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Lagrange Hamilton
(1990 . Y.-G.Oh)
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(1) Hermite

(2) CP" 0 Clifford | |
(3) C™ Lagrange [ ]
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Definition.
(M=", w) :
(d:ef>w€QQ(M), dw =0, w:
Definition.

L C (M,w) : Lagrange
&L dim L = %dimM, wlr, = 0.
Example.

(M, w,J) : Kahler

o: M = . =Fix o




Hermite

(M7w7 JO) :

o: M

L =Fixo (=

o [ C S?=CP!:

Lagrange




Hamilton
(M, w) :

e Hc (C§(0,1] x M)

—  w(Xy,)=dH; — {¢%}: X, O flow

—  ¢3 : Hamilton

o Ham(M,w) := {¢}, | H € C°([0,1] x M)}
Lx,w=1x,dw+d(tx,w)=0.

e Ham(M,w) C Sympy(M,w)

Hermite M




Definition (Y.-G. Oh, 1990).

(M,w, J) : Kahler

L C M : O Lagrange

e /. : Hamilton
def
<

¢ € Ham(M, w)

e /. : Hamilton

vol(¢L) > vol(L)

— [, : Hamilton

Hamilton




Example.
M = (C,dx Ndy, Jy), L = S*(r) :

¢ € Ham(C,dx A dy) < ¢ :

S1(r) : Hamilton
< vol(¢pSt(r)) > vol(Si(r)).

W A:00 (o)

<— [ > 27r.

& [ —47A>0. (




Example.
(S2 :Cpl,wFs,JQ) L:RPl
Hamilton

Theorem 1 (Kleiner-Oh, 1990)
RP™ C CP™0O Hamilton

Arnold-Giventa Crofton

(




Conjecture (Oh, 1990).

M : Ric > 00 Kahler-Einstein

o
L =Fix o
L : Ric> 00 Einstein
—> L [0 Hamilton
/ ( - - |., 2011)
2 M = Q.,(C)
Hamilton

L =.5"




3 Floer
(M, w) :

Jt:w

Lo,Ll .

compatible

Lagrange

. Lo M Ly




0 : CF(L(),Ll) — CF(LQ,Ll)
op)= > npa) -q
qcLoNLi

n(p, q) := #{ isolated J-holomorphic strip
fromptog} (mod 2)




e u:R x[0,1] — M satisfying

% + Jt(u)% — 07
u(-,0) € Lo, u(-,1) € L,
U(—OO, ) — D, U’( 0, ) — (q.

e 0°’=0 = HF(Ly,L1):=kerd/imd

Lagrange (Lo, L1)0 Zo
Floer




L C M : 0O Lagrange
o [,:m(M,L)— 7Z : Maslov
o I, :m(M,L)— R,

I,([u]) :== [, u*w for u:D?*— (M,L).

Definition.

o L : (monotone)

(d:ef> dac > 0 : const. s.t. [, = al,.
o> ; >0:L Maslov

— {I.(u) | [u] € mo(M,L)} =S - Z



Theorem 2 (Oh)

Lo, L : | Maslov Xr.,2r, >3

7T1(M) =00 —

e O : well-defined.

e 9° =0.

o HF(Lg,Ly:75) = HF (Lo, L1 : Zs),
¢ € Ham(M, w).

Lo M oLq

#(LO f ¢L1) Z rank HF(L(), Ll : Zg)



4 Hermite

(M, w, Jy) : Hermite
— LcM ,

(M,L) = (CP',RP") ¥, > 3.
Theorem 3 (Oh)
(M, w, Jy) : Hermite
Lo,Ll . M
— Jp U regular.

o HF M Jo




Theorem 4 (0 O-00- 1., to appear)

(M, w, Jy) : Hermite
Kahler-Einstein
Lo, L1 : M XLy ML, = 3,
Lo Ly

—> HF(Lo,L1:Z2)= € Zap
pELoNLy

Remark.

o [LoNLy: ( - )

o [pn=11 — HF%H*(LOZQ) (Oh)



M

Theorem 5 ( - 1.)
(1) M = Ggm(cc:‘lm) (m > 2) . Lo
G, (HZ™) , L0 U(2m)

HF (Lo, Ly : Zs) = (Z5)*"
o 2" L (2?;'?) — SB(L(),ZQ) < SB(Ll,ZQ)

(2)
HF(LO,Ll : ZQ) ~ (ZQ)min{SB(LQ),SB(Ll)}.




Corollary 6 (generalized Arnold-Givental)
(1) M = G2, (C*™) (m > 2) . Lo
Gm(Hzm) , Ll U(Qm)

#(LoNoLy) > 2™,

(2)
4(Lo N édLy) > min{SB(Lo,Zs), SB(Ly,Z2)}.

 SB(L,Zs) :=» rankH;(L,Zs).

1




Table.

M Lg L+
Qn(C) Sk,n—k Sl,n—l
N i I I A I I A iid
GE (T U(n) GER™)
Gz, (€™ G (™) U(2m)
Sp(2m) /U (2m) Sp(m) U(2m)/O(2m)
SO(4m)/U(2m) | U(2m)/Sp(m) SO(2m)
E¢/T - Spin(10) | F4/Spin(9) G, (H*)/Zs
E7/T - Es T -(E¢/Fs) | (SU(8)/Sp(4))/%s2

goo, 8Fm R = (8% x 87 /2.




, Lo = Ly

Corollary 7 (Arnold-Givental: Oh, 1993)

(M, w, Jy) : Hermite
L: M

— V¢ € Ham(M,w) s.t. L M ¢(L)

4(LNGL) > SB(L,Zy)

(0D-Oh-00-00)




D HFE

Definition (Chen-0O O, 1988)
M : Riemann
Sy 0 (52 = id)
M>DS:
o S5: M
(d:ef>Vx,y€S , SelY = .
Example.

Fix x € S =CP!. s,(x) =z, sp(—x) = —x.
{r,—x}0 S°







Theorem 8 (0O O - , 2010, to appear)
(M, w, Jy) : Hermite
Lo,LliM ,L()thl

— LoNLy: M




HEF (Lo, L1 : Z2) = D, cr,n5, L2IP)

pe Lgnly

op)= » nlp,q q=0

qcLoNLy

e Jp-holomorphic strip u

® Sp ,_LOKTLli

Sp(p) — D; Sp(Q) — 4.
® Sp,O0U













Hamilton




6 0020000000 (1)
o Qu(C) ={[z] €CP™ | 224422, =0}
~ SO(n +2)/50(2) x SO(n)

o SHN=Fk —flx] e RP"™ | 22 + -+ + 2% —

(23 + - +xo ) =0} = (S" xS /Zs
(o)
° SO,n — gn




o [y Skn—Fk [ =2g8in=l (F << [n/2])

generalized Arnold-Givental
Lo M ¢Lq

#(LoNoLy) > SB(Ly,Z2) = 2(k+1).

k=0 C F#(ST N PSSt > 2.
SO(n + 2)

#(S™ N gpS " Hdu > 2vol(SO(n + 2)).
SO(n+2)



Crofton (Lé Hong Van).
N CQ,C):n

4(S" A gN)dp < 2V()I(SO(TL +2))

vol( V).
SO(n+2) vol(S™) )

N — ¢Sl,n—l

2Vol(SO(n + 2))

[,n—I
vol(S™) vol(pS"" ") > 2vol(SO(n+2)).



Proposition 9
Sl,n—l C Qn(C)

Vol(ngl’”_l) > vol(S™)

V¢ € Ham(Q,,(C), w)

=0

vol(¢S™) > vol(S™).



Theorem 10 (O O -0 0-1., 2011, to appear)
M=Q,(C):n 2
L=.5m:
—> L : Hamilton

Theorem 11 (Gluck-Morgan-Ziller, 1989)
n , S™ C Q,(C)
(homologically volume

minimizing).
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Q2(C)
Q3(C)
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Qs (C)

Q
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Q2(C)
Q3(C)
Q4(C)
Qs (C)
Qs (C)

Q7(C)

St x St/7,

St x S%/75

St x 8% /7,
St x S° /75

St x S°/75

Hamilton O 0O O
(ODO-00-1.)

Hamilton

000
(0D0O0-00-l.,2

S? x 5% /7
S? x S° /7
S? x 8% /7

S? x S° /74

003)

S3 x S° /75

S® x 8% /7



Q2(C)

St x 8'/7Z-0 HamiltonO O OO
(00 0-00-l.,2003)

H-OO (Oh, Amarzaya-O0 0 [0 )

Q3(C)
Q4(C)
Qs (C)
Qe (C)

Q7(C)

HamiltonO O 0O O H-OO0O (Oh, Amarzaya-00 0 0)
(0O-00-1)



o I :={lz] e CP" | |20| = |z1]| = = |2n|}

o I C CP™: Lagrange
Hamilton (Oh)

Problem (Oh, 1990).
T Cc CP™0O, Hamilton

Arnold-Givental Crofton




Theorem 12 (C. H. Cho)

V¢ € Ham(CP™, w) s.t. T™ M ¢(T")
HT"NPT™) > 2" = SB(T", Z>).



Crofton (Howard).
L, N Cc CP™: Lagrange

(n+4+ 1)vol(U(n + 1))
LNgN)du =
p NG N e Vol(RP™)?

vol(L)vol(N).

, V¢ € Ham(CP"™, w)

2"vol(RP™)?

vol(¢T™) = (n + 1)vol(T™)




n=2
V01(¢T2) > 4}/,010(11%52)) — 4\/§ =6.92--.

vol(T?) = 3\/— = 7.59-
Theorem 13 (Urbano) CP?0 Hamilton
Lagrange T




8 (C"0O Lagrange

o M = (Cn,ZdSITZ /\dyi,J())
O T(bl,,bn) L= Sl(bl) X oo X Sl(bn)

 St(b) cC

b disc

O T(bl,,bn) c C"

Hamilton Lagrange

Hamilton (Oh)

(3)

Conjecture (Oh, 1993).

T(bl,...,bn) cCn

~Hamilton




OL:T(bl,...,bn)

s(L) := miin(bi), ms(L) := #{i | b; = s(L)},
['(L) := spany,(by — s(L),...,b, — s(L)) C Z.

Theorem 14 (Chekanov)

L, L' cCm: Lagrange

L = L’ (Hamilton )

<= s(L) = s(L"), ms(L) =mg(L"),
(L) =T(L").




n=3

o [ = T(l,bg,bg) c C?.
1 < by < bs, by,b3 € Z

s(L) =1, ms(L) =1,

F(L) — Spaﬂz(bg — 1, bg — 1)

by — 1
Cheka

bs — 1

nov

Hami

ton

T(L) =7

Lagrange

T(1,2,3), T(1,2,5), T(1,3,4), ...



n >3

Oh

Problem.
T(bl, bg) C C?

~Hamilton




