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Quarks and leptons (SM particles) have the generation structure. 

Especially, leptons have a larger flavor mixing than quarks.

mixing angle(leptons)  𝜃12 ≈ 33°, 𝜃23 ≈ 42°, 𝜃13 ≈ 8.5° (Normal Order)

mixing angle(quarks)  𝜃12 ≈ 0.22°, 𝜃23 ≈ 0.041°, 𝜃13 ≈ 0.0037°

The flavor structure can’t be explained in the SM.
The Yukawa coupling is free parameter.
→Then we want to extend the SM and discuss flavor structure.  

１ 1. Motivation
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We suppose a symmetry among generations.  → flavor symmetry

In previous work, Altareli and Feruglio made a flavor model(AF model).

AF model
・ 𝐴4 symmetry (flavor symmetry) 

・ the new particle called ‘flavon’  (flavon is assigned to gauge singlet and 𝐴4 triplet.)

・ SUSY to decide vacuum alignment  → high energy theory

２ Motivation

G. Altarelli and F. Feruglio, Nucl. Phys. B741 (2006), 215-235.

(𝐴4 symmetry is one of the non-Abelian discrete symmetry.)

In our study, we make new flavor model by using three Higgs doublets model(3HDM) instead of flavon.  
→ low energy theory

We do the numerical calculations for mixing angles, CP phases and effective mass of the neutrinoless
double beta(0𝜈𝛽𝛽) decay experiment.



𝐴4 symmetry : Fourth order alternating group,             Smallest group containing triplet

Algebraic relation : 𝑆2 = 𝑆𝑇 3 = 𝑇3 = 1 （𝑆, 𝑇 : generators）

:  

Multiplication rule : 1′ ⊗1′ = 1′′, 1′′ ⊗1′′ = 1′, 1′ ⊗1′′ = 1, 3⊗ 3 = 1⊕ 1′ ⊕1′′ ⊕3𝑆 ⊕3𝐴

1 ∶ 𝑆 = 1, 𝑇 = 1

1′ ∶ 𝑆 = 1, 𝑇 = 𝑒
𝑖4𝜋
3 = 𝜔2

1′′ ∶ 𝑆 = 1, 𝑇 = 𝑒
𝑖2𝜋

3 = 𝜔

3: 𝑆 =
1

3

−1 2 2
2 −1 2
2 2 −1

, 𝑇 =
1 0 0
0 𝜔2 0
0 0 𝜔

𝛼1
𝛼2
𝛼3 3

⊗

𝛽1
𝛽2
𝛽3 3

= 𝛼1𝛽1 + 𝛼2𝛽3 + 𝛼3𝛽2 1 ⊕ 𝛼3𝛽3 + 𝛼1𝛽2 + 𝛼2𝛽1 1′ ⊕ 𝛼2𝛽2 + 𝛼1𝛽3 + 𝛼3𝛽1 1′′

⊕

2𝛼1𝛽1 − 𝛼2𝛽3 − 𝛼3𝛽2
2𝛼3𝛽3 − 𝛼1𝛽2 − 𝛼2𝛽1
2𝛼2𝛽2 − 𝛼1𝛽3 − 𝛼3𝛽1 3𝑆

⊕

𝛼2𝛽3 − 𝛼3𝛽2
𝛼1𝛽2 − 𝛼2𝛽1
𝛼3𝛽1 − 𝛼1𝛽3 3𝐴

３ 2. 𝐴4symmetry

regular tetrahedron

Irreducible
Representation



3 degrees of freedom are eaten by 𝑊 and 𝑍 bosons.
𝜙 is represented by the expansion of 9 (=12-3) real scalar fields

Extend SM Higgs doublet to 3 (12 real scalar fields)

𝜙1 =
𝜙1
+

𝜙1
0 , 𝜙2 =

𝜙2
+

𝜙2
0 , 𝜙3 =

𝜙3
+

𝜙3
0

Higgs Potential in 3HDM under 𝑆𝑈 2 𝐿⨂𝑈 1 𝑌

𝑉 = − ෍

𝑖,𝑗=1

3

𝑚𝑖𝑗
2 𝜙𝑖

†𝜙𝑗 +
1

2
෍

𝑖,𝑗,𝑘,𝑙=1

3

𝜆𝑖𝑗𝑘𝑙 𝜙𝑖
†𝜙𝑗 𝜙𝑘

†𝜙𝑙

Potential minimum conditions
𝜕𝑉

𝜕𝜙1 𝜙1= 𝜙1 ,𝜙2= 𝜙2 ,𝜙3= 𝜙3

= 0

𝜕𝑉

𝜕𝜙2 𝜙1= 𝜙1 ,𝜙2= 𝜙2 ,𝜙3= 𝜙3

= 0

𝜕𝑉

𝜕𝜙3 𝜙1= 𝜙1 ,𝜙2= 𝜙2 ,𝜙3= 𝜙3

= 0

Spontaneous symmetry breaking

mass eigenstates （ⅰ） Three CP-even scalar fields 
（ⅱ） Two CP-odd scalar fields
（ⅲ） Four charged scalar fields

４ 3. 3HDM

𝜙𝑖 =

𝜌𝑖
+

1

2
𝑣𝑖 + 𝜌𝑖 + 𝑖𝜒𝑖

, 𝑖 = 1,2,3



Consider 𝜙 as 𝐴4 triplet : 𝜙 = 𝜙1, 𝜙2, 𝜙3 , 𝜙† = 𝜙1
†, 𝜙3

†, 𝜙2
†

Calculate Higgs potential 𝑉 = −𝜇2𝜙†𝜙 + 𝜆 𝜙†𝜙
2

𝜙†𝜙
2
=

𝜙1
𝜙2
𝜙3 3

⨂

𝜙1
𝜙2
𝜙3 3

⨂

𝜙1
†

𝜙3
†

𝜙2
†

3

⨂

𝜙1
†

𝜙3
†

𝜙2
†

3

= 𝜙1𝜙1 + 2𝜙2𝜙3 1⨂ 𝜙1
†𝜙1

† + 2𝜙2
†𝜙3

†

1
+ 𝜙2𝜙2 + 2𝜙3𝜙1 1′′⨂ 𝜙2

†𝜙2
† + 2𝜙3

†𝜙1
†

1′

+ 𝜙3𝜙3 + 2𝜙1𝜙2 1′⨂ 𝜙3
†𝜙3

† + 2𝜙1
†𝜙2

†

1′′
+
2

3

𝜙1𝜙1 − 𝜙2𝜙3

𝜙3𝜙3 − 𝜙1𝜙2

𝜙2𝜙2 − 𝜙3𝜙1 3

⨂
2

3

𝜙1
†𝜙1

† − 𝜙2
†𝜙3

†

𝜙2
†𝜙2

† − 𝜙3
†𝜙1

†

𝜙3
†𝜙3

† − 𝜙1
†𝜙2

†

3

𝜙†𝜙 = = 𝜙1
†𝜙1 + 𝜙3

†𝜙3 + 𝜙2
†𝜙2 1

= 𝜙1
2 + 𝜙2

2 + 𝜙3
2

𝜙1
†

𝜙3
†

𝜙2
†

3

⨂

𝜙1
𝜙2

𝜙3 3

= 𝜙1
2 + 2𝜙2𝜙3

2
+ 𝜙2

2 + 2𝜙3𝜙1
2
+ 𝜙3

2 + 2𝜙1𝜙2
2

+
4

9
𝜙1
2 − 𝜙2𝜙3

2
+ 𝜙2

2 − 𝜙3𝜙1
2
+ 𝜙3

2 − 𝜙1𝜙2
2

Multiplication rule of 𝐴4
𝛼1
𝛼2
𝛼3 3

⊗

𝛽1
𝛽2
𝛽3 3

= 𝛼1𝛽1 + 𝛼2𝛽3 + 𝛼3𝛽2 1

⊕ 𝛼3𝛽3 + 𝛼1𝛽2 + 𝛼2𝛽1 1′

⊕ 𝛼2𝛽2 + 𝛼1𝛽3 + 𝛼3𝛽1 1′′

⊕

2𝛼1𝛽1 − 𝛼2𝛽3 − 𝛼3𝛽2
2𝛼3𝛽3 − 𝛼1𝛽2 − 𝛼2𝛽1
2𝛼2𝛽2 − 𝛼1𝛽3 − 𝛼3𝛽1 3𝑆

⊕

𝛼2𝛽3 − 𝛼3𝛽2
𝛼1𝛽2 − 𝛼2𝛽1
𝛼3𝛽1 − 𝛼1𝛽3 3𝐴

５

𝑇 =
1 0 0
0 𝜔2 0
0 0 𝜔

Higgs potential analysis

3HDM+𝐴4symmetry

†



Local vacuum expectation  values 𝜆1 ≠ 𝜆4, 2𝜆1 + 𝜆2 + 𝜆3 + 𝜆4 ≠ 0
𝜙1 = 𝑣1

𝜙2 = −
𝜆2+𝜆3−𝜆4

2𝜆1+𝜆2+𝜆3+𝜆4
𝑣1 ±

−2𝜆1
2+𝜆2

2+𝜆3
2− 𝜆1−3𝜆4 𝜆2+𝜆3 −3𝜆1𝜆4 𝑣1

2+
1

2
2𝜆1+𝜆2+𝜆3+𝜆4 𝜇2

2𝜆1+𝜆2+𝜆3+𝜆4

𝜙3 = −
𝜆2+𝜆3−𝜆4

2𝜆1+𝜆2+𝜆3+𝜆4
𝑣1 ±

−2𝜆1
2+𝜆2

2+𝜆3
2− 𝜆1−3𝜆4 𝜆2+𝜆3 −3𝜆1𝜆4 𝑣1

2+
1

2
2𝜆1+𝜆2+𝜆3+𝜆4 𝜇2

2𝜆1+𝜆2+𝜆3+𝜆4

Potential

𝑉 = −𝜇2𝜙†𝜙 + 𝜆 𝜙†𝜙
2

+𝜆4 𝜙1
2 − 𝜙2𝜙3

2
+ 𝜙2

2 − 𝜙3𝜙1
2
+ 𝜙3

2 − 𝜙1𝜙2
2

= −𝜇2 𝜙1
2 + 𝜙2

2 + 𝜙3
2 + 𝜆1 𝜙1

2 + 2𝜙2𝜙3
2
+ 𝜆2 𝜙2

2 + 2𝜙3𝜙1
2
+ 𝜆3 𝜙3

2 + 2𝜙1𝜙2
2

Potential minimum conditions
𝜕𝑉

𝜕𝜙𝑖 𝜙1= 𝜙1 ,𝜙2= 𝜙2 ,𝜙3= 𝜙3

= 0, 𝑖 = 1,2,3

𝜙 =

𝑣 cos𝛽
1

2
𝑣 sin 𝛽

1

2
𝑣 sin 𝛽

Rewrite VEV with 
𝑣 and 𝛽

６ Vacuum structure

𝑣 : Higgs VEV
𝛽 : free parameter



ҧ𝑙 = ഥ𝑙𝑒 , ഥ𝑙𝜇, ഥ𝑙𝜏 𝑒𝑅 𝜇𝑅 𝜏𝑅 𝜈𝑅 = 𝜈1, 𝜈2, 𝜈3 𝜙 = 𝜙1, 𝜙2 , 𝜙3

𝑆𝑈 2 𝐿 2 1 1 1 1 2

𝐴4 3 1 1′′ 1′ 3 3

SM gauge and 𝐴4invariant Lagrangian mass terms ： 𝐿𝑌 = 𝐿𝑙 + 𝐿𝐷 + 𝐿𝑀 + ℎ. 𝑐.

（１） Mass terms of charged leptons ： 𝐿𝑙 = 𝑦𝑒 ҧ𝑙𝜙𝑒𝑅 + 𝑦𝜇 ҧ𝑙𝜙 𝜇𝑅 + 𝑦𝜏 ҧ𝑙𝜙𝜏𝑅
（２） Mass term of Dirac neutrino ： 𝐿𝐷 = 𝑦𝐷 ҧ𝑙 ෨𝜙𝜈𝑅
（３） Mass term of right-handed Majorana neutrino ： 𝐿𝑀 = 𝑀 ҧ𝜈𝑅

𝑐𝜈𝑅

Calculate mass matrices of charged leptons and left-handed Majorana neutrino

７ 4．Flavor model



（１） Mass terms of charged leptons 

𝑀𝑙 =

𝑦𝑒𝑣1 𝑦𝜇𝑣2 𝑦𝜏𝑣3
𝑦𝑒𝑣3 𝑦𝜇𝑣1 𝑦𝜏𝑣2
𝑦𝑒𝑣2 𝑦𝜇𝑣3 𝑦𝜏𝑣1 𝐿𝑅

𝑦𝑒

ҧ𝑙𝑒
ҧ𝑙𝜇
ҧ𝑙𝜏 3

⊗

𝜙1
𝜙2

𝜙3 3

⊗ (𝑒𝑅)1 = 𝑦𝑒 ҧ𝑙𝑒𝜙1 + ҧ𝑙𝜇𝜙2 + ҧ𝑙𝜏𝜙3 𝑒𝑅

𝑦𝑒 ҧ𝑒𝐿𝑣1 + ҧ𝜇𝐿𝑣2 + ҧ𝜏𝐿𝑣3 𝑒𝑅

→ 𝑦𝑒 ҧ𝑒𝐿𝑣1 + ҧ𝜇𝐿𝑣3 + ҧ𝜏𝐿𝑣2 𝑒𝑅 + 𝑦𝜇 ҧ𝜏𝐿𝑣3 + ҧ𝑒𝐿𝑣2 + ҧ𝜇𝐿𝑣1 𝜇𝑅 + 𝑦𝜏 ҧ𝜇𝐿𝑣2 + ҧ𝜏𝐿𝑣1 + ҧ𝑒𝐿𝑣3 𝜏𝑅

𝐿𝑙 = 𝑦𝑒 ҧ𝑙𝜙𝑒𝑅 + 𝑦𝜇 ҧ𝑙𝜙 𝜇𝑅 + 𝑦𝜏 ҧ𝑙𝜙𝜏𝑅

= 𝑦𝑒𝑣1 ҧ𝑒𝐿𝑒𝑅 + 𝑦𝜇𝑣2 ҧ𝑒𝐿𝜇𝑅 + 𝑦𝜏𝑣3 ҧ𝑒𝐿𝜏𝑅
+ 𝑦𝑒𝑣3 ҧ𝜇𝐿𝑒𝑅 + 𝑦𝜇𝑣1 ҧ𝜇𝐿𝜇𝑅 + 𝑦𝜏𝑣2 ҧ𝜇𝐿𝜏𝑅
+ 𝑦𝑒𝑣2 ҧ𝜏𝐿𝑒𝑅 + 𝑦𝜇𝑣3 ҧ𝜏𝐿𝜇𝑅 + 𝑦𝜏𝑣1 ҧ𝜏𝐿𝜏𝑅

1

Mass matrix of charged leptons

８

< 𝜙 >= (𝑣1, 𝑣2, 𝑣3)

Calculation of mass matrices
Multiplication rule of 𝐴4

𝛼1
𝛼2
𝛼3 3

⊗

𝛽1
𝛽2
𝛽3 3

= 𝛼1𝛽1 + 𝛼2𝛽3 + 𝛼3𝛽2 1

⊕ 𝛼3𝛽3 + 𝛼1𝛽2 + 𝛼2𝛽1 1′

⊕ 𝛼2𝛽2 + 𝛼1𝛽3 + 𝛼3𝛽1 1′′

⊕

2𝛼1𝛽1 − 𝛼2𝛽3 − 𝛼3𝛽2
2𝛼3𝛽3 − 𝛼1𝛽2 − 𝛼2𝛽1
2𝛼2𝛽2 − 𝛼1𝛽3 − 𝛼3𝛽1 3𝑆

⊕

𝛼2𝛽3 − 𝛼3𝛽2
𝛼1𝛽2 − 𝛼2𝛽1
𝛼3𝛽1 − 𝛼1𝛽3 3𝐴



= 𝑦𝐷

ҧ𝑙𝑒
ҧ𝑙𝜇
ҧ𝑙𝜏 3

⊗

෨𝜙1
෨𝜙3

෨𝜙2 3

⨂

𝜈𝑅1
𝜈𝑅2
𝜈𝑅3 3

（２） Mass term of Dirac neutrino 

3

𝐿𝐷 = 𝑦𝐷 ҧ𝑙 ෨𝜙𝜈𝑅

=
𝑦𝐷𝑆

3

2 ҧ𝑙1 ෨𝜙1 − ҧ𝑙2 ෨𝜙2 − ҧ𝑙3 ෨𝜙3

2 ҧ𝑙3 ෨𝜙2 − ҧ𝑙1 ෨𝜙3 − ҧ𝑙2 ෨𝜙1
2 ҧ𝑙2 ෨𝜙3 − ҧ𝑙3 ෨𝜙1 − ҧ𝑙1 ෨𝜙2 3𝑆

+
𝑦𝐷𝐴

2

ҧ𝑙2 ෨𝜙2 − ҧ𝑙3 ෨𝜙3

ҧ𝑙1 ෨𝜙3 − ҧ𝑙2 ෨𝜙1
ҧ𝑙3 ෨𝜙1 − ҧ𝑙1 ෨𝜙2 3𝐴

⨂

𝜈𝑅1
𝜈𝑅2
𝜈𝑅3 3

→
𝑦𝐷𝑆
3

2 ҧ𝜈𝑒𝑣1 − ҧ𝜈𝜇𝑣2 − ҧ𝜈𝜏𝑣3 𝜈𝑅1 + 2 ҧ𝜈𝜏𝑣2 − ҧ𝜈𝑒𝑣3 − ҧ𝜈𝜇𝑣1 𝜈𝑅3 + 2 ҧ𝜈𝜇𝑣3 − ҧ𝜈𝜏𝑣1 − ҧ𝜈𝑒𝑣2 𝜈𝑅2

+
𝑦𝐷𝐴
2

ҧ𝜈𝜇𝑣2 − ҧ𝜈𝜏𝑣3 𝜈𝑅1 + ҧ𝜈𝑒𝑣3 − ҧ𝜈𝜇𝑣1 𝜈𝑅3 + ҧ𝜈𝜏𝑣1 − ҧ𝜈𝑒𝑣2 𝜈𝑅2

Mass matrix of Dirac neutrino

𝑀𝐷 = 𝑦𝐷𝑆

2

3
𝑣1 −

1

3
𝑣2 −

1

3
𝑣3

−
1

3
𝑣2

2

3
𝑣3 −

1

3
𝑣1

−
1

3
𝑣3 −

1

3
𝑣1

2

3
𝑣2

+ 𝑦𝐷𝐴

0 −
1

2
𝑣2

1

2
𝑣3

1

2
𝑣2 0 −

1

2
𝑣1

−
1

2
𝑣3

1

2
𝑣1 0

９

Multiplication rule of 𝐴4
𝛼1
𝛼2
𝛼3 3

⊗

𝛽1
𝛽2
𝛽3 3

= 𝛼1𝛽1 + 𝛼2𝛽3 + 𝛼3𝛽2 1

⊕ 𝛼3𝛽3 + 𝛼1𝛽2 + 𝛼2𝛽1 1′

⊕ 𝛼2𝛽2 + 𝛼1𝛽3 + 𝛼3𝛽1 1′′

⊕

2𝛼1𝛽1 − 𝛼2𝛽3 − 𝛼3𝛽2
2𝛼3𝛽3 − 𝛼1𝛽2 − 𝛼2𝛽1
2𝛼2𝛽2 − 𝛼1𝛽3 − 𝛼3𝛽1 3𝑆

⊕

𝛼2𝛽3 − 𝛼3𝛽2
𝛼1𝛽2 − 𝛼2𝛽1
𝛼3𝛽1 − 𝛼1𝛽3 3𝐴

Calculation of mass matrices



（３） Mass term of right-handed Majorana neutrino 

𝐿𝑀 =
1

2
𝑀 ҧ𝜈𝑅

𝑐𝜈𝑅

𝑀𝑅 =
𝑀 0 0
0 0 𝑀
0 𝑀 0

=
1

2
𝑀

ҧ𝜈𝑅1
𝑐

ҧ𝜈𝑅2
𝑐

ҧ𝜈𝑅3
𝑐

3

⊗

𝜈𝑅1
𝜈𝑅2
𝜈𝑅3 3

=
1

2
𝑀 𝜈1

𝑐𝜈1 + 𝜈2
𝑐𝜈3 + 𝜈3

𝑐𝜈2

Mass matrix of right-handed Majorana neutrino

𝑚𝜈 = −𝑀𝐷𝑀𝑅
−1𝑀𝐷

†

Calculate mass matrix of left-handed Majorana neutrino by using type-I seesaw mechanism

−4𝑦𝐷𝑆
2 2𝑣1

2 + 𝑣2𝑣3 + 9𝑦𝐷𝐴
2 𝑣2𝑣3

18𝑀

4𝑦𝐷𝑆 2𝑦𝐷𝑆 − 3𝑦𝐷𝐴 𝑣3
2 + 4𝑦𝐷𝑆

2 − 24𝑦𝐷𝑆𝑦𝐷𝐴 − 9𝑦𝐷𝐴
2 𝑣1𝑣2

36𝑀

4𝑦𝐷𝑆 2𝑦𝐷𝑆 + 3𝑦𝐷𝐴 𝑣2
2 + 4𝑦𝐷𝑆

2 + 24𝑦𝐷𝑆𝑦𝐷𝐴 − 9𝑦𝐷𝐴
2 𝑣1𝑣3

36𝑀
4𝑦𝐷𝑆 2𝑦𝐷𝑆 − 3𝑦𝐷𝐴 𝑣3

2 + 4𝑦𝐷𝑆
2 − 24𝑦𝐷𝑆𝑦𝐷𝐴 − 9𝑦𝐷𝐴

2 𝑣1𝑣2
36𝑀

− 2𝑦𝐷𝑆 − 3𝑦𝐷𝐴
2𝑣2

2 + 8𝑦𝐷𝑆 2𝑦𝐷𝑆 + 3𝑦𝐷𝐴 𝑣1𝑣3
36𝑀

−4𝑦𝐷𝑆
2 𝑣1

2 + 5𝑣2𝑣3 + 9𝑦𝐷𝐴
2 𝑣1

2 + 𝑣2𝑣3
36𝑀

4𝑦𝐷𝑆 2𝑦𝐷𝑆 + 3𝑦𝐷𝐴 𝑣2
2 + 4𝑦𝐷𝑆

2 + 24𝑦𝐷𝑆𝑦𝐷𝐴 − 9𝑦𝐷𝐴
2 𝑣1𝑣3

36𝑀

−4𝑦𝐷𝑆
2 𝑣1

2 + 5𝑣2𝑣3 + 9𝑦𝐷𝐴
2 𝑣1

2 + 𝑣2𝑣3
36𝑀

8𝑦𝐷𝑆 2𝑦𝐷𝑆 − 3𝑦𝐷𝐴 𝑣1𝑣2 − 9 2𝑦𝐷𝑆 − 3𝑦𝐷𝐴
2𝑣3

2

36𝑀

=

10 Calculation of mass matrices

Minkowski '77; Gell-Mann, Ramond, Slansky; Yanagida; Glashow; Mohapatra, Senjanovic '79



①Calculate 𝑦𝑒
2, 𝑦𝜇

2
, 𝑦𝜏

2

ℎ𝑒𝑣
2cos2 𝛽 +

1

2
ℎ𝜇 + ℎ𝜏 𝑣2sin2 𝛽 −

1

2
ℎ𝑒 + ℎ𝜇 𝑣2cos 𝛽 sin 𝛽 +

1

2
ℎ𝜏𝑣

2sin2 𝛽 −
1

2
ℎ𝑒 + ℎ𝜏 𝑣2cos 𝛽 sin 𝛽 +

1

2
ℎ𝜇𝑣

2sin2 𝛽

−
1

2
ℎ𝑒 + ℎ𝜇 𝑣2cos 𝛽 sin 𝛽 +

1

2
ℎ𝜏𝑣

2sin2 𝛽 ℎ𝜇𝑣
2cos2 𝛽 +

1

2
ℎ𝑒 + ℎ𝜏 𝑣2sin2 𝛽 −

1

2
ℎ𝜇 + ℎ𝜏 𝑣2cos 𝛽 sin 𝛽 +

1

2
ℎ𝑒𝑣

2sin2 𝛽

−
1

2
ℎ𝑒 + ℎ𝜏 𝑣2cos 𝛽 sin 𝛽 +

1

2
ℎ𝜇𝑣

2sin2 𝛽 −
1

2
ℎ𝜇 + ℎ𝜏 𝑣2cos 𝛽 sin 𝛽 +

1

2
ℎ𝑒𝑣

2sin2 𝛽 ℎ𝜏𝑣
2cos2 𝛽 +

1

2
ℎ𝑒 + ℎ𝜇 𝑣2sin2 𝛽

𝑀𝑙 =

𝑦𝑒𝑣1 𝑦𝜇𝑣2 𝑦𝜏𝑣3
𝑦𝑒𝑣3 𝑦𝜇𝑣1 𝑦𝜏𝑣2
𝑦𝑒𝑣2 𝑦𝜇𝑣3 𝑦𝜏𝑣1 𝐿𝑅

Mass matrix of charged leptons
𝑣1
𝑣2
𝑣3

=

𝑣 cos𝛽
1

2
𝑣 sin𝛽

1

2
𝑣 sin𝛽

,

VEV

Denote ℎ𝑒 ≡ 𝑦𝑒
2, ℎ𝜇 ≡ 𝑦𝜇

2
, ℎ𝜏 ≡ 𝑦𝜏

2

𝑀𝑙𝑀𝑙
† =

Diagonalize 𝑀𝑙𝑀𝑙
† with unitary matrix 𝑉𝑙

𝑉𝑙
†𝑀𝑙𝑀𝑙

†𝑉𝑙 =

𝑚𝑒
2

𝑚𝜇
2

m𝜏
2

Solve the eigenvalues equation

Tr 𝑀𝑙𝑀𝑙
† = 𝑚𝑒

2 +𝑚𝜇
2 +𝑚𝜏

2

det 𝑀𝑙𝑀𝑙
† = 𝑚𝑒

2𝑚𝜇
2𝑚𝜏

2

Tr 𝑀𝑙𝑀𝑙
† 2

− Tr 𝑀𝑙𝑀𝑙
†𝑀𝑙𝑀𝑙

† = 2 𝑚𝑒
2𝑚𝜇

2 +𝑚𝜇
2𝑚𝜏

2 +𝑚𝜏
2𝑚𝑒

2

We get ℎ𝑒 = 𝑦𝑒
2, ℎ𝜇 = 𝑦𝜇

2
, ℎ𝜏 = 𝑦𝜏

2

11 Calculation of Yukawa couplings



②Calculate unitary matrix 𝑉𝑙

Substitute the obtained 𝑦𝑒
2, 𝑦𝜇

2
, 𝑦𝜏

2 into 𝑀𝑙𝑀𝑙
†

③Consider the same for neutrinos and find the unitary matrix 𝑉𝜈 that diagonalizes 𝑚𝜈𝑚𝜈
†

④Calculate 𝑈𝑃𝑀𝑁𝑆
model = 𝑉𝑙

†𝑉𝜈 ≡ 𝑈 and mixing angles 𝜃12, 𝜃23, 𝜃13

𝑈𝑃𝑀𝑁𝑆 =

𝑐12𝑐13 𝑠12𝑐13 𝑠13𝑒
−𝑖𝛿𝐶𝑃

−𝑠12𝑐23 − 𝑐12𝑠13𝑠23𝑒
𝑖𝛿𝐶𝑃 𝑐12𝑐23 − 𝑠12𝑠13𝑠23𝑒

𝑖𝛿𝐶𝑃 𝑐13𝑠23
𝑠12𝑠23 − 𝑐12𝑠13𝑐23𝑒

𝑖𝛿𝐶𝑃 −𝑐12𝑠23 − 𝑠12𝑠13𝑐23𝑒
𝑖𝛿𝐶𝑃 𝑐13𝑐23

𝑒𝑖𝜂1

𝑒𝑖𝜂2

1

12 Calculation of physical quantity

Calculate unitary matrix 𝑉𝑙

𝜃12 = tan−1
𝑈𝑒2
𝑈𝑒1

, 𝜃23 = tan−1
𝑈𝜇3

𝑈𝜏3
, 𝜃13 = sin−1 𝑈𝑒3

𝑐12 = cos𝜃12 , s12 = sin𝜃12
𝑐23 = cos𝜃23 , s23 = sin𝜃23
𝑐13 = cos𝜃13 , s13 = sin𝜃13



⑤Calculate 𝛿𝐶𝑃

Jarlskog invariant： 𝐽𝐶𝑃 = Im 𝑈𝛼𝑖𝑈𝛽𝑖
∗ 𝑈𝛼𝑗

∗ 𝑈𝛽𝑗 ⇒ Im 𝑈𝑒1𝑈𝜇1
∗ 𝑈𝑒2

∗ 𝑈𝜇2 = 𝑠12𝑐12𝑠23𝑐23𝑠13𝑐13
2 sin𝛿𝐶𝑃

∴ sin𝛿𝐶𝑃 =
Im 𝑈𝑒1𝑈𝜇1

∗ 𝑈𝑒2
∗ 𝑈𝜇2

𝑠12𝑐12𝑠23𝑐23𝑠13𝑐13
2

and 𝑈𝜏1
2 = 𝑠12

2 𝑠23
2 + 𝑐12

2 𝑠13
2 𝑐23

2 − 2𝑠12𝑠23𝑐12𝑠13𝑐23cos𝛿𝐶𝑃

Calculate 𝛿𝐶𝑃 from sin𝛿𝐶𝑃 and cos𝛿𝐶𝑃

cos𝛿𝐶𝑃 =
𝑠12
2 𝑠23

2 + 𝑐12
2 𝑠13

2 𝑐23
2 − 𝑈𝜏1

2

2𝑠12𝑠23𝑐12𝑠13𝑐23

⑥Calculate effective mass 𝑚𝛽𝛽 in neutrinoless double beta (0𝜈𝛽𝛽) decay experiment and Majorana phases 𝜂1, 𝜂2

13 Calculation of physical quantity

𝑚𝛽𝛽 = 𝑚1𝑈𝑒1
2 +𝑚2𝑈𝑒2

2 +𝑚3𝑈𝑒3
2

𝜂1 = arg
𝑈𝑒1𝑈𝑒3

∗

cos𝜃12cos𝜃13sin𝜃13𝑒
𝑖𝛿𝐶𝑃

,  𝜂2 = arg
𝑈𝑒2𝑈𝑒3

∗

sin𝜃12cos𝜃13sin𝜃13𝑒
𝑖𝛿𝐶𝑃



https://pdg.lbl.gov

http://www.nu-fit.org/
⑧Take 𝛽 at random

VEV of Higgs

𝛽: −
𝜋

2
≤ 𝛽 ≤

𝜋

2

𝑣 = 173 GeV
𝜙 =

𝑣1
𝑣2
𝑣3

=

𝑣 cos𝛽
1

2
𝑣 sin 𝛽

1

2
𝑣 sin 𝛽

14 Numeric calculation

⑦Use the data from PDG(2021) and NuFIT 5.1.



Prediction of 𝛿𝐶𝑃 and sin
2𝜃23

~ − 124.7[°]~− 112.8[°] ~ − 115.6[°]

~ − 57.4[°]~ − 68.4[°]

3𝜎 range from NuFit5.1.

Strong prediction of  𝛿𝐶𝑃

15 5. Result

Numerical result (1)



Prediction of the effective neutrino mass 𝑚𝛽𝛽

in the 0𝜈𝛽𝛽 decay experiment and the lightest 
neutrino mass 𝑚light

𝑚𝛽𝛽 = 𝑚1𝑈𝑒1
2 +𝑚2𝑈𝑒2

2 +𝑚3𝑈𝑒3
2

Effective mass of electron neutrino 

16 Numerical result (2)

0𝜈𝛽𝛽 decay 

 

  
 

 
 

 
 

 

 

 

 
 

 

  

 
  

 

 
 

 

https://en.wikipedia.org/wiki/Double_beta_decay

Decay rate

Γ ∝ 𝑚𝛽𝛽
2

IO

Our model can be confirmed in the near future.



Prediction of Majorana phases 𝜂1, 𝜂2

17 Numerical result (2)

𝜂1 = arg
𝑈𝑒1𝑈𝑒3

∗

cos𝜃12cos𝜃13sin𝜃13𝑒
𝑖𝛿𝐶𝑃

,  𝜂2 = arg
𝑈𝑒2𝑈𝑒3

∗

sin𝜃12cos𝜃13sin𝜃13𝑒
𝑖𝛿𝐶𝑃



We consider 𝐴4 symmetry as flavor symmetry.
We consider Higgs field 𝜙 as 𝐴4 triplet.
→ We perform Higgs potential analysis and obtain local VEV.

We build new flavor model by using 3HDM and 𝐴4 symmetry.
We calculate mass matrices of charged leptons and neutrinos under new flavor model.

We perform numerical analysis and calculate 𝛿𝐶𝑃 , effective mass 𝑚𝛽𝛽 and Majorana phases 𝜂1, 𝜂2.

We obtain strong predictions of 𝛿𝐶𝑃 and 𝑚𝛽𝛽 (𝑚𝛽𝛽 ≈ 0.0471[eV]).

→This flavor model can be confirmed by neutrino experiments in the near future.

𝑀𝐷 = 𝑦𝐷𝑆

2

3
𝑣1 −

1

3
𝑣2 −

1

3
𝑣3

−
1

3
𝑣2

2

3
𝑣3 −

1

3
𝑣1

−
1

3
𝑣3 −

1

3
𝑣1

2

3
𝑣2

+ 𝑦𝐷𝐴

0 −
𝑦𝐷𝐴
2

𝑣2
𝑦𝐷𝐴
2

𝑣3

𝑦𝐷𝐴
2

𝑣2 0 −
𝑦𝐷𝐴
2

𝑣1

−
𝑦𝐷𝐴
2

𝑣3
𝑦𝐷𝐴
2

𝑣1 0

𝜙 =

𝑣 cos𝛽
1

2
𝑣 sin 𝛽

1

2
𝑣 sin 𝛽

𝑀𝑙 =

𝑦𝑒𝑣1 𝑦𝜇𝑣2 𝑦𝜏𝑣3
𝑦𝑒𝑣3 𝑦𝜇𝑣1 𝑦𝜏𝑣2
𝑦𝑒𝑣2 𝑦𝜇𝑣3 𝑦𝜏𝑣1 𝐿𝑅

Mass matrix of charged leptons

𝑚𝜈 = −𝑀𝐷𝑀𝑅
−1𝑀𝐷

†

Mass matrix of left-handed Majorana neutrinos

𝑀𝑅 =
𝑀 0 0
0 0 𝑀
0 𝑀 0,

18 6. Conclusion



Potential

𝑉 = −𝜇2𝜙†𝜙 + 𝜆 𝜙†𝜙
2

We will add the soft breaking term to Higgs potential.

19 7. Future work

+𝜆4 𝜙1
2 − 𝜙2𝜙3

2
+ 𝜙2

2 − 𝜙3𝜙1
2
+ 𝜙3

2 − 𝜙1𝜙2
2

= −𝜇2 𝜙1
2 + 𝜙2

2 + 𝜙3
2 + 𝜆1 𝜙1

2 + 2𝜙2𝜙3
2
+ 𝜆2 𝜙2

2 + 2𝜙3𝜙1
2
+ 𝜆3 𝜙3

2 + 2𝜙1𝜙2
2

+(𝑚12𝜙1
†𝜙2 + ℎ. 𝑐. )

+ (𝑚12𝜙1
†𝜙2 + ℎ. 𝑐. )

We try to solve domain wall problem and increase the heavy Higgs masses.



quark sector

Quark sector

L = 𝑦𝑖𝑗
𝑑 ത𝑞𝐿𝑖𝜙𝑞𝑅𝑗

𝑑 + 𝑦𝑖𝑗
𝑢 ത𝑞𝐿𝑖 ෨𝜙𝑞𝑅𝑗

𝑢

3 3 3 3 3 3𝐴4

𝑞𝐿 =
𝑢𝐿
𝑑𝐿

𝑐𝐿
𝑠𝐿

𝑡𝐿
𝑏𝐿

𝑞𝑅1
𝑑 = 𝑑𝑅1 𝑞𝑅2

𝑑 = 𝑠𝑅2 𝑞𝑅3
𝑑 = 𝑏𝑅3

𝑞𝑅1
𝑢 = 𝑢𝑅1 𝑞𝑅2

𝑢 = 𝑐𝑅2 𝑞𝑅3
𝑢 = 𝑡𝑅3

However, the quark sector has strict restrictions on experimentation.
The mixing angles of quarks are precisely measured.    



Alternating group : the set of even permutations of the symmetric group

symmetric group(permutation group)： set of n-dimensional permutation

even permutation：permutation expressed as a product of even number of transposition

Alternating group

互換

置換



SM Yukawa coupling→3*3*2=18
Flavor structure Yukawa coupling→𝑦𝑒 , 𝑦𝜇, 𝑦𝜏, 𝑦𝐷𝑆, 𝑦𝐷𝐴, 𝜙𝐷𝐴→7

parameter

Physical quantity(prediction)

𝜃12, 𝜃23, 𝜃13 → 𝛿𝐶𝑃, 𝑚𝑒𝑒, 𝜂1, 𝜂2

Higgs VEV parameter 𝛽

Physical quantity we used
𝑣,𝑚𝑒 , 𝑚𝜇, 𝑚𝜏, Δ𝑚21

2 , Δ𝑚32
2
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