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1. Introduction

S2 . 2-dim sphere
Ly, Lo = S1: great circles
Li1# Ly = LiNLy={two antipodal points}

S2 = CPl : Hermitian symmetric space of compact type
(HSSCT)
Sl = RrRPl : real form of CPL

Generally, we have the following.

[ T.-Tasaki 2012] Let M be a Hermitian symmetric space
of compact type. Let L1 and L, be real forms of M. If

L1 N Lo is discrete, it is an antipodal set.



A real form is the fixed point set of an involutive anti-
holomorphic isometry of HSSCT M. It is known that

a real form is a connected totally geodesic Lagrangian
submanifold of M.
e.g. RP*"C CP"

An antipodal set of compact Riemannian symmetric space

M is a subset A C M which satisfies s;(y) = y for any
x,y € A. Here s, is the geodesic symmetry at =x.
e.g. v1,...,v,41 : 0.n.b. of RPT1

~ {(v1)Rs---» (Unt1)R} : antipodal set of RP"

An antipodal set A is great if
#A = max{#B | B C M : antipodal set}.
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Li, Lo : real forms ~ LiNLy %0

L1, Lo are congruent if g€ Ag(M) s.t. gLy = Lo.
Ag(M) : the identity component of A(M), the group of

holomorphic isometries of M

[T.-Tasaki 2012] Let M be a Hermitian symmetric space
of compact type. Let Li and Lo, be real forms of M
which are congruent. If L1 N Lo is discrete, it is a great

antipodal set of L1 and Lo».
Problem When L1 N Lo is discrete 7

M : HSSCT

01,02 . Involutive anti-holommorphic isometries



Flo;, M) :={x € M |o;,(x) ==z} : real form (i =1,2)
(*)  F(o1, M) N F(op, M) C F(o207 ", M)
Note that 0201_1 = o901 IS holomorphic.

Problem When F(Jgal_l,M) IS discrete ? Does the

equality hold in (%) when F(O'Qal_l,M) is discrete 7

In this talk, we will show answers to these questions in
the case where M = G (C™) and L4, L, are congruent to

G, (R™).



2. The fixed point set of a holomorphic isometry
of the complex Grassmann manifold

K=R,C

G (K™) . the set of the k-dim K-subspaces in K™

GrL(R™) C G(C™) by (v1,...,v)r — (V1,...,06)C

G (C™) : HSSCT

Un) ~C"* ~ U(n) ~»G(C™), coincides with Ag(Gr(C"))

We give a necessary and sufficient condition that F (g, GL(C"))
is discrete for g € U(n) in two ways.

(1) By linear algebra
K=R,C
Wq,...,Ws . K-subspaces of K"



Kt=W1®---®Ws
ki,...,ks . positive integers, k1 4+ ---+ks=k
G, (W1) X -+ X G (Ws)
={U1® - ®Us € Gx(C") | Ua € Gp,(Wa) (1 <a<s)}

Lemma 2.1
geU(n)
a1,...,ag . distinct eigenvalues of g

Va : the eigenspace of g with eigenvalue aq (1 <a < s)

F(g,Gp(C")) = U G, (V1) XX G, (Vs)

ki+4+---+ks=k
0 <k, <dimV, (1 <a<s)



Theorem 2.2
gcU(n)
F(g,G(C™)) is discrete

<
(the multiplicity of ag) =1 (1 <7a<3s)

In this case

F(g,Gk(Cn)) — {<vi17°°°7vik>(c | 1 <43 < Szk <’I’L}

IS a great antipodal set, where v; (1 < ¢ < n) is a unit

vector of each eigenspace of g.

(2) By the use of realization as adjoint orbit
G=SU(n)={X e Mmn,C)|XtX=1I detx =1}
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g=su(n) ={X e Mn,C)| X =-tX, tr(X) =0}
(X,Y) = —tr(XY) : Ad(G)-inv inner product on su(n)

Jimy=T| A= O

c su(n)

= (adJ)3 = —adJ

M = Ad(SU(n))J C su(n)
— M = SU(n)/SWU(k) x U(n — k)) = G1.(C")

t .= Ker(adJ)

:{[X O]X: XY = thr(X)—I—tr(Y)—O}
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m = Im(adJ)

:H_?Z g]ZEM(k,n—k,(C)}

g =Et®m : canonical decomposition w.r.t. e7ad/

n
t = {\/—1diag(t1, e ,tn)‘ t; € R, Z t; = O} Ct

1=1
. maximal abelian

T:=expt= {diag(ev—ltl, ..., eV 1)

C SU(n) : maximal torus

n
t; €ER, > tiIO}
1=1
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T heorem 2.3

G(C") = Ad(SU(n))J C su(n)
g e SU(n)

F(g,GL(C™)) is discrete

<

391 € SU(n), Fa €T st. g= glagl_l and

a =exp+/—1diag(ty,...,tn), t; —t; ¢ 27Z (1 <i<j<mn)

In this case F (g, GL(C")) = tNG(C™) is a great antipodal

set.

Remark A(M) = Ap(M) when M # Gmn(C2™) and
A(M) /Ag(M) £ Zo when M = G (C2™) (m > 2).
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3. The intersection of two real Grassmann mani-

folds in the complex Grassmann manifold

7:C"—=C", 17(2) ==z
~ 7 Gp(C") — GL(C™) : involutive anti-holomorphic

iIsometry

F(71) 1= F(1,GL(C")) = GL(R"™)

uec U(n)

wF (1) = uGr(R™) = G.(uR™) = F(uru™1)
Lemma 3.1

(1) "ue U(n), “zeU(1) (1 <i<n),
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3 positively oriented o.n.b. vq,...,vn, and w1, ...,wy Of

R™ s.t. ww; = z;v; (1 <i<n), detu=2z1---2n

(2) Under (1),
i,7 €4{1,...,n}, iwjgzi:j:zj
{1,...,n} = NjU---UN;
. decomposition to the equivalent classes
v,w e R", |[v|| =||lw|| =1, z€C, uw = zv
—
1<7a<s s.t.

veE D (vi)r, we P (wy)r, z= £z (1 € Ng)
iEN, iEN,
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Theorem 3.2 [Iriyeh-Sakai-Tasaki]
In G(C") (0<k<mn), forueU(n)

G(R™) N G (uR™)

U le( D <”U7;1>R>><'“><Gk8( D <U733>R)
ki ks =k i1€N is€ N
0< ko <#N, (1<a<s)

Gr(R™) N G (uR™) is discrete

<
#N,=1for1<"a<s

In this case
Gr(R")NGE(uR™) = {(v;, .., v )c | 1 <dp < -+ <id <n}
is @ great antipodal set of GL(C").
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4. The intersection and the fixed point set

F(r)NuF(r) = F(r)Nn Flurv™ 1Y) ¢ Fluru= 1771

Theorem 4.1
u € U(n)

F(r)NuF(r) is discrete
=

F(uru~1r71) is discrete.

In this case F(r) NuF(r) = F(uru~1771) and they are
great antipodal sets of G.(C").
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