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1. Introduction

Tasaki studied the intersection of two real forms in the complex
hyperquadric Q,(C) which is isometric to the 2-oriented Grassman-
nian manifold Go(R™12). He determined the intersection of two real
forms L1 and Lo in Qn(C) (Tohoku Math. J., 2010).
=
. L1 N Lo is an antipodal set, i.e., sz(y) =y for Yo,y € L1 N Lo.
- #(L1 N Ly) = min{#2L1, #2L2}

where #5L; is max{#A | A C L; : antipodal set}.



In order to extend Tasaki’'s result we studied the intersection of two
real forms L1 and Lo in @ Hermitian symmetric space M of compact
type (J. Math. Soc. Japan, 2012).

—
- L1 N Lo is an antipodal set.

- If M is irreducible, the equality #(L1 N Lo) = min{##oL1,#>L>}
holds with one exception.

Application of these results to Floer homology (Iriyeh-Sakai-Tasaki)

Tanaka-Tasaki (preprint)
. correction of the proof of the antipodal property of L1 N Lo.

- investigation into the case where M is not irreducible.
— We can reduce the problem to either the case where M is
irreducible or the case where L1 and Lo are diagonal real forms.
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2. Preliminaries

Definitions
M : a Riemannian symmetric space

sy . the geodesic symmetry at x € M

def v

S C M : an antipodal set < Vz,yc S, sz(y) =y

The 2-number #->M of M
HoM = sup{#S | SC M : antipodal set}

An antipodal set S is great if #5 = #->M.

Remarks

(1) These notions were introduced by B. -Y. Chen - Nagano (Trans.
A. M. S, 1988).

(2) #oM < oo
(3) If M is a symmetric R-space, #->M = dimH.(M,Z>) (Takeuchi)
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Examples

(1) M = S»

S = {x,—x} : a great antipodal set

#o>5" =2
(2) M =RP"
€1,-..,€p41 - An o.n.b. of Rnt+1

S = {(e1),...,{ent+1)} : a great antipodal set
#oRP" =n+1

(3) M =U(n)
S = {diag{#£1,...,£1}} : a great antipodal set

#oU(n) =27



Definition

M : a compact Riemannian symmetric space

G : the identity component of the isometry group of M
K : the isotropy subgroup at o € M

F(so, M) ={z € M | so(x) =a} = |J M}
=0

where M]T" is @ connected component and we set M(‘)" = {o}.

Each connected component MJT" is called a polar w.r.t. o.
Every polar is a K-orbit.

Examples

(1)) M =S8", F(so,M) = {o,—o0}

(2) M =RP"™, o= (eq)

F(s0, M) = {0} U {1 — dim subspace C {ep,...,e,11)} (&2 RP"1)
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Definition
M : a Hermitian symmetric space
7 . an involutive anti-holomorphic isometry of M

F(r,M) ={x € M | 7(x) = z}, which is a connected totally geodesic
LLagrangian submanifold of M, is called a real form in M.

The classification of real forms in irreducible Hermitian symmetric
spaces of compact type was given by Leung and Takeuchi.

We will give the classification of real forms in non-irreducible Her-
mitian symmetric spaces of compact type (Theorem 3.3).

Example
M = G, (C™) : the Grassmannian manifold of k-dim subspaces in C"
The real forms in M :

Gp(R")
G;(H™) (if k=2l and n = 2m)
U(k) (if n=2k)



3. Real forms in a non-irreducible Hermitian symmetric space
of compact type

Definition
M : a Hermitian symmetric space
T . an anti-holomorphic isometry of M

A map M x M > (x,y) — (+—1(y),7(z)) € M x M is an involutive
anti-holomorphic isometry of M x M.

The real form determined by the map is
Dy (M) := {(z,7(x)) | x € M}

and it is called a diagonal real form in M x M.

A(M) : the group of the holomorphic isometries of M

Remark

(91:92)D-(M) =D 1(M) (g1, 92 € A(M))



I(M) : the group of the isometries of M

Proposition 3.1

M : an irreducible Hermitian symmetric space of compact type
—

(1) Every element in I(M) — A(M) is an anti-holomorphic isometry.

(2) The connected components of I(M) — A(M) corresponds to the
congruent classes of diagonal real forms bijectively by the corre-
spondence 7 +— D-(M).

Two diagonal real forms are congruent if there exists an element in
Ag(M x M) which maps one to another.
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Lemma 3.2 (Murakami, Takeuchi)
M : an irreducible Hermitian symmetric space of compact type
Io(M) : the identity component of I(M)
Ag(M) : the identity component of A(M)
—
(A) If M = Q2,,(C) (m >2) or M = G (C?™) (m > 2),
I(M)/Iog(M) = Zp X Z> and A(M)/Ag(M) = Zo>.
(B) Otherwise,
I(M)/Iog(M) = Z> and A(M) = Ag(M).

Remark

Since M is a Hermitian symmetric space of compact type, Io(M) =
Ag(M). Hence I(M)/A(M) = Z» in both cases (A) and (B).

In particular, there are two congruent classes of diagonal real forms
in M x M for M in (A) and there is one congruent class of diagonal
real forms in M x M for M in (B).

11



Theorem 3.3 (Tanaka-Tasaki)

A real form in a Hermitian symmetric space of compact type is a
product of real forms in irreducible factors and diagonal real forms.

Theorem 3.4 (Tanaka-Tasaki)
M : a Hermitian symmetric space of compact type

M = Mq X --- x My, : the decomposition of M into a product of
irreducible factors

Lq1,Lo : real forms in M
—
Each L; has a decomposition L; = L; 1 x --- X L; , (¢ =1,2) and

for each a (1 <a <n) a pair of L1 , and Lo, is one of the following:

(1) Each L;, (¢ =1,2) is a real form in an irreducible factor of M.
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(2) After renumbering M;'s if we need,
L1 4= N1 X Dry(M3) X Dry(My) X --- X Dy, (Mps) and
L g = Dr(My) X Drg(M3) X -+ X Dry, 1 (Mopg_1) X Nogy1

(or the opposite case) where Ny C Mj; and Npgp1 C Mogyq are
real forms and 7; : M; — M;47 (1 <i < 2s) is an anti-holomorphic
isometric map.

(3) After renumbering M;'s if we need,
L1 4= N1 X Dry(Mp) X Dry(Mg) X -+ X Dry, ,(Mos_2) X Nog and

Ly ¢ = Dr(M1) X Drg(M3) X -+- X Dry,_ 3(Mos_3) X Dry, 1 (Mps_1)

(or the opposite case) where N1 C M1 and Ny, C Mo, are real forms
and 7; - M; — M;41 (1 <i<2s—1) is an anti-holomorphic isometric
map.
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(4) After renumbering M;'s if we need,
Ll,a — DTQ(M2> X D7'4(M4) X oo X DTQS(M28> and
L2,a — DTl(Ml) X DT3(M3) X X DTQS_l(MQS—l)

(or the opposite case) where 7, : M; — M;47 (1 <¢<2s—1) and
Tos « Mo — M7y are anti-holomorphic isometric maps.
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(1)

(3)

: an irreducible H.s.s. of compact type

. a real form in an irreducible H.s.s. of compact type

. a product of two irreducible H.s.s. of compact type
. a product of real forms in irreducible factors

. a diagonal real form

O o0 O+O
5 @) [ofl Bl
,,,,, ( - O\
olofo| HOolo oloto] HOO
ofo o SO oTo
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4. The intersection of two real forms

Theorem 4.1 (Tanaka-Tasaki)

M : a Hermitian symmetric space of compact type
Lq1,Lo : real forms in M

L1 N Lo : discrete

—

L1 N Lo is an antipodal set of L1 and L».

Outline of Proof

Since the holomorphic sectional curvatures of M > O,

L1 N Ly #= () (Tasaki).

We may assume that a base point o € M is contained in L1 N Lo.
We will prove so(p) = p for Vp € L1 N Ly — {o}.

Let A; be a maximal torus of L; containing o and p (i = 1,2).

Let a; be a maximal abelian subspace corresponding to A4; (i =1, 2).
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Let A, be a maximal torus of M containing A4; (i = 1,2).

Let a/ be a maximal abelian subspace corresponding A, (i = 1,2).

Exp,tH> (H> € as) : a shortest geodesic segment from o to p in A,
—= It is also shortest in A} (because of the convexity of A).

—— We can choose a fundamental root system [, of the restricted
root system of M w.r.t. a5 so that the fundamental cell S, deter-
mined by M, satisfies H, € So.

Since S, = | S48 (direct sum), 31A2 c I‘If s.t. Hy € SQAQ.
Acn?

By using Takeuchi’s result we obtain

EX|3052Az c Al n A,
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Irreducible cases :
Since the root sytem of M is of type C or type BC, we obtain
Ao

by using Takeuchi's result.

Since the intersection L1 N Lo is discrete by the assumption, SQAQ IS
a vertex of So.

— so(p) =p
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Non-irreducible cases :

It is sufficient to consider (1)-(4) in Theorem 3.4.

O
(1) o = irreducible case
olofo]  [ofo

@) [ofel Bkl

N1 X Dry(M2) X Dry(Mg) X -+ X Dy (Mog)
D7y (M71) X Drg(M3) X -+ X Dry, 1 (Mog_1) X Nogy1

T he intersection is

{(z, 71 (x), om1(x), ..., 705251 T1(T))
| 2 € N1 N (m25T25—1 - 71) " 1 (Nog11)}

—= T his case is reduced to an irreducible case.
19



Remark
(TosT2s—1 -+ T1) 1 (Noga1) is a real form in Mj.

oloto otolo

) G OO

N1 X Dry(M2) X Dry(Mg) X -+ X Dry, 5(Mos_2) X Nog
DT1(M1) X DT3(M3) X X DTQS_3(M28—3) X DTQS_l(MQS—l)
The intersection is

{(z, m1(x), o11(2),..., 051 T1(x))
| z€ N1 (mo5-1-71) T(Nos) }.

—= T his case is reduced to an irreducible case.
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OO0 OO

O
O

(4) refer oo

DTQ(M2> X DT4(M4—) X X DTQS(M23>

DT1(M1) X DT3(M3) X X DTQS_l(MQS—l)

The intersection is

{(z, m1(x), om1(2),..., 051 T1(x))
| (213,7'2_81(;13)) - DTQS—].'”T].(M]-)mDTQ_Sl(M]-)}'

—= T his case is reduced to the case of two diagonal real forms
which is the simplest case of (4).

To summarize, in the non-irreducible cases we only need to investi-
gate the intersection of two diagonal real forms. And by the similar
argument to the irreducible cases we obtain so(p) = p.
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Definition
M : a Hermitian symmetric space of compact type

L4, Lo : real forms in M

L1 and Lo are congruent if g€ Ag(M) s.t. g¢g(L1) = Lo.

Theorem 4.2 (Tanaka-Tasaki)

M : a Hermitian symmetric space of compact type
Lq,Lo : real forms in M, congruent

L1 N Lo : discrete

—

L1 N Lo is a great antipodal set of L1 and Lo,

i.e., #£(L1NLy) = #2L1 = #>L5.
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Theorem 4.3 (Tanaka-Tasaki)

M : an irreducible Hermitian symmetric space of compact type
Lq1,Lo : real forms in M, #oL1 < #oL>

L1 N Lo : discrete

—

(1) If M = Go,,(C*™) (m > 2) and L1 is congruent to G, (H2™) and
L~ is congruent to U(2m),

2
#(Li1NLy) =2"< ( :: ) = #oL1 < 2°™ = #5115

(2) Otherwise,

#(L1NLy) =#oL1 (< #5L5).

We prove Theorem 4.2 and Theorem 4.3 by induction on polars

which is based on the next lemma.
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Lemma 4.4

M : a Hermitian symmetric space of compact type
oc M

-

F(so,M) = |J M;", M;" : a polar
j=0

(1) L : areal formin M, o€ L

p—

(i) If dimMj+ > 0, Mj'" is a Hermitian symmetric space of compact
type. Moreover, if LOM;_ * 0, LﬁMj+ is a real form in Mj"".

(i)  F(so,L)= |J LNM;
j=0
#oL = ) #Q(LﬂMfL)
j=0
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(2) Lq1,L> : real forms in M, o€ LiNL»
L1 N Lo : discrete

—

.
LinLy= |J {(L1nM")n(Lan M)}
=0

#(LinLy) =Y # {(L1n M) N (Lan M)}
j=0
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Theorem 4.5 (Tanaka-Tasaki)

M : an irreducible Hermitian symmetric space of compact type

T1,T> . anti-holomorphic isometries of M

D+, (M), DTQ_1(M) C M x M : diagonal real forms
D (M) N DT2_1(M) . discrete

——

(1) If M = Q2 (C) (m >2) and 11 & Ag(M),

#(DTl(M) ﬂDTgl(M)) =2m < 2m + 2 = #->M.

(2) If M = Gn(C?™) (m > 2) and 1om1 & Ag(M),

# (D7 (M) ﬂDTgl(M)) = 2M < < QTZL ) = #-M.

(3) Otherwise,

#(Dry (M) (D, (M) = #2M.
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Summing-up

To investigate the intersection number of two real forms L1 and L»
in @ Hermitian symmetric space M of compact type is reduced to
the following two cases:

(1) both L7 and L» are real forms in a irreducible factor of M,

(2) both L7 and L» are diagonal real forms.

For the case (1) we conclude that the intersection number of L1
and Lo coincides with min{#,L1,#>L>} except for the case where

M = Gop(C*™)  and  {Li, Lo} = {Gm(H2"),U(2m)}.

For the case (2) we conclude that the intersection number of L1 =
D (M) and Lo = DT—1(M) coincides with #,M except for the cases
2

where
M = sz(C) with 77 ¢ Ao(M) and
M = Gmn(C2™)  with 7157 ¢ Ag(M).
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