22 ayz1 + byao
Y31 Ys2 aysi + bysz

[mess] =2
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3-3 Type-I Seesaw

* Same as the 3-2 Model, we integrate down to the low energy scale
RGE Quantum Effects Energy _
ets _ __ _Enmergy

‘_/\/\_/

"{W
VIR Y

L@ (2) 2), (2

2 2 1 2
(1) v (1) V7 (2) (2) v dsar (VW (£ — to) K (£ )W (81 — t2)T

yu(tl)T — Ze_ﬁ ftt2
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3-3 Type-I Seesaw

Same as the 3-2 Model, we integrate down to the low energy scale

RGE Quantum Effects

2 ¢ (2) ¢ @ (2 (3) (3) (3) 1 (3) (3)\ 3) (2)
Miepp(t) = — Jre” o S b O S A O (1) — 1)U (1) (;}ii(owﬂ + gﬁfé(O)v;l) ST (:éf)l(O)TVﬂ + éiL(O)Tv;) U (t2)7 U (1 — t2)"
MEg(ty)
2 o, (2) (3), ,(2) (3) 1 (3) (2)
_ Y e Jiy Ao () g — gz Jo? dsan (Mg, tQ)W(tg)éi’é(o)Tﬁé(O)TW(tQ)TW(tl — )T
M;3(0)
2 2 (2) st 3, (2) (3) (3) (3) 1 (3) 3)\ (3 (2)
_ %6_ 1672 ftt21 dsam(s)e_ 1672 ftf21 dsayu(S)W(tl - t2) U(tZ) <2513/)1 (0)V1*2 + ?53)2(0)‘/2*2> T (y(i)l (O)TV1*2 —+ y(i)Q(O)T‘/Q*2> U(tQ)TW(tl — tQ)T
Mpo(t2)
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3-3 Type-I Seesaw

Same as the 3-2 Model, we integrate down to the low energy scale
RGE Quantum Effects __ _Energy

‘—/\/\_/ ~—_ ~—r"

2
1 (2)
m(el)’f (t1) =— vze* Ton? ttzl dsay, (8) =15

NNCIING) ® (5. @ @ O\ 1 (@& .0 o - @O\E
w2 Jia B9 O (1 — 1) U (t) (yul(o)vll +402(0)V51 | [ 51(0)TViy + 502(0)" V5, | U (t2)7 U (11 — t2)T

(2)
MR(tl)

02 1 (2)

o, 3, (2) (3) 1 (3) (2)
— —e 16n? s dsare(s) g = 15,7 Jo® dsa“(s)W(h — tz)W(t2)i‘5§?3(0)Tﬁé(o)TW(tQ)TW(tl )
M3(0
02 4 ge? (5 _ CUNOIING), (3) (3) (32 (3) (32 1 3) (32 (3) (32 (3) (2)
S oz Jig dsan( ) 2 o) dsay, ( )W(tl — t)U (t2) <yu1(0)V12 + 4,2(0) Vs, R yy1(0)TV12 +yu2(0)TV22 U(tQ)TW(tl —tg)T
Mps(t2)

I But these are all scaling factors J'
ke e o o o e e e e e e Em Em
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3-3 Type-I Seesaw

Same as the 3-2 Model, we integrate down to the low energy scale

RGE Quantum Effects

‘_/\/\/
-y

(3)

(3)
V11(0)

V3 (0)

)

3)

(3) (3)
(3) (3) L](tz)qwl](tl __tz)Tl

4 s (3)
(?Jul(o)vn +1,2(0) Vo

Uty —t2) U (t2) + 4,2(0)

) (éi)l(o)

2B (@) -
Wi(ta)" Wty —ta)

(2) (3) (3) (3)
W (t1 — t2)W (t2)y,3(0)y.3(0)

(3) (2)

(2) 3) - .
U (t2)TW (t1 — t)

(3)
W(t1 —t2) U (t2)

(3)
Tve +

3) 3)
(3) (3) (3) Ty

<y,,1(0)V1*2 + Yu2 (O)V2*2> <3/u1(0) o

yu2(0)
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3-3 Type-I

Seesaw

* Same as the 3-2 Model, we integrate down to the low energy scale

[(2)

RGE Quantum Effects

‘ - S S
7

(3) (3) (3) (3) (3) (3) (3)

(3) (3) / \Trrk T 1 % T(2) ar
U(t1 —t2) U (t2) <yu1(0)V1*1 + yuz(O)VSi) (yyl(O) Vi1(0) + 4,2(0) ‘/21(0)) Ul(tz)" U(t1 —t2) ]

[2) 3) @3 @) .G (2)
W (t1 — t2)W (t2)y,3(0)us(0)T W (t2) "W (81 — t2)"

3 G (3) @) () )

(3) ) (3) ) 3, )
W(t1 —t2) U (t2) | yu1(0)V)5 + y02(0) Va5 Y,1(0)" V5 +

3)
yuz(O)T‘G&) U(te)"W(t; —ta)"

The RGE kernels are 3 different linear transformations to be applied to the Yukawa vectors

(2)

TUU = U(tl — tQ)U(tQ)

(3) (2) (3)

TWW = W(tl — tQ)W(tQ)

2nd IITB-Hiroshima Workshop (online 2021)
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3-3 Type-I Seesaw

* Same as the 3-2 Model, we integrate down to the low energy scale
RGE Quantum Effects Energy _
ets _ __ _Enmergy

‘_/\/\/
A

(1) | @, B @ @GN (@ G 3, )
merf(t1) = — A |Tyu <yv1(0)V11 +4,2(0)Vay | | 91(0)" Vi1(0) + 5,2(0)" V1 (0) | Ty

| (3) , .\ (3)
- B TWWyVS(O)yy?)(O)TT:IV;/W]

| @, B @ O\ (e 6 @ 06
—C |Twu (yl/l(o)v12 + 2,2(0) Vo y,,l(O)TVu +yu2(0)TV22 TZV;/U

The transformed Yukawa vectors combine to form 3 unique eigenvectors for the mass matrix
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3-3 Type-I Seesaw

* Same as the 3-2 Model, we integrate down to the low energy scale
RGE Quantum Effects Energy _
ets _ __ _Enmergy

‘ - S S
7

(3) (3) (3)
Yv3 (O> = ayYup1 (O) + byu2(0)

0 O 0
Recall our condition lead to a Rank diag[mess] =10 m2 0
degenerate mass matrix, with a Rankof2 ——» 0 0 mg

at the ‘Full Theory’ energy scale Rank[m,sf] = 2
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3-3 Type-I Seesaw

* Same as the 3-2 Model, we integrate down to the low energy scale

RGE Quantum Effects Ener

‘_/\/\/
A

F (3) (3) (3)
1 Y.3(0) = ay,1(0) + by,2(0)

(1) | @, B @ @GN (@ G 3, )
meyrs(t1) = —A | Tyy (yl/l(o)vll + 4,2(0)Vay yul(O)TVM(O) +yu2(0)TV21<0> TZU

‘ 3) 3) (3) (3)

— B | Tww (ayyl (0) + byV2(0)> (a,yyl (O)T + byyg(O)T) TJV;/W]
I @ & @ @\ (@ 6 @ G

—C | Twu (yul(o)vlz + 1,2(0) Vg Y1 (0)" V5 + 4,2(0)" Vay | Tho

Different from the ‘Full Theory’ case, we now have 3 transformations to consider
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3-3 Type-I Seesaw

* Same as the 3-2 Model, we integrate down to the low energy scale
RGE Quantum Effects Energy _
ets _ __ _Enmergy

‘_/\/\/
A

‘ w (3) (3) (3)
L yVS(O) = aYp1 (O) + byVZ(O)

(1) | @, B @ @GN (@ G 3, )
mefr(t1) = —A | Tyy (yl/l(o)vll + 4,2(0)Vay yul(O)TVM(O) + yu2(0)TV21<0> TZU

| (3) (3) (3) (3)
B Tww (ayﬂ(m i byy2<o>) (ayﬂ(mT . byy2<o>T) T%W]

I @, B @ O\ (@ 6 @ 06
—C |Twyu (yul(O)V12+yu2(0)V22 y,,l(O)TV12+yV2(O)TV22 TZV;/U

(2) (3) (2) (3) (2) (3)
TUU = U(tl - tQ)U(tQ) TWW = W(t1 — tQ)W(tQ) TWU = W(t1 — tQ)U<t2)
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3-3 Type-I Seesaw

* Same as the 3-2 Model, we integrate down to the low energy scale
RGE Quantum Effects Energy _
ets _ __ _Enmergy

‘ - S S
7

[ @, 8 @ O\ (e, 6 @, 3
meyrs(t1) =— A |Tyy (%1(0)‘/11 + 502 (0) V51 | | 901(0)TV51(0) + 5,2(0)T Vi (0) | Ty

I (3) (3) (3) (3)
B[ Tww (ayyl<o> i byuz(o)) (ayul(O)T T byy2<o>T) T’-VFVW}

| @, B @ O\ (@ 6 @, .G
- C |Twu (y,,l(O)V12+y,,2(O)V22 yul(O)TV12+yu2(0)TV22 TQI/;/U

) mq(t1) 0 0 \ 0 e e e e e e e e e e e e e e e e e = e 1
diagmegs(t1)]=| 0  ma(tx) 0 I In general it is no longer Rank degenerate |
0 0 ms(t) and the lightest neutrino is massive! I

Rank[mops(t)] = 3
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3-3 Type-I Seesaw

Sample plot of RGE running in 3-3 Model

Neutrino Mass

i @) G @ | e
K::MRvyV M3 MRayV

3-3 Model Running Sample
— 1 r 1 T 1 T Tt T 1 T T T T T T T T T

T
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T
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[

<
N
T

— ml

]

<
©
T

1071+
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Outline

Conclusion
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Conclusion

We have shown the RGE effects on a Rank degenerate Yukawa matrix in the
Type-I seesaw model

We find it is possible to have a massless neutrino at high energies become

massive at low energies in 3-3 Model S . A
op DR A DD g Maw
o e 3-3 Model Running Sample

This is contrary to usual case where N i

a massless neutrino is always massless 0.001]

(i.e. 3-2 model) £ 100 _m3
'E 107} e
o ] ml
Z 10°

107!

6000 7000 8000 9000 10000 11000 12000
Energy Scale
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Thank you!
Questions?
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