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Plan of this talk

@ The intersection of two real forms in a Hermitian symmetric

space (Tanaka-Tasaki)

@ Generalized symmetric structures and an antipodal set of a

complex flag manifold

© The intersection of two real flag manifolds in a complex flag

manifold

@ Some applications
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Antipodal set of a compact symmetric space

M = G/K : compact Riemannian symmetric space

Definition (Chen-Nagano)

A C M : antipodal set g, sz(y) =y forall z,y € A

#oM = max{#A | A: antipodal set of M} 2-number

An antipodal set A of M is said to be great if #A = #5M.

e.g. M =RP"
A= {Rel,ReQ, e ,Rem_l}
#oRP" =n + 1

Theorem (Takeuchi)

M : symmetric R-space = #oM = dim H*(M;Zs)
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The intersection of real forms in a Herm. symm. space

M : Kahler manifold
o : anti-holomorphic involutive isometry of M

L =Fix(o, M)y C M real form

Theorem (Tasaki (2010), Tanaka-Tasaki (2012))
M = G/K : Hermitian symmetric space of compact type

Li,Lo C M : real forms, Ly and Lo intersect transversally
—> L1 N Ly is an antipodal set of Ly and Ls.
In addition, if Ly and Ly are congruent to each other,

then Ly N Ly is a great antipodal set of L1 and Ls.

eg. RP"CCP" wuweU(m+1) st RP"MhuRP"

RP"NuRP"™ = {Rey,Rea, ... ,Repq}
#RP"NuRP") =n+1=#RP" = dim H'(RP", Zs)
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Complex flag manifolds and real flag manifolds

G : connected compact semisimple Lie group
H(#0)€g
Mg¢ := Ad(G)H C g : complex flag manifold
Mc = Ad(G)H = G/Gy = G°/P

G/K : Riemannian symmetric space of compact type

g=tdp
H(#0)€p

M := Ad(K)H C p : real flag manifold

M = Adg(K)H = K/Ky

M = Adg(K)H C Ad(G)H = MCc : real form J
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Generalized symmetric structure on M¢ (1/3)

t C g : maximal abelian subalgebra containing H
a et

go = {X €g® | [T, X] = V=1a(T)X for T € t}

A:={a et —{0} | ga # {0}} : root system of g* w.r.t. t

CZ{C"‘ZQQ

acA
Lie(Gy) =gn ={X €g|[H,X]=0} =t+gN > ga
aEA
a(H)=0

Tu(Mc) = g/gg =gN Y fa
a?[?)éﬁo
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Generalized symmetric structure on M¢ (2/3)

A=A;U---UA, : decomposition to irreducible root systems
{a;j |1 <i<r 1<j<p;}:fundamental system of A
which satisfies
Q o;;(H)>0
Q {wi;|1<j<p;}isafundamental system of A;(1 <i <)
Q {a;;]1<i<r ¢g+1<j<p;}isafundamental system of
{ae A a(H) =0}

pi
0i = Zmi,jai,j : highest root of A;(1 <i <)
j=1

qi

ko := max 1+E ™m; s

R P — J
]:
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Generalized symmetric structure on M¢ (3/3)

duauzams {

{oij |1 <i<r 1 <5 <p}

qi
Z = izHi’j et

i=1 j=1

Hij|1<i<r 1<j<p}

2
k> ko Gk ::eXp%ZEGprCGH

0,:G — G
g — grgg;"
ék:M(c — Mc
Ad(g)H +—— Ad(0x(9))H = Ad(gx)Ad(9)H

0. defines a structure of generalized symmetric space on Mg
and 6y, is the k-symmetry of M¢ at H.
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Antipodal set of a complex flag manifold (1/3)

sé’“) . k-symmetry of M¢ at x € M¢

Definition

A C Mc : antipodal set L, sgck)(y) =yforallz,ye A

#rMc = max{#A | A : antipodal set of Mc}

Theorem (Sanchez, Berndt-Console-Fino)

Mc : complex flag manifold

=S #1(Mc) = dim H*(Mc, Z2)
M : real flag manifold

= #1(M) = dim H*(M, Zs)
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Antipodal set of a complex flag manifold (2/3)

The eigenspace of ), = Ad(gx) : ¢ — g corresponding to 1 is
equal to gg. Thus
F(fy, Mc) = McnNop
= {yeMc|[H,y] =0}

Proposition

For any x € Mg, the fixed point set of s;k) is

F(Sgck)vMC) = {y € Mc | [(L’,y] = 0}

In particular, F(sék), M) is independent of the choice of k > k.

Takashi Sakai Antipodal structure of the intersection of real flag manifolds



Antipodal set of a complex flag manifold (3/3)

A C Mg : antipodal set
def, (k) .
— sy (y)=yforall z,y e A
<~ [r,y]=0forallz,yc A

<= Ar:=(x|x € A)r C g is an abelian subalgebra

Theorem (Iriyeh-S.-Tasaki)
A C Mc¢ : maximal antipodal set

= 3t C g : maximal abelian subalgebra  s.t.
A= McnN t.

Hence A is an orbit of the Weyl group of g with respect to t'.

Maximal antipodal sets of Mc are conjugate to each other by G.
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Complex flags and real flags

Vi is a K-subspace of K",
Fopog, (K" =0 f=(V1,..., V) ‘ VicVec---CV,CK",

Foton (CY) = SU(R)/S(U(n1) x -+ x U(npg1)) = Ad(SU(n))H
ufo «— uS{Umy) x - xU(nyy1)) +— Ad(u)H

fo = ({er, . en)cy €1y s nytng)Csevvs (€1ye vy Enytetn,)C)

H = diag(x1vV—11y,,...,2p, ., V=11, ) € t Csu(n)

(G,K)=(SU(n),SO(n)) : compact symmetic pair

Fot,.n (R") =2 50(n)/S(O(n1)x---xO0(nr41)) = Ada(SO(n))H
Foi.on. (R") C Fyy . 0, (C") = real form
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For any u € U(n) there exist z; € U(1) (1 < ¢ < n) and positively
oriented orthonormal bases vy, ...,v, and wy, ..., w, of R™ which

satisfy

ww; = ziv; (1 <i<n), detu =21 2,.

t~] = = :i:Zj
{1,...,n} = Ny U---U Nj; : equivalent classes w.r.t ~

lemma 2

If w € U(n), unit vectors v,w € R™ and z € C satisfy uw = zv,
then there exists 1 < a < s which satisfy

ONS @ (vi)r, wE @ (widr, 2z==%z;(i € Ny).

1ENg 1€ENg
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The intersection of real flag manifolds (1/2)

In the complex Grassmannian manifold Fj(C™) the intersection of
real Grassmannian manifolds Fj,(R™) and Fj(uR™) is

Fk(Rn) N Fk(uR")

U (@) (@)

Kyt ths=hk i1ENY is€Ns
0<kq <#Na(1<a<s)

In the complex flag manifold F},, . »,.(C") the intersection of real
flag manifold F,, . . (R™) and Fy,, . n, (uR™) is

.....

Fnlwwn'r (Rn) N Fnlwwnr (URn)
= {(Vh R V;") € Fnl,...,nr ((Cn) ‘ Vie Fn1+"'+ni (Rn) N Fn1+---+ni(URn)
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The intersection of real flag manifolds (2/2)

Theorem (Iriyeh-S.-Tasaki)
Foru € U(n),
Fo,...n (R") and F,,  ,, (uR™) intersect transversally

— Zl';é:l:Zj (l;’é])
Foi,..nr (R™) N Fo....ne (uR™)

- {(<,U”ila cooy Uin1>(c> <U2‘1, G 7vin1+n2>(ca ey <vi1a cee Uin1+...+nr>(f:)

|1 <ip <+ <ipy, <y 1 <pyg1 <o <lpygng < Myeeny

1 <yt 141 < - - <lpgtodn, <N,
#{ila 000 77:n1+...+nr} =N —+ -+ n?"};

that is a maximal antipodal set of Fy,, ., (C").
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The intersection number

Corollary

If Fop....n.(R™) and F,, ., (uR™) intersect transversally, then

#(Fny,.n, R™)N Foi,.ne (uR™))
= #r(Fn,..n.(C")) = dim H*(Fn1,---7nr (C"),Zs)

= #1(Fny,. 0, (RY)) = dim H*(Fy, 5, (R"), Zs)
n!
nllng! ce TLT+1!
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Application to Lagrangian Floer homology

(M,w) : closed symplectic manifold
Ly,Ly C M : closed Lagrangian submanifolds, L1 th Lo
p,q € L1 N Lo

u:R x[0,1] — M : J-holomorphic strip from p to ¢

CF Ll,LQ @ Zap

pEL1NL2

0: CF(Ll,LQ) — CF(Ll,LQ)

o)=Y, nlpq9)-q

geL1NLy

n(p, q) := #{isolated J-holomorphic strips from p to ¢} (mod 2)

000=0 = HF(Ly,Ls:7Zs):=kerd/imd
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Application to Lagrangian Floer homology

Theorem (Iriyeh-Tasaki-S.)

(M, Jy,w) : monotone Hermitian symmetric space of compact type
Ly, Ly : real forms, Ljth Ly, Xp,,%Xr, >3

_—

HF(Ly, Ly : Z2) = P Zap]

peEL1NLoy

Q (M, Jy,w) is monotone if and only if it is Kahler-Einstein.

@ If M is irreducible, then the assumptions are satisfied except
for the case RP' c CP!.
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Generalized Arnold-Givental inequality

Corollary

M : irreducible Hermitian symmetric space of compact type
(Ll, LQ) .
—> for any ¢ € Ham(M,w), L1 th ¢ Lo

o (Mv L17L2) = (Ggm(c4m)7 GE(HQm% U(2m)) (m > 2)

real forms of M

#(L1 N @Ly) = 2™

Q@ (M, Ly, Ls) : otherwise

#(Ll N ¢L2) > min{dimH*(Ll,Zg),dimH*(Lg,Zg)}
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Application to Hamiltonian volume minimizing problem

Qn(©) = {HeCP™ | +5++2,,=0)
Sknk = (2] e RP"™ |2+ 4 ap, —afh,0— — 2,y =0}

>~ (SFx 5"k 7,

Theorem (Iriyeh-Tasaki-S.)

vol(¢pSFn=k) > vol(S") for V¢ € Ham(Q,(C),w)

S%m c @,(C) is Hamiltonian volume minimizing.

S0n  Q,(C) = CTQ(R"“) is volume minimizing in its homology
class when 7 is even (Gluck-Morgan-Ziller). When n is odd,

S%m < Q,(C) can not be homologically volume minimizing.
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