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1 Introduction

Antipodal sets in Riemannian symmetric spaces
. indtroduced by Chen-Nagano

M : a compact Riemannian symmetric space
S : the geodesic symmetry at x € M

A C M : an antipodal set

& s.(y) =y (z,y € A)
#2M = max{#A | A C M : antipodal}

the 2-number of M a geometric invariant
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M : a Hermitian symmetric space
= #,M = the Euler characteristic number

(Takeuchi) M : a symmetric R-space
— #,M = dim H,(M;Z5)

A C M : a great antipodal set
& A antipodal, #£A = #M

A1, Ay C M : congruent
& dg € Iy(M) Ay = gA;



(Tanaka-T.) In a symmetric R-space
(A) V antipodal set C 3 a great antipodal set

(B) V great antipodal sets are congruent

In a symmetric R-space
Great antipodal sets = Maximal antipodal sets
In general

Great antipodal sets & Maximal antipodal sets

2-numbers

U

All congruent classes of maximal antipodal sets
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2 Oriented real Grassmann mifds

G (R™) = {k-dim subspaces in R"}
G (R™) = {oriented k-dim subspaces in R™}
All of G (R™) : symmetric R-spaces
min{k,n — k} < 2

= G1(R") : a symmetric R-space
min{k,n — k} > 2

= G(R"™) : not a symmetric R-space
All congruent classes of maximal antipodal sets

are not known.



P.(n) ={a C{1,...,n} | #a = k}
a—B={itcaligp}lora,le P(n)
a, B : antipodal < #(a — 3) : even

A C Pi(n) : antipodal

& a, 3 : antipodal for any ae, 3 € A
Ay, Az C Pr(n) : congruent

& dg € Sym(n) Ay = gA,



P.(n) > a={a,..., 0}

(g < -+ < ag)

v = (V1,...,0,) : an orthonormal basis of R"
A C Pg(n) : antipodal

v(A) = {Espan{vy,s...,Va, } | @ € A}

Theorem (T.)

“A — v(A)” induces a bijection from
{cong. classes of MAS in Pi(n)} to
{cong. classes of MAS in Gi(R™)}




3 Antipodal subsets of Px(n)

In the case k = 1
{{1}} : MAS in P;(n)
{£v} : MAS in G4 (R**!) = S

In the case k = 2

A(2,20) = {{1,2},{3,4},..., {21l — 1,2l}}
: MAS in P»(21), P>(21 + 1)

v(A(2,20)) : MAS in G2(R?), G,(R?+1)



In the cases k = 3,4

All congruent classes of MAS in Pg(n) are

classified. (T.)

A(3,2l41) = {aU{2l+1} | ax € A(2,2])}
C P32l + 1)

A4,2]) ={aUpB | a,B € A(2,2]), x # B}
C Py(21)

Evg = {{a1,..., 04} | a; € {2¢ — 1, 22}
(1 <1 < 4) #(even numbers «;) : even}
C Py(8)



A(2k,2]) ={anU---Uog | a; € A(2,2]), 0; # o}
C P (21)

ARk + 1,21+ 1) = {aU {2l + 1} | « € A(2K,21)}
C Porpy1(20 + 1)

Theorem (T.)

A(2k,20), A(2k + 1,21 + 1) : antipodal

[ >3k+1=

A(2k,2l) : MAS in Py (21), Por(21 4+ 1)
A(2k + 1,20 + 1) : MAS in Payy1(20 + 1),
Py 11(21 + 2)
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Evym = {{a1,...,an} | a; € {2¢ — 1,2}
(1 <1 < m) #(even numbers «;) : even}
C P,(2m)

Theorem (T.)

(0) m>1

Evg = Evg,, U A(4m,8m) : MAS in Py,,(8m)
(1) m>1

Evgio 0 MAS in Pyy,y1(8m + 2)

(2) m>0

Evgpi4 : MAS in Py, 12(8m + 4)

(3) m>0

Evgpi6 : MAS in Py, 3(8m + 6)
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4 Estimates of antipodal subsets

a(k,mn) = max{#A | A : antipodal in Py(n)}

a(l,n) =1 a(2,n) = [E]

2
We have

a(2k,n) > #A <2k,2 BD = ([nliz]),

a(2k +1,n) > #A (2k+1,2 [n;1] | 1)

_ ({tm =172




Observation

n—1
n217$a(3,n):[ > ]

, n—1
A C Ps(n) : antipodal, #A = [ ]

n—1
= A : congruent with A (3, 2 [ ] | 1)
n/ 2])

2

A C Py(n) : antipodal, #A = ([n;2]>

= A : congruent with A (4, 2 [g])

n212:>a(4,n):(
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Theorem (T.)

n > 57 = a(5,n) = G?})

2
. n—1
= A : congruent with A (5, 2 { > } + 1)

n—1
A C Ps(n) : antipodal, #A = <[ 2 ])
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