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Extra dimensions
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𝐸
SM: 4-dimension String Theory: 10-dimension

10!GeV 10"#GeV
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Extra dimensions

・Gauge Higgs Unification (GHU),
・Large Extra Dimension (LED), 
・Randall Sundrum (RS), etc.

models

・Hierarchy Problems,
・DM, Strong CP, Baryon Asym, etc.

approach

Scenario beyond the SM: 
4-dimension + Extra-Dimension?

𝐸
10!GeV
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Compact space

𝐸
10!GeV

Where??

𝑥"
𝑥!

𝑥$
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Compact space

𝐸
10!GeV

𝑥%

𝑦

𝑥%
𝑦

𝑥%

4D effective theory:
<latexit sha1_base64="+NSp9t1ZoIId7POlAFHCyAwJmQA="></latexit>Z Z

d4x dyL5D(xµ, y) =

Z
d4x L4D

eff (x
µ)

Where??

𝑥"
𝑥!

𝑥$

𝑅

1/𝑅≪

(𝜇 = 0,1,2,3)
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Boundary Conditions (BCs)

<latexit sha1_base64="xqYOpXvFFVFJeZ0iE+jL8GLmccM="></latexit>

+y

<latexit sha1_base64="NsWYJZwBSzCXE2+1VJryNDjOKHk="></latexit>

0
<latexit sha1_base64="XYEFlsbzNjlkSIFJrNqzlV/xl0k="></latexit>

⇡R

<latexit sha1_base64="Gg1hDNixzBk2D8Z2PLOYLpopX5w="></latexit>

y ⇠ y + 2⇡R

infinite interval: y ∈ (−∞,+∞)

finite interval: y ∈ (0, 2𝜋𝑅)

Which BCs should we choose?

<latexit sha1_base64="xwe8M0VoRGYmSYjAebOeHCjAiEs="></latexit>

R

e.g.) 𝑆" compactification

z

Interesting!

<latexit sha1_base64="p2Gy5zMI86sKFuV/jnR5HSd51MM="></latexit>

�(y = ±1) = @�(y = ±1) = 0

<latexit sha1_base64="6eo2VN78fsDcAr79yrYlM1jtUxU="></latexit>

�(y = 0) = +�(y = 2⇡R)?

�(y = 0) = ��(y = 2⇡R)?

�(y = 0) = ei✓�(y = 2⇡R)?
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𝑆! circle
<latexit sha1_base64="xqYOpXvFFVFJeZ0iE+jL8GLmccM="></latexit>

+y

<latexit sha1_base64="NsWYJZwBSzCXE2+1VJryNDjOKHk="></latexit>

0
<latexit sha1_base64="XYEFlsbzNjlkSIFJrNqzlV/xl0k="></latexit>

⇡R

<latexit sha1_base64="Gg1hDNixzBk2D8Z2PLOYLpopX5w="></latexit>

y ⇠ y + 2⇡R

𝑆! circle

cannot realize 
Chiral Asymmetry…

●●●●●
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𝑆!/𝑍" Orbifold 

<latexit sha1_base64="Vc76T55LHBO5V2Hl8L23w19RCWw="></latexit>(
y ⇠ y + 2⇡R

y ⇠ �y

<latexit sha1_base64="xqYOpXvFFVFJeZ0iE+jL8GLmccM="></latexit>

+y

<latexit sha1_base64="QYuZRgAMsVirju0ycr14w27jYsA="></latexit>�y

<latexit sha1_base64="NsWYJZwBSzCXE2+1VJryNDjOKHk="></latexit>

0
<latexit sha1_base64="XYEFlsbzNjlkSIFJrNqzlV/xl0k="></latexit>

⇡R
𝑆!/𝑍" orbifold

realize 
Chiral Asymmetry!

realistic minimum model

●●●●●
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𝑆!/𝑍" Orbifold 

<latexit sha1_base64="Vc76T55LHBO5V2Hl8L23w19RCWw="></latexit>(
y ⇠ y + 2⇡R

y ⇠ �y

<latexit sha1_base64="xqYOpXvFFVFJeZ0iE+jL8GLmccM="></latexit>

+y

<latexit sha1_base64="QYuZRgAMsVirju0ycr14w27jYsA="></latexit>�y

<latexit sha1_base64="NsWYJZwBSzCXE2+1VJryNDjOKHk="></latexit>

0
<latexit sha1_base64="XYEFlsbzNjlkSIFJrNqzlV/xl0k="></latexit>

⇡R
<latexit sha1_base64="XYEFlsbzNjlkSIFJrNqzlV/xl0k="></latexit>

⇡R
<latexit sha1_base64="NsWYJZwBSzCXE2+1VJryNDjOKHk="></latexit>

0

Two fixed points

<latexit sha1_base64="Ewv4UFJCzK7H0cArVvT+S7712Ak="></latexit>

P̂2
0 = P̂2

1 = 1
<latexit sha1_base64="RGpsR681FxGxxTacKCIlQsjbIsM="></latexit>

P̂1P̂0 = T̂ ,

<latexit sha1_base64="WZJFTRb7HsgzOcI9rc1bPupcBm4="></latexit>8
><

>:

T̂ : y ! y + 2⇡R

P̂0 : �y ! y

P̂1 : ⇡R� y ! ⇡R+ y

<latexit sha1_base64="0MLaumpWLD2+qcw8sZblvhZGuTo="></latexit>

y0 = 0, y1 = ⇡R

●●●●●
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Brane World Scenario

UV-brane Bulk IR-Brane

𝑦& = 0 0 < 𝑦 < 𝜋𝑅 𝑦" = 𝜋𝑅

There are two branes at the fixed points in the bulk.

●●●●●
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𝑆𝑈(𝑁) model on 𝑆!/𝑍" orbifold
<latexit sha1_base64="yNhUX8bX4OP89z5OcxFiR+D4bMY="></latexit>

L = �1

4
FMNFMN (x, y) +  ̄i�MDM (x, y)

<latexit sha1_base64="4j+yuVsfTdV1iYGjkTp8/ijNCP8="></latexit>

 (x, yi � y) = Pi�
5 (x, yi + y)

<latexit sha1_base64="vJKnQ1vdo2DewPpi/N40IrasF60="></latexit>

Aµ(x, yi � y) = PiAµ(x, yi + y)Pi

<latexit sha1_base64="j/jA0iazYSCcutk9rSG8ExYQwdU="></latexit>

Ay(x, yi � y) = �PiAy(x, yi + y)Pi

<latexit sha1_base64="JGKzyXUhCqMDb0iFhB5z6iSKp4o="></latexit>

�M = (�µ, i�5)
<latexit sha1_base64="zo0C/Xi4nbRWGt7/VEVPDdsqsbo="></latexit>�
�M ,�N

 
= 2⌘MNI4⇥4

<latexit sha1_base64="LDjBEFdvPxCboY+3CuT6ofia7fQ="></latexit>

FMN =
i

g
[DM , DN ]

<latexit sha1_base64="uDnDT1SeisJ+RM8XMzI1cPpJY2M="></latexit>

(i = 0, 1)

<latexit sha1_base64="rFsE2xVMGEuwglAe5Av6tSxx7v4=">AAACknichVHLSsNAFD2N73d9LAQ3wVZxVaf17UrpxoULba0KRkoSp3VomoQkLWjxB9yLC1cKCuInuFTBH3DhJ4jLCm5ceJtGREW9yczcOfeeO2fuaLYhXI+xx5DU0NjU3NLa1t7R2dXdE+7tW3etkqPzjG4ZlrOpqS43hMkznvAMvmk7XC1qBt/QCslafKPMHVdY5pq3Z/Ptopo3RU7oqkdQNjweVTSeF2ZFpyLugSwryvdfVr i5E8Sj2XCExRKJuYmpuPzTiceYbxEEtmKFL6BgBxZ0lFAEhwmPfAMqXPq2EAeDTdg2KoQ55Ak/znGAduKWKItThkpogeY87bYC1KR9rabrs3U6xaDhEFPGCHtgl6zK7tkVe2Jvv9aq+DVqWvZo1epcbmd7DgfTr/+yirR62P1k/anZQw6zvlZB2m0fqd1Cr/PL+8fV9HxqpDLKztgz6T9lj+yGbmCWX/TzVZ46ofZ/9Fj+3VlPxOLTscnVRGRhMniIVgxhGGPU7RksYAkryNCpR7jGLe6kAWleWpSS9VQpFHD68cWk5XdrS5pe</latexit>8
>>>>>>>><

>>>>>>>>:

Hermitian N×N matrices
with ±1 eigenvalues 

<latexit sha1_base64="BOdg0P8P/lR/6p7J/MFSY8oKNqg="></latexit>

DM = @M � igAM

<latexit sha1_base64="FmS7S9siSs4lv8TD7Mwx92U+ctQ="></latexit>

P 2
i = 1

<latexit sha1_base64="0MLaumpWLD2+qcw8sZblvhZGuTo="></latexit>

y0 = 0, y1 = ⇡R

Unitary     +     Parity     → Hermite
<latexit sha1_base64="A9a5kVcD6aLo6xlUIo1Faqm6NFs=">AAACd3ichVHLSsNAFD2Nr1pf9YEILiyK4sYyqdYXCIIbl621VfBRkjjWwTQJSVpoS3/AH3DhRgWF6kr8BDf+gAs/QVxWEMGFt2lFRNQ7TObMmXvunLlRLV04LmOPPqmpuaW1zd8e6Ojs6u4J9valHDNnazypmbppb6qKw3Vh8KQrXJ1vWjZXsqrON9TDldr5Rp7bjjCNdbdg8Z2skjHEvtAUl6h0cCCWFrulKbm85IHtPSVTDq SDYywciSxMR+XQTyCHmRdjy4O3rec3VixmBi+xjT2Y0JBDFhwGXMI6FDg0tiCDwSJuByXibELCO+coI0DaHGVxylCIPaRvhnZbDdagfa2m46k1ukWnaZMyhHH2wCqsyu7ZNXti77/WKnk1al4KtKp1LbfSPUdDidd/VVlaXRx8qf707GIf855XQd4tj6m9Qqvr88XjamJxbbw0wc7ZM/k/Y4/sjl5g5F+0izhfO6H2f/Y49DtIRcLybDgap/8wg3r4MYxRTFK357CMVcSQpFuLOEUFV743aUSakCbrqZKvoenHt5DkD9HPlL8=</latexit>

P�1
i = P †

i

<latexit sha1_base64="BBaRwQvMZcS8O5zVWkghFjGHSyQ="></latexit>

Pi :
<latexit sha1_base64="1Pxtk7LrBv5voKz3gBxYfeeJNqM="></latexit>

P †
i = Pi = P�1

i

●●●●●
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Symmetry Breaking by BCs

𝑃#, 𝑃!

𝐴$#

symmetry

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="9+aOlwdNz+N4zR3r4mNmc4F06fg="></latexit>0

@
�1 0 0
0 1 0
0 0 �1

1

A

<latexit sha1_base64="5DGI8k8QOQkV8Y94GJyeHaaYarc="></latexit>0

@
? ? 0
? ? 0
0 0 ?

1

A

<latexit sha1_base64="n5aVLI3W3BH9la03b52/0wxzLIE="></latexit>0

@
? 0 0
0 ? 0
0 0 ?

1

A

<latexit sha1_base64="bxn7Ej61cl8iT1If/iuuQKYlshE="></latexit>�
T 1, T 2, T 3, T 8

 <latexit sha1_base64="jDJOtvpzkDa65ZVg/CgX/l8O6Og="></latexit>�
T 3, T 8

 

,

SU(2)×U(1) U(1)×U(1) U(1)

<latexit sha1_base64="6doHm1Eb/xb0B2VzljfNV6TiopM="></latexit>0

@
�1 0 0
0 0 �i
0 i 0

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A
,

<latexit sha1_base64="in2BtYOA85auinrsAPPI9sxlWS4="></latexit>

{
p
3

2
T 3 +

1

2
T 8}

<latexit sha1_base64="PxIEnwkWWPDRPqaM0MS3m3RE7Mc="></latexit>0

@
0 0 0
0 0 ?
0 ? 0

1

A

e.g.) SU(3)model
Different BCs generally produce different symmetry.

generators

●●●●●
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Equivalence classes
Different BCs always lead to different theories?

𝑃#, 𝑃!

𝐴$#

symmetry

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="9+aOlwdNz+N4zR3r4mNmc4F06fg="></latexit>0

@
�1 0 0
0 1 0
0 0 �1

1

A

<latexit sha1_base64="5DGI8k8QOQkV8Y94GJyeHaaYarc="></latexit>0

@
? ? 0
? ? 0
0 0 ?

1

A

<latexit sha1_base64="n5aVLI3W3BH9la03b52/0wxzLIE="></latexit>0

@
? 0 0
0 ? 0
0 0 ?

1

A

<latexit sha1_base64="bxn7Ej61cl8iT1If/iuuQKYlshE="></latexit>�
T 1, T 2, T 3, T 8

 <latexit sha1_base64="jDJOtvpzkDa65ZVg/CgX/l8O6Og="></latexit>�
T 3, T 8

 

,

SU(2)×U(1) U(1)×U(1) U(1)

<latexit sha1_base64="6doHm1Eb/xb0B2VzljfNV6TiopM="></latexit>0

@
�1 0 0
0 0 �i
0 i 0

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A
,

<latexit sha1_base64="in2BtYOA85auinrsAPPI9sxlWS4="></latexit>

{
p
3

2
T 3 +

1

2
T 8}

<latexit sha1_base64="PxIEnwkWWPDRPqaM0MS3m3RE7Mc="></latexit>0

@
0 0 0
0 0 ?
0 ? 0

1

A

generators

●●●●●
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Equivalence classes

𝐴$#

symmetry

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="9+aOlwdNz+N4zR3r4mNmc4F06fg="></latexit>0

@
�1 0 0
0 1 0
0 0 �1

1

A

<latexit sha1_base64="5DGI8k8QOQkV8Y94GJyeHaaYarc="></latexit>0

@
? ? 0
? ? 0
0 0 ?

1

A

<latexit sha1_base64="n5aVLI3W3BH9la03b52/0wxzLIE="></latexit>0

@
? 0 0
0 ? 0
0 0 ?

1

A

<latexit sha1_base64="bxn7Ej61cl8iT1If/iuuQKYlshE="></latexit>�
T 1, T 2, T 3, T 8

 <latexit sha1_base64="jDJOtvpzkDa65ZVg/CgX/l8O6Og="></latexit>�
T 3, T 8

 

,

SU(2)×U(1) U(1)×U(1) U(1)

<latexit sha1_base64="6doHm1Eb/xb0B2VzljfNV6TiopM="></latexit>0

@
�1 0 0
0 0 �i
0 i 0

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A
,

<latexit sha1_base64="in2BtYOA85auinrsAPPI9sxlWS4="></latexit>

{
p
3

2
T 3 +

1

2
T 8}

<latexit sha1_base64="PxIEnwkWWPDRPqaM0MS3m3RE7Mc="></latexit>0

@
0 0 0
0 0 ?
0 ? 0

1

A

Different BCs always lead to different theories? Not necessarily!

𝑃#, 𝑃!

generators

●●●●●
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Gauge transformation for BCs

Gauge Transformation
<latexit sha1_base64="hDfRV/wMnUCufIfK0Ug50tG7T3w="></latexit>

 0(x, y) = ⌦(x, y) (x, y)
<latexit sha1_base64="lM0gPrkIWM8aQbQ+YRQOptnPPxQ="></latexit>

A0
M (x, y) = ⌦(x, y)AM (x, y)⌦�1(x, y)� i

g
⌦(x, y)@M⌦�1(x, y)

Gauge invariant?

<latexit sha1_base64="4j+yuVsfTdV1iYGjkTp8/ijNCP8="></latexit>

 (x, yi � y) = Pi�
5 (x, yi + y)

<latexit sha1_base64="vJKnQ1vdo2DewPpi/N40IrasF60="></latexit>

Aµ(x, yi � y) = PiAµ(x, yi + y)Pi

<latexit sha1_base64="j/jA0iazYSCcutk9rSG8ExYQwdU="></latexit>

Ay(x, yi � y) = �PiAy(x, yi + y)Pi

<latexit sha1_base64="nmEeDWgip6uMJgc+4fYwo7Kasdc=">AAACi3ichVE9SwNBEH2e3x8xURvB5jAqqcIm8RsLQQRLkxgjGAl35yYuudwdd5eABv+Aha2FlYKC2NpqY+MfsMhPEEsFGwsnlxMVic7d7s6+mTf7dla1dOG4jNXbpPaOzq7unt6+/oHAYDA0NLzpmBVb4xnN1E17S1UcrguDZ1zh6nzLsrlSVnWeVUsrjXi2ym1HmMaGu2/xnbJSNERBaIpLUD4UmcipvCiMmkZFnENZzuW+/d zY9QMT+VCYRePxhcRMTP7txKLMszB8WzdDl8hhFyY0VFAGhwGXfB0KHPq2EQODRdgOaoTZ5AkvznGIPuJWKItThkJoieYi7bZ91KB9o6bjsTU6RadhE1PGJHtkV+yFPbBr9sTeW9aqeTUaWvZpVZtcbuWDR6Ppt39ZZVpd7H2x/tTsooB5T6sg7ZaHNG6hNfnVg5OX9GJqsjbFztkz6T9jdXZPNzCqr9pFkqdOqf2fPZZbO5vxaGw2Op2Mh5en/YfowRjGEaFuz2EZa1hHhk49xg1ucScFpIS0KC01U6U2nzOCHyatfgBplZhI</latexit>8
>>><

>>>:

<latexit sha1_base64="LNNIAdAL7wbouJ+ShgKu+vcO5/U="></latexit>

(P †
i = Pi = P�1

i )

●●●●●
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Gauge transformation for BCs
<latexit sha1_base64="4j+yuVsfTdV1iYGjkTp8/ijNCP8="></latexit>

 (x, yi � y) = Pi�
5 (x, yi + y)

<latexit sha1_base64="vJKnQ1vdo2DewPpi/N40IrasF60="></latexit>

Aµ(x, yi � y) = PiAµ(x, yi + y)Pi

<latexit sha1_base64="j/jA0iazYSCcutk9rSG8ExYQwdU="></latexit>

Ay(x, yi � y) = �PiAy(x, yi + y)Pi

<latexit sha1_base64="nmEeDWgip6uMJgc+4fYwo7Kasdc=">AAACi3ichVE9SwNBEH2e3x8xURvB5jAqqcIm8RsLQQRLkxgjGAl35yYuudwdd5eABv+Aha2FlYKC2NpqY+MfsMhPEEsFGwsnlxMVic7d7s6+mTf7dla1dOG4jNXbpPaOzq7unt6+/oHAYDA0NLzpmBVb4xnN1E17S1UcrguDZ1zh6nzLsrlSVnWeVUsrjXi2ym1HmMaGu2/xnbJSNERBaIpLUD4UmcipvCiMmkZFnENZzuW+/d zY9QMT+VCYRePxhcRMTP7txKLMszB8WzdDl8hhFyY0VFAGhwGXfB0KHPq2EQODRdgOaoTZ5AkvznGIPuJWKItThkJoieYi7bZ91KB9o6bjsTU6RadhE1PGJHtkV+yFPbBr9sTeW9aqeTUaWvZpVZtcbuWDR6Ppt39ZZVpd7H2x/tTsooB5T6sg7ZaHNG6hNfnVg5OX9GJqsjbFztkz6T9jdXZPNzCqr9pFkqdOqf2fPZZbO5vxaGw2Op2Mh5en/YfowRjGEaFuz2EZa1hHhk49xg1ucScFpIS0KC01U6U2nzOCHyatfgBplZhI</latexit>8
>>><

>>>:

<latexit sha1_base64="7joEh6T7pnqdSB9EMzcLCYnfyVQ="></latexit>

 0(x, yi � y) = P 0
i�

5 0(x, yi + y)

<latexit sha1_base64="0RaVKx/PFgfcFqjSAMjMc0UOvcM="></latexit>

A0
y(x, yi � y) = �P 0

iA
0
y(x, yi + y)P

0†
i � P 0

i (�@y)P
0†
i

<latexit sha1_base64="RAc/ESpJhlZrElPDlFdFvk276PI="></latexit>

A0
µ(x, yi � y) = P 0

iA
0
µ(x, yi + y)P

0†
i � P 0

i @µ P
0†
i

<latexit sha1_base64="nmEeDWgip6uMJgc+4fYwo7Kasdc=">AAACi3ichVE9SwNBEH2e3x8xURvB5jAqqcIm8RsLQQRLkxgjGAl35yYuudwdd5eABv+Aha2FlYKC2NpqY+MfsMhPEEsFGwsnlxMVic7d7s6+mTf7dla1dOG4jNXbpPaOzq7unt6+/oHAYDA0NLzpmBVb4xnN1E17S1UcrguDZ1zh6nzLsrlSVnWeVUsrjXi2ym1HmMaGu2/xnbJSNERBaIpLUD4UmcipvCiMmkZFnENZzuW+/d zY9QMT+VCYRePxhcRMTP7txKLMszB8WzdDl8hhFyY0VFAGhwGXfB0KHPq2EQODRdgOaoTZ5AkvznGIPuJWKItThkJoieYi7bZ91KB9o6bjsTU6RadhE1PGJHtkV+yFPbBr9sTeW9aqeTUaWvZpVZtcbuWDR6Ppt39ZZVpd7H2x/tTsooB5T6sg7ZaHNG6hNfnVg5OX9GJqsjbFztkz6T9jdXZPNzCqr9pFkqdOqf2fPZZbO5vxaGw2Op2Mh5en/YfowRjGEaFuz2EZa1hHhk49xg1ucScFpIS0KC01U6U2nzOCHyatfgBplZhI</latexit>8
>>><

>>>:

<latexit sha1_base64="a+ssuSTsu2DQwfxH528n4F01jPg="></latexit>

!

<latexit sha1_base64="MsbRH1rXBfMQxRik1gNudJSnxk8="></latexit>

P 0
i = ⌦(x, yi � y)Pi⌦

†(x, yi + y)

Not invariant!

<latexit sha1_base64="LNNIAdAL7wbouJ+ShgKu+vcO5/U="></latexit>

(P †
i = Pi = P�1

i )

●●●●●
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Gauge transformation for BCs
<latexit sha1_base64="4j+yuVsfTdV1iYGjkTp8/ijNCP8="></latexit>

 (x, yi � y) = Pi�
5 (x, yi + y)

<latexit sha1_base64="vJKnQ1vdo2DewPpi/N40IrasF60="></latexit>

Aµ(x, yi � y) = PiAµ(x, yi + y)Pi

<latexit sha1_base64="j/jA0iazYSCcutk9rSG8ExYQwdU="></latexit>

Ay(x, yi � y) = �PiAy(x, yi + y)Pi

<latexit sha1_base64="nmEeDWgip6uMJgc+4fYwo7Kasdc=">AAACi3ichVE9SwNBEH2e3x8xURvB5jAqqcIm8RsLQQRLkxgjGAl35yYuudwdd5eABv+Aha2FlYKC2NpqY+MfsMhPEEsFGwsnlxMVic7d7s6+mTf7dla1dOG4jNXbpPaOzq7unt6+/oHAYDA0NLzpmBVb4xnN1E17S1UcrguDZ1zh6nzLsrlSVnWeVUsrjXi2ym1HmMaGu2/xnbJSNERBaIpLUD4UmcipvCiMmkZFnENZzuW+/d zY9QMT+VCYRePxhcRMTP7txKLMszB8WzdDl8hhFyY0VFAGhwGXfB0KHPq2EQODRdgOaoTZ5AkvznGIPuJWKItThkJoieYi7bZ91KB9o6bjsTU6RadhE1PGJHtkV+yFPbBr9sTeW9aqeTUaWvZpVZtcbuWDR6Ppt39ZZVpd7H2x/tTsooB5T6sg7ZaHNG6hNfnVg5OX9GJqsjbFztkz6T9jdXZPNzCqr9pFkqdOqf2fPZZbO5vxaGw2Op2Mh5en/YfowRjGEaFuz2EZa1hHhk49xg1ucScFpIS0KC01U6U2nzOCHyatfgBplZhI</latexit>8
>>><

>>>:

<latexit sha1_base64="7joEh6T7pnqdSB9EMzcLCYnfyVQ="></latexit>

 0(x, yi � y) = P 0
i�

5 0(x, yi + y)

<latexit sha1_base64="0RaVKx/PFgfcFqjSAMjMc0UOvcM="></latexit>

A0
y(x, yi � y) = �P 0

iA
0
y(x, yi + y)P

0†
i � P 0

i (�@y)P
0†
i

<latexit sha1_base64="RAc/ESpJhlZrElPDlFdFvk276PI="></latexit>

A0
µ(x, yi � y) = P 0

iA
0
µ(x, yi + y)P

0†
i � P 0

i @µ P
0†
i

<latexit sha1_base64="nmEeDWgip6uMJgc+4fYwo7Kasdc=">AAACi3ichVE9SwNBEH2e3x8xURvB5jAqqcIm8RsLQQRLkxgjGAl35yYuudwdd5eABv+Aha2FlYKC2NpqY+MfsMhPEEsFGwsnlxMVic7d7s6+mTf7dla1dOG4jNXbpPaOzq7unt6+/oHAYDA0NLzpmBVb4xnN1E17S1UcrguDZ1zh6nzLsrlSVnWeVUsrjXi2ym1HmMaGu2/xnbJSNERBaIpLUD4UmcipvCiMmkZFnENZzuW+/d zY9QMT+VCYRePxhcRMTP7txKLMszB8WzdDl8hhFyY0VFAGhwGXfB0KHPq2EQODRdgOaoTZ5AkvznGIPuJWKItThkJoieYi7bZ91KB9o6bjsTU6RadhE1PGJHtkV+yFPbBr9sTeW9aqeTUaWvZpVZtcbuWDR6Ppt39ZZVpd7H2x/tTsooB5T6sg7ZaHNG6hNfnVg5OX9GJqsjbFztkz6T9jdXZPNzCqr9pFkqdOqf2fPZZbO5vxaGw2Op2Mh5en/YfowRjGEaFuz2EZa1hHhk49xg1ucScFpIS0KC01U6U2nzOCHyatfgBplZhI</latexit>8
>>><

>>>:

<latexit sha1_base64="a+ssuSTsu2DQwfxH528n4F01jPg="></latexit>

!

<latexit sha1_base64="bkufWKDr779A4pa0D9wIvrxlb4o="></latexit>

P 0
i = Pi

gauge invariant

<latexit sha1_base64="ScqluMgOqn8wpRgaTft/tLm/KV0="></latexit>

(i=0,1)

𝑃!
=

<latexit sha1_base64="MsbRH1rXBfMQxRik1gNudJSnxk8="></latexit>

P 0
i = ⌦(x, yi � y)Pi⌦

†(x, yi + y)

⇒

<latexit sha1_base64="LNNIAdAL7wbouJ+ShgKu+vcO5/U="></latexit>

(P †
i = Pi = P�1

i )

●●●●●
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Gauge transformation for BCs
<latexit sha1_base64="4j+yuVsfTdV1iYGjkTp8/ijNCP8="></latexit>

 (x, yi � y) = Pi�
5 (x, yi + y)

<latexit sha1_base64="vJKnQ1vdo2DewPpi/N40IrasF60="></latexit>

Aµ(x, yi � y) = PiAµ(x, yi + y)Pi

<latexit sha1_base64="j/jA0iazYSCcutk9rSG8ExYQwdU="></latexit>

Ay(x, yi � y) = �PiAy(x, yi + y)Pi

<latexit sha1_base64="nmEeDWgip6uMJgc+4fYwo7Kasdc=">AAACi3ichVE9SwNBEH2e3x8xURvB5jAqqcIm8RsLQQRLkxgjGAl35yYuudwdd5eABv+Aha2FlYKC2NpqY+MfsMhPEEsFGwsnlxMVic7d7s6+mTf7dla1dOG4jNXbpPaOzq7unt6+/oHAYDA0NLzpmBVb4xnN1E17S1UcrguDZ1zh6nzLsrlSVnWeVUsrjXi2ym1HmMaGu2/xnbJSNERBaIpLUD4UmcipvCiMmkZFnENZzuW+/d zY9QMT+VCYRePxhcRMTP7txKLMszB8WzdDl8hhFyY0VFAGhwGXfB0KHPq2EQODRdgOaoTZ5AkvznGIPuJWKItThkJoieYi7bZ91KB9o6bjsTU6RadhE1PGJHtkV+yFPbBr9sTeW9aqeTUaWvZpVZtcbuWDR6Ppt39ZZVpd7H2x/tTsooB5T6sg7ZaHNG6hNfnVg5OX9GJqsjbFztkz6T9jdXZPNzCqr9pFkqdOqf2fPZZbO5vxaGw2Op2Mh5en/YfowRjGEaFuz2EZa1hHhk49xg1ucScFpIS0KC01U6U2nzOCHyatfgBplZhI</latexit>8
>>><

>>>:

<latexit sha1_base64="7joEh6T7pnqdSB9EMzcLCYnfyVQ="></latexit>

 0(x, yi � y) = P 0
i�

5 0(x, yi + y)

<latexit sha1_base64="0RaVKx/PFgfcFqjSAMjMc0UOvcM="></latexit>

A0
y(x, yi � y) = �P 0

iA
0
y(x, yi + y)P

0†
i � P 0

i (�@y)P
0†
i

<latexit sha1_base64="RAc/ESpJhlZrElPDlFdFvk276PI="></latexit>

A0
µ(x, yi � y) = P 0

iA
0
µ(x, yi + y)P

0†
i � P 0

i @µ P
0†
i

<latexit sha1_base64="nmEeDWgip6uMJgc+4fYwo7Kasdc=">AAACi3ichVE9SwNBEH2e3x8xURvB5jAqqcIm8RsLQQRLkxgjGAl35yYuudwdd5eABv+Aha2FlYKC2NpqY+MfsMhPEEsFGwsnlxMVic7d7s6+mTf7dla1dOG4jNXbpPaOzq7unt6+/oHAYDA0NLzpmBVb4xnN1E17S1UcrguDZ1zh6nzLsrlSVnWeVUsrjXi2ym1HmMaGu2/xnbJSNERBaIpLUD4UmcipvCiMmkZFnENZzuW+/d zY9QMT+VCYRePxhcRMTP7txKLMszB8WzdDl8hhFyY0VFAGhwGXfB0KHPq2EQODRdgOaoTZ5AkvznGIPuJWKItThkJoieYi7bZ91KB9o6bjsTU6RadhE1PGJHtkV+yFPbBr9sTeW9aqeTUaWvZpVZtcbuWDR6Ppt39ZZVpd7H2x/tTsooB5T6sg7ZaHNG6hNfnVg5OX9GJqsjbFztkz6T9jdXZPNzCqr9pFkqdOqf2fPZZbO5vxaGw2Op2Mh5en/YfowRjGEaFuz2EZa1hHhk49xg1ucScFpIS0KC01U6U2nzOCHyatfgBplZhI</latexit>8
>>><

>>>:

<latexit sha1_base64="a+ssuSTsu2DQwfxH528n4F01jPg="></latexit>

!

not invariant,
but 𝑃%& become

other BCs !

<latexit sha1_base64="MsbRH1rXBfMQxRik1gNudJSnxk8="></latexit>

P 0
i = ⌦(x, yi � y)Pi⌦

†(x, yi + y)

⇒

<latexit sha1_base64="ScqluMgOqn8wpRgaTft/tLm/KV0="></latexit>

(i=0,1)

<latexit sha1_base64="LNNIAdAL7wbouJ+ShgKu+vcO5/U="></latexit>

(P †
i = Pi = P�1

i )

<latexit sha1_base64="52GZu4V/yoY488obhHuMQaA51Fk="></latexit>(
@MP 0

i = 0

P 0 †
i = P 0

i

●●●●●
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Equivalence Classes (1/2) 
●Equivalence Classes (ECs)

<latexit sha1_base64="e7P51rTQyozDJAmW+VSLmCRrYOk="></latexit>

(P0, P1) ⇠ (P 0
0, P

0
1)

●ECs gauge transformations 

<latexit sha1_base64="4azvkSmm4ti4T6CxeDH6vVtk3g4="></latexit>

⌦(y) = exp [ifa(y)T a]
𝑓':	parameters
𝑇':  generators,with

<latexit sha1_base64="52GZu4V/yoY488obhHuMQaA51Fk="></latexit>(
@MP 0

i = 0

P 0 †
i = P 0

i

●●●●●

ECs gauge
conditions
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Equivalence Classes (2/2) 

𝑃#, 𝑃!

symmetry SU(2)×U(1)U(1)×U(1) U(1)

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="9+aOlwdNz+N4zR3r4mNmc4F06fg="></latexit>0

@
�1 0 0
0 1 0
0 0 �1

1

A

<latexit sha1_base64="6doHm1Eb/xb0B2VzljfNV6TiopM="></latexit>0

@
�1 0 0
0 0 �i
0 i 0

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A
<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

,,

<latexit sha1_base64="doDejmnr+jMt9hIrd8pA5XeY+BI="></latexit>

exp


i
⇣
�⇡

2

⌘ y

2⇡R

✓
0 0
0 �1

◆�
<latexit sha1_base64="lDTJoIS+AUBpWwt4Oy9WTWjMF3w="></latexit>

⌦(y) :

e.g.) SU(3)model

<latexit sha1_base64="RUFCz1bn/Zm6aKPyadXFZkwURyc="></latexit>

exp


i⇡

y

2⇡R

✓
0 0
0 �1

◆�

●●●●●
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ECs in 𝑆𝑈(𝑁) on 𝑆!/𝑍"

<latexit sha1_base64="2H5SGq/sz6m6Jm1wdVusBf27Kr8="></latexit>

⌦(y) = exp [i
y

2⇡R
✓aT a]

<latexit sha1_base64="6ZKRqZy3bZcK3jUX/UIQkf/iG7U="></latexit>

[ p, q, r, s ] ⇠ [ p� 1, q + 1, r + 1, s� 1 ]

⇠ [ p+ 1, q � 1, r � 1, s+ 1 ]

● Well-known ECs gauge transformations on 𝑆!/𝑍"

●●●●●

<latexit sha1_base64="gu1N+2TEbVQvuA2vIswFq8YC6BI="></latexit>

(P0, P1) = [ p, q, r, s ]

<latexit sha1_base64="iLpNqu3Tk72kHqtPTN9vhh0xfJA="></latexit>

P0 = diag

Nz }| {
(+1, . . . ,+1,+1, . . . ,+1,�1, . . . ,�1,�1, . . . ,�1),

P1 = diag(+1, . . . ,+1| {z }
p

,�1, . . . ,�1| {z }
q

,+1, . . . ,+1| {z }
r

,�1, . . . ,�1| {z }
s=N�p�q�r

),

● Rearrangement
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Only? ・No other ECs gauge transformations?
・Different ECs are unrelated to each other? 

ECs in 𝑆𝑈(𝑁) on 𝑆!/𝑍"
●●●●●

<latexit sha1_base64="2H5SGq/sz6m6Jm1wdVusBf27Kr8="></latexit>

⌦(y) = exp [i
y

2⇡R
✓aT a]

<latexit sha1_base64="6ZKRqZy3bZcK3jUX/UIQkf/iG7U="></latexit>

[ p, q, r, s ] ⇠ [ p� 1, q + 1, r + 1, s� 1 ]

⇠ [ p+ 1, q � 1, r � 1, s+ 1 ]

● Well-known ECs gauge transformations on 𝑆!/𝑍"



Analysis of 
ECs transformations

●●●●●

arXiv:2301.12938 [hep-th]
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Questions

<latexit sha1_base64="+CIBPITjx6B4+RHwV4Ozneo9BXw="></latexit>

P 0
i = ⌦(x, ŷi � ŷ)Pi⌦

†(x, ŷi + ŷ)
<latexit sha1_base64="OA//AHTbOWwquMzK9RgsiqNkR08="></latexit>⇣
ŷ =

y

2⇡R

⌘

z

Is there a set of parameters 𝑓'( )𝑦) satisfying ECs conditions?

<latexit sha1_base64="NV6x3xE53V1Lj7oKRlLcqk6qqok="></latexit>

⌦(ŷ) = exp [ifa(ŷ)T a]

<latexit sha1_base64="XKONXsu6RiG7kcGiFMgm7C7NNv0="></latexit>

@MP 0
i = 0, P 0 †

i = P 0
i

<latexit sha1_base64="P8CQ33tPED78/JbC2mVYaMHzzm8="></latexit>

(P0, P1)
?⇠ (P 0

0, P
0
1)

●●●●●
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Diagonalizablity
Haba(2004)
Kawamura(2020)

<latexit sha1_base64="gu1N+2TEbVQvuA2vIswFq8YC6BI="></latexit>

(P0, P1) = [ p, q, r, s ]

● On 𝑆!/ℤ" , the BCs 𝑃(, 𝑃! are always diagonalizable.

<latexit sha1_base64="iLpNqu3Tk72kHqtPTN9vhh0xfJA="></latexit>

P0 = diag

Nz }| {
(+1, . . . ,+1,+1, . . . ,+1,�1, . . . ,�1,�1, . . . ,�1),

P1 = diag(+1, . . . ,+1| {z }
p

,�1, . . . ,�1| {z }
q

,+1, . . . ,+1| {z }
r

,�1, . . . ,�1| {z }
s=N�p�q�r

),

<latexit sha1_base64="/nnkD56Hfvr7aq9SUhEZ76gideI="></latexit>

(P0, P1) ⇠ (P diag
0 , P diag

1 )

● Rearrangement

●●●●●
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Classification of Generators 

<latexit sha1_base64="idBlru2JYoT/o2m/KI98frz66NA="></latexit>

[T a++ , P0] = [T a++ , P1] = 0,

[T a+� , P0] = {T a+� , P1} = 0,

{T a�+ , P0} = [T a�+ , P1] = 0,

{T a�� , P0} = {T a�� , P1} = 0,

Kawamura(2020)
<latexit sha1_base64="DV4qijAQG4mbFHXTw2/wUz5Ndm8="></latexit>

T a++ =

0

BB@

? 0 0 0
0 ? 0 0
0 0 ? 0
0 0 0 ?

1

CCA , T a+� =

0

BB@

0 ? 0 0
? 0 0 0
0 0 0 ?
0 0 ? 0

1

CCA ,

T a�+ =

0

BB@

0 0 ? 0
0 0 0 ?
? 0 0 0
0 ? 0 0

1

CCA , T a�� =

0

BB@

0 0 0 ?
0 0 ? 0
0 ? 0 0
? 0 0 0

1

CCA ,

𝑝
𝑞
𝑟
𝑠

𝑝 𝑞 𝑟 𝑠

★: a sub-matrix
0 : zero sub-matrix

●●●●●
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Classification of Transformations
(i) Commutative type: 𝑇'!!

(ii) Mixed type: 𝑇'!" or 𝑇'"!

(iii) Anti-commutative type: 𝑇'""

<latexit sha1_base64="ZQ6IHzJOj5K+XX2Y5uq3+alIA5U="></latexit>

[⌦++, P0] = [⌦++, P1] = 0

<latexit sha1_base64="bWwv/3WOur0jWBcYtWFrRqy7gbA="></latexit>

[⌦+�, P0] = {⌦+�, P1} = 0

<latexit sha1_base64="1Vdlgce/qtS84e2B6D3+BfC6ukk="></latexit>

{⌦��, P0} = {⌦��, P1} = 0

●●●●●
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Global ECs transformations

commutative
mixed

anti-commutative

<latexit sha1_base64="G+UGrMgqoUlxoGAD2SATm+sld/Y="></latexit>

(P 0
0, P

0
1)

<latexit sha1_base64="Zn9/D7CB9R3lj8fBI6z0Ewk5o4k="></latexit>

(P0, P1)
<latexit sha1_base64="grktPZZUcqKPd8PpTXaF36SGPFc="></latexit>

(P0, e
iT+�

P1), (eiT
�+

P0, P1)
<latexit sha1_base64="rkuDdZNpl1wc4ywqiFblZCjxnwM="></latexit>

(eiT
��

P0, e
iT��

P1)

<latexit sha1_base64="QBYi7JzRu4mEthfvMfgHplYs1+k="></latexit>

{T a}

Is there a set of parameters such that the rotation factor 𝑒%-!

becomes a non-trivial real diagonal matrix?

→

→

→

𝑃&, 𝑃" 𝑃&( , 𝑃"(

𝑐': constant
<latexit sha1_base64="rR9pWzz6kg7Cq/5e999QteEimZU="></latexit>

⌦ = exp [i
ca

2
T a]

●●●●●
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Simple Example
e.g.) mixed type for 𝑈(2) matrix

<latexit sha1_base64="sYQcPxNB3LZalE90ivAXmEhrfC0="></latexit>

P0 =

✓
+

+

◆
, P1 =

✓
+

�

◆
<latexit sha1_base64="N06sd9Y0AFD5y3FR1a+r5wZbqPI="></latexit>

T+� =

✓
0 c
c⇤ 0

◆

<latexit sha1_base64="pfRdSfH08hQfJP4ekpQ8xGRd4go=">AAAC4nichVHLTttAFL12y8vlEWCD1I3VKAiBiCbhUYpUKRKbLiEhJBImkT2ZhBF+yZ5EUOMfyK5iwaJsWqmqqn5GN/wAC9ZdVV0GiU0XvbYTIYSAa3nmzLn3nLkzY7gm9wUh15L84uXQ8MjomPJqfGJyKjU9s+c7bY+yMnVMx6saus9MbrOy4MJkVddjumWYrGIcbUX5Sod5PnfsXXHisgNLb9m8yakukKqnQlYLuLpbC5aWw1 B9ryqawVrcDlxLFx4/DhWNOn5wSk9DdV7Vmp5OA07DhNB8LEyQpgxytcUHWRQOTBSN2Y0783oqTbL5/LuVtZz6EOSyJI409GPbSX0HDRrgAIU2WMDABoHYBB18/PYhBwRc5A4gQM5DxOM8gxAU1LaximGFjuwRji1c7fdZG9eRpx+rKe5i4u+hUoUMuSI/SI9ckp/kD/n3qFcQe0S9nOBsJFrm1qe6c6XbZ1UWzgIO71RP9iygCRtxrxx7d2MmOgVN9J2P573SZjETzJOv5C/2/4Vck194ArtzQ7/tsOJniB5gcMvq42Avn82tZ9d2VtOF1f5TjMJreAMLeN9voQAfYBvKuO9vaUyakWblhtyVP8lnSaks9TWzcC/ki/+V2roS</latexit>

eiT
+�

=

 
cos |c| ic

|c| sin |c|
ic⇤

|c| sin |c| cos |c|

!

<latexit sha1_base64="03U5zDakFl+i4ihwnbI6yZSi+J4="></latexit>

P 0
0 = P0

=

✓
+

+

◆
,

<latexit sha1_base64="BSiUUrz+GHK7NNbYcOe1rt8rM6I="></latexit>

P 0
1 = eiT

+�
P1

=

✓
�

+

◆

→z

<latexit sha1_base64="TMFPU6ny2eKckx/t2RAsESrfork="></latexit>

diag(eiT
+�

) = I2, �I2

●●●●●
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Simple Example

→
<latexit sha1_base64="sYQcPxNB3LZalE90ivAXmEhrfC0="></latexit>

P0 =

✓
+

+

◆
, P1 =

✓
+

�

◆

𝑃& 𝑃" 𝑃&(

𝑝 = 1
𝑞 = 1 𝑝 = 1

𝑞 = 1

<latexit sha1_base64="Fj+MYk/aFEWBMY2hxaN1eh8eIyk="></latexit>

P 0
0 =

✓
+

+

◆
, P 0

1 =

✓
�

+

◆

→

[1,1,0,0]

A set of BCs [𝑝, 𝑞, 𝑟, 𝑠] are invariant
[1,1,0,0]

e.g.) mixed type for 𝑈(2) matrix

𝑃"(

●●●●●
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<latexit sha1_base64="n50hE6rqVNCIZW2Gn9E18go6wOs="></latexit>

diag(eiT
�
) =

0

BB@

Ĩp,X 0 0 0
0 Ĩq,Y 0 0
0 0 Ĩr,Y 0
0 0 0 Ĩs,X

1

CCA

General Example

<latexit sha1_base64="7WMG+ynovW7Uv4E8DuSurpX0HxM="></latexit>

T� =

0

BB@

0 0 0 A
0 0 B 0
0 B† 0 0
A† 0 0 0

1

CCA z

e.g.) anti-commutative type for 𝑈(𝑁) matrix

𝐴, 𝐵: sub-matrices F𝐼),+: diagonal 𝑝×𝑝 sub-matrix with ±1
𝑋 : the number of −1 components

●●●●●
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General Example

𝑃& 𝑃"
𝑝

𝑞

𝑟

𝑠

𝑁

e.g.) anti-commutative type for 𝑈(𝑁) matrix

→

𝑃&( 𝑃"(

𝑁

e.g.)
𝑋 = 1
𝑌 = 0

[𝑝, 𝑞, 𝑟, 𝑠] is invariant!

𝑞

𝑟

𝑝

𝑝
𝑠

𝑠

●●●●●



37

<latexit sha1_base64="GzORSBDmJJU7hXIRp157Va+EVXc="></latexit>

ŷ = ŷ0 = 0

<latexit sha1_base64="EHQNuzRauOjz5sC9xFaqtntj0aQ="></latexit>

UV-brane
<latexit sha1_base64="I+wE7GGp+1vWXAG2iJk3P8m/vzQ="></latexit>

IR-brane
<latexit sha1_base64="a5TR2obY/6Jopb3XrqXXmLdH3ws="></latexit>

bulk

<latexit sha1_base64="M1Os3TIperwoOu3ulh85LY7putU="></latexit>

0 < ŷ <
1

2

<latexit sha1_base64="fH5tlkAMlTEY34xbQre8XUwrQes="></latexit>

ŷ = ŷ1 =
1

2

Local ECs transformations 
Local ECs transformations behave differently on the UV-brane and the others.

●●●●●
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<latexit sha1_base64="GzORSBDmJJU7hXIRp157Va+EVXc="></latexit>

ŷ = ŷ0 = 0

<latexit sha1_base64="EHQNuzRauOjz5sC9xFaqtntj0aQ="></latexit>

UV-brane
<latexit sha1_base64="I+wE7GGp+1vWXAG2iJk3P8m/vzQ="></latexit>

IR-brane
<latexit sha1_base64="a5TR2obY/6Jopb3XrqXXmLdH3ws="></latexit>

bulk

<latexit sha1_base64="M1Os3TIperwoOu3ulh85LY7putU="></latexit>

0 < ŷ <
1

2

<latexit sha1_base64="fH5tlkAMlTEY34xbQre8XUwrQes="></latexit>

ŷ = ŷ1 =
1

2

Local ECs transformations 
Local ECs transformations behave differently on the UV-brane and the others.

●●●●●
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On the UV-brane

<latexit sha1_base64="WfbD3gSdbIYKoXCREyVKi3a6olg="></latexit>

P 0
i = exp [�i {fa+(ŷi + ŷ)� fa+(ŷi � ŷ)}T a+ ]Pi

! Pi (ŷ ! 0)

<latexit sha1_base64="CDMJFYw4xr+FvRLgSDOSEpoD83w="></latexit>

P 0
i = exp [�i {fa�(ŷi + ŷ) + fa�(ŷi � ŷ)}T a� ]Pi

! e�ic
a�
i Ta�

Pi (ŷ ! 0)

On the UV-brane ( N𝑦 → 0), for any local transformations,
<latexit sha1_base64="NV6x3xE53V1Lj7oKRlLcqk6qqok="></latexit>

⌦(ŷ) = exp [ifa(ŷ)T a]

0 1/2
2𝑦

𝑐!
"!/2

𝑐#
"!/2

𝑓"!( 2𝑦)Commutative type:

Anti-commutative type

●●●●●
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On the UV-brane

commutative
mixed

anti-commutative

<latexit sha1_base64="G+UGrMgqoUlxoGAD2SATm+sld/Y="></latexit>

(P 0
0, P

0
1)

<latexit sha1_base64="Zn9/D7CB9R3lj8fBI6z0Ewk5o4k="></latexit>

(P0, P1)
<latexit sha1_base64="grktPZZUcqKPd8PpTXaF36SGPFc="></latexit>

(P0, e
iT+�

P1), (eiT
�+

P0, P1)

<latexit sha1_base64="QBYi7JzRu4mEthfvMfgHplYs1+k="></latexit>

{T a}

<latexit sha1_base64="Uy36Z6vy1CCKO5PmpkAAkyOfu1o="></latexit>

(eiT
��
0 P0, e

iT��
1 P1)

not simultaneously,
but independently

On the UV-brane ( )𝑦 → 0)

●●●●●

𝑇&,, = 𝑐&
'""𝑇&

'""

𝑇",, = 𝑐"
'""𝑇"

'""
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On the UV-brane

𝑃& 𝑃"

→

𝑃&( 𝑃"(

e.g.) anti-commutative type: 𝑝, 𝑞, 𝑟, 𝑠 = [2,0,0,2]

𝑝

𝑠

𝑝
𝑞

𝑟
𝑠

[2,0,0,2] [1,1,1,1]

<latexit sha1_base64="fnZ0EwsHdb2r+Dm1SM5x+GiVYGY="></latexit>

diag(eiT
��
0 ) = diag(Ĩp,X , Ĩs,X)

<latexit sha1_base64="V/N/Vl8N4C3ZOvG7WUmzN8aprUo="></latexit>

diag(eiT
��
1 ) = diag(Ĩp,Z , Ĩs,Z)

𝑋 = 0
𝑍 = 1

●●●●●
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On the UV-brane

<latexit sha1_base64="6ZKRqZy3bZcK3jUX/UIQkf/iG7U="></latexit>

[ p, q, r, s ] ⇠ [ p� 1, q + 1, r + 1, s� 1 ]

⇠ [ p+ 1, q � 1, r � 1, s+ 1 ]
Only this ECs!

commutative
mixed

anti-commutative

<latexit sha1_base64="G+UGrMgqoUlxoGAD2SATm+sld/Y="></latexit>

(P 0
0, P

0
1)

<latexit sha1_base64="Zn9/D7CB9R3lj8fBI6z0Ewk5o4k="></latexit>

(P0, P1)
<latexit sha1_base64="grktPZZUcqKPd8PpTXaF36SGPFc="></latexit>

(P0, e
iT+�

P1), (eiT
�+

P0, P1)

<latexit sha1_base64="QBYi7JzRu4mEthfvMfgHplYs1+k="></latexit>

{T a}

<latexit sha1_base64="Uy36Z6vy1CCKO5PmpkAAkyOfu1o="></latexit>

(eiT
��
0 P0, e

iT��
1 P1)

On the UV-brane ( )𝑦 → 0)

●●●●●



43

<latexit sha1_base64="GzORSBDmJJU7hXIRp157Va+EVXc="></latexit>

ŷ = ŷ0 = 0

<latexit sha1_base64="EHQNuzRauOjz5sC9xFaqtntj0aQ="></latexit>

UV-brane
<latexit sha1_base64="I+wE7GGp+1vWXAG2iJk3P8m/vzQ="></latexit>

IR-brane
<latexit sha1_base64="a5TR2obY/6Jopb3XrqXXmLdH3ws="></latexit>

bulk

<latexit sha1_base64="M1Os3TIperwoOu3ulh85LY7putU="></latexit>

0 < ŷ <
1

2

<latexit sha1_base64="fH5tlkAMlTEY34xbQre8XUwrQes="></latexit>

ŷ = ŷ1 =
1

2

Local ECs transformations 
Local ECs transformations behave differently on the UV-brane and the others.

●●●●●
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On the Bulk and IR-brane
Commutative type:

<latexit sha1_base64="L5aIdU5K21GSxoC6jtIwwSr5z9c="></latexit>

P 0
i = exp

⇥
�i {f(ŷi + ŷ)� f(ŷi � ŷ)}T++

⇤
Pi

<latexit sha1_base64="yG1kCXqvmpisTIsOYgaCx1EA9zQ="></latexit>

f0(ŷ) =
1

2
tanh [� (ŷ � (ŷ0 � ✏)],

f1(ŷ) =
1

2
tanh [� (ŷ � (ŷ1 + ✏)]

<latexit sha1_base64="jXiD1hOgb3B4y4R74xhdmODJsEU="></latexit>

1/� ⌧ ✏ < ŷ < 1/2Bulk area:

f0 f1

-0.5 0 0.5 1

-0.5

0

0.5

-0.5 0 0.5 1

-0.5

0

0.5

y

<latexit sha1_base64="gUALayb3i4/wXG7u05dk2CBEvrs="></latexit>

ŷ0
<latexit sha1_base64="l8IVBataZUwfT6RLMCOnh+ghyX8="></latexit>

ŷ1

<latexit sha1_base64="52GZu4V/yoY488obhHuMQaA51Fk="></latexit>(
@MP 0

i = 0

P 0 †
i = P 0

i⇒ ECs gauge conditions are achieved!

●●●●●
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On the Bulk and IR-brane
Using parameters 𝑓"( N𝑦),
<latexit sha1_base64="n9TDUBltw+hEOlRh03GhDfAxD5Q="></latexit>

(P 0
0, P

0
1) = (P0, e

�iT++
1 P1)

𝑃& 𝑃"
𝑝

𝑞

𝑟

𝑠
<latexit sha1_base64="fTQ0nSGoU8HVL8qxSbG74hCj13g="></latexit>

= Ĩ : diagonal matrix with ±1

𝑃&( 𝑃"(

→

Freely flip!

<latexit sha1_base64="uaAjWqF0sEmVwuWykgFuA+xUG8k="></latexit>0

BB@

? 0 0 0
0 ? 0 0
0 0 ? 0
0 0 0 ?

1

CCA

All set of the BCs are connected!

<latexit sha1_base64="jCoUkvaAxoXuaqDSvWqZ+fKhqvc="></latexit>

diag
⇣
eiT

++
1

⌘
=

0

B@
eia1 0

. . .
0 eiaN

1

CA

●●●●●



Summary

●●●●●
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Summary (1/2)
● Symmetry breaking are caused by Boundary Conditions (BCs).

● Gauge-connected BCs belong to Equivalence Class (EC).

𝑃#, 𝑃!

symmetry SU(2)×U(1)U(1)×U(1) U(1)

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="9+aOlwdNz+N4zR3r4mNmc4F06fg="></latexit>0

@
�1 0 0
0 1 0
0 0 �1

1

A

<latexit sha1_base64="6doHm1Eb/xb0B2VzljfNV6TiopM="></latexit>0

@
�1 0 0
0 0 �i
0 i 0

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A
<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

,,

belong to the same EC

●●●●●
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Summary (2/2)
● On the UV-brane, only the known ECs are constructed.

● On the bulk and IR-brane, all sets of the BCs are connected.

Just
known ECs!

All BCs (ECs) 
are connected

UV-brane Bulk IR-brane

Only
one EC !

ECs

<latexit sha1_base64="0ld8DpbHxNTmSnxt1ah6feT+Qp8="></latexit>

[ p, q, r, s ]

⇠ [ p± 1, q ⌥ 1, r ⌥ 1, s± 1 ]

●●●●●
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Summary (2/2)
● On the UV-brane, only the known ECs are constructed.

● On the bulk and IR-brane, all sets of the BCs are connected.

Just
known ECs!

All BCs (ECs) 
are connected

UV-brane Bulk IR-brane

Only
one EC !

ECs

<latexit sha1_base64="0ld8DpbHxNTmSnxt1ah6feT+Qp8="></latexit>

[ p, q, r, s ]

⇠ [ p± 1, q ⌥ 1, r ⌥ 1, s± 1 ]

Thank you for listening!

●●●●●



Follow-up

●●●●●
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Applications (1/2)
●Apply to phenomenological models

𝑆𝑈 2 ×𝑈(1)

𝑆𝑈(3)

e.g.) 𝑃& = 𝑃" = diag (−1,−1,+1)

UV-brane Bulk IR-brane

𝐴%& =

<latexit sha1_base64="5DGI8k8QOQkV8Y94GJyeHaaYarc="></latexit>0

@
? ? 0
? ? 0
0 0 ?

1

A

<latexit sha1_base64="bV1C/vZfHXB1G0qB/t0Sgad/+Hk="></latexit>0

@
? ? ?
? ? ?
? ? ?

1

A𝐴%& =

𝑆𝑈 2 ×𝑈(1)

𝐴%& =

<latexit sha1_base64="5DGI8k8QOQkV8Y94GJyeHaaYarc="></latexit>0

@
? ? 0
? ? 0
0 0 ?

1

A
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Applications (2/2)
●Approach to the arbitrariness problem of BCs:

UV-brane Bulk IR-brane

Each EC is
unrelated

All ECs are
related 

Which type of BCs should be selected 
without relying on phenomenological information?
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Symmetry Breaking by BCs

<latexit sha1_base64="oWfKs19PEE4nObp6ZcoQL48Po7k="></latexit>

P0 = P1 = diag (�1,�1,+1)

e.g.) SU(3)model

𝑆𝑈 2 ×𝑈(1) 4-D effective theory

<latexit sha1_base64="hw6WP+FrlSJhgS/b6ag5qcje+Ck="></latexit>

Aµ(x, yi � y) = PiAµ(x, yi + y)Pi

=

0

@
(+,+) (+,+) (�,�)
(+,+) (+,+) (�,�)
(�,�) (�,�) (+,+)

1

A

𝑃&, 𝑃" parity
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Symmetry Breaking by BCs

𝑃#, 𝑃!

𝐴$#

<latexit sha1_base64="MPrhINJ8uIxu7BqMbPPppSuTjF4="></latexit>

H
BC

symmetry

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A

<latexit sha1_base64="9+aOlwdNz+N4zR3r4mNmc4F06fg="></latexit>0

@
�1 0 0
0 1 0
0 0 �1

1

A

<latexit sha1_base64="5DGI8k8QOQkV8Y94GJyeHaaYarc="></latexit>0

@
? ? 0
? ? 0
0 0 ?

1

A

<latexit sha1_base64="n5aVLI3W3BH9la03b52/0wxzLIE="></latexit>0

@
? 0 0
0 ? 0
0 0 ?

1

A

<latexit sha1_base64="bxn7Ej61cl8iT1If/iuuQKYlshE="></latexit>�
T 1, T 2, T 3, T 8

 <latexit sha1_base64="jDJOtvpzkDa65ZVg/CgX/l8O6Og="></latexit>�
T 3, T 8

 

,

SU(2)×U(1) U(1)×U(1) U(1)

<latexit sha1_base64="6doHm1Eb/xb0B2VzljfNV6TiopM="></latexit>0

@
�1 0 0
0 0 �i
0 i 0

1

A

<latexit sha1_base64="WfEv12U7O65vLg9oGn0I/bNzhQ0="></latexit>0

@
�1 0 0
0 �1 0
0 0 1

1

A
,

<latexit sha1_base64="in2BtYOA85auinrsAPPI9sxlWS4="></latexit>

{
p
3

2
T 3 +

1

2
T 8}

<latexit sha1_base64="PxIEnwkWWPDRPqaM0MS3m3RE7Mc="></latexit>0

@
0 0 0
0 0 ?
0 ? 0

1

A

<latexit sha1_base64="a+ssuSTsu2DQwfxH528n4F01jPg="></latexit>!
<latexit sha1_base64="sZZT3hjhle6R4tliiS8TJfOdPlE="></latexit>

H
BC = {T a

2 G |[T a, Pi ] = 0 (i = 0, 1)}
<latexit sha1_base64="9ZrOcaPU0PvLpRMEAWjYYaRDhDA="></latexit>

G 5D = {T a}
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Global ECs transformations (1/2)
<latexit sha1_base64="q4yafLuk6zdDYOqqlk9NQgzXVBk="></latexit>

⌦± = exp [i
ca±

2
T a± ]

<latexit sha1_base64="BaFVMcuL3cNbvIeHA/DdfQAGQcM="></latexit>

(T� = ca�T a�)

<latexit sha1_base64="f3+DOOXBxMUrBTX0T4Zzeac+sQA="></latexit>

P 0 = ⌦+P ⌦†
+ = ⌦+⌦

†
+P = P

<latexit sha1_base64="Uy98Yavk1BAE9IHC1S7C2FGOUAQ="></latexit>

P 0 = ⌦�P ⌦†
� = ⌦�⌦�P = eiT

�
P

𝑐'±: constant
<latexit sha1_base64="iWnMufAKUSPpnWK8GIRSdqqm/YQ="></latexit>

[⌦+, P ] = {⌦�, P} = 0

rotation factor
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ECs in 𝑆𝑈(𝑁) on 𝑆!/𝑍" (4/4)

● At a particular point, there are no further ECs.

●Outside of that point, 
there is a new type of ECs transformations!

ECs

Conclusion:
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Set-up in this section

●５次元時空座標

●複素スカラー場の理論

<latexit sha1_base64="H73nElsEJPzCGsyJxcNBInpVhx0="></latexit>

xM = (xµ, y)
<latexit sha1_base64="AF31b3juzju+KkSOO6L+sCHXA0A="></latexit>

(µ = 0, 1, 2, 3)

<latexit sha1_base64="tVoOrhDuAEatyY9qkXsbLaHln6o="></latexit>

gMN = diag(+,�,�,�,�)

<latexit sha1_base64="E22stD2hN4ps5YH2Xv5+blJrYQ8="></latexit>

S =

Z
dx4dy

⇢
�1

2
�†@M@M�(x, y)

�

<latexit sha1_base64="7XOK1LI1RnnUxg6zkzcOUbAca6I="></latexit>

=

Z
dx4dy

⇢
�1

2
�†(@µ@

µ � (@y)
2)�(x, y)

�
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KK expansion on 𝑆!
●KK展開

<latexit sha1_base64="mEuq5mqfFqloEExtCHkDExVWCHY="></latexit>

�(x, y) =
1p
2⇡R

1X

n=�1
�(n)(x) exp

 
�i

n+ �
2⇡

R
y

!

●４次元有効理論
<latexit sha1_base64="dnk2HyLoQIzNH7GKILQGd5CCuCk="></latexit>

S =

Z
dx4L4D =

Z
dx4

(
�1

2

1X

n=�1
�(n)† �@µ@µ +m2

n(�)
�
�(n)(x)

)

<latexit sha1_base64="mmOmKtC1lMkhvI6E3gkJ4rNsOxs="></latexit>

m2
n(�) ⌘

 
n+ �

2⇡

R

!2

<latexit sha1_base64="/f1qfxiXO3JyyLdlByZmhBsILsc="></latexit>

(1/R ! 1)
mass spectrum
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KK expansion on 𝑆!/ℤ"
(i) 𝑃&, 𝑃" = (+,+)

(ii) 𝑃&, 𝑃" = (−,−)

(iii) 𝑃&, 𝑃" = (+,−)

(iv) 𝑃&, 𝑃" = (−,+)

<latexit sha1_base64="7VBY21O+xAXcSAQ4xOK0KwZZQbQ="></latexit>

�(x, y) =

r
2

⇡R

1X

n=1

�(n)(x) sin
⇣ n

R
y
⌘

<latexit sha1_base64="B8VIaPiKRr6ZVmQpbucWOJAI5qQ="></latexit>

�(x, y) =

r
2

⇡R

1X

n=0

�(n+ 1
2 )(x) sin

✓
n+ 1

2

R
y

◆

<latexit sha1_base64="ahIHVPNEVH8stIEe0Fm+JbBQpbg="></latexit>

�(x, y) =

r
2

⇡R

1X

n=0

�(n+ 1
2 )(x) cos

✓
n+ 1

2

R
y

◆

<latexit sha1_base64="yovXbyCntit/13hi9EAjCeg2FW0="></latexit>

�(x, y) =
1p
⇡R

�(0)(x) +

r
2

⇡R

1X

n=1

�(n)(x) cos
⇣ n

R
y
⌘
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Equivalence Classes
gauge

EC gauge

residual gauge
<latexit sha1_base64="QNux1voAEXt7quO33Lw4sAKGows="></latexit>

P 0
i = Pi

<latexit sha1_base64="1oHJyk34YqKikDiQZ+d7UYJkzFs="></latexit>

@MP 0
i = 0

<latexit sha1_base64="NcsETGD0+u6H5a0brJYgeCVF0Bg="></latexit>

P
0†
i = P 0

i

<latexit sha1_base64="f5Rq3o1SrGTZ+ivO0E0m4FQHPqo="></latexit>(

low-ene 4D 
<latexit sha1_base64="VhKvqCL7VLqwrM341RZZnYSPu4M="></latexit>

[Pi ,⌦(x) ] = 0
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EC Gauge Transformation
e.g.) SU(2)model

<latexit sha1_base64="87OhI5E03g+RyfFtfY+6X4UPTUQ="></latexit>

P0 = P1 = �3

<latexit sha1_base64="/vVXd8XKQwDd1L6sLoRwy9oQ91s="></latexit>

⌦(y) = exp
h
i⇡

y

2⇡R
�1

i

<latexit sha1_base64="KF4l7YojSaOLDzHjDXYVj19nPyY="></latexit>

P 0
0 = ⌦(�y)P0⌦

†(y) = ⌦(�y)⌦(y)P0 = P0

<latexit sha1_base64="sLzwTCA+ybnXAYWbjzTtrRJZQtA="></latexit>

P 0
1 = ⌦(⇡R� y)⌦(⇡R+ y)P1 = ⌦(2⇡R)P1 = �P1

<latexit sha1_base64="f5Rq3o1SrGTZ+ivO0E0m4FQHPqo="></latexit>(

<latexit sha1_base64="yV/nqukLuS0+sxhak6K2uQGFLtA="></latexit>

(�3,�3) ⇠ (�3,��3)

<latexit sha1_base64="vXV2+shTzSNFDzKo9Lel0ScZVsM="></latexit>

[ p, q, r, s ] ⇠ [ p� 1, q + 1, r + 1, s� 1 ] ⇠ [ p+ 1, q � 1, r � 1, s+ 1 ]

<latexit sha1_base64="oJu4l8q9lS/RsjaOZwrw2QpSkno="></latexit>

[1, 0, 0, 1] ⇠ [0, 1, 1, 0]

In general,
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Physical Symmetry

<latexit sha1_base64="zm6SR2P5pquweLqRijGU0UMB/7E="></latexit>

H
phys =

n
T a

2 G

���
h
T a, P phys

i

i
= 0 (i = 0, 1)

o

●Wilson line phase (AB phase)

<latexit sha1_base64="Ucd0SuZVX+R4ZxryykNNhf9d+k0="></latexit>

Veff (A
c
M ;P0, P1) = Veff (A

0c
M ;P 0

0, P
0
1)

●１つの同値類で実現される物理は１つ

●Physical symmetry
<latexit sha1_base64="YIvhDSaRsQd4U3+Ux9LaY4uBRyg="></latexit>

(Ac
y ;Po, P1) ⇠ (A

0c
y = 0 ;P phys

o , P phys
1 )

<latexit sha1_base64="ZpmMuWaRdMxEsJWoEQ2CPd5k+WA="></latexit>

WT ⌘ P exp

"
ig

Z 2⇡R

0
dyAy(x, y)

#
T

Hosotani(1989)

<latexit sha1_base64="LB9SVvzmKyoxlnzEQf2qbqrj5tA="></latexit>

(T = P1P0)
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Number of ECs

<latexit sha1_base64="qWB1Wv5f5b0FLoyo4zCyMHkwlWc="></latexit>

N+3C 3 �
N�2X

k=0

k+1C1 N�k�1C1 = (N + 1)2

●𝑆𝑈(𝑁)ゲージ理論の同値類の個数


