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Introduction

chiral symmetry breaking is induced by the magnetic field  

(Magnetic Catalysis)

chiral symmetry

neutron

 = 940 (MeV)mn

u d

d

u d

d

3 (MeV),  5 (MeV)mu ≃ md ≃

900 (MeV)Δm ≃

chiral symmetry breaking



Numbu-Jona-Lasinio(NJL) model
・replace quark-gluon interaction to four-fermi interaction
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ℒ = ψ̄ (i /γ − m) ψ +
λ0

2N [(ψ̄ψ)2]

four-fermi interaction

 : coupling 
 : number of species

λ0

N

invariant under   : →  chiral symmetryψ → γ5ψ Z2

ℒ = ψ̄ (i /γ − m − σ) ψ +
N

2λ0
σ2 : order parameter for chiral symmetry< σ >

induce axially field σ



sample ) 1+1 dimension and thermal effect

Seff(σ)
Vm2

0
= −

1
4π2 (1 − ln

σ2

m2
0 ) ( σ

m0 )
2

+
2Tσ
πm2

0

∞

∑
n=1

(−1)n

n
K1 (n

σ
T )

 : expectation value of  at T=0 
T : temperature
m0 σ
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Clifford V. Johnson, Arnab Kundu (2008)

Magnetic Catalysis

chiral symmetry is enhanced by the magnetic field

increase
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Question : 

  How to the inhomogeneous correction (such as quantum correction) 
affect to Magnetic Catalysis ?

eH

the motion on the axis which is 
orthogonal to magnetic field is 
suppressed

D →(D-2) dimension : dimensional reduction
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σ(x)

x

L

x

L

σ(x)

σ(x) = σ0 + σ′ x

x

y

z

eH inhomogeneous structure
σ(x)

σ0

Set up
x direction :  
MG  
  and  
inhomogeneous structure of σ



path integral end

initial

Z = ∫ 𝒟ψ̄𝒟ψ exp (i∫ d4xℒ) = e−Seff

The ground states are found by solving .δSeff = 0

Particles fluctuate in quantum mechanism. 

quantum states 
fluctuate

ψ

ψ

 : partiton function 
 : effective action

Z
Seff
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ℒ = ψ̄ (i /∂ + e /A) ψ +
λ0

2N (ψ̄ψ)2

Seff = ∫ d4x
Nσ2

2λ0
− tr ⟨x ln ( i /∂ + e /A − σ0 − σ′ x

ω ) x⟩

gauged 4-fermi interaction model

performing path integral

 : trace on spinor and integrate over spacetr

N → 1

lnA = −
d
ds

1
Γ(s) ∫

∞

0
dtts−1e−tA

s=0

, (∫
∞

0
dtts−1e−tA = Γ(s)A−s, )

zeta function regularization : 

1
V

d2Seff

dσ2
σ=ω

=
ω2

λr

1
λ0

=
1
λr

−
1

4π2renormalize condition

Aμ = (0,0,0,eHy)
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We have to calculate these functions,

exp [t (∂y − kz − eHy) (∂y + kz + eHy)] e−ikyy

exp [t (iγ1∂x − σ0 − σ′ x) (iγ1∂x + σ0 + σ′ x)] e−ikxx

F(t, y) = exp [t (∂y − a − by) (∂y + a + by)] e−ikyy

=
1

cosh(2tb)
exp [bt −

k2
y

2b
tanh(2tb) +

iaky

b
−

i(a + by)ky

b cosh(2tb)
−

tanh(2tb)
2b

(a + by)2]

∂tF(t, y) = (∂y − a − by) (∂y + a + by) F(t, y), F(0,y) = e−ikyy .

Above function obeys the following equations,

use following formula,
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Seff(σ)
Vω4

= ( 1
2λr

−
1

8π2 ) ( σ0 + σ′ x
ω )

2

+
1

8π2
(σ0 + σ′ x)4

4ω4 (3 − 2 ln ( σ0 + σ′ x
ω )

2

) +
1
12 ( 2e2H2 + σ′ 2

ω4 ) ln ( σ0 + σ′ x
ω )

2

+
1

8π2 ∫
∞

0
dtt−3 teH

sinh(teH)
tσ′ 

sinh (tσ′ )
exp [−

tanh (tσ′ )
σ′ 

(σ0 + σ′ x)2] − (1 −
1
12 (2e2H2 + σ′ 2) t2) e−t(σ0 + σ′ x)2
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Seff(σ)
V

= ( 1
2λr

−
1

8π2 ) ( σ0

ω )
2

+
1

8π2

(σ0/ω)4

4 (3 − 2 ln ( σ0

ω )
2

) .

λr = 12π2S e
ff

/V

σ0/ω
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focus

focus on small  region onlyσ0

the potential is unstable

σ′ = 0,eH = 0
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Seff(σ)
V

= ( 1
2λr

−
1

8π2 ) ( σ0

ω )
2

+
1

8π2

(σ0/ω)4

4 (3 − 2 ln ( σ0

ω )
2

) .

λr = 12π2S e
ff

/V
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1
2λr

−
1

8π2
→

positive with  

negative with 

λr < 4π2

λr > 4π2

chiral symmetry is 
not broken

chiral symmetry is 
broken

σ′ = 0,eH = 0
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magnetic catalysis is surpassed by large σ′ 

 -  graph with different  < σ0 > eH σ′ 

eH

< σ0 >

λr = 4π2
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Discussion

dimensional reduction is suppressed because of σ′ 

eHσ′ = 0 eHσ′ ≠ 0

L

σ(x)

?

DoF on  planey, z
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Summary

 We calculate the effective potential of four-fermi interaction model with 
linear correction  on the Magnetic field by zeta function regularization. 

 We analyze the behavior of the Magnetic Catalysis on .

σ′ 

σ′ ≠ 0

Magnetic Catalysis is suppressed by .σ′ ≠ 0

thermal effect, more ordinary correcton
future work



Thank you !!
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ℒ = ψ̄ (i /∂ + e /A) ψ +
λ0

2N (ψ̄ψ)2

Seff = ∫ d4x
Nσ2

2λ0
− tr ⟨x ln (i /∂ + e /A − σ) x⟩

4-fermi interaction model

After path integration, the effective action is given as following.

 : trace over spinor and integrate with respect to spacetr

Seff = ∫ d4x
σ2

2λ0
− tr∫

d4k
(2π)4

eikx ln (i /∂ + e /A − σ) e−ikx

ln[i ̂∂ + eA − σ(x)] =
1
2

ln [(i∂ + eA)2 −
ie
2

γμνFμν − i /∂σ + σ2]
The analyze this function is difficult because there are derivative 
operator in logarithmic function.

N → 1
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zeta function regularization

lnA = −
d
ds

1
Γ(s) ∫

∞

0
dtts−1e−tA

s=0

, (∫
∞

0
dtts−1e−tA = Γ(s)A−s, )

Seff = ∫ d4x
σ2

2λ0
+ tr∫

d4k
(2π)4

d
ds

1
Γ(s) ∫

∞

0
dtts−1eikx exp (−t ((i∂ + eA)2 −

ie
2

γμνFμν − i /∂σ + σ2)) e−ikx

s=0

exp (−t ((i∂ + eA)2 −
ie
2

γμνFμν − i /∂σ + σ2))
→ e−tk2

0 exp [tieHγ2γ3] exp [t (∂y − kz − eHy) (∂y + kz + eHy) − teH] exp [−t (γ5 (iγ1∂x + σ))
2] .

We can rewrite logarithmic function as exp function.

When we induce , the exp part of above equation 
transform as,

σ = σ(x), Aμ = (0,0,0,eH)
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We have to calculate these functions,

exp [t (∂y − kz − eHy) (∂y + kz + eHy)] e−ikyy

exp [t (iγ1∂x − σ0 − σ′ x) (iγ1∂x + σ0 + σ′ x)] e−ikxx

F(t, y) = exp [t (∂y − a − by) (∂y + a + by)] e−ikyy

=
1

cosh(2tb)
exp [bt −

k2
y

2b
tanh(2tb) +

iaky

b
−

i(a + by)ky

b cosh(2tb)
−

tanh(2tb)
2b

(a + by)2]

∂tF(t, y) = (∂y − a − by) (∂y + a + by) F(t, y), F(0,y) = e−ikyy .

Above function obeys the following equations,

use following formula,
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Seff = ∫ d4x
σ2

2λ0
+∫ d4x

tr 1
32π2

d
ds

1
Γ(s) ∫

∞

0
dtts−3 teH

sinh(teH)
tσ′ 

sinh (tσ′ )
exp [−

tanh (tσ′ )
σ′ 

(σ0 + σ′ x)2]
s=0

 is approximated as  around . If other part is finite for  limit, 

we can rewrite 

1
Γ(s)

s s = 0 s = 0

d
ds

1
Γ(s)

f(s)
s=0

=
d
ds (sf(0) + O(s2))

s=0

= f(0)

Unfortunately,  is divergent around  in our case. So we add and 
subtract following term,

f(s) s = 0

tr 1
32π2

d
ds

1
Γ(s) ∫

∞

0
dtts−3 (1 −

1
12 (2e2H2 + σ′ 2) t2) e−t(σ0 + σ′ x)2

s=0

.
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We can perform integration over t and derivative with respect to ,s
tr 1

32π2

d
ds

1
Γ(s) ∫

∞

0
dtts−3 (1 −

1
12 (2e2H2 + σ′ 2) t2) e−t(σ0 + σ′ x)2

s=0

=
1

8π2
(σ0 + σ′ x)4

4 (3 − 2 ln (σ0 + σ′ x)2) +
1
12 (2e2H2 + σ′ 2) ln (σ0 + σ′ x)2

Seff(σ) = ∫ d4x
1

2λ0
(σ0 + σ′ x)2 +

1
8π2

(σ0 + σ′ x)4

4 (3 − 2 ln (σ0 + σ′ x)2) +
1
12 (2e2H2 + σ′ 2) ln (σ0 + σ′ x)2

+
1

8π2

1
Γ(s) ∫

∞

0
dtts−3 teH

sinh(teH)
tσ′ 

sinh (tσ′ )
exp [−

tanh (tσ′ )
σ′ 

(σ0 + σ′ x)2] − (1 −
1
12 (2e2H2 + σ′ 2) t2) e−t(σ0 + σ′ x)2

s=0

finite by integration



Back up
ℒ = ψ̄ (i /γ − m) ψ −

λ0

2N [(ψ̄ψ)2 + (ψ̄iγ5ψ)2]

ψ → eiγ5θψ
ψ̄ → ψ†e−iγ5θγ0 = ψ̄eiγ5θ

ψ̄ψ → ψ̄ψ cos(2θ) + ψ̄iγ5ψ sin(2θ)
ψ̄iγ5ψ → − ψ̄ψ sin(2θ) + ψ̄iγ5ψ cos(2θ)

(ψ̄ψ)2 → cos2(2θ)(ψ̄ψ)2 + sin2(2θ)(ψ̄iγ5ψ)2 + sin(4θ)(ψ̄ψ) (ψ̄iγ5ψ)
(ψ̄iγ5ψ)2 → sin2(2θ)(ψ̄ψ)2 + cos2(2θ)(ψ̄iγ5ψ)2 − sin(4θ)(ψ̄ψ) (ψ̄iγ5ψ)
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At first we define vector field as,
Aμ =

0
0
0

Hy

ln[i ̂∂ + eA − σ(x)] =
1
2

ln [(i /∂ + eA − σ(x))γ5(i /∂ + eA − σ(x))γ5]

=
1
2

ln [−(i /∂ + eA)2 − i /∂σ + σ2]

=
1
2

ln [−(i∂ + eA)2 −
ie
2

γμνFμν − i /∂σ + σ2]

and assume  depend only one direction, x. Then above log function transform 
as

σ

1
2

ln [∂2
t − ∂2

x − ∂2
y + (i∂z + eHy)2 − ieHγ2γ3 − i /∂σ + σ2]

= −
1
2

d
ds

1
Γ(s) ∫

∞

0
dtts−1 exp [−t (∂2

t − ∂2
x − ∂2

y + (i∂z + eHy)2 − ieHγ2γ3 − i /∂σ + σ2)]

e−tω2
n exp [tieHγ2γ3] exp [t (∂y − kz − eHy) (∂y + kz + eHy) − teH] exp [−t (γ5 (iγ1∂x + σ))

2]
The exp part is rewritten as following,


