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The motivation and idea

@ There are more matter than anti-matter at the present universe (Kneller
and Steigman, 2004).

@ Many scenarios: baryogenesis (Sakharov,1967;Yoshimura,1978),
leptogenesis (Fukugita and Yanagida, 1986), etc.

@ Describing how asymmetry which exists related to the past and how it
develops from early universe to present.

@ The origin of asymmetry of universe: “mass difference’” and
“interactions” of the scalar fields.

@ We study a simple model which generates particle number asymmetry
through “interactions” and develop formulation which is applicable to
various type of expanding universe.

@ We compute time evolution of asymmetry by using quantum field theory
with density operator.
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The Model

N: Neutral scalar, ¢: Complex scalar

s — /d&vchmr+ﬁm+fm—2M%

: ; 1
Ltee = g#VVMQ)TvV@ _ mé’¢‘2 + Eququ
M3 B2 . |
_TNNZ + 7(@‘)2 + o) + (%@2 + h.c.) R+ as)6’R
Lin. = AN +A"$N + Aolo’N

A: interaction (vertex) coupling, B: giving the mass difference of fields,
Qi matter-curvature coupling

The interactions among them are CP violating and particle number violating.
With this Lagrangian, we aim to produce the PNA through the soft-breaking
terms of U(1) symmetry whose coefficients are denoted by A and B?.
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U(1) transformation and initial condition

The particle number is related to U(1) transformation
e U(1) transformation of the complex scalar field ¢’ (x) — ¢(x)e®

@ U(1) charge: particle-anti particle number represented by particle
number operator N [Affleck and Dine, 1985],

NGE) = / Vg dx

ju(x) = i(QbTauﬁb - au¢T¢)
Initial condition: The state is given by density matrix

e BHo 1

1 = — =
plio) tre—FHo’ p T

The initial expectation value of scalar fields: ¢;(fo)
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The metric and Einstein equations

_ Friedmann Robertson Walker with scale factor a(x"),

g = (1, =’ (x°), =’ (x), =a*(x”))

i a\’ a
£)+ ()] -

a a a
* We consider Einstein equation for scale factor coupled
with scalar fields

R=6

.\ 2
00 component: — 3(1 — 87Gf;¢7) (6—1> +A = —8nGTy
a
i component: (1 — 87GBi¢7)(2ai + &) —a*A = —87GT;
off diagonal component: 0 = —87GT,,,(»,)

1 1 1
T = 0u0i0udi — & <§gaﬁaa¢iaﬁ¢i - Em,%,z + §Aijk¢i¢j¢k> 3

[m] [ = =
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The metric and Einstein equations

Space time: Friedmann Robertson Walker with scale factor a(x°),

g = (1, —az(xo), —az(xo), —az(xo))

(Z) " <a)2] HE) =1

Einstein equations (EE):| We consider Einstein equation for scale factor coupled

with scalar fields [We have not solved EE for the scale factor!]
.\ 2
00 component: — 3(1 — 87Gf;¢7) (a) +A = —81GTy
a
i component: (1 — 87GB;¢?)(2ai + a*) —a*A = —8nGT;
off diagonal component: 0 = —87GT,,,(»,)

[At present, we work for the case that the time dependence of the scale factor is given!]

1 1 1
T,J,y = 8H¢iay¢i — 8uv (Zgaﬁaa(bia/jd)i - im,z(ﬁ,z + 3Aijk¢i¢j¢k>
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Complex scalar in terms of real fields

One can decompose complex scalar — real and imaginary.

01+ iy

"="A

, 93 =

3

3
S Vg Vb Vi — 2 ()E] + b3 D didy

i=1 ij=1

o The mass terms, B and «,, break U(1) symmetry, so that one
complex scalar field splits into the two mass eigenstates of real
scalars

5 — B’ — (a2 + a3)R(x’),

é + B> + (o — a3 )R(X°).
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Current expectation value in terms of real fields

@ The current:
) 1 < 1 <
Ju = §¢2au¢1 - 5¢18u¢2

e Current expectation value with initial density matrix:
(jn(x)) = tr(ju(x)p(t0))
0 0 N
= Re. (@ - 8_}7“> Glz(xyy)|yﬂ + Re. {¢2(x)8u¢1(x)}

o G;(x,y) and ¢; are obtained from 2PI CTP EA.
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2PI formalism ( a brief review)

[E. Calzetta and B.L. Hu, Nonequilibrium Quantum Field Theory, Cambridge University, 2008]
The generating functional with source J and non-local source K is defined as,

WU Kl — / d@Exp{i {S+ / d*xJ 5 (x)® (x) + % / d*xd*y®* (X)KAB(W)@B(y)H

The sources are connected to the mean fields and Green’s function through

oW 4 W 1 4 AB
.= g =5l + GV

2PI CTP effective action (EA), I',, is given by Legendre transform W

Dol 6] = WULK] s — 3 Kuslée® + G

The equations of motion, i.e. Schwinger-Dyson equations, is given by

o,

0T 1
g

= —Jx — Kapo®; 5GAB _EKAB
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The sources are connected to the mean fields and Green’s function through

oW 4 W 1 4 AB
.= g =5l + GV

2PI CTP effective action (EA), I',, is given by Legendre transform W

Dol 6] = WULK] s — 3 Kuslée® + G

The equations of motion, i.e. Schwinger-Dyson equations, is given by
0T, oy 1
Sh 5GAB — 7B
[These are our main equation must be solved!]

= —Ja — Kapd®;
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2PI CTP EA in curved space

[Ramsey and Hu, 1997]
MUK = /dd)exp( {S—F/\/ x)d* xJ¢ +%/d4xd4y\/—g(x)¢?(x)
Xc K (3, 9)¢ 8 (1) V=5 0)] )

(G, d,5] = Sl g+ iTan G ' +Tp— %Tr 1

s / OS5 g,
G0
@ Solving Schwinger-Dyson equations (SDE) for field and GF
6—1} and oT
o 0GB
@ Inputting the solution to the current expression, one obtains

Gu0) = Re. (s = g ) Gratxl, + Re {00

él(x)} #0
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2PI CTP EA in curved space

[Ramsey and Hu, 1997]
MUK = /dd)exp (i {S—F / V—g@)d xJ{ gt + % /d4xd4y\/—g(x)¢?(x)
Xc K (3, 9)¢ 8 (1) V=5 0)] )
(G, 6,8] = S[¢,8l+ iTan G'+Tg— %Tr 1
5 S[¢7g] ab
d'x
+1/ / Ysarmod )

@ Solving Schwinger-Dyson equations (SDE) for field and GF

6—1} and oT
o 0GB
@ Inputting the solution to the current expression, one obtains
. 0 0 e, O
Gu0) = Re. (0 = 5 ) Gl + e { G000 } #0

[Non-zero current <> particle number violation (asymmetry)!]
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SDE for GF and field, and rescaling

It is more convenient to rescale field, GF and interaction coupling A as,

o) = (4 )3/2¢<x°>

a(x%)
a 3/2 a 3/2
e = () o (G)
A0y a(to) 2
@ = ()
Schwinger-Dyson equations (GF) :
2 2

[+ e P00 G

R Cub
= 2(6‘ : ((D®A) ’ A))zkxonj xovu( ) - ié‘fj(sxoyog

—i6,0r (K)aged Gy (k) + O(A%)
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SDE for GF and field, and rescaling

It is more convenient to rescale field, GF and interaction coupling A as,

o) = (4 )3/2¢<x°>

a(x

)
ouw = (a%))3/26<x°,y°,k> (81)/

a(x0)
3/2

A a(to)
ARY) = A

@ = (i)

Schwinger-Dyson equations (GF) : Inhomogeneous Diff. Eq. (IDE)
92 K2 rab /
[8x°2 + a(0)? + 7 (x )] Gijoy
Cub

= 2(6‘ : ((D®A) ’ A))zkxonj xovu( ) - ié-"j(sxoyoiS
0

—i6,0r (K)aged Gy (k) + O(A%)
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The solutions

We are interested the solutions up to first order of interaction coupling A.
612( Y 7k) = G(])(A)( Y ak)
Gily) = Gueel®) + ¢ ()

The solutions are written in terms of integral equations which are iteratively
solved by treating interaction coupling A is small.

0 0

Gz(E)A,O) = / RO(A) K Oldt / |:Q”0 Oto
Io

Iy

A -
—oM L ET Ky%} d,

where
Q;'(A) = 2c-{(D ®A) * Pree }1 - Gfree,ts
Ry = 2Gfree,ts : {(D 02y A) : (ﬁfree}s - C
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The solutions

We are interested the solutions up to first order of interaction coupling A.

GlZ(Xanovk) = G(]JEA)( Y 7k)7
Zix) = Giree(x) + &Y (x)

The solutions are written in terms of integral equations which are iteratively
solved by treating interaction coupling A is small.

XO

o - [ @ [ @6
Iy
~0i £ g

where Functions as solution IDE
o(A “ ~ o
Qt)s( )= 2¢ - {(D®A) - Prree}s - Gfree,ts
(A o “ N
R;s( ) = 2Gfree,ts : {(D X A) : (Pfree}s - C
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O(A) contribution to the current and the initial conditions

Up to o(A), the current reads

(5 )3%(””"(“:,/'(;&@&) Re G (", mw

> <>
FRE{P3 free (1) 21 free (¥ }HRE{ 25 e () Dy (1)}

+RC{A OA)( )auiﬁl,free(xo)}

@ The initial conditions for the field and Green’s function:

Frab s 1 sinh fw;(k) T S%I(IO) B 0
Gij,mm(k) = 6j zwi(k)am |:COSh Buwi(k) — 1] éigﬁg = ‘2

@ The non-zero asymmetry comes from O(A) contribution to the Green function.

. " dPk 0 0
(o(x*)) o) = / 2r) <c’)x0 - 0y0> [Re. G?z(A)( (),k)]|),(.ﬁ,x‘l
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The time dependence of scale factor

One expands scale factor around fy as follows,

a(xo) = Cl(l‘()) + (XO — l‘())il(l‘()) + ..., (0 <t < XO)
a® +a(x%) + ...

First we assume that @+ (x°) < a(™ (x%) when x° is near #y. Then one can
keep only the following terms,

a(x®) ~ a9 +a10

and a") (x9) for (n > 2) are set to be zero. Thus it can be written as,

= 1+ (xo — l‘o)H(t())

where H(ty) = %, and f is definite time.
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Linear H(#y) and O(A) contributions to PNA

(jo (X0)>0(A) = constant + dilution + freezing int. 4 redshift

0
2¢3 1 A123 &Pk [F 3
o / 173(.’(0 — lo)H(T())* 5 (T — T())H(I(])
o

.0 _
(o)) 15t “a ey
(- 3«);20,0) h Bwrx(to) [ [ =(0)r 5&© =~ (0)/
2w27k(lo) cot 2 Kz,x%,k 1,30,k szttoyk
0 0 ~(0
+w%,k(’0) (K2< X)Of() ka Kl( /\) 0¢ k) KZ(,Izg,k:| } - {1 And 2}] dta
. glo
L0 2¢3,10A123 d3k K3 o0) Bun k(o)
(o(x"))ang =——5—— oth
a4, (277 , ZWZ k t() 2
A g (1) g £ (0)/ (1) (0)7
% |:( 2,20, k 1,x0¢ k) 2,19,k + ( 2,x%%, k8 1,201,k + KZ 101, k8 Kl,xot,k) 2,11,k

0 .20 = (1
tw (l‘o) {( 2(,3010,k8 Kl(,x)o/,k) K2(7t)toyk

g 5gO &© & 2(0)
+ (KZ,XOt ka 201k +K 2,101 ka 1,0 k) K2,tto7kH } o {1 AN 2}] dt
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Linear H(#y) and O(A) contributions to PNA

Table 1: The classification of o(H,, ) contributions to the PNA

The effect

The origin

Dilution

The increase of volume of the universe due to

. 1 1
expansion, ——g3 — 7
p a(x0)? “?o

Freezing interaction

The decrease of the strength of the cubic in-
teraction A as A123 — Aqp3.

Redshift

The effective energy of particle, 207 +

m? (xY).
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Dependence on temperature 7-1

Amplitude of the oscillation decreases due to dilution, freezing interaction
effect and redshift effect.

60k — (o) (T=100)| |
(Jo(t)) (T=200)
40¢ — (jot)) (T=400) | |
__ 20f ]
c A A
2 0
> V \
20} ]
—40F ]
-60[ ‘
0 10 20 30 40 50 60

Figure 1: (i1, iy, B, H,, , w3,0)=(0.04,0.05,0.021, 10~3,0.0035), t = 0.35(x" |
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Dependence on temperature 7-2

We are interested for the case that the oscillation period is shorter than the age
of the Universe.

101 -+ {jo(t)) (T=50)
—{jo(t)) (T=100)
5t -=-{jo(t)) (T=200)
—{jo()) (T=400)

Uo(1)

0 20 40 60 80 100

Figure 2: (iny, 2, B, w3, H,,) = (2,3,1.58,0.35,1073)
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Dependence on parameter B

(O (B=0027)

o)

0 20 40 60 80 100

Figure 3: (i, T, H,,, w3 ,9)=(0.05, 100, 10~3,0.0035), 2B> = /% — i3
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w30 dependence

— (Jo(t)) (w3=0.0035)
2¢ — (o)) (w3=0.0045)
=== (jo(1)) (w3=0.008)
== (Jo(D)) (w3=0.012)
- (o) (w3=0.015)

(o(t))

0 20 40 60 80 100

Figure 4: (y, My, B, T, H,,)=(0.04,0.05,0.021, 100, 10~3).
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Dependence on the expansion rate H;,

— (jo())(H(#)=0)

S == (o) (H(tp)=10"%)
= (o) (H(t)=5x1074)
— (jo(D)(H(10)=10"%)

(o)

0 20 40 60 80 100

Figure 5: (i, iy, B, T, w3,0)=(0.04,0.05,0.021, 100, 0.0035).
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Comparison two different periods of the time evolution PNA

15F

101 ” n ” tg%ﬁ?%izoms
2 Z /\/\/\/\/\/\/\/\/\(\A
—10f U U

- 15 C Il Il Il Il Il Il
0 20 40 60 80 100
t

Figure 6: (T, H,,) = (100, 10~3). The black (shorter period) and black dotted (longer
period) lines show the parameter B, 1.58 and 0.021, respectively.
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Summary

e We study an interacting model which particle number asymmetry
is generated through interactions of scalar fields.

e The current for the particle and anti-particle asymmetry is given
up to the first order of A and linear H(f).

e Time evolution of the particle number asymmetry and its
parameter dependence is investigated.
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Parameters dependence for non-zero current

3 3 A .
a(x") 0 d’k 1o} 0 . 0 0
( 0 ) (o (x )>0(A) = / (273 <@ - ()7‘0> [Re.Grzim(x",y 7k)}|_‘.()*“()

ok NA 0 o 0NN o 0
+Re{9927l'ree(x )d,u,ualAfrcc(x )}J’_Re{ApZ,free(x )d;ﬁpl,int(x )}
“
+Re{¢;im(x0)8,u¢l.free(-xo)}

: 0_.0
= = = sin w; g (x"—y
B—0— w1,0 = wzyo,Kz = Kl; K,-,Xoyo* = #

Wi,k
B 7& 0— w1,0 7& wzyo,Kz 7& K]

Parameters | i Free.Int Free.Int
0 Jo Jo
B B#0 B#0 B#0orB=0 | B#0orB=0
A - A3 #0 | Ais #0 Az # A
Pi0 G0 # 0, | @30#0 | @30 F 0, | Grop20p30F#0
P20 # 0 Do # Pro

Table 2: All requirements for non zero current
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The cubic interactions and their property

Table 3: The cubic interactions and their property

A113 = % + Re(A)

A223 = % — Re(A)

A113 — A223 = 2RC(A) U(l) violation

Az = —Im.(A) U(1), CP violation
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