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|. Introduction Poincare symmetry

. lrreducible ) . Elementary
representation particle

Symmetry

Spacetime symmetry: Poincare symmetry =4D translation inv.+Lorentz inv.

Find all possible irr. representation for Poincare group.

1-1. Represetation of Poincare group or algebra
Classified by little group, around 1940, by Wigner

Representation of Poincare group may have 3 real parameters: mass 7172, spin S and continuous spin parameter /.

massive

4 m#o s=1/2,1,3/2,2, ! giscrete spin
0(3,1)
X < _ _ . massless
T(4) = 0 s=1/2,1,3/2,2,--: discrete spin(helicity) @~~~ O(2)

- m =0 -

O . massless
\ . . 71 5 ) == oco0oo o000 ooo
:u 7 continuous spin




l. Introduction

Principle for constructing Lagrangian for continuous spin field

Irreducible ) - Elementary
representation particle

Irr. rep of Poincare algebra is classified by two Casimir elements:
They are written by momentum P,, and Pauli-Lubanski vector 11/, as P2 and 1}/2

Dimension-full parameters m and p( together with (half) integer s)
appear as eigenvalues of these Casimir operators as follows.

1. Spin s field with mass m (no )
P?U = m*U W20 = m?s(s+1)¥

2. Continuous spin: m=0 and p+£0.

[ PO =0 WU =T ]

:> Regarded as Equations of motion uu¢> Find Lagrangian



l I u MOd ifyi ng maSS|eSS theory Ref: Metsaev, PLB 767

2-1. Fronsdal Lagrangian
= theory for massless(m=u=0) arbitrary helicity filed(free part)

(2017),PLB781(2018)

L2(p) = Oy
LY(A)) = A*OA, +---= (0,4, —0,A,)(OFAY — OV AH)
L?(hyy) = h,, Uh#Y 4 - - ¢ bi-linear part of Einsten Lagrangain
L3(dun) = ¢uA0e" + -1 Gauge invariant form
LHPuvas) = Guvasld"’ P + ... Gauge invariant form
N2 Uo, o =0
L"(@uips..n,) = - Fronsdal Lagragian: Gauge invariant form

Each filed is independent, no mixing terms

050(@ o[,l(Au) ogQ(hQB) 053(%5,y) .........



ll. Modifying massless theory

2-1. Theory for massless(m=u=0) arbitrary spin filed
Introducing mixing terms

El.(A,u) ‘Ci(qbozﬁfy)

ooooooooo



ll. Modifying massless theory

2-2. Modifying Lagrangain(non-zero y )
Introducing mixing terms @

c LlS(Aow Dapy) L3
@ ® o o

‘COl(gpaAOé) LlQ(AOm haﬁ)

ooooooooo



ll. Modifying massless theory

2-2. Modifying Lagrangain(non-zero u )
L L7 (Aq, Gapy) L3

Introducing mixing terms o x - o
[:01 (SO, Aa) ~ MgﬁaaAa £01(90, Aa) £12(AO” hozﬁ)
‘602(907 hozﬁ) ~ :u2§m7aﬁho¢5 ® ¢ ® ®
ClQ(AA,haﬁ) ~ ,uAO‘aﬁha[g,,qu‘ﬁahz
. ® ® ® ®
£0 [102(907 ha ) £2
Together with mass like terms e
E?(eﬁ) = 0O+ uQ)Qso
C(Au) = A (O0+p*)A% + - 03 o, B
£2(h'u,/) _ hozﬁ( 1 MQ)hozB 1. XL (907 ¢a57) ~ M@a Ui ¢a57




ll. Modifying massless theory

2-3. gauge transformation(u=0)
When © =0 each Lagrangian is independently gauge invariant

0L () =0 LA =0  0L%hap)=0  L(dagy) =0
5o =0 5 Ay = O\ Ohag = 0aAg 0@apy = OaAgy

ooooooooo

Number of index of gauge parameter is less than that of field by 1

0hagp 0Pa B~y

//// ......



ll. Modifying massless theory

2-4. Modifying gauge transformation(non-zero yu )

When 1 # 0 Possible modification of gauge transformation
(assume recovering standard gauge transformation when = — 0 )

)% —
0A, —
0hag =
5¢a57 =
)%, 0A,
A Ao

LA

Oq A\ + [ty

OaAg + (1(TapA + Aap)

Oa gy + N(naﬁ)‘v T Aaﬁv)

5h0¢6 5@5@67

Ao Ay



Il. Modifying massless theory

2-5. Determing coefficients by gauge invariance

O0=0oL = Zm,n OmXmnAn m,n : rank of tensor
Idea — Zn XA, = 0 ...Foreachm m, n=0,1,2,..
— X;n =0 ....Foreachm, n

We will solve X,,,,, = 0, starting from scalar field recursively.

Then coefficients in Lagrangian and gauge transformation will be determined.

scalar(m=0) vector(m=1)  tensor(m=2)

Xon, =0 X1, =0 X9, =0
|
solve
nput —»
input ——»———— input ——»
solve

I input —»  input >
solve



ll. Modifying massless theory

2-5. Determing coefficients by gauge invariance
Gauge transformation of scalar(n=0) part e O [

Step1. Pick up terms including ¥ from total Lagrangian:

L9 () = pd%p + agp’p?
LOD(p A) = —1b1900 A*
LOD(p,h) = pPdaph

ag, b1, d2  will be determined from gauge invariance

Step2. Pick up gauge transformation of fields those are included in above terms:
0 [LSOA
5Aa aa)\ _I_ MS]_)\OZ
0hap OaAg + [1S2Aap + 11270 s A

S0, S1,52,t2 will be determined from gauge invariance



ll. Modifying massless theory

L) L84
2-5. Determing coefficients by gauge invariance
Gauge transformation of scalar(n=0) part

Step3. Pick up terms including ¢ from §.2° 6£° 6£% and sum up

\\\\\ml||||n\\\|u/,”lml

W01 “u,
o , 7
o L (9‘97 Aoc) %
»
N

S 2
| e)
£ £O 02 . E
0L () = 0{pdPp+aop’p®} = px2 (0% 4+ agp®) 0 "m» . . o
5£(071) (Sp’ A) — 5 {—Mblgﬁf?aAa} > —SD < MblaaéAa ) LTI
0L (p,h) = §{p’daph}

Gauge invariance require

total —
) (C ‘(p included> |O(gpl) =0

> X ,u2d25ﬁ

ﬁ 0L (@) + LD (0, A) + 0L (@, h) |50y =0

v

2 (82 - ao,uz) 6 — 11b10,0 A% + 112dadh = 0



ll. Modifying massless theory SN

2-5. Determing coefficients by gauge invariance

Gauge transformation of scalar(n=0) part

\\\\\m||||||\\\\||:,,,'l"lll

\\\\‘\\\\\\Zm((p,Aa’) /,/,/’//,//512(1404, h,
Step4. Input gauge transformation and arrange by independent gauge parameters terms = £0.(S0> ********** £92(5. hog) :
2 2 ) 7 ||||||//|/|/’m»/‘,l""n||||,,,"|mm"||“||“|||“|m|mm“\\\\‘\\\\
2 (8 + aglt ) 0 — b10,0A% + 117do0h = 0
0 = [1SoA
-
0An = Oa X+ 1S1 A0
v 5h045 —

/L(QSQ — b1)82>\ + ,LLS(ZS()G,O -+ Dt2d2)>\ + ,uz(dg — slbl)c‘?“}\a =0

280 — bl

2spag + Dtodo

d2 — Slbl

o O O

aoz)\ﬁ + ,USQ)\ozﬁ 2 ,Ut277045)\

Note:naﬁ)\aﬁ =0



LYA)  LY(AL, s

Il. MOdlleng massless theory A =

AL

2-5. Determing coefficients by gauge invariance Do
Gauge transformation of scalar(n=0) part

&

N
N
S
)
=
=
=
=
-
=
E
=
“

L) L7 ) EﬁQ(h)
Step5. Solve vanishing coefficients equations under traceless gauge parameters fgtranesrin
by = 2sg / Continuous spin theory: scalar part \
o LO) = pPp+
S LOV(p, ) = —2upd,A° g
LOD(p,h) = 2p7ph T A =0
Lagrangian and gauge transformation given: 5 = ) temporary chosen as
6An = Ourt g

o Ohag Oads + [1Aap = 1 Tap)

SLO 4600 15202 o A%(-.), + h¥P(--.) .z Mustbe canceled by variation of other terms
of Lagrangian




ll. Modifying massless theory

2-5. Determing coefficients by gauge invariance U 4)  L£3(Aw, bass)

; L3
O — ®e @
Gauge transformation of vector(n=1) part .
LD (A) = A (8% 4 a1 2 A%) + (9 - A)? Ol A) LA b
LOV(p,A) = —pbipda A L ° .
LE2(Ah) = —pbyAaOgh®P — jica AR « N/
[’(173) (Aa ¢) — ,uzdSAoz ke A P . 777777777777777777777777777777 .
O = lSpA Lo%p)  L%(p hap) LR
5L 0Aq = Oa A+ 15120
Z i 5h0‘5 — aa)\ﬁ —I_ 'u82)\0518 _I_ lthT}O‘ﬁ)\ Note:??aﬁAaﬁ — naﬁ)\aﬁ =0
5¢a6'y — aoz)\ﬁfy /i33>\a5fy Mts”ﬂaﬁ)\y k
v
« _ 1 _
MA?/??;— %b2)[§‘92>\a(b D)t2)3.) ;2 B igz e = 8
+p”A%(2a1 + sgby — (b2 + c2D)t2)0uA :> 272 a
+u?AY (5d3 — basz) (0 N)a =0 36;;22?2 e _ 8
3
__,USAQ (281&1 | D:;I_Q d3t3) )\Oz 2s1a1 + wdgtg = 0

3



ll. Modifying massless theory
£Y(A4) LP(Aa,dapy) 3

2-5. Determing coefficients by gauge invariance e o T e

Gauge transformation of scalar(n=0) and vector(n=1) part

Parameters are determined as L%, As) LA, hap)

= B _ temporary chosen as
ap — 1 , a1 = % ag = Sg — 81 — 89 — 1 ° . B
bl = % b2 — 4 | ,

o e & 9
dy = 2 d3 = 6 L) L%(p hag)  LER) )
ty, = —1L ty = —-D=2

D D(D+2)
/ Continuous spin theory: scalar and vector part \
L) = 0020 + P p? N Xap = 0
r1) (A) — A, ((92 - DBQMQ) A® (8 . A)Q Uaﬁ)‘aﬁfy —0
K’(O,l) (907 A) — _QMSO_QQAQ 5gp — Iu)\
LO(p h) = 2u’ph §Aa = OuA+lha
LOD(Ah) = 4pAy(8°h — Ogh*P) Shag = OMg) + HAag — HETasA
LADN(A ) = 6u2Ang” 0bapy =

Oy Aap) + 1Aapy — “D?D_fQ)n(Bv)‘y




ll. Modifying massless theory

2-5. Determing coefficients by gauge invariance
Gauge transformation of higher helicity(n=0,1,2,3,...)

.........

All parameters Ty iy Cog Uiy, Ui will be written by Sn. (Sn may also be fixed by D and n)
All gauge parameters are traceless:



lll. Fronsdal like Lagrangian for continuous spin

3-1. Lagrangian: general form for continuous spin field given by “BRST” method
(L. Buchbinder and V. Krykhtin, H.T.)

1 = a(n) 1
[(la,CLE] = 77055 ll p— —i@o‘aa 12 ‘= _§aaao¢ |¢> — Z: a’T |O> m¢a(n) d)a(n) p— ¢(Oé1---04n)(x)
; divergence op. trace op. noEO ) 1 qfem) . jtoa qfon
< ol3--- an . .o
N=a"%0  pnaue Lo~mae™ N =) a0 == e

vn!

n=0

82 + 111, ~i 1
E,u:o — <¢|( 1 _l; )( i e —282 1‘|‘1lill ) ( >‘¢> ; 5|¢> :l1|)‘>

. —l1l1, —l
Fronsdal Lagrangian

1 li = Lvy =101+ s~ : Divergence op. replaced with constant

4 )
02+ L1 Liny. LT LT 1

L= (¢/(1 -0 )( U by (—z >!¢> - 3l6) = (Liyy — it ) N

Continuous spin Lagrangian (N+1)H(N)> (N+2)H(N+2) £ )

- 1
V2(N+D/2-1)
tn = = —2sN%SNi1

82 + 11, —{? SN 0 ) ( % —SNSN41 >
+ [1 + h.c.p +
( —I3 —20% + 111, 8 ~25N41 SN2 ) T\ —swsni SN 42

Note: s,t are slightly differently defined from previous slides

H N



V. Summary and Next

What we did

« Starting from Fronsdal theory(u=0) for all helicity fields,
we add mixing term to sum of Fronsdal Lagrangian and gauge transformation with coefficients.
By demanding non-trivial gauge invariance, coefficients are recursively determined
from lower helicity fields(n=0) to higher(n=1,2,..). We demonstrated this method for n=0,1,(2).
 We also show general form of Lagrangian given by BRST method.
It is simply given, from Fronsdal Lagrangian, by adding divergence operator with n dependent constant

What we are interested for next

Diagonalization of different helicity fields and 1loop effective action
Fermionic case

supersymmetric case (in superspace?)

ADS spacetime case

Cubic or quartic interaction

Application to modified gravity and cosmology



