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Introduction



‘ Extra dimensions

matter (fermions) gauge bosons
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‘ Extra dimensions

models
* Gauge Higgs Unification (GHU),
- Large Extra Dimension (LED),
- Randall Sundrum (RS),

Scenario beyond the SM:
4-dimension +.Extra-Dimension?

approach

* Hierarchy Problems,
(% * DM, Strong CP, Baryon Asym,
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‘ Compact space

Where??
X3
X2
X1
4 N
T )




‘ Compact space

Where?? 4D effective theory:

X3 d*x dy £L°P (zt,y) = | d*x L2, (x*)
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‘ Boundary Conditions (BCs)

infinite interval: y € (—o0, +0)

e.g.) ST compactification by = +00) = dd(y = +00) = 0

Ty finite interval: y € (0,2nR)
oy =0) =4o(y =27R)?
¢y =0) = —o(y = 2 R)?
¢y =0) = Gieﬁb(y = 27 R)? Interesting!

s

Which.BCs.should.we.choose? “
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BCs on S1/Z,



‘ St circle

+Y

ST circle
TR 0

cannot realize
Chiral Asymmetry

y~y—+2rR




&) s'/z, Orbifold

+Y

TR 0

S1/7., orbifold

realize
Chiral Asymmetry!
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realistic minimum model




&) s'/z, Orbifold
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Brane World Scenario

There are two branes at the fixed points in the bulk.

UV-brane Bulk IR-Brane

/ /

Yo =0 O<y<mR |y,=nmnR




‘ SU(N) model on S§'/Z, orbifold

M = (4#,i7°)

)
1 N
£ = ——FMNFMN(I', y) —+ \IJZFMDM\IJ(CL', y)
4 5 {FM’FN} _ 277MNI4X4
V(z,y; —y) = Py’ V(xr,y; +y .
< ( ) v ( ) D = Our — igAn
Ay(z,y; —y) = PBA(z,ys +y) P (1=0,1) FMNZEUMIDM
Ay(r,y; —y) = —PiAy(x,y: +y) P g
\ Yo = 07 Yy — TR

Unitary + Parity = Hermite P Hermitian NXN matrices
P! = Pj P =1 P; =P =P "7 with +1 eigenvalues @



‘ Symmetry Breaking by BCs

Different BCs generally produce different symmetry.
e.g.) SU(3)model

-1 0 0 -1 0 0\ /-1 0 0 -1 0 0\ /-1 0 ©
PO»Pl (0 -1 0) (0 -1 0) (0 1 0) (0 -1 0) (o 0 —z)
0 0 1 0 0 1/ \o 0 -1 o 0o 1/,\0 i 0
* x 0 * 0 0 0 0 0
A2 (* * O) (O * 0) (O 0 *)
0 0 % 0 0 % 0 « 0
generators | {T T2 T3 T8} {T°, 7%} {§T3+%T8}

symmetry SU(2)xU(1) U(1)xU(1) U(1) Q







‘ Equivalence classes

Different BCs always lead to different theories?

-1 0 0 -1 0 0\ (-1 0 0 -1 0 0\ /-1 0 0
PO»Pl (0 —1 0) 0 -1 0) (o 1 0) 0 -1 0) (o 0 —i
0 0 1 0 0 1) \0 0 -1 o o 1/,\0 i 0
* % 0 * 0 0 0 0 0
Ag (* * 0) (O * 0) (O 0 *)
0 0 x 0 0 x 0 = 0
generators | {71 T2 T3 T%) {T°,7T°} {?T?’ %TS}
symmetry SU(2)xU(1) U(1)xU(1) U(1)




o
‘ Equivalence classes

Different BCs always lead to different theories? —a .+ Not necessarily!

-1 0 0 -1 0 0\ /-1 0 0 -1 0 0\ /-1 0 0
PO»Pl (0 —1 0) (0 —1 0) (o 1 0) (0 ~1 0) (o 0 z)
0 0 1 0 0o 1), \o 0o -1 o o 1/,\o0o i o
* % 0 * 0 0 0 0 0
A2 (* * 0) (o * 0) (0 0 *)
0 0 «% 0 0 «x 0 = 0
generators | {7 T2 T3 T8} {T°,7T°} {?T?’—F%TS}
symmetry SU(2)xU(1) U(1)xU(1) U(1) @




‘ Gauge transformation for BCs

/

U(z,y; —y) = P V(z,y; +y) (P] =P =P
! A,y —y) = PiA (2,9 +y) P

Ay(xa Yi — ?/) = —PiAy(il?, Yi + y)qu
\ \o\
Gauge.nvariantsy

Gauge Transformation
U (z,y) = Q(z,y)¥(z,y)

Ay (2, ) = Qs y) An (2, 5)2 (2, y) — gfz(x,y)aw—l(x,m o




N\

( U(z,yi —y) = P’ U(z,y; +y) (P =P =P
Az, yi—y) = PA,(z,y; +y)P;
Ay(xayi — y) — _PiAy(xayi + y)qu
\
1
[ U2,y —y) = P[0 (2, y; + )
A (wy; —y) = PLA, (2, yi + y) P, = PO, P!
/ Y. "t / "t
P! = Q(z,y; — y)Piﬂ‘L(x, yi +y)

‘ Gauge transformation for BCs

Not.invariant!

Q



‘ Gauge transformation for BCs

( W(z,y; —y) = Py U(z,y; +y) (Pl =P =P

! Aulz,yi —y) = PiA(z,yi +y) P
Ay(xayi —y) = _PiAy(xayi + y) P;

P/ = P (i=0,1)

1

= gauge invariant
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‘ Gauge transformation for BCs

( U(x,y—y) = PY°Y(z,y +y) (Pl =P =P
! Aulz,yi —y) = PiA(z,yi +y) P
Ay(xayi — y) — _PiAy(xayi + y)Pz‘

+ = notinvariant,
)
V' (2,y; —y) = Py’ V' (2,y: +y) but P/ become
§ AL(x,y: —y) = PIA,(z,y: +y) PJr P/@/{ other.BCs !
\ A;J(x,yz y) = =P A (z,y; +9)Pz‘T — Py




‘ Equivalence Classes (1/2)

® Equivalence Classes (ECs)

(Po, Pr) ~ (P, Pp)

ECs gauge
® ECs gauge transformations ¢ conditions

O P! =0 f%: parameters
p't— p T%: generators

e

Ay) = exp [if*()T]  with {



e.g.) SU(3)model

‘ Equivalence Classes (2/2)

-1 0 O
0 -1 0
0 0 1

1 0 0\ /-1 0 0 0 0\ /-1 0 0
Py, P; (0 -1 0) (0 1 0) -1 0) (0 0 =i
o 0 1) \o 0o -1 0o 1) \0 i 0
symmetry U(1)xXU(1) SU(2)xU(1) U(1)
1 | l
. Y (00 - /
Qy) exp [Zﬂ' o R (O 01>] exp [z( ——




‘ ECs in SU(N) on S1/Z,

® Well-known ECs gauge transformations on S1/Z,

Qy) = exp [i—2—0°T%] —a, [P s]~[p=1,¢+1r+1,5—1]
2kt ~|p+1l,g—1,r—1,s+1]

® Rearrangement
N

Py =diag (+1,...,+1,+1,...,4+1,—1,...,—1,—1,...,—1),
Py = diag(+1,...,+1,—-1,...,—1,+1,...,4+1,—-1,...,—1),
2: ‘qf 7 SZN:;—q—r

(Lo, 1) = p,q,r,5] Q




‘ ECs in SU(N) on S1/Z,

® Well-known ECs gauge transformations on S1/Z,

Qy) = exp [i—2—0°T%] —a, [P s]~[p=1,¢+1r+1,5—1]
2t ~|p+1l,g—1,r—1,s+1]

Onlyz_ * No other ECs gauge transformations?

 Different ECs are unrelated to each other?

(268



Analysis of
ECs transformations

arXiv:2301.12938 [hep-th]



‘ Questions

s there a set of parameters f%(y) satisfying ECs conditions?

?
(Po, P1) ~ (Py, P)




‘ Diagonalizablity

® On S'/Z, , the BCs (P,, P,) are always diagonalizable, Kewamura(2020)

(Po, Py) ~ (Py"9, P9

® Rearrangement

N
Py =diag (+1,...,+1,+1,...,+1,—1,...,—1,—1,...,—1),
P, = diag(+1,...,+1,—-1,...,—1,+1,...,4+1,—1,...,—1),
‘pr 2? 7 S:N:Ir)—q—r

(Po,P) = [p,q,7,5] @



To++ —

T+ =

SO xr OO OO O

x O OO OO x O

O OO X O X OO

0 0
0 *
a+_ —

0]’ I 0
* 0
0 0
* a_ |0
0]’ I |0
0 *

wJ

p

Qo OO0 OO O *

‘ Classification of

S[ocoo* © *x oo o

m‘

enerators

Kawamura(2020)

% : a sub-matrix
0 : zero sub-matrix

QT

0
0
*7
0
*\ ]
0113
07
0/ 1
J
S

[T+, Py = [T+, P1] =0,

[T, Py] = {T", P} = 0,
{T+ Py} =[T+,P] =0,
(o, Py} = {1°—, P} =0, | €




‘ Classification of Transformations

(i) Commutative type: {T%++}

4, Pol = [Q44, A =0

(i) Mixed type: {T%+-} or {T%+}

Q4 B] ={Q4_, 1} =0

(iii) Anti-commutative type: {T%--}

{Q——vp()} — {Q——vpl} =0



‘ Global ECs transformations

c
) =exp|t ETG] c?: constant

{7} (Po, P1) Po, Py Py, P
commutative (Po, Pr) HE S| (=
mixed (Po, T P, (T PP | [mpmp|>[m
anti-commutative (e Py,et Py) =N

Is there a set of parameters such that the rotation factor e

becomes a non-trivial real diagonal matrix?

iT™

32




‘ Simple Example

e.g.) mixed type for U(2) matrix




‘ Simple Example

e.g.) mixed type for U(2) matrix

(") ne(t ) s me( ) 7O

P, P, P} Pl
p=1| = = N C q=1 » [@)
q=1 » - p=1 = \»/

[1,1,0,0] [1,1,0,0]\/

A set of BCs |p, g, 1, 5] are invariant %




‘ General Example

e.g.) anti-commutative type for U(N) matrix

diag(e'’ ) =

A, B: sub-matrices L, x: diagonal (pxp) sub-matrix with +1
X :the number of —1 components




‘ General Example

e.g.) anti-commutative type for U(N) matrix

Po P4

o | L= (D
» e.g.) .

- X=1
q » & Y=0 q
N :; N N

r «» r
S lnd

S «« . » . o
& @ | Ipg.rslisinvariant! |



Local ECs transformations

Local ECs transformations behave differently on the UV-brane and the others.

- —

UV-brane bulk IR-brane

<y
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N
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Nag
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DO | —




Local ECs transformations

Local ECs transformations behave differently on the UV-brane and the others.

- —

UV-brane bulk IR-brane

<y
I
N
o
I
)
)
VAN
Nag
VAN
DO | —




‘ On the UV-brane

On the UV-brane (y — 0), for any local transformations,
Q(g) = exp [i.f*(9)T°]
Commutative type:

P =exp [—i {f*"* (G +9) — [ (5 —9)} T*]|P;
— P, (y—0)

I ~
Anti-commutative type yed —> Y

P =exp|—i{f* (g +y)+ f* (W —9)}T* P

S e TR (5 0) (35




‘ On the UV-brane

On the UV-brane (¥ — 0)

{1}

(Fg, Pr)

commutative

(Po, Pr1)

mixed

(P(b

R, (€7 Py, Py)

anti-commutative

(GzT PO ‘Pl

- _ a__

— _ a__

TCl__
TCl__

N

not simultaneously,
but independently @



‘ On the UV-brane

e.g.) anti-commutative type: [p,q, 1, s] = [2,0,0,2]

diag(eo ) = diag(l,x, Isx)
diag(er ) = diag(Ip @, Is2)

P, P, P, P
. » = ¥ =0 » = ||
» = @ » @ |]|q
. a @ & e s A
& @ |[2,00:2] aw ] [1,1,11]




‘ On the UV-brane

On the UV-brane (¥ — 0)

{1} (Po, Pr)
commutative (Po, P1)
mixed (P, T Py, (T Py, Py)
anti-commutative (e'to )Py ‘Pl

\L> [p,q,r,s]fv[p—l,q+1,7“+1,8—1]
N[p+17q_177a_178+1] @



Local ECs transformations

Local ECs transformations behave differently on the UV-brane and the others.

- —

UV-brane bulk IR-brane

<y
I
N
o
I
)
)
VAN
Nag
VAN
DO | —




Commutative type:

Pl =exp [—i{f(4: +9) — f(0i — 9} TP,

fo) = 5 tanb A (5 — (3o — )
f1(9) = 5 tanh A (G = (31 + o)

Bulkarea: 1/ A <e<y<1/2

= ECs gauge conditions.are achieved!

‘ On the Bulk and IR-brane

-~

0.5¢

-0.5




‘ On the Bulk and IR-brane

Using parameters f; (), 3 2 8 8 -
00 x 0 p
) 0 0 0 %
(Pg, P) = (Po, e Py) :

et 0 :
diag (eiT1++) = . i
0 elanN :

— ] :diagonal matrix with +1

o, All set of the BCs are connected!

Py Py

4§83
LR R 4R 4

LIk

T

Tt

Freely.fl



Summary




&) Summary (1/2)

® Symmetry.breaking are caused by Boundary Conditions (BCs).

® Gauge-connected BCs belong to Equivalence Class (EC).

0
0

0 0\ /-1 0 -1 0 0 0 0\ /-1
Py, P4 0 -1 o) (o 1 ) (0 —1 0) (0 1 0) (0 —i
o 0 1/ \o 0 -1 0 0 1 0 0 1/ \0 0
symmetry U(1)xU(1) SU(2) X U(1) U(1)
/ \ /
\\/ N——_

belong to the same EC




&) Summary (2/2)

® On the UV-brane, only.the known ECs are constructed.

® On the bulk and IR-brane, all sets of the BCs are connected.

o
O O 6

OO All BCs (ECs)

[P, q,7, 5]
ptl,qF 1L, rF1 s:I:l]E/Cs/O/ are connected

UV-brane Bulk IR-brane %




‘ Su Ma ry (2/2) Thank you for Listening' g

® On the UV-brane, only.the known ECs are constructed.

® On the bulk and IR-brane, all sets of the BCs are connected.

o
O O 6

OO All BCs (ECs)

[P, q,7, 5]
ptl,qF 1L, rF1 s:I:l]E/Cs/O/ are connected

UV-brane Bulk IR-brane Q




Follow-up




‘ Applications (1/2)

® Apply to phenomenological.models

e.g.) Pp = P; =diag (—1,—1,+1)

-

SUQ)xU(1)

0 —
- (

S X ot
S ot
x O O

|

l\

N

/
==
|
- O &
/ )75\
UV-brane Bulk IR-brane

o

SU(3) A
A2=<: : :)
*x kK /
-
SU)xU(1)

* %
AO= * ok
3 0 O




‘ Applications (2/2)

® Approach to the arbitrariness problem of BCs:
[ Which type of BCs should be selected ]

without relying on phenomenological information?

/. - - /
Each EC s @__ e~ All ECs are
unrelated A lated
O el o elate
O ---7)F
-7
/ /

UV-brane Bulk IR-brane



‘ Symmetry Breaking by BCs

e.g.) SU(3)model

Po — P1 — dZCLg (—1, —1, —I—]_)

Az, yi —y) = P A (v, y: +y) P P (Py, Py) parity

(+:+) (++) (=)
=+ (H+) (=)
(=) (=~)

2 SU(2)xU(1).4-D effective theory &




HEC ={Tc G|[T?, P;]

‘ Symmetry Breaking by BCs

=11y — =0(i=0,1)}

1 0 0 1 0 0\ /-1 0 0 1 0 0\ /=1 0 0
Py, P4 (0 1 0) 0 -1 0) (o 1 0) 0 -1 0) (o 0 —i
0 0 1 o o 1) ,\o 0o -1 o o 1/,\0o i o
* x 0 * 0 0 0 0 O
AO (* * 0) (O * 0) (O 0 *)
H 0 0 =% 0 0 % 0 = 0
3 1
HEC | T T2, TR T {17, 1%} {gT?’ i
symmetry SU(2)xU(1) U(1)xU(1) U(1)




‘ Global ECs transformations (1/2)

c?+

Q4 =exp [z’7T“i] c?t: constant Q ,Pl={Q_,P}=0

vy A
P=q.PQl =00l P=p

vy vV o
P=Q0.PQl =Q_ Q. P=T"p (T™ =c*T%)

\

Lotation factor




@ ECs in SU(N) on S1/Z, (4/4)

Conclusion:

® Outside of that point,




‘ Set-up In this section

® 5 /R ohFZERRA

SHIE

M= (2" y)  (p=0,1,2,3)
O EBR AN T —I5DIEH

1
S :/d$4dy {_i@TaMan)(xa y)} gMN — d’LCLg(—F, DR _)

-~ fastay {3 8'0,0 - @0}



‘ KK expansion on S1
® KKEFH

1 n+ 2
O(z,y) = Vorf 2 Z o) ( )eXp< — y)

— 00

® 4 RouBMiEm (1/R = ) o coactrum
1 & ol |
5= [ e = [ {_2 S @ (9,00 + m2(3)) <1><n><x>}

n=——oo

n ﬂ ’
m, (8) = ( ;2”> @




‘ KK expansion on S1/Z,

e \KRZ(D(R) )eos (59)
(i) (Po, P1) = (=, -) (z,) \KR Zcpw )sin ()

(ii}) (Po, P1) = (+,—) (z,y) = \K—R Z O+ 3) (1) cos (” ; %)

(iv) (Po, Py) = (=, +) (2,y) \KR Zq><n+ 2 sm( . ) @

(i) (POr Pl) — (+r +) (I)(CC y)

S
+
l\.')lv—\




‘ Equivalence Classes

P =P

low-ene 4D
[P, Q(z)] =0




‘ EC Gauge Transformation

e.g.) SU(2)model

Py=P =03 Qy) =exp [inj:Ral]

{ Py = Q(—y) P (y) = Q(—y)Qy) Py = Po

P1/ = Q(WR—y)Q(WR+y)P1 = Q(ZT&'R)Pl = —P

(0'3,0'3) ~ (0'3, —0'3) [1,0,0, 1] ~ [0, 1, 1,0]

In general,

p,q,r,5| ~ p—l,q—l—l,r—|—1,8—1 ~ p+1,q—1,7°—1,s—|—1




‘ Physical Symmetry

® Wilson line phase (AB phase)

27 R
WT = Pexp z'g/ dyA,(z,y)| T (T =P FP)
0

® 1 DDOEMEFATEIRNDYIE(Z 1 D Hosotani19s9)
Vers(ASys Po, Pr) = Verp(Afy; PG, PY)
® Physical symmetry
(AS ; Py, P1) ~ (A = 0 ; PPhys pPhvs)
prhys — {T“E G ) [T%Pfhﬂ —0 (i =0, 1)}



‘ Number of ECs

O SU(N)T — 1 5mDEMEFEDEZX

N—-2

N+3C'3 — Z k101 N_p_1C1 = (N +1)?
k=0




