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.. Plan of this talk

...1 Antipodal sets of complex flag manifolds

...2 The structure of the intersection of real flag manifolds in a

complex flag manifold

...3 Application to the Hamiltonian volume minimizing problem
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.. Antipodal sets of a compact symmetric space

M : compact Riemannian symmetric space

sx : geodesic symmetry at x ∈M

.
Definition (Chen-Nagano 1988)
..

......

...1 A ⊂M : antipodal set
def⇐⇒ sx(y) = y for all x, y ∈ A

...2 #2M := max{#A | A ⊂M : antipodal set} 2-number

...3 A ⊂M : great antipodal set
def⇐⇒ #A = #2M

.
Theorem (Takeuchi 1989)
..
......M : symmetic R-space =⇒ #2M = dimH∗(M,Z2)
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.. The intersection of real forms in a Herm. symm. space

.
Theorem (Tanaka-Tasaki 2012)
..

......

M : Hermitian symmetric space of compact type

L1, L2 ⊂M : real forms, L1 ⋔ L2

=⇒ L1 ∩ L2 is an antipodal set of L1 and L2.

In addition, if L1 and L2 are congruent to each other,

=⇒ L1 ∩ L2 is a great antipodal set of L1 and L2.

.
Example
..

......

RPn ⊂ CPn

A := {Re1, . . . ,Ren+1} ⊂ RPn great antipodal set

For u ∈ U(n+ 1), RPn ⋔ uRPn in CPn

RPn ∩ uRPn ∼= {Ce1, . . . ,Cen+1} ⊂ CPn

#(RPn ∩ uRPn) = n+ 1 = #2RPn = dimH∗(RPn,Z2)
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.. Complex flag manifolds and real flag manifolds

(G,K) : symmetric pair of compact type

g = k⊕ p
H ∈ p

L := Ad(K)H ⊂ p : real flag manifold

real form ∩ ∩ ∩

M := Ad(G)H ⊂ g : complex flag manifold

∼= G/GH
∼= GC/P

t ⊂ g : a maximal abelian subalgebra containing H

∆ : root system of g w.r.t. t

gH = {X ∈ g | [H,X] = 0} = t+ g ∩
∑
α∈∆

α(H)=0

gα
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.. Antipodal set of a complex flag manifold (1/2)

Suppose g is simple.

{α1, . . . , αq, αq+1, . . . , αp︸ ︷︷ ︸
simple roots of gH

} : fundamental system of ∆

k0 := 1 +

q∑
i=1

mi where δ =

p∑
i=1

miαi heighest root

Z :=

q∑
i=1

α∗
i ∈ t ⊂ g

For k ≥ k0

gk := exp
2π

k
Z ∈ exp t ⊂ GH

s
(k)
H :M →M ; x 7→ Ad(gk)x

Then s
(k)
H defines a k-symmetric structure on M , if k ≥ k0.

.

......A ⊂M : antipodal set
def⇐⇒ s

(k)
x (y) = y for all x, y ∈ A
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.. Antipodal set of a complex flag manifold (2/2)

.
Proposition (Iriyeh-Tasaki-S.)
..

......

For any x ∈M , the fixed point set of s
(k)
x is

F (s(k)x ,M) = {y ∈M | [x, y] = 0}.

In particular, F (s
(k)
x ,M) is independent of the choice of k ≥ k0.

.
Theorem 1 (Iriyeh-Tasaki-S.)
..

......

A ⊂M : maximal antipodal set

=⇒ ∃t′ ⊂ g : maximal abelian subalgebra s.t.

A =M ∩ t′.

Hence A is an orbit of the Weyl group of g with respect to t′.

Maximal antipodal sets of M are conjugate to each other by G.
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.. The intersection of real flag manifolds

K = R,C,H

FK
n1,...,nr

(Kn) :=

{
(V1, . . . , Vr)

∣∣∣∣ V1 ⊂ V2 ⊂ · · · ⊂ Vr ⊂ Kn

dimVi = n1 + · · ·+ ni

}
...1 FR

n1,...,nr
(Rn) ⊂ FC

n1,...,nr
(Cn) ↭ (SU(n), SO(n))

...2 FH
n1,...,nr

(Hn) ⊂ FC
2n1,...,2nr

(C2n) ↭ (SU(2n), Sp(n))

SU(2n) = Sp(n)T Sp(n)

For u ∈ SU(2n), ∃g1, g2 ∈ Sp(n), ∃a ∈ T s.t. u = g1ag2

FH
n1,...,nr

(Hn)∩uFH
n1,...,nr

(Hn) = g1(F
H
n1,...,nr

(Hn)∩aFH
n1,...,nr

(Hn))

Hn ∼= C2n =W1 ⊕ · · · ⊕Ws eigenspace decomposition of a2
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.. The intersection of real flag manifolds

.
Theorem 2 (Iriyeh-Tasaki-S.)
..

......

For 0 < k ≤ n we have

FH
k (Hn)∩aFH

k (Hn) =
∪

k1+···+ks=k
0≤ki≤dimH(Wi)(1≤i≤s)

FH
k1(W1)×· · ·×FH

ks(Ws)

in FC
2k(C2n). The intersection is transverse if and only if

dimHWi = 1 for all i. In this case

FH
k (Hn) ∩ aFH

k (Hn) = {Wi1 ⊕ · · · ⊕Wik | 1 ≤ i1 < · · · < ik ≤ n},

which is an antipodal set of FC
2k(C2n), and a maximal antipodal

set of FH
k (Hn).

H. Iriyeh, T. Sakai and H. Tasaki Lagrangian intersection theory



. . . . . .

.. Theorem 3 (Iriyeh-Tasaki-S.)

For n1, . . . , nr which satisfy n1 + · · ·+ nr < n we have

FH
n1,...,nr

(Hn) ∩ aFH
n1,...,nr

(Hn)

= {(V1, . . . , Vr) ∈ FC
2n1,...,2nr

(C2n) |

Vj ∈ FH
n1+···+nj

(Hn) ∩ aFH
n1+···+nj

(Hn) (1 ≤ j ≤ r)}

in FC
2n1,...,2nr

(C2n). The intersection is transverse if and only if

dimHWi = 1 for all i. In this case

FH
n1,...,nr

(Hn) ∩ aFH
n1,...,nr

(Hn)

= {(Wi1 ⊕ · · · ⊕Win1
, . . . ,Wi1 ⊕ · · · ⊕Win1+···+nr

)

| 1 ≤ i1 < · · · < in1 ≤ n, . . . , 1 ≤ in1+···+nr−1+1 < · · · < in1+···+nr ≤ n,

#{i1, . . . , in1+···+nr} = n1 + · · ·+ nr},

which is an antipodal set of FC
2n1,...,2nr

(C2n).
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Application to the Hamiltonian volume
minimizing problem
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.. Lagrangian Floer homology

(M,ω) : closed symplectic manifold

J = {Jt}0≤t≤1 : family of ω-compatible almost complex structures

L1, L2 : closed Lagrangian submanifolds, L1 ⋔ L2

CF (L1, L2) :=
⊕

p∈L1∩L2

Z2 p

∂ : CF (L1, L2) −→ CF (L1, L2)

∂(p) =
∑

q∈L1∩L2

n(p, q) · q

n(p, q) := #{isolated J-holomorphic strips from p to q} (mod 2)
.

...... ∂ ◦ ∂ = 0 =⇒ HF (L1, L2 : Z2) := ker ∂/im∂

HF (ϕL1, ψL2 : Z2) ∼= HF (L1, L2 : Z2) ∀ϕ, ψ ∈ Ham(M,ω)
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.. Floer homology for a pair of real forms

.
Theorem 4 (Iriyeh-Tasaki-S. 2013)
..

......

(M,J0, ω) : monotone Hermitian symmetric space of compact type

L1, L2 : real forms, L1 ⋔ L2, ΣL1 ,ΣL2 ≥ 3

=⇒
HF (L1, L2 : Z2) ∼=

⊕
p∈L1∩L2

Z2[p]

...1 (M,J0, ω) is monotone if and only if it is Kähler-Einstein.

...2 If M is irreducible, then the assumptions are satisfied except

for the case RP 1 ⊂ CP 1.
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.. Generalized Arnold-Givental inequality

.
Corollary (Iriyeh-Tasaki-S. 2013)
..

......

M : irreducible Hermitian symmetric space of compact type

(L1, L2) : real forms of M

=⇒ for any ϕ ∈ Ham(M,ω), L1 ⋔ ϕL2

...1 (M,L1, L2) ∼= (GC
2n(C4n), GH

n (H2n), U(2n)) (n ≥ 2)

#(L1 ∩ ϕL2) ≥ 2n

...2 (M,L1, L2) : otherwise

#(L1 ∩ ϕL2) ≥ min{dimH∗(L1,Z2), dimH∗(L2,Z2)}
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.. Volume estimate under Hamiltonian deformations

Qn(C) = {[z] ∈ CPn+1 | z21 + z22 + · · ·+ z2n+2 = 0} ∼= G̃2(Rn+2)

∪

Sk,n−k = {[x] ∈ RPn+1 | x21 + · · ·+ x2k+1 − x2k+2 − · · · − x2n+2 = 0}
∼= (Sk × Sn−k)/Z2

.
Theorem 5 (Iriyeh-Tasaki-S. 2013)
..

......

...1 vol(ϕSk,n−k) ≥ vol(Sn) for ∀ϕ ∈ Ham(Qn(C), ω)

...2 S0,n ⊂ Qn(C) is Hamiltonian volume minimizing.

.
Theorem (Gluck-Morgan-Ziller)
..

......

S0,n ⊂ Qn(C) ∼= G̃n(Rn+2) is volume minimizing in its homology

class when n is even.

When n is odd, S0,n ⊂ Qn(C) can not be homologically

volume minimizing.
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.. Further problems

...1 Describe the intersection of two real flag manifolds in a

complex flag manifold.

...2 Calculate Lagrangian Floer homologies of pairs of real flag

manifolds in complex flag manifolds.

...3 Determine Hamiltonian volume minimizing properties of all

real forms in irreducible Hermitian symmetric spaces and

complex flag manifolds.

Thank you very much for your attention
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