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1. Antipodal sets

Chen-Nagano (1988)

M : a Riemannian symmetric space

sx : the geodesic symmetry at x ∈ M

If M is connected,

sx(y) = y ⇔ x, y are antipodal on a closed geod.

S ⊂ M : antipodal set ⇔ ∀x, y ∈ S sx(y) = y

|S| : the cardinality of S

#2M : 2-number of M

:= sup{|S| | S : antipodal set ⊂ M}
S : great antip. set ⇔ #2M = |S|



Ex. M = Sn

x ∈ Sn {x,−x} : great antip. set

#2S
n = 2

Ex. M = RPn

e1, . . . , en+1 : o.n.b. of Rn+1

{Re1, . . . ,Ren+1} : great antip. set

#2RPn = n+1

#2M depends on the topology of M



f : M → N : totally geodesic embedding

S : antip. set of M ⇒ S : antip. set of N

#2M ≤ #2N

Chen-Nagano determined #2M for most com-

pact Riem. sym. sp. M .

#2G̃k(Rn) (2k ≤ n) is not completely known for

k ≥ 5.



T. - Tasaki (2012)

M : Hermitian sym. sp. of cpt type

L1, L2 : real forms of M L1 ⋔ L2

⇒ L1 ∩ L2 : antip. set of L1, L2
∃g ∈ I0(M) s.t. g(L1) = L2

⇒ |L1 ∩ L2| = #2L1 = #2L2

Ex. M = S2 L1, L2 : great circles

We are interested not only in |S| of an antip.

set S but also in S itself.

⇝ Classification of maximal antp. set



2. Maximal antip. subgr. of cpt Lie gr.

G : compact Lie gr.

G is a compact Riem. sym. sp. w.r.t. a bi-inv.

Riem. metric.

sx(y) = xy−1x (x, y ∈ G)

e : the identity elem. of G

S : antipodal set of G e ∈ S

∀x ∈ S x2 = e

∀x, y ∈ S xy = yx

S : maximal ⇒ S : subgr. ∼= Z2 × · · · × Z2



∆n :=




±1

.. .

±1




⊂ O(n)

∆+
n := {x ∈ ∆n | det(x) = 1}

∆n is a unique maximal antipodal subgroup of

U(n), O(n), Sp(n) up to conjugation.

∆+
n is a unique maximal antipodal subgroup of

SU(n), SO(n) up to conjugation.

D[4] :=


±1 0
0 ±1

 ,
 0 ±1
±1 0


 ⊂ O(2)



n = 2k · l l : odd

0 ≤ s ≤ k

D(s, n) := D[4]⊗ · · · ⊗D[4]︸ ︷︷ ︸
s

⊗∆n/2s ⊂ O(n)

A = [aij] ∈ O(n), B ∈ O(m)

A⊗B :=


a11B · · · a1nB

... . . . ...
an1B · · · annB

 ∈ O(nm)

G1 ⊂ O(n), G2 ⊂ O(m)

G1 ⊗G2 := {g1 ⊗ g2 | gi ∈ Gi}



D(0,2) = ∆2 ⊊ D[4] = D(1,2)

D(k − 1,2k) = D[4]⊗ · · · ⊗D[4]︸ ︷︷ ︸
k−1

⊗∆2

⊊ D[4]⊗ · · · ⊗D[4]⊗D[4]︸ ︷︷ ︸
k

= D(k,2k)

π2 : O(2) → O(2)/{±12} : proj.

D[4] : not antip. subgr. of O(2)

π2(D[4]) : antip. subgr. of O(2)/{±12}

Q[8] := {±1,±i,±j,±k}
1, i, j, k : the standard basis of H



G : compact classical Lie gr.

Ad : G → GL(g) Ad(g)(X) = gXg−1

Theorem (T. - Tasaki)

(I) A max. antip. subgr. of Ad(SU(n)) is con-

jugate to

Ad(D(s, n)) (0 ≤ s ≤ k),

where the case (s, n) = (k − 1,2k) is excluded.

(II) A max. antip. subgr. of Ad(O(n)) is con-

jugate to

Ad(D(s, n)) (0 ≤ s ≤ k),

where the case (s, n) = (k − 1,2k) is excluded.



(III) A max. antip. subgr. of Ad(Sp(n)) is con-

jugate to

Ad(Q[8] ·D(s, n)) (0 ≤ s ≤ k),

where the case (s, n) = (k − 1,2k) is excluded.

Remark. D(k − 1,2k) is not maximal because

D(k − 1,2k) ⊊ D(k,2k).

Since Ad(G) ∼= G/Z (Z : the center of G), we

classify maximal antip. subgr. of G/Z.



3. Maximal antip. subgr. of Aut(g)
Aut(g) : the group of autom. of a Lie alg. g

Int(g) : the identity comp. of Aut(g)

G : cpt connected Lie gr. Lie(G) = g

⇝ Ad(G) = Int(g) ∼= G/Z Z : the center of G

S = {σ1, . . . , σk} : max. antip. subgr. of Aut(g)

⇝ σ2i = e σiσj = σjσi

Aut(sp(n)) = Ad(Sp(n)) ∼= Sp(n)/{±1n}
Aut(o(n)) = Ad(O(n)) ∼= O(n)/{±1n} if n ̸= 8

Aut(o(8))/Int(o(8)) ∼= S3

τ : su(n) → su(n), τ(X) = X̄

Aut(su(n)) ∼= {1n, τ}SU(n)/Zn



Theorem (T. - Tasaki)

(I) A max. antip. subgr. of Aut(su(n)) is con-

jugate to

{e, τ}Ad(D(s, n)) (0 ≤ s ≤ k),

where the case (s, n) = (k − 1,2k) is excluded.

(II) A max. antip. subgr. of Aut(o(n)) is con-

jugate to

Ad(D(s, n)) (0 ≤ s ≤ k),

where the case (s, n) = (k − 1,2k) is excluded.

(III) A max. antip. subgr. of Aut(sp(n)) is

conjugate to



Ad(Q[8] ·D(s, n)) (0 ≤ s ≤ k),

where the case (s, n) = (k − 1,2k) is excluded.

For (I) we use :

T : a maximal torus of F (τ, U(n)) = O(n)

τU(n) =
∪

g∈U(n)
g (τT ) g−1

Max. antip. subgr. of Aut(g2)

Aut(g2)
∼= G2

M+ := F (se, G2)
∼= G2/SO(4) o ∈ M+

F (so,M+) ∼= (S2 × S2)/Z2

π : S2 × S2 → (S2 × S2)/Z2 : proj.



π((x, y)) = π((−x,−y))

{e1, e2, e3}, {f1, f2, f3} : o.n.b. of R3

{π((e1,±f1)), π((e2,±f2)), π((e3,±f3))} is a unique

max. antip. subset of (S2 × S2)/Z2 up to con-

gruence.

Theorem (T. - Tasaki-Yasukura)

A max. antip. subgr. of G2 is conjugate to

{e, o, π((e1,±f1)), π((e2,±f2)), π((e3,±f3))}.

We can explicitly express the max. antip. subgr.

by using the identification G2 = Aut(O).


