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1. Antipodal sets

Chen-Nagano (1988)

M : a Riemannian symmetric space
sy . the geodesic symmetry at x € M
If M is connected,

sz(y) =y < x,y are antipodal on a closed geod.
S C M : antipodal set & "z,y € S sz(y) =y
S| : the cardinality of S

#H-oM : 2-number of M

= sup{|S|| S : antipodal set C M}

S . great antip. set < #->M = |S|



Ex. M =5"
reS* {x,—x} . great antip. set
FH->S" =2

Ex. M =RP"

€1,-.-yept1 - O.n.b. of R*T1
{Re1,...,Re,41} : great antip. set
#-oRP"=n+41

#-M depends on the topology of M



f . M — N : totally geodesic embedding
S : antip. setof M = S : antip. set of N

#HoM < #oN

Chen-Nagano determined #,M for most com-
pact Riem. sym. sp. M.

#-GL(R™) (2k < n) is not completely known for
k>5.



T. - Tasaki (2012)

M : Hermitian sym. sp. of cpt type
Li,L> : real forms of M  Lqi M Lo
= LiN Lo : antip. set of L1, L»

Jg € Ip(M) s.t. g(L1) = Lo

= |L1 N Lo| = #oL1 = #2L>

Ex. M =S2 Lq,L, : great circles
We are interested not only in |S| of an antip.

set S but also in S itself.

~ Classification of maximal antp. set



2. Maximal antip. subgr. of cpt Lie gr.
G . compact Lie gr.

GG is a compact Riem. sym. sp. w.r.t. a bi-inv.
Riem. metric.

sz(y) =zy~lz  (z,y € G)

e . the identity elem. of &

S : antipodal set of (A e e S

VeeS zl=c¢e

Ve,y €S  xy=yx

S maximal = S : subgr. = Zo X --+- X Z»>



::1

AT = {z e A, |det(z) =1}

A, IS a unigue maximal antipodal subgroup of
U(n), O(n), Sp(n) up to conjugation.

AT is a unique maximal antipodal subgroup of
SU(n), SO(n) up to conjugation.
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D(s,n) == D[4] ® - Q® D[41®An/25 C O(n)

S

A = [a;;] € O(n), B € O(m)

_allB O alnB-
ARB:=| :+ .. c O(nm)
_anlB * e a/nnB_

G1 C O(n), Go C O(m)
G1® Gy :={91®92] g; € G;}



D(0,2) = A>, C D[4] = D(1,2)

D(k—1,2%) = D[4] ® - --® D[4] @ As
k—1
C D[4]®---® D[4] ® D[4] = D(k, 2%)
k
o O(2) = O(2)/{£1>} : proj.
D[4] : not antip. subgr. of O(2)

mo(D[4]) : antip. subgr. of O(2)/{£15}

Q[8] := {£1, +i, £j, £k}
1, i, j, k : the standard basis of H




(G . compact classical Lie gr.
Ad:G — GL(g) Ad(g)(X)=gXg 1

Theorem (T. - Tasaki)
(I) A max. antip. subgr. of Ad(SU(n)) is con-
jugate to

Ad(D(s,n)) (0<s<k),
where the case (s,n) = (k — 1,2F) is excluded.
(II) A max. antip. subgr. of Ad(O(n)) is con-
jugate to

Ad(D(s,n)) (0 <s<k),
where the case (s,n) = (k — 1,2F) is excluded.



(ITII) A max. antip. subgr. of Ad(Sp(n)) is con-
jugate to

Ad(Q[8] - D(s,n)) (0 <s<k),
where the case (s,n) = (k — 1,2%) is excluded.

Remark. D(k — 1,2%) is not maximal because
D(k —1,2F) C D(k,2%).

Since Ad(G) = G/Z (Z : the center of G), we

classify maximal antip. subgr. of G/Z.



3. Maximal antip. subgr. of Aut(g)

Aut(g) : the group of autom. of a Lie alg. g¢

Int(g) : the identity comp. of Aut(g)

GG : cpt connected Lie gr. Lie(G) = ¢

~ Ad(G) =Int(g) = G/Z Z . the center of G
= {o1,...,0,} . max. antip. subgr. of Aut(g)

o 0'2:62 005 — 0404

Aut(sp(n)) = Ad(Sp(n)) = Sp(n)/{£1ln}
Aut(o(n)) = Ad(O(n)) = O(n)/{+1,} if n ~# 8
Aut(0(8))/Int(0(8)) = S3

7 :s5u(n) = su(n), (X)) =X

Aut(su(n)) = {1,,7}SU(n)/Zy,




Theorem (T. - Tasaki)
(I) A max. antip. subgr. of Aut(su(n)) is con-
jugate to

{e,7}Ad(D(s,n)) (0<s<k),
where the case (s,n) = (k — 1,2F) is excluded.
(II) A max. antip. subgr. of Aut(o(n)) is con-
jugate to

Ad(D(s,n)) (0<s<k),
where the case (s,n) = (k — 1,2F) is excluded.
(III) A max. antip. subgr. of Aut(sp(n)) is

conjugate to



Ad(Q[8] - D(s,n)) (0 <s< k),
where the case (s,n) = (k — 1,2%) is excluded.
For (I) we use :
T : a maximal torus of F(r,U(n)) = O(n)

rtU(n)= U ¢g@GT)g !
geU(n)

Max. antip. subgr. of Aut(g»)

Aut(gr) = Go

M7t = F(se,Go) &2 Go/SO0(4) oe Mt
F(so, MT) 2 (82 x S2)/7

52 %x 82— (S2x S82)/Z> : proj.



m((z,y)) = 7((—z, —y))
{61,62,63},{f1,f2,f3} . 0.n.b. of R3
{7'('((6]_, ::fl))vﬂ-((€27 ::fQ))aﬂ-((e:’n::fé))} IS a unique

max. antip. subset of (52 x S2)/Z> up to con-

gruence.

Theorem (T. - Tasaki-Yasukura)

A max. antip. subgr. of G5 is conjugate to

{e,0,m((e1,£f1)),m((e2, £f2)), m((e3, £/3))}-

We can explicitly express the max. antip. subgr.
by using the identification Go» = Aut(O).



