THE HARDY INEQUALITY FOR MEAN ZERO FUNCTIONS
WITH LOGARITHMIC WEIGHT IN N-DIMENSIONS

JAEYOUNG BYEON, MEGUMI SANO, AND FUTOSHI TAKAHASHI

ABSTRACT. Let B be the unit ball in RN, 0 € Q C B be a bounded do-
main with Ro = sup,cq|z| < 1 and «,8 € R. In this paper, we study the
Neumann version of the weighted Hardy inequality in N-dimensions, which
involves the logarithmic weights. We show several results concerning the pos-
itivity, attainability, and non-attainability of the constant, according to the
range (a,8) € R x R.

1. INTRODUCTION

Let B be the unit ball in RY, 0 € Q C B be a bounded domain with Rqg =
SUp,eq || <1 and o, f € R. Put

Yo (@) = {u € C(Q) | fullas < 00}, Yous(@) = {u € C2(Q) | oy < o0}
where
W fullo = [ Ve Nog 1)+ — g

0= J, o ¥ g e )

and define the spaces Hi%(Q) and HéZB(Q) by the completion of Y, () and
Y0.,8(€2) with respect to the norm || - ||o,s respectively. By this we mean that u €
7—[1?,3(9) (resp. u € Héiﬁ(ﬂ)) if and only if u € L?(, —x7——1—3= ), there exists

a » Tal™ (log 7077
a sequence {¢;} C Y, 3(Q) (resp. {¢;} C Yo.a,5(2)) and a R¥-valued function
7€ L2(, |z]>~N(log ﬁ)w; R™) such that

/Mdm—)O (j = 00), and
o [z[N (log 57)**

1

/ |v— V¢j|2|x|2*N(log ﬂ)wdx =0 (j— o).
Q xr

In Appendix, we prove that ’H;%(Q) C L}, .(Q) and ¥ coincides with the distribu-
tional derivative Vu for any «, 8 € R.
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We consider the following minimization problems:

28
(2) H, 3(Q) := inf {/ |Vu|?|z>~N <10g |i|> dr:u € AD}
Q
1,2 Jul
(3) Ap = uGHO:aﬁ(Q):/ —dr =1
2 (2| ¥ (1og &)
and
(4)
1\*
Nop(Q) = inf{/Q |Vu|?|z>~N <10g|x|> dr:u € AN}
(5)
1,2 |u[? u
Ay =ueH5(Q): / —ydz =1, / ——5;dz =0
x|V (log ﬁ) x|V (log ﬁ)

In this paper, we prove the following:

Theorem 1. N, 5(2) > 0 occurs if and only if o+ 8 > 1 and (o, B) # (3, 3). The
same equivalence holds for H, ().

Theorem 2. If o+ > 1, then H, () is achieved.
Theorem 3. Ifa+ 3> 1 and 20+ B > 2, then N, 5(R) is achieved.

Theorem 4. If a+ 5 >1 and 2a+ 8 < %, then Ny () is not achieved.
Theorem 5. If a > L, then No1-a(Q) < Ho1-0(Q) = (o — 3)%. Furthermore, if
No1-a(Q) < Hy1-0(9),

then Ny 1-o(82) is achieved.
Let Q = Bg denote a ball of radius R € (0,1) with center 0,
Theorem 6. For R € (0,1), if

1 1
- _ 2
a>1+\/4+(N 1)(log =)

then No1—o(Br) is achieved.
2. RESULTS FOR H, 3(f2).

In this section, we prove results concerning the constant H, g(2) in (2). The
following fact is now well-known.

Proposition 1. Let a« € R. Then the inequality

1)’ [u(x) 1) 20
(a - 2) / ——zdr < / ‘ Vu(z)| |zPN (log ) dx
Q ||V (log & || ||
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holds for any u € Ho,a,1-a(2). Moreover,
1\ 2
H(Ll_a(Q) = (Oé — 2)

it is not attained by any element in Ho a1-a(2).

Proof. We give here a sketch of proof only. By density, it is enough to prove (6)
for u € Yp a,1-0(£2). By a formula

: T 20 — 1
o <|a:|N<1og |;)2a—1> = V(g e @ ERTAOD,

el

we obtain

|u|2 2 7. X
(2a47]J~/‘AAAAAAAAAAfdx‘::‘ |u[2div dx‘
| o 2] ¥ (log )% o 2] ¥ (log 121

x

:4 Vu - d’
/Q“ e (log Fy2e 1

1/2 2l—a 1/2
2 2 1 ( )
<2 /%dz / ’£Vu’ |2~ (log) dz .
o [zV (log 7)%* ollzl ]

By this, we have the inequality for u € Yy a,1-0(€2). The fact Hy1—a () = (o — %)2
is proven by a test function of the form
(@) (log i)~ /27% — (log §)>7/27%, 0 < [a] <3,

A xr) =

g 0, zeQnf{lz|>d}
for k € N, where ¢ € (0, 1) is a number such that Bs CC Q. Note that v, is positive
and decreasing (resp. negative and increasing) when o > 1/2 (resp. o < 1/2) and
k € N large, We see that ¢, € Ho a,1—a(f2); this is assured easily when o < 1/2

and by Lemma 3 in Appendix and a standard truncation procedure when o > 1/2.
If (a — %)2 were attained, we see from the above inequality that u must satisfy

(2=N)/2 '™ L N2 N
UpT log — =+(a— -)ur log — .
T 2 r

This implies that for some ¢ € R,

1 1
u = c(log =)*" 2.
T

1,2
0,a,1—

(), we conclude that H, 1-4(92) is never

achieved by an element in ’Hé:il_a(Q). O

However, since (log li—_l)a*% ¢ H

Next, we introduce a nonlinear scaling related to the Hardy inequality with
logarithmic weight in R™: Let A > 0 and for a function v = u(z) € ’Hé:i’ﬂ(Q), we

define a new function

(7) ur(y) = ulz), y= Wﬁ €y = {W% Lx € Q).

Note that if Q = By, then (Bs), = Bs» is a ball with radius 6*. In polar coordinate
T =rw, r=|z and w = & e SNV-1,

uk(y) = U‘)\(Saw) = u(r,w)
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where s = |y| = r*. By a direct computation using polar coordinates, we have the
following scaling property.

Proposition 2. For A > 0, define uy as in (7). Then we have

1\ x
/ 2N (10g ) dy = A2ﬂ_1/ ’ - Vu(x
ax | Iyl | allzl
2 2
/ |U)\(y)| — dy — )\1—2(1/ ‘U(.T)| — dl‘,
o [y (log ) @ Jaf ¥ (1og 73y

(1og‘7|
\V/ ’ 1 1 2Bd A2+ b \V/ ’ 1 ! Zﬁd
/m [T ) <0g|y> y=3 [ [ Fero) (ngl) "

where Vgn—1 denotes the gradient operator on SN~T.

2 2 1\%°
-Vux(y) |z~ N <logx|> dz,

Proof. By density, it is enough to prove the formulea for u € Yj o 5(£2). By extend-
ing uy as uy = 0 outside of Q) CC B, we may consider that u) is a function on B.

Then we have
28 1\ 28
= <1°g||> W= o (o)

IR
/ / ]a“* log )Qﬁsdstw
SN—1

1
= — 22V (log — 28,2 L \pA -1
/SM/O ’8r<r7w>(dr) [ log 5 A drds,
——

S
_)\7"

L ou 2 1
— )\28-1 s log = )28 _\28-1
A /stl/o ‘8r(r,w)’ (ogr) rdrdS, = A /B

2 1126
= )\25_1/ |22~ (log — | du.

Similarly, we see

2 2
ur(y ux(y
/ Jua( )I1 2ady=/ [ux( )I1 .y
O ylv *) Blylv (10g m)

(k’g T

|u,\sw gN-1 / / |“7”W A(N-1 A—
dsdS,, = N=1 . \pA =1 drdS,,
/SN 1/0 sN(log 1) QC“ N sv-1.Jo TN (log & 20‘r " "

)\1 204/ / |U 7 w N—l drdS, :)\1—204/ "LL(LL')F dx
sN-1 Jg T'N log v 20

B [..[N 1
|| (log I:v\)
2
:)\17204/ |u(z)] —dz,
@ |z|N (log ﬁ)

-Vua(y) 1 Vua(y)

% - Vu(zx)

% - Vu(x)
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and

/ Vo) (1 Ly L Vo) (1o ) d
SN— 1u>\y’ <og > y:/—‘ swfluxy‘ <0g> y
or ¥ i 5 W o
2 1\28
/ / W‘VSN*IUA(S,W)‘ <log> sN-1dsds,,
sN-1Jg S s
1 . ? 1 2 N—-1)A A—1
:/SN—l/o Y VSN—IU(T,W)’ <1ogr/\> rN=DA \A1gS,,
1 2 1\28
:)\25+1/ — |V Nflu(l’)’ <1Og > da
B |z s ||

1 2 1\%
= 213+1 —— N—1 1 — .
A AmeS1””<%m> o

O
Recall the orthogonal decomposition of the gradient operator V in RY:
o 1
V=w—+-Ven-1, weS" 1 w Vo1 =0.
ar r

Thus if Qq,5(u, ) denotes the critical Hardy quotient

28
fQ|Vu | ||~ N(logﬁ) dx

L@E :
Jo T (o = 4

Qa,ﬁ( )

then we have
2
Jo, Vur(@)Plyl*~N (log or ) dy
A ly]
|ux(y)|2 _d
Jo 4

(tog 7)™
Ja

(8)

2 28
& Vu(z) ‘ |z|2~N (log \71|) dx

||
|u(m
fQ |x|N ) dl’

log

— \2(a+B-1)

28
fQ‘VSN—IU x ‘ IR <log|71‘) dx

W@
< A
fQ |1/,‘N log 1 )2

For X € (0,1), we have A\2(@+8-1) > X\2(e+8) for any o, € R, thus we have an
estimate

(9) Q(Jt,ﬂ(u)\v QA) S >\2(a+ﬂ71)QOA,ﬁ(ua Q)v A€ (07 1)
Proposition 3. If a + < 1, then H, g(2) = 0.

+ )\2(0‘+B)

Proof. Since the origin is in the interior of §2, there is §y € (0, 1) such that Bs, CC .
We choose a radial smooth function ¢ € C§°(Bs, \ {0}) such that ||¢)||q,s < oo and
consider its scaled function ¥y € C§°((Bs, \ {0})x). Since (Bs,)x = Bsy C B, for
any A > 1, we can consider that ¢ € C5°(Q2) and ||¥x||a,s < 00 by extending zero
outside of Bsx. Thus by testing Ha,g(€2) by ¥x and using Proposition 2 (8), we see

Ha,p(Q) < Q(vr, ) = Q(vn, (Bsy)x) = N7V Q (¢, Bs,) = 0
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as A = +ooif a+ S < 1. ]

Proposition 4. Ifa+5>1 and o # %, then H, g(£2) > 0.

Proof. Let u € ’Héiﬁ(ﬁ) When a+ 38 > 1, we see
2(.12-N 1
[ IVl g

2(a —1
> (10g1> (s )/ |vu|2|x|2—N(10gi)?(l—a)dx
Rq Q ||

2P = / V22 (log )20 (log )2 5-1) g
o ] ]

where Rg = sup,cq || < 1. Thus we see
1,2 1,2
Ho,a,ﬁ(Q) — HO,a,l—a(Q)

and for any u € ’i‘—l(l)zﬁ(Q)7

2(a+B-1) 1 2(a+B8-1)
Qup(1,) > (1og) Qura(1,0) > (1og) Hoyol9)
Rg Rq —_——
—(a-1/2)2
Thus we have H(a, 3)(2) > 0if o+ > 1 and a # 3. O

Proposition 5. Hi 3(Q2) >0 for 5 > :

Proof. Note that when o = %, the weight ) ¢ L'(Q2). Then if u # 0 and
|

1
||V (log %

|T
u € Yp1/2,6(8), then v must satisfy that «(0) = 0. Thus by Taylor expansion, u
can be written as u(rw) = r™¢(w) +O(r™*!) near r = |z| = 0, where ¢ is a smooth
function on S¥~1 and m € N. Since m > 1, we see

0 2m
r N-1
/0 —’I"N(log%)%l*ﬁ)r dr < oo

for any 8 € R and for small § € (0,1), which implies that

Ju(=)|”
dx < oo.
/Bé |I\N(10gﬁ)2(1*5) T < 00

Also we see [, |[Vul?|z[>~V (log ﬁ)wd:ﬂ < oo by the definition of Y 1 /5 5(€2). This
implies that

Yo,1/2,8() CYo1-54(Q) (V6 €R).

Now we assume (3 > % In this case, we have
|ul? / |ul? 1 198
————dr = log — d
| o = L e Ly (o8 )

Ja]
1-28 |u|2
< | log — d
< <0g Rg) /Q|x|N(10g|Il|)2(1_ﬁ) x
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for u € Yp1/2,5(02) C Y0,1-5,5(2). Thus testing Hy_p () by u, we see

- 1 Juf?
\Vaul?|2[>N (log —)*dx > Hy_p, (Q)/ dx
/Q o] P Ja TV (log £)20-5)

28—1 |u|2
> H_ Q) (1 —d
= Hi-p.5( )<Og Rﬂ) o |z~ (log r37) !

From this, we have

1\ 261
00t 1) (s )
————

Rq
=(B-1/2)?
for g > % and for any u € Y{1/2,3(Q). This implies that H%’ﬂ(ﬂ) > 0if g >
1/2. O
Propositions 3, 4, 5 complete the proof of the latter half part of Theorem 1:

>1,

(10) Hop(Q) >0 e § @TP2
(. 8) # (5:3)-

Also if @4 > 1, the scaling property (9) prevents the concentration of minimizing
sequence of H, 5(f2) at the origin. This gives the compactness for a minimizing
sequence and enable us to prove Theorem 2:

Proof of Theorem 2.
Proof. Let {u,} be a minimizing sequence of H, 5(£2) in 'Hé:iﬁ (©) such that
u? / 1
—n" _—dr=1, and \Va, 22>~ (log —)*dax = Ha 5(Q) + o(1).
/ [N (log 47)% o B ’
Then up to a subsequence, there is u € ’Héiﬂ () such that
u, — u weakly in Héiﬁ(ﬂ)

Since u,, — u in L?(Q\ Bs, i ) strongly as n — oo for any small § > 0,

I S
(log 137)%
we see that

u2 w2
S — —/ x—/ —————————dz + 0, (1)
/Bs [V (log 5y)2 |z log m o\ Jz|N (log 1)

(11) 21—/ —deron(l).
2] (log 1)
Now, we claim that
2
u
12 ———dxr=1.
12 /Q|xN<log;|>2a ’

If (12) is the case, then u € Ap defined in (3) and by the weak-lower semi-continuity
of the norm, we have

u? 1
1+ H, 3(2) = liminf Hun||i > Hu||i = / —dx—i—/ |Vu|2|x\2_N(log—)25da:.
’ n—00 s 7 Jo |2|N (log ‘7102(1 Q ||

=1
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This implies that [, [Vu|?|z[*~ (log ﬁ)wd:ﬂ < H, 5(Q) and u attains H, 5(€2) in
Ap. .
Now we show (12). Assume the contrary that [, de < 1 would hold.
* Tl

Then by (11), for arbitrary small § > 0, there is ng = n¢(d) > 0 such that

(13) / v g5 ) 1/U2d:c >0
Bs ||V (log )2~ 2 o |2V (log )

||
for n > ng.

Let dg € (0,1) be a number such that Bs, CC €. For ¢ € (0,dp) and fixed s > 1,
we take a truncation function gs s such that

1 (0 < fz < 69),
(14) 9s,5(x) = @ {loglog % - loglog(ls} (0° < |z| <),
0 @n{s <zf})
and define
(15) Un,5(2) = gs,s(¥)un(z) (2 € By)
(16) (0n)2(0) = ens(@) (v = ol 7 € (Bs)a)

as in (7). Note that gs , is a continuous function with compact support supp gs,s =
Bjs and differentiable a.e.

0 (0 < |z] < 69),
1 1
2 2 55 < < 5
I R S i SR CED!
0 @n{s < z[}).
By (17), we estimate
(18)
1
/ |an,5|2|x|2_N(1og —)mdx
Bs ||

1 1
<2 / Vun 263 o|2>~ (log =) dx + 2 / 1 2|V g5 22N (log ) dr
. ] . ]

<2/ [Vu \2|m|2_N(logi)26dm+L/ %M%N(logi
=2/, ] (1087 /s, [22(0g )2 E

210 L 12 2 Ly 1|
< 2/ |[Vu,|*(log —)"de + —— <log‘ ) / — " dz
Bs || (log 5)? 6° Bs\Bse |2|N (log 7)2

since a4+ 3 — 1 > 0. Now, we take A € (0,1) such that §* = &y, which means that

X
(Bs)x = {y = mxm .z € By} = By = By,

and
log +
= g‘sl" =0 <= 0—0.
log 5
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We test Ho3(Bs,) by (vns)a € oo 5(Bs,): Then by (9), (13), (18), and the
absolute continuity of the integral

|ul?
————dx—0 (0—>0
/Bs\BJS |x|N(10g ﬁ)Za ( )

for u € H;QB(Q), we see

(9)
Q((Vn.5)x Bsy) = Q((vn.6)x, (Bs)a) < N2~V Q(v, 5, B;)
J, (V0 af21 = (log 1)

= \2(atB8-1)
121 S d
J 55 T 0g Ly 0
2—-N 132 2 1\ 2(a+8-1) [un |2
) \2a+p-1) 2 [, IVun Pl (log f7)* de + 553 (log 5:) Jo\Bs: o™ (log 7

/ M dx
By o (log L7

a CNet8-D sup, il [unll2 g} + C [, .. de + 0n(1)

N 1 u?
2 (1 ~Ja |N<1g>d$)
Thus first by taking a limit n — oo, and later by taking a limit § — 0, we obtain
H, g(Bs,) = 0 when a+/ > 1; This is a contradiction to the fact that H, g(Bs,) >

0 when o+ 8 > 1, see Proposition 4. Thus we obtain (12), which completes the
proof of Theorem 2. O

3. RESULTS FOR N, () WHEN o+ 8 > 1.

Let us consider N, g(£2) defined in (4). First, we analyze the continuity property
of the averaging operator

u(z)
(19) To: HL%(Q) = R, To(u) = / — (.
’ o Jol ¥ (log )2
Proposition 6. If2a+5 > 3/2 or a > 1/2, then Ty in (19) is a continuous linear
functional on 'Hi’fg ().

Proof. When o > 1/2, then the weight function Wi)m € L'(Q) and the

(log
result is easily seen as

1/2 1/2
u lu(z)| 2 |u(z)|? r v T
o012 |, i e < </ﬂ ol (og 72 ) </Q ¥ (og 72 )

<C

< Cllulla,p-
When o < 1/2, we need a lemma below.

Lemma 1. When a < 1/2 and 2o+ 3 > 3/2, there exists a constant Co g > 0
such that for any 6 € (0,1) such that Bs CC Q and u € HiZB(Q)’

3 _20-p
o) 1)}
(20 / o < Coslula s (102 5
s ol (log ) 5
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holds.
Proof. By density, it is enough to prove (20) for v € Y, g(€2). Since o < 1/2, it is

Mx)'fl)m dz is finite.

necessary u(0) = 0 in order to assure that the integral [, 7T (log L
Tz

In this case, we compute for r € (0,6) and w € S¥~1,

u(rw)| = \/0 %{u(tw)}dt’

1/2
" Ou 1\ R
21 < —(tw)P2 N (log =) N lat / L —
( ) _</0 |8r(w)| (Ogt> ) ( 0 t(log%)w

and the last integral is finite when g > 1/2:

/’I‘ dt _ 1 <10g 1> 1-2p8
o t(logl)® 281\ "r '

Thus when 8 > 1/2, we see

1.1
(22) [u(rw)l < Cllulla,s(log -)* g

) )
ju(rw)| / dr
7d <C o .
/0 rlog Dz " < Cllulles | e Tyaarsi7a

The last integral is finite if 2o + S > 3/2 and in this case

/5 dr 1 (1 1) 320
= og = .
0 r(log )2etB-1/2 20+ B — % &5

Note that if @ <1/2 and 2a+ 8 > 3/2, we have automatically B >1/2. Thus

/ |u / / N\u rw) N_ldrdSw
B; ||V (log‘ ‘ sv-1 Jg T log

1 2-2a-8
< Caplvllas (log5) .

This ends the proof of Lemma 1. O

and

We return to the proof of Proposition 6. We use Lemma 1 when o < 1/2. Fix
d € (0,1) such that B5 CC 2. Then

|To (u |—/ N J;:/ ()dx—i—/ (- )dx
|:U| IOg m Bs Q\Bs
1/2 1/2
< / _fu@) / ) / SRR
= N N 1 \2a
Bs [xY (log \z| ||V ( log |m| o\B, [©|N (log m)

(20) <c

1 3_2a-8 1 1/2
<|cu (1og) 4 / S —
T\ o\, |2|N (log r37)% ’

when 2a+ 4 > 3/2 and a < 1/2. Tus Tj in (19) is a bounded linear functional. O
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When 2a+ 8 < 3/2 and o < 1/2, then we can construct a sequence of functions
in Hé:i’ﬁ (©) to show the unboundedness of Tp in (19). As before, we may assume
Bs, cC Q for some dg € (0,1).

Proposition 7. If2a+3 < 3/2 and o < 1/2, then there is a sequence {1)s}sc (0,5,
in ’H(l)iﬂ(Q) such that

Vs >0, |Ysllag—0 (0—0), and
To(1s) = 400 (6 — 0).

Proof. Let 81 > s3 > s3 > 1 be fixed and thus 0 < 6%t < §%2 < 0% < ¢ for
d € (0,dp). Define a radially symmetric cut-off function

0 (6 < =),
L Jloglog — — loglog ~ (6% < || < 0)
log s3 08108 || 08108 1) v ’
(23) ds(x) =41 (6%2 < |z| < 6%9),
1 1 1
—— {loglog — — loglog — 651 < |z| < 6%
T { oglog 1+ — loglog 531} ( || < 6°2),
0 (0 < faf < 6%).
Note that
(24)

Vi = (i) (i) 7
7 \log ss |z]2(log ﬁ)QXB‘S\Bm log(sa/s1)/) |x|*(log ‘71‘)2)(3‘552 \Bses
where xp is an indicator function of a set D C RY, so when 8 # 1/2, we have

(25)

1 (log 1)
/ Vsl |z*~" (log -)*da < C / +/ TN (e T
Bs || Bs\Bgss Byes\Bser | 171 (logm)

1\ 201
<C (log 6) .

A
We construct a desired function )5 of the form ¢s(z) = (log ﬁ) ¢s(|z]), where
A € R is chosen later. We have

1\A
Vs () (log 1)
To(us) = / __wsl®) g U8R
B 2|V (log 17)2 Byos \Byor |2V (log r37)%

gy [ D,
552 r(log%)%‘
|SN Y A=20t1l _ A=2ach) 1) 472t
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when A —2a+ 1 > 0. Even when A — 2a+ 1 = 0, we have

(log ;) *
To(s) 2/ ——dx
Byos\Byes |27 (log 1)

5°3
— |SN*1|/ L
552 rlog%

1
= |SV7Y (log 53 — log s3) loglog = — +o00 (6 — 0).

)
On the other-hand, if 2o« — 2A > 1, we can compute that
1
/ |’¢5(l‘)|2 dr </ (1 08 \CE\) |SN 1‘/ log
o o1 (log D)2 = [, T2 (log L2 log
gN-1 1 2A—2a+1

Also when 24 + 28 — 1 < 0, we see by (24),

/ Vs 2|2~ (log —

Bs ||
1 y2(A-1)+26

)Qde

&2 |z)>Ndx + 2/

Bs
§°2 5 1\2A+23-2
1
SC(/ —|—/ )(Ogr) dr
5§51 553 T

1 _
(log m)”““ﬂvmﬂw\? N

2A+428—1
<C’<10g6> —0 (6—0).
Therefore, if we can choose A € R so that
A—-2a+12>0, A>2a+1,
20 —2A > 1, = A<a-—1/2,
2A—-28—-1<0, A<1/2-8,

A
Ys(x) = (log ﬁ) @s(|x|) has desired properties: This is the case if 2o+ 8 < 3/2
and a < 1/2. Thus we have proven Proposition 7. ([l
Proposition 8. If a + § < 1, then N, () = 0.

Proof. We may assume that Bs, CC Q for some dy € (0,1). Let ¢ = ((r) €
C§°(Bs,), r = |z|, denote a compact supported smooth radial function such that
0<(¢<1,¢(=1for 0<r<dp/2, and p1,ps > 0. Define

ey = Corrz) (0 < = |z| < o),
or) = {0 (v €2\ By,),

where

do i
cflz/ GG (i=1,2).
0

g r(log 1)«
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Note that
< 00 (A< 1,B€eR),
/6 dr 1‘m/6 dr <oo (A=1,B>1),
—_— 1 —_— Y =
0 rA(log%)B =0 J, rA(log%)B =00 (A=1,B<1),
=00 (A>1,B€eR).

Thus C; is well-defined and we have fQ Wda: = 0. We also see
xT O, m

|¢(r)|2 < C(r2p1 + T2pz)7 |¢’(7‘)|2 < C(r2p1 422 r2(p1—1) + 7«2(?2—1))

for some C' > 0, thus ||¢|la,s3 < oo for any a,3 € R when p; > 0, (i = 1,2). We
test Nq,5(€2) by a scaled function ¢y € "Héji’ﬁ((B(;o)A), which can be regarded as a

function in HL%(Q) by zero-extension when A > 1. By (8) for radial functions, we
see

Nas(Q) < Q(dx,9Q) = Q(x, (Bs,)x) = A2 H7DQ(¢, Bs,),

and the right-hand side goes to 0 as A — oo when  + f < 1. Thus we obtain
Nop(Q)=0ifa+ 38 <1. O

Proposition 9. N, 3(?) =0 if (o, 8) = (3, 3).

Proof. For € > 0, define

—3e —2€
o= (o) s )

where C is chosen so that fQ Mﬁdz =0, i.e.,

[
f dx
2 ol {log ()7

dz

= > 0.
Ja 2|V (log 137)1+22

0

Then we see that there exists C > 0 such that

1 1

xr
. = 1 T \—3e—1 _ 9 1 T \—2e-1
Vo B {38( og |x|) eCo(log Iw\) }

22 1 1 4
|v¢a|2§o{<1og> 52 4 (log L) }

|z[? ] ]
1

o> <C {(log =)= 4 (log 1)_45}

|| ||

hold. From these, we easily see that [[¢c[1 1 < oo, so Lemma 3 implies that
¢ € Hy%() for (a, 8) = (1/2,1/2) when € > 0. We test N1 1(9) by ¢.. Since
for A >0,

dz SN 1, SN
= log —) ™4 = =11+ o(1
/350 N (log )+~ Ac (log 5-) 2z d+oe)
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as € — 0, we estimate
o (log ) ™ — 2C(log )~ + Ci(log 1) ™
e _ dr>
/Q:CNlogl :c_/B z|N (log % o
=] [z

2Cy C?

ISN |
> — (6(1+ (1))—7(1+ (1))+40(1+o(1))>

(L2 G )

50

€ 6 5 4
Sh-1 4 1
| &‘ |<4(CO_5) +150+()>>0

On the other hand, let us take a ball Bg such that Q C Br C B. Then we see

dx dx
Ve ||~ N(IOg )ydx < Ce? / —dx—l—/ I
/ |z By |2V (log )%=+ By [2|N (log )4+

N—-1 N—-1
= C¢&? (|865 | |S4€ +o(1)> = O(e).

Thus we have

@) < Q(on,0) = 2 VOLLETE 0 _ )

-1
— T dx g
Jo s 1

(Q) = 0. O

N

11
2°2

as € — 0. This implies N%,%

Proposition 10. If H, g(2) > 0, then N, g(©2) > 0.

Proof. We will prove a contraposition that N, g(2) = 0 implies H, g(2) = 0.
Let {u,} be a minimizing sequence for N, () =0 in HiQB(Q) such that

/ “i doe =1 / tn dz =0
— " dx =1, — " dx =0,
o Tl (log 1) o [T (log 1)
1
and / Vit o~ (0g 7 = of1).
Q

Then up to a subsequence, there is u € 'Hi%(ﬂ) such that
up, — u weakly in 7—[(1125(9)
Since

V2P dx

/ NOMCES Naog| |

1
/IV I E . N(log| ‘)25dx+/ (Vul?[z]>~N (log —)* da
Q

||

1
/ (1t = ) - V) o~ (g )
Q
=o0(1)

we see [, |[Vul?(log E |)25dac =0and [, |V(u— uy)[*lz[>~" (log - el )Qﬁdac =o(1) as
n — oo. Form this, we obtain that © = C for a constant C.
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When « > 1/2, we know that the average operator Ty : H B(Q) — R,

U
T = —————d
0(u) /Q |x\N(10g‘71|)2a x

is continuous and linear, so Ty € (Hi%(Q))* By the definition of weak convergence,
we have

0="To(un) = T(u C/ dx  (n — 00),
"73| 1Og m

which implies C = 0. When a < 1/2, by the weak lower semi-continuity

/ u? do < limi f/ Un dr =1
—————— aXx 1 1 —————— AT =
o o™ (og Ly = R, Tal¥ (log 22

and fQ de = oo implies that C = 0 again. We have proven that

u, = u = 0 weakly in Hi% Q).

We may assume that Bs, CC 2 for some &g € (0,1). As in the proof of Theorem
2, we take a cut-off function g5, s where s > 1 1is a ﬁxed number as in (14), and
take a truncated sequence {v, 5.} = {gs,.5Un} C 7—[0 o.5(Bsy) C 7—{0 o.5(§2) defined
as in (15) with 6 = dp. Then we have

(26)
S [Vvnsl?lz)*~ N(log )Qﬁdaj
Q(Uﬂ,%vg) = Q(vn,5ovB5o) - Do - 2 .50
J5s, T on e Ao

)2(04—"-,8—1)

2‘[350 |Vun\2|x|2*N(logﬁ)2ﬂdx + (10g25)2 (IOg% fQ\Bég [ (log 5;)2<
< e

lunl g

= uz

f350 |I|N(10g T )2 dx
see the proof of Theorem 2. Since u,, — u = 0 in L?(Q\ Bs,, W) strongly
|

as n — 00, we see that

u? u?

— 1 dr — —————dx =0 (n— o).
/Q\BSO 2V (log 17" Jos,, 2N (log 1)

u2 ’U.2
By this and fQ mdl‘ = 1, we see fB5 mdﬁﬂ =1+ ( ) Thus
taking a limit n — oo in (26), we obtain that H, g(Q) = 0. O

Proof of Theorem 1.

Proof. The positivity of H, g(£2) has been proven in (10). Also, Propositions 8, 9,
10 give the necessary and sufficient condition for the positivity of N, g(€2). Thus,
we have proven Theorem 1.

)
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4. PROOF OF THEOREM 3.

In this section, we prove Theorem 3. We may assume that B;, CC 2 for some
Jo € (0,1). Assume o+ > 1 and 2a+ 5 > 3/2. In this case, we know N, 5(2) > 0
by Theorem 1. Let {u,} be a minimizing sequence of N, g(2) > 0 in H;’%(Q)
Then {u,,} satisfies

xr =0, and
/|517| 10g| \ ZQ /|=T| log |90\

/Q |vun| \x|2 N(IOg )wdx = Nap(Q) +on(1)

as n — 0o. Then there is u € ’Ha’ﬂ(Q) such that
Up — U in 7—[;26(9)

up to a subsequence as n — co. Take § € (0,dp) and fix s > 1. Then by the strong

convergence of u, to u in L?(Q\ Bss:, m% we see that
Bl

u / u?
— " dr=1- ———————dz + 0, (1)
/Bsa 2V (log )% o5y T (log )2

1 u?

up to a subsequence, where 0,(1) — 0 as n — oo for a fixed ¢ € (0, do).
We first claim that

U
28 —————dx =0.
( ) /Q'xN(log913|)2a z

Indeed, when 2a + 8 > 3/2, the average operator Tj : ”HiQB(Q) = R, To(u) =

Jo crt—r—s=dx is a continuous linear functional, so we obtain (28).
Q2 |z|N (log z7)* ’

Next, we claim that

u? d
29 ————dx = 1.
( ) /Q |x‘N(10g \i|)2a !

If (29) is the case, then with (28) we easily see that u is a minimizer of N, g(£2) in
Apn. In the following, we will prove (29). By weak lower semi-continuity, we know

2 2
that [, dem < 1. Suppose the contrary that [, M‘wdx < 1.

then we find that for any 6 > 0, there exists N = N(4) > 0 such that (27) holds
for n > N. Let s = s1 > s3 > s3 > 1 and recall a truncation function gs s in (14)
and ¢s in (23). Define

(30) Up = Ungs,s — C’n,¢6
where C,, € R is chosen so that Ty(v,) = 0, that is,

fB Nulngcii — dx
(31) Cn _ s |x|N (log ‘z‘)

bs '
Js, 2T (log 12 0%
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We estimate the numerator of C), from the above. When a > 1/2, then

/ _ .2 1/2 gg 1/2
Adxg / —”dgc / 798 dx
5, 2]V (log )% 55 2]V (log )% 5, 2]V (log )%
1/2 1/2
u% J dr /
S O N 1 \2«a dx 1\2c
B; || (logm) o r(logy)

(32)

9 1/2 1 14 1 1_,
U 2 2
<C / —”dm <log ) < (log ) .
( Bs |I|N( gﬁ) « ) J 0

When o < 1/2, then we can exploit Proposition 6 since now 2« + 3 > 3/2.

(33) / [un] dz < Co glun]| (1 1>(2_2a_ﬂ
v T s 4 < Callunllas (log = .
B; || (log ﬁ)Q )

Next, we estimate the denominator of C), from the below. When a # 1/2, we have

/Ldp/ _dz
o 21V (og 2 = Jp 0\ By [2]™ (l0g )2

ey [
592 (log%)za
|SN i 1-2 1\
4 — 9 | log = .
(3 ) 204 o 1( 82 ) og 5

Similarly, when a = 1/2, we see

bs / dx /553 dr
————dz > T = 27
/Q || (log 137) Byos\Bser |2V (l0g 137) 502 7(log 1)

1 1
_ |gN-1 _
= |SY 7" |(loglog 5o log log 652)
(35) = |SNV=1|(log s3 — log s2).

By (32), (33), (34), (35), we have

(36) C, < { ) (log
C (log 5)

since 1/2—a—(1—-2a)=a—1/2and 3/2 —2a — 3 — (1 — 2a) = 1/2 — 3, where

) 1/2
Uu
co)=C / — " dx —0
©) <Ba 2V (log )2 )

as 0 — 0 for fixed n.
Next we will estimate the critical Hardy quotient Q(v,,, Bs) for v, defined in (30)
by using (36). By the elementary inequality (a — b)? > %a — b2, the denominator

1

) 2 (Oé>1/2>7
( <1/2 and 2a + 3 > 3/2),

“"‘oqp—-
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of Q(vy, Bs) can be estimated from below:

2 _ 2
/ N g 2 dx:/ (ung]g,s (/}@26) dx
By |7V (log )% Bs |z|N(log r)2e

Tz]

]-/ u295 52 2/ ¢(2$
S L Mo ;B R S—
2 s, 1o (log 1) 52 Jol¥ (log )%

||

1/ us 2/ b3
> — gy —C? | —— iy
2 /p,. |2|N (log 1) B, ||V (log r7)2e

|]

1 / u? 2/ ¢§
- 1- | ———————dx | = C; —0 — dx
2 ( o [2N (log )2 ) 2, 2 (log ()2

|]

(37)

v

Now the first term of the right-hand side of (37) is positive by (27) and the con-
tradiction assumption. Concerning the second term of (37), we have

2 dx
/ N ¢5 1 2adx g/ N 1 )2«
Bs |z (log m) Bs\Bser || (log m)

_ |§N1/(S __r
so1 r(log )2«

= S (1 — 5172 (log 1)1_2'JK if o #1/2
200 — 1 ! 5 ’ ’

[

2 d d
/ N¢5 L da:S/ N - 1 =[s" -
5y 17008 1) = S0, 12¥ (108 1) 52 7(log 1)
= IS Hlogsy, ifa=1/2.

Together with the estimate of C), in (36), we obtain

(38)

/ v2 i > C+C(9) (a>1/2)
B, |2N(log )** "~ | O+ Clog 5)* 7P (a < 1/2 and 20 + 8 > 3/2)
where C' > 0 is independent of ¢ € (0, ).

On the other hand,

1
/ V0 2] (log - )*Pda
Bs |9U|

1 1
<2 [ [VunodfeP Vog )P+ 2 [ (Vs PulleP Y (og )i
g E b o
1
+QC§/ Vs |*|z|*~N (log —)* dz
Bs |z

=)+ )+ (LII).
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Now,

_ 1 _ 1
(D=2 [ [FunPe el (tog )P <2 [ [Vun Pl (log )% do < 2l
b E . z

s |

1 2 u? 1
(IT) = 2/ Vg(;7s|2u31|a:|2_N(log —)Qﬁdaj < 7/ —_n x|2_N(log —)Qﬁdx
- ] (10852 5,1, Tof(10g L2 ]

1 2(a+B-1) ’LL2
< C|log — [
= (Og 63) /35\355 2N (log )2 ™

||

by (17) and o+ 8 — 1 > 0. Also we see when o > 1/2 and 3 # 1/2,

1 (36) 1 2a—1 1
(I1I) = 20,%/ Vs |?z>N (log —)*Pdx < 2C(5)* <1og > / Vs |* x>~ N (log —)?Pda
Bs | J Bs ||
<C(log §)26—1
1 2(a+p-1)
< 20(6)? <10g 5)
by (25) and (36). When o < 1/2 and 2.+ 5 > 3/2, we have 5 # 1/2 and
1 (36),(25) 1 1-28 1 26—1
(I[U::2Cﬁu/ Vs |?x> N (log —)*Pdx < C7(bg) (bg) =C.
Bs |fE| 5 5
By these estimates, we obtain
(39)
1 2 1\2(a+p-1)
[ 19l o L < Ol +€00) (og ) (a>1/2)
B || Cllunll2 4+ C (@ <1/2 and 2a + 38 > 3/2)
Now, we introduce the scaled functions (v,)x as in (7):
x
(n)A(y) =vn(x) z€Bs, y= |$|Am € (Bs)x = Bsx.
1
We take A € (0, 1) so that 6* = & as in the proof of Theorem 2. Then \ = lfogg‘? =0
5

as 6 — 0. We test Ny g(Bs,) by (v,)a to obtain N, g(Bj,) = 0; which yields a
contradiction to the fact that Ny g > 0if o+ > 1 and 2a+ 8 > 3/2. This is done
by the scaling property (9) for A € (0,1) and the estimates (38) and (39): Recall
that we assume o + 8 > 1. Thus when a > 1/2, we see

Nas(Bsy) < Q((va)x. Bay) = Q((vw)x, (Bs)s) < A2H-DQ(u,, By)
2(c —1
Cllun|l2; + C(5) (log 3)2* 7Y
C+00)
N qup a2, + C(0)

=C C+C0) = 0s(1)

— A2(O¢+B71)
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as 0 > 0. When o <1/2 and 2a+ 8 > 3/2, we see
Na,6(Bs,) < Q((va)as Bsy) = Q((va)x, (Bs)a) < A7V Q(u,, Bs)
Cllunll? 5 +C
C + C(log §)2(1—2=F)
_ O up, o a2+ 1)
- C+ 05(1)

as 6 — 0. This is a desired contradiction and we obtain (29). This completes the
proof. O

_ )\2(044*5*1)

= 05(1)

5. PROOF OF THEOREM 4.

We will prove here that if « + 8 > 1 and 2a+ 8 < %7 then N, 5(2) is not

achieved. For this purpose, we introduce a new minimization problem as in [5].

(40)

No5(Q) :=inf 2|g2—N L\ . L2 Q) . Jul?
Nop(R2) :=in Q\Vu| || log — dm.uE’HQﬁ( )i | —————a

||

Since Mo 5(Q) € Hy%(Q), we have Nop(Q) < Ho,5(9). Also it is trivial that
No () < N, g(2). First, we need several properties for N, ().
Proposition 11. If a < 1/2 and H, 5(Q) > 0, then N, 5(Q) > 0.

Proof. Assume the contrary that there exists o < 1/2 and f € R such that
H, 5() >70 and N, () = 0. Let {u,} C ’H}lzﬁ(ﬂ) denote a minimizing se-
quence for N, g(2) = 0. Then we see
/ u—’%dx =1, and / |V, )?|z)>~ (log i)Qﬂd:c = o, (1).
a |z|N (log )2 Q ||

||
Then up to a subsequence, there is u € ’Hi%((l) such that
u, = u  weakly in HLQE(Q)

Then we have
1

_ 1 _ _
/Q Vit o~ (g ) = / IV (1 — )22~ (log )2 + /Q IVul?a > (log

||

log 1)2#dx = 0 and u is a constant. Since no nonzero

‘27N( o

which implies [, [Vu|?|z
constant function belongs to HLQB (©2) when e < 1/2, we have u = 0 in this case.
Define vy, = gs sun € Hé:in(B(;) where g5, is defined in (14) for some s > 1 and
d € (0,1), and we consider v, as an element of Héiﬁ(ﬂ) by zero extension. As in
the estimate (18), we have
Vol o e < € [ VuaPlaP Y (og 1) do
) |z ) |z

=Na,p(Q)+0n(1)=0n(1)

1 2(a+p-1) |U |2
R B
5 o5, 12 log 177

1

||

V2P dz + o(1)
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Also since u,, — u = 0 strongly in L?(Q\ Bs:
we see

) for any d € (0, 1) fixed,

R S
? Tal ™ log (177

’U2 u2
|zt [, et =
a |z|V (log m) O‘ Bso |2V (log Iw\ Q\Bss

= 1+0,(1) > 1/2.
Therefore, we test Hy 5(2) by v, € 'Héiﬁ(Q) to obtain
fQ'VU | |35|2 N(IOg |1 )25dx

al
Ho 5(2) < Q(vn, ) =
Jo e T (log 77 47

- 2(a+p-1) nl?
C [ | Vug|?|z[>~ (log m)wdx + C (log %) Jo\s,e de
1/2

—0

as n — oo. Thus H, g(€2) = 0, which contradicts the assumption H, g(€2) > 0. O

Proposition 12. If N, 5(Q) = N, 5(Q), then N, 5(Q) is not achieved.

Proof. Assume the contrary that there exists (o, 5) € R x R such that N, g(Q2) =
ya,ﬁ(g) and N, g(€?) is achieved. Then the minimizer u € 7—[;25(9) of Ny () =
N4, 3(£2) must be a weak solution of the Euler-Lagrange equation

1 26 — u
—div |a:|2’N (log ) Vu| =Nopg(Ql)——5—= in Q.
( a 2™ (log )%

Note that |u| satisfies |u| € ’Hi%( and [, ﬁdw = 1, thus |u] is a

minimizer of N, 5(f2) and solves weakly the above Euler-Lagrange equation. Since
the weight functions are locally smooth on Q\ {0}, standard regularity results imply
that |u| € C*(Q\ {0}). Then the strong maximum principle assures that |u| > 0 on
2\ {0}, which leads to that u does not change its sign on 2\ {0}. However, this is
a contradiction to the fact that fQ de =0. O

(los 37

Now we are going to prove Theorem 4.

Proof of Theorem 4.
) = 704’5((2) when
Ny () is trivial,

— )

Proof. By Proposition 12, it is enough to prove that N, g(€2
a+B>1and 2a+ 8 < % As noticed before, since N, 5(£2)
we just need to prove that N, g(2) < Ny 5(S2).

For this purpose, let {u,} C HiQﬁ(Q) be a minimizing sequence of N, g(2) =0
such that

u? / 1 —
— - dx =1, Vun|?|z]>~N (log —)%dz = Na () + o(1).
[ Arrr=ar [ 190 Plaf (08 72 #(0) + o)
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In the following, we will construct a sequence of functions {v,} C ’Hi%

that

||un - Un”a,ﬁ — O (TL — OO) and / W

If this will be done, then we see

1
T

o VPl N(log

)2Bdx

JAEYOUNG BYEON, MEGUMI SANO, AND FUTOSHI TAKAHASHI

(Q) such

Un 0.

dr =
log ﬁ)%‘

 Jo Va2 (log 1) *Pda + 04 (1)

fQ |z| N (lo

- dx

a

%)

which leads to the desired inequality N, g(Q) <
ciently small and s > 1 and put hs(z) = 1 — gs,5(2)

n (14). Define

Jo T tiog Ty 4 + on(1)

No (). Take 6 € (0,1) suffi-

where g5 s is a cut-off function

Un,5(x) = up(x)hs(x).

Note that uy s = up on (Bs)°, thus

/ [t — Up 6|2 x—/ |Un_un,5|2 _/ (1_h5)2‘“n‘2
o o (log 12~ Jp, T (og )2, o™ (log )2
|un‘2
< [ ——dr = 05(1)
/35 2™ (log )7
as 0 — 0 for fixed n, and by (17),
/|v =t )P log o |)2ﬂdz
1 1
< 2/ |V, 222~ (log —)Qﬁdx + 2/ |un|2|Vgavs|2|x\27N(log —)zﬁdz
B || B |z
< 2/ |V, |? 2>~ (log i)Q’Bdsr +C %(bg ! 2P dx
Bs |z| Bs\Bss 2|V (log m) ||
=o05(1)+C ﬂ(bg V2P de.
Bs\Bss x|N(IOg \glg|) |£E|
>1
Now, the current assumption atf=z implies o < 1/2, so u,, satisfying
20+ 8 <3/2

‘u'n
(log =+ o] )2«

fQ |z | N (

dx = 1 must be u,(0) = 0. Also

we may assume ( > 1/2, since if

B =1/2 then a = 1/2 under the current assumption and the non-attainability of
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Nyj2,1/2(2) = 0 is easily checked. Thus by (21) in the proof of Lemma 1, we see

‘un|2 1 23
—— = (log —)*"dx
Lo, ¥ (log 228 Ta

x|

/ / log /7.
§N-1 s 7N IOg 0
3un 2

§ 1 1 §
< et U
T Jov-1 Jss \28—1) rlogt \ Jy | Or

1 1 S dr

< vnQ 27N1 72[3d /7
_(25_1)(/35|u|x| om ) [t
———

=log s

ouy, 2
or

1 T dt
2N (log =)?PtN 14t / — | ¥N1drdsS,
(Ogt) o (log 1) r r

=557 (log £)1-2¢

1
2N (log t)th‘ldt) drdsS,,

1
m)zﬁdm =05(1)

as 0 — 0 for fixed n. Thus we have seen that ||u, — un.slla,s = 05(1) as § — 0 for
fixed n. From this, we see there exists {J,,} C Ry such that §, — 0 and

<c / VP (log
Bs

Hun - un;&n a,p —0

as n — 0o.
Now, we divide the proof in two cases.
Casel: 2a+ 3 < 3/2.

In this case, together with another assumption a4+ > 1, we automatically have
a < 1/2, so we can exploit Proposition 7. We construct desired functions v, of the
form

V(%) = un,s, (7) — Cpte, (7)

where 1), is a function in Proposition 7 with 6 = ¢,, and

Un, on
Jo e (log Ty A

Cp =

Y

e
Jor o iog Ty

so that fQ M’de = (0. Here ¢,, > 0 is chosen so that

Un, dn d
X
fQ [z (log T ‘)2(1

|Cn| =
ey
Jo 2]~ (log 11;)2% dz

<1 and &, —0,

as n — 0o. We know by Proposition 7 that

_ Ve,
To(ve,) —/Q \$|N(1Ogﬁ)2“dx — 400 (n — 00),
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so we can choose such €, > 0. Also by Proposition 7, we see |1, [|a.s5 = 0n(1),
thus

vn = Unlla,s < luns, — unlla.p +|Cul 19, la.s — 0
—_—— N N—
=0, (1) <1 =on(1)
as nm — 0o.
Case2: 2a+ 3 = 3/2.
In this case, we construct desired functions v,, of the form
1
)t

U (x) = Up s, () — Cp(log — 2]

where
A, =2a—-1-06,
for ¢, > 0 small and
o e i de

" (10g| ‘) ’
fﬂ T2l (log L2 9%

Note that the denominator of C,, is estimated from the below as

(g ) _ Ly 1y
e o | ~or () (0s5)
o 2] (log 7% o rlog D~ G U5,

since 2ae — A,, = 1+, > 1. Also the numerator of C,, is estimated from the above
by using (22) in the proof of Lemma 1:

Un.§ |ty
S Y IS— g/ —————dzx
/Q |z|N (log ‘?1|)2a o\B;. |2V (log ﬁ)2o¢

22) / Cllunlla,p(log py) /=7
o\Bse |V (log )%

Ra dr
< Cllu _
< n”aﬁ /5; T(log%)2a+l3—%
177
< C'sup ||unlla,s [— log log }
neN r 53

1
< C|loglog 6—|

Thus we have the estimate

(41) |Cn| < C (i) (log 1)6n =Cé, <1og log i) .
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Now, the assumption implies o < 1/2 and in this case we have

24,
(log %) Ra (log 1)24n—2a
Nl P mdxg |SN_1|/ 7( gy) dr
0

L r

o [ ¥ (log (1)
- 1 1 1 20—-1-26,, § Q
“\2,+1-2a) %R, =50
Also we see

A\ |2 28 13y2(An—1)+28

1 1 (log 17)

/ \Y (log) |lz|2~N <1og > dx:Ai/ El ~ dx
) |z || ) ]

g [ O,
N " Jo r
1 1\ 24n+26-1
=|S"NAY | ——== ) (log 5
ST T2a, 25 ) B &,

_ 1
=25,

since 24,, + 26 —2 < =1 <= 2a+ f < 3/2+ 9, is satisfied. By a standard
truncation procedure with Lemma 3 implies (log ‘%l)A" € ’Hizﬂ(Q) and

1 1

42 log — )" 2 — .

(12) (ox 1 2,5 < (5

Thus by (41) and (42), we see

1
[onlla,p < tns, = tnlla,s + |Cnlll(log m)A" o
1 1
<o,(1)+ Cé, <loglog 5) <6>

— 0

as n — 00. Thus v, is the desired function in this case.
In both cases, by testing N, 5(2) by v, above, we obtain N, 5(2) < N4 5(Q).
This completes the proof of Theorem 4. [

6. PROOF OF THEOREM 5 AND THEOREM 6.

In this section, we will prove Theorem 5 and Theorem 6.
Proof of Theorem 5.

Proof. First, we claim that
(43) Noi—a(Q) < Hyt—olQ) = (a—1/2)?

if o > 1/2.
We have already seen that Ny /9 1/2(€2) = 0 = Hy /2.1 /2(€2), so we assume a > 1/2.
Also we may assume B, CC 2 for some dp € (0,1). For 0 < ¢ < a—1/2 small, we
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define

0, {60 < |z|} N Q,
ve(x) = us(z) — C¢,

LyAe 1A
u.(z) = {(log m) (log 50) , 0< || < &,

where A, =a—1/2—¢ >0 and

Ue
Ja [T (log 17 0%

LI f dx
Q T2l (log 17

Note that the denominator of C. is finite since o > 1/2. By the choice of C, we
see

Ve
44 ————————dx = 0.
() Lum%mwx

We compute
(log ﬁ)*“s SV 1\ —o+i—e
o oe Tz =\ g1 2 ) gy )
Bs. || (logm)o‘ a—;+e oo

%0

By, |21V (log 222 T\ 2 &%)
N—-1

%0

., ot = (i) (o)
By, 1o (log 122~ \20—1) (™5,

%0

for A. = o — 1/2 — . By these we have

1 \A
Ue (log m) € ]. A d‘r
—dx:/ ——————dx — (log — )¢ TN T
Aum%mh 55, 2N (log )% %" Jps, lal¥ (log )2

I 50

_ 1 a1, 1 1
— 5% (og )4 )

a—%—l—giQa—l

1 —a+i-—¢
:C(log%) A ’

2
uE
—=——dx
Amwm;w

(log 137)* 1 (log 1) 1 dx
= — 1 dx —2(log —)*¢ / — T dx + (log —)*4e / ———dzx
‘Awwmgw 50" Ju, To¥(log )% 5" iy, [N (log )7
1 1 2 1
— SN—I log — -2 = _
| ‘(Ogéo) 2e a—%—|—5+2a—1

50 2¢e

Also we have

— 5o )7 (5 +0(1) ).
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thus
1 (log ;)2(A571)+2(17a)
Ve |22V (log )2~V da = A2 IR >N da
Q || Bs, ||
1\2A.—2a+1
— |SN_1|A2 (IOg 50)
S 2a—1-2A.
S 1o
= S Aoy )
From these, we see
_ 1 _ (44) |SNL 1.
21,.12—N L \2(1—a) 24 2 V2
- 1 der = AZ(l ,
[ 19 Plaf = (og 7 s 2 B 42108 )

/”gdx/“?dxc/uedm
q |2V (log )% a |z|N (log Ii)% ° /g |9L‘|N(logﬁ)2a

el

. . (Cllog &)-eti-<)
— SN71 1 S \—2 [ - 1 o 0
506 507 (o + 00 g L5

2

= C(log 6—10)_2‘S (i + O(l)> — C(log %)_25

By (44), we may test Ny 1-4(9) by v.. Then we have

Voue|?|z]2~N (log & )21 =) dg
Nat-o(®) < Q(v:,Q) = Jo [Voel o™ (log 57)

Ja 2T (log 17 0%
N-—-1
5 A2 (log )~
C(log %)_25 (1 +0(1)) + C(log é)—%

) 1
= A (1+0()) + Ce

A2 (0 2
—>€11_I>I%)A€ =(a—1/2)

as € — 0. Thus we obtain that Ny 1-4(Q) < (a—1/2)? = Hy1-4(Q) when a > 1/2.
This completes the proof of the claim (43).

Next, we will prove that if Ny 1-4(Q) < Ho1-0(£2), then N, 1-4() is achieved.
Here, we provide a proof of this claim without the use of concentration compactness
lemma type argument; see also Theorem 2 in [23].

First, we prove the following inequality:

Proposition 13. Let o € R be such that Hy1-4(Q) >0 (i.e., a # 1/2). Then for
any € >0 and é € (0,1) such that Bs CC Q, there exists C(g,9) > 0 such that

(45)

|u|2 1 2/ |2—N 1207
—_——dr < | —m—— —l—&‘) / Vul?|z|*™ (10 > dx
A N 2a (Ha,l—a(Q) o ‘ ‘ | | g |I|
2|

log \71|

(46) +Cle, ) / 2da
Q\Bs 2
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holds for any u € ’HQ 1—a ().

Proof. First, since

>/ |u|2 dz > inf ! /|u|2dx
00 > - -
2™ (log 27 = 220 \ ol ¥ (log 102 ) Jo

for u € 7—[(“ (), 7-[(1121 o(Q) = L*Q) follows. Take a cut-off function ¢ €
C§e (0 )suchthat¢zlfr0<|x|<6/2 ¢p=0o0nQ\Bs, 0 < ¢ <1 Then
supp (¢u) CC Q and

2 2
[l g [
|x‘ IOg \m| ‘x| IOg‘ |
1 2(1—a)
/|V (pu)[*|z>~N <log| |> dx
1 2(1—a) 1 2(1—a)
2 [ [wuoPel N (o) ez [ PPN (o) e
Q || Bs\Bs 2 |z
1 2(1—a)
< 2/ |V ?|z]|2~N <log ) dx
1\2
2V max{|x2 (105727 }

Thus ¢u € ’Hé:il_a(ﬂ) and applying the critical Hardy inequality (6) to ¢u, we
obtain

juf? / e | il
— = —————dz+ | ———L——dx
/Q |x\N(logﬁ)2a Q \x|N(logﬁ)2a a |z[Y (log ﬁ)m

1) 2(-a) 1 — ) |ul?
< i/ |V (pu)*|z*~N <log ) dz + wdx
H Jq ||

o ||V (log 1)

Juf?

/ 55 dr < oo.
©€Bs\Bs /2 Bs\Bs/2 |z (IOg \?1|)

where H := H, 1-4(9). By Young inequality, we see

V(6u)? < (1+ He) [Vu +<1+) Vo[22

and

1 ) . 1 2(1—a)

— Vo) |* x|~ (log) dx

H/Q| (w2 o

< (5 +e) [ IvuPlaP (1og T (L [ voralaf (1og Y
- e u \r ra— .

=\E ) & 1] YT\H T HE) ), &1l

From the above, we obtain

Juf? 1 2| .12—-N 120
———dz < (= +€)/ |Vu|*|z|*~ (log ) dx
/, e (og 2™ = m 9, B

/l ? LA . V62PN (log — e d
u |:L’|N 1) H H2 X Og |£L’| xZ.

=:P(z)
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Note that

R ¢($)2 1 1 2(,.12—N 120 _

Thus we have

Ju? 2~ (1ge LY
AT ondr < (H ' +¢) |Vu| || log — dx
a |z 10g| | ||

+ max |P(x)] |u|?dx
z€Q\B;s /2 Q\Bs /2

for u € ’Ha 1—o (). This proves Proposition 13. O

Let us return to the proof of Theorem 5. Take a minimizing sequence {u,} C Ay
for No1—a () where Ay is defined as in (5) for 5 =1 — a. Thus

2
Un,

o [lz|N (log r37)

and / |V, )?|z)>~ (log
Q

Unp

o |2V (log r37)%

1
m)m—a)dx = No1-a(9) +o(1).

dx =0,

dr =1,

Then there exists a subsequence and u € Ha 1—o (£2) such that

Uy, — u  weakly in Ha 1—a(92),
1

— strongly in L?(Q\ Bs, , —————
Uy —> U ngly i (Q\ 60’\x|N(1ogﬁ)2a

);
u, — u  strongly in L*(Q\ Bs,)

for any small &y € (0,1). Now the assumption o > 1/2 and Ny 1-0(2) < (a — £)?
implies that o > 1/2. Therefore the average functional Ty : H-%__(Q) — R,

a,l—a
. w . . . .
To(u) = fQ mdm is continuous by Proposition 6. This assures the weak
limit » must satisfy that

U
To(u) = | —————dz = lim T(u,) = 0.
o) /vawog;) "= g Tl

Now, we claim that

(47) / S o
g 2] (log )2

holds. If this is true, then it is easy to see that u € Ay is a minimizer for Nq, 1-4(12)
and the proof will be completed.
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In order to prove (47), first we see the weak limit u # 0. Indeed, if u = 0, then
Proposition 13 for u, and u,, — u = 0 strongly in L?(Q\ Bs,) implies

|u |2 1 1 2(1—a)
1 :/ n 5o dr < < +€> / |Vun|2|x|2*N (log ) dx
2 ||V (log ﬁ) Heyi-a(9) Q |z

=Nqa,1—-a(2)40,(1)

+C(5,50)/ u?dx

n
Q\ Bs,,

=0,(1)

1
< — No,1—a(£2 (1
< (g 2) Vool + (1)
as n — oo. This implies that Hy 1-0(2) < Nga,1-4(2), which contradicts to the
assumption Hy 1-0(Q2) > Ng,1-4(2). Thus we have proven that u # 0.

2
Now, we will prove (47). By the weak lower semi-continuity, we see that [, de <
Tl
2
1. Assume the contrary that [, de < 1. Then

dx
/ |x|N log |1| / |55‘ log |3;| / |517| log m
[y, — ul? / 2u(u, — u)
= —/—/—————drv+ | ——L—dx
/Q 1% (log )2 ™ Jo Tel (log 120

:On(l)

|y, _“‘2
= | ————dz+0,(1)
|, i 1y

because u, — u weakly in L2(, m) Again, we apply the Neumann
To]

Hardy inequality (45) to the last term to obtain

2
/ u| r < (H —i—E)/ |V (u )% |2 *~ N(log )2(1 O dy
¥ log )2 - o

+ C(e,d) / |1y, — u|?da

Q\Bs,,

)
1 1 1
< +s> </ V2|22~ (log — 2(1*a)dx7/ Vaul?|z|>~N (log — )2 ~¥dz 4 o 1>
() ([ 19 oe 1 [ 1Vula (o5 1) A()
1 1
< | —=——+¢]| | Na1-a()+o0,(1 —/ Vul?|z[>~N (log — 2(1a)dx)
(<) (Mor-a(@toutt) = [ [wuliap=(ox 1)

1 Juf?
< | —=——+c¢ Na,aQ—konl—Na,aQ/—d ,
(o +e) (Moaa@ 4t - Moot o [V (log )7 x)
since

Jul? / 2| 12=N 1 o=
Ny 1-a(Q / dr < Vul|?|z log —)2(=) gg
,1 ( ) Q \x|N(10g ‘1 )2a QI ‘ | | ( g |£L’|)
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holds for v € H-3_ () such that Ty(u) = 0. Thus we obtain

ala

u? ( 1 ) |u\2
1_/—@3 L e) Naaal 1_/
o 2N (log )2 Hoa-a() " [N (log )2

when n — co. Deviding the both sides by 1 dz > 0 and taking a

limit € — 0, we obtain 1 < %’ which is a contradiction to the assumption.

O

— . W
Q o™ (log ()%

Proof of Theorem 6.

Proof. Let R € (0,1) be given. In order to prove that Ny 1_(Bgr) is achieved,
from Theorem 5, it is sufficient to find a condition on « > 1/2 to assure that
Noi-o(Br) < (a—1/2)% As in [10], [5], we use a test function of the form

SN—l

for z = (x1,...,2N) = Tw, where w = (wy,...,wN) € . Then easily we have

B ¢ _ o
To(o) = /BR de o (/SN—l w1d5w> /0 r(log %)20‘ -0

@* / 2 /R dr |SV 1] 1 112
- ds., _ log —)1=22,
/BR ¥ (log )2e ™ T \gwos ™ o rogl)ze ~ N \2a—1 (log %)

since [ov_1 widS, = %SV 7. Also since

1 1
Vo = <w3 + V§N1> (wl) = —Vgn-1w1,
or r r

we compute

1 R (log 1)2(1—0)
[ e tog = ([ 1Weswnpas.) [T EE
Br |l“ SN-1 0 r

N v (L oy Ly
— () 8 (55 ) tox )

when a > 3/2. Here, we have used the fact that —Agyv-1wy = (N — 1)w;. From
these estimates, we see

Moy Do VO g e (5 8 (i
a,l—a R) > ¢72 _ -
Jo e e e 4 () 187 (=

— (N —1) (;3:;) <1og;)2

when a > 3/2. Therefore, if

(48) (N —1) (;Z_;) (log;)Z < (a—1/2)2

3) (log )3-2a
) (log L)1-2a
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holds, then N, 1-o(Bgr) is achieved by Theorem 5. The quadratic inequality (48)

for @ > 3/2 is easily solved and is equivalent to o > 1 + \/i +(N-1) (log %)2.
This proves Theorem 6 O

7. APPENDIX.

Recall
—lla, oo
HL2(Q) = Yaps (@) " = {ue Cx(Q) | [ullaps < oo}

II “045

II Haﬁ

 mmrew 1P —
My 5(2) =You5(Q) ™" ={ue Cs®(Q) | llullas < 00}

where
2

1 u
Jul2 , = / Vul eV (og 228 ¢ —— ) 4.
= J, ol ol og )

Therefore, u € H;%(Q) if and only if u € L?(€), —xrt—13), and there exists

» o™ (fog )%=
a sequence {¢;} C Yo (), RN-valued function & € L2(Q, |z|>~ (log ﬁ)%;RN)
such that

/Mdmﬁo (j = 00), and
o Tol ¥ (log )%

1
/ |t — V,|?|z|>~ N (log ﬂ)wdx —0 (j— o0).
Q T
¥ above is called a strong derivative of u € HL%(Q)
First, we show that any u € ’HL%(Q) is in L}(Q) for any (o, 3) € R x R and its

strong derivative ¥ coincides with its weak (distributional) derivative Vu for any
a, B.

Lemma 2. There holds ’Hi%(ﬂ) C LY(Q) for any o, B € R and ¥ = Vu for any
u € HL%(Q), where ¥ is a strong derivative and Vu is a distributional (weak)

derivative of u € HL% () respectively.

Proof. Since

1/2 1/2
2 1 /
/ luldz < / N _ (/ |ch(10g)2adx>
|z|N (log = |x| Q |z

1 fta 1
/ ||V (log — )**dx < |SN*1|/ 2N =1 (log =)**dr < oo,
Q || 0 r

we see u € L'(Q) and ||ul|p1(q) < Cllulla,s. Similarly, we have

1/2 1/2
/|U|dx< (/ |72 22~ logl)wdx) / / 5 Nd:): 5 < Cllulla,p
2| a7l (1og‘ |) A

since [, W < SN fRQ (log 2)?rdr < +oc. Thus we have the con-

and

tinuous embedding
Hoh(Q) = LY(Q)
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for any (a,3) € R?. Let {¢;} € Y, 5(Q) such that
S
ol (log L)

1
Vo; =7 in LX(Q ¢~V (log —)%;RY) < L' (;RY),

¢; —u in L*(Q — L'(Q),

|z
where ¥ = (v1,...,vy) is a strong derivative of u € ’Hi%(ﬂ) Then for any ¢ €
C§°(Q) and i = 1,2, we see
d¢ B 9¢ 99
‘ /Q“axi + ¢vldx’ - ‘ /Sllpp¢(u ~0)g,. Fvid 6 dr

_ N 99
—0

as j — oo. Thus

0
u ¢daz=—/¢)vidx
and v; = %‘i in the distributional sense. O

Lemma 3. Let u € Co(Q) and assume that u is differentiable (in the classical

sense) a.e. Q with |Vu| € L*(D) and m € LY (D) where D is an open
Ta]

T

set such that supp(u) C D CC Q. Then u € Higﬁ(Q)

For example, Lipshitz continuous functions are differentiable a.e. on Q (Rademacher’s
theorem: see [15]).

and wg(z) = |z|>~N (log £)?? for a, B € R. Note

P')"OOf. Put W (QE) = W m

that wg € LY(Q) for any 8 € R. By taking ¢ € C§°(£2) such that ¢ = 1 on supp(u)
and considering 1u instead of u, we can assume that u is bounded continuous on RY
with compact support in € and has a classical derivative Vu a.e. on RY. We take
the standard mollifier ;, 0 < n; <1, fRN n;dr =1, and put u; = n;xu € C=(RY).
Then we know that u; has a compact support in D for j large, u; — v uniformly
on D and Vu; = n; * Vu — Vu uniformly on D. Moreover, we have

lujllLo(py < lullzepy,  IVujllLe(py < [IVullLes(p).-
For the fundamental properties of the mollifier, see the book [14]. Thus
luj — ul?wa(z) =0, |Vu; — VulPwg(z) -0 ae. x€ D,
|uj — ul*wq (@) < 4f|u)|Fw pywa(z) € L'(D),
[V — VulPwg(e) < 4| Vu|Ze pyws(z) € L1(D).
Then Lebesgue’s dominated convergence theorem implies that

/ luj — u|*wadr — 0, / |Vu; — VulPwgdz — 0
D D

as j — oo. Thus u € ’Hizﬁ (Q) by definition. O
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We define another type of weighted space using distributional derivatives. Define

1 _ 1
W) = {ueL%OCm):ueL?(ﬂ,W), Vul € L2(9, |2 N(log>2ﬂ>}
|z

, al

where Vu is the distributional derivative of u € L} (Q). For u € Wi%(Q), we
define the norm (1) as before.

Lemma 4. For any a,8 € R, the space W;%(Q) is a Banach space under the
norm (1).

Proof. Put wy(x) = Ehd e and wg(r) = |22~V (log ITl‘)M for a, B € R. Since

1
(log ﬁ
wp € L1(Q) for any B € R, it is easy to see that L?(Q2, wgdx) is a Banach space. Also
if {u;} C L?(, wadz) is a Cauchy sequence, then {ung/Z} C L?(Q) is Cauchy, so

it has a limit v € L2(€). Then {u;} converges to u = vwa /% € L*(, wqdax). Thus

L?(Q, wadx) is a Banach space for any a € R.
Take a Cauchy sequence {u;} in Wi%(Q) Then {u;} and {Vu;} are Cauchy
sequence in L?(2, w,) and L?(Q, wg; RY), respectively, so they have limits:
uj —u in L*(Quw,), Vu; =7 in L*(Q,ws; RY)
as j — oo. Since u; € L, (), it defines a distribution T, : D(€2) — R such that
Tu,(¢) = [qujpdr. Also we can define a distribution Ty, (¢) = [, %qﬁdm for

i =1,2. Now, we see
1,,(0) = Tu(@) < [ fu; = ulloide < ol [y —uldz =0,

uppP
8uj 8

u
To,u. — Ty, < _— = — < oo P —
o, (0) = Toul) < [ [ G20 = o fllde < Wl [ 190, = Pl =0

as j — oo, since L2(Q,wy) < L () and L*(Q,wg) < L} .(Q), respectively.
Thus

Ty, (¢) = lim Ty, (¢) = lim (=1)Ty, (0s¢) = (=1)Tu(0s¢).
j—oo j—o0
Thus we see Vu = ¥ and |lu; — ulla,g — 0 as j — oo. O

By Lemma 4 and the definition of HL% (€2), we see the following corollary.

Corollary 1. For any (a,f5) € R x R, 7—[}125(9) is a Banach space (as a closed
subspace of Wi%(Q)) and the inclusion

1,2 1,2
Ha7ﬁ(Q) — Wayﬁ(ﬂ)
18 continuous.
We do not know Meyers-Serrin type “H = W” theorem ([21]) holds or not for
general (o, 8) € R x R.
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