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. . . . . .

.. Introduction

.
Arnold-Givental inequality (Y.-G. Oh)
..

.

. ..

.

.

(M,J0, ω) : (irreducible) Herm. symm. space of compact type

σ :M −→M : anti-holomorphic involution

L := Fix(σ) real form

=⇒ #(L ∩ ϕL) ≥ SB(L,Z2) :=
∑

rankHi(L,Z2)

for any ϕ ∈ Ham(M,ω) with L t ϕL.

Lagrangian Floer homology

HF (L, ϕL : Z2) ∼= H∗(L,Z2)

HF (L, ϕL : Z2) is invariant under ϕ ∈ Ham(M,ω)
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.. Plan of this talk

.
Problem (Y.-G. Oh)
..

.

. ..

.

.

Study the Lagrangian Floer homology HF (L0, L1 : Z2) of a pair of

real forms (L0, L1) in a Hermitian symmetric space M of compact

type in the case where L0 is not necessarily congruent to L1.

...1 Lagrangian Floer homology

...2 Floer homology for a pair of real forms in a Hermitian

symmetric space of compact type

...3 Generalized Arnold-Givental inequality

...4 Volume estimate for a real form under Hamiltonian

deformations
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. . . . . .

.. Lagrangian Floer homology

(M,ω) : closed symplectic manifold

J = {Jt}0≤t≤1 : family of ω-compatible almost complex structures

L0, L1 : closed Lagrangian submanifolds, L0 t L1

.
Definition
..

.

. ..

.

.

p, q ∈ L0 ∩ L1

u : R× [0, 1] −→M : J-holomorphic strip from p to q

def⇐⇒


∂̄Ju := ∂u

∂s + Jt(u)
∂u
∂t = 0

u(s, 0) ∈ L0, u(s, 1) ∈ L1

u(−∞, t) = p, u(+∞, t) = q
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. . . . . .

.. Lagrangian Floer homology

CF (L0, L1) :=
⊕

p∈L0∩L1

Z2 p

∂ : CF (L0, L1) −→ CF (L0, L1)

∂(p) =
∑

q∈L0∩L1

n(p, q) · q

n(p, q) := #{isolated J-holomorphic strips from p to q} (mod 2)
.

.

. ..

.

.

∂ ◦ ∂ = 0 =⇒ HF (L0, L1 : Z2) := ker ∂/im∂

...1 HF (L0, L1 : Z2) is independent of J

...2 HF (ϕL0, ψL1 : Z2) ∼= HF (L0, L1 : Z2)

for ∀ϕ, ψ ∈ Ham(M,ω)

...3 HF (L, ϕL : Z2) ∼= H∗(L,Z2)
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.. Lagrangian Floer homology

.
Theorem (Oh)
..

.

. ..

.

.

L0, L1 : monotone, minimal Maslov number ΣL0 ,ΣL1 ≥ 3

=⇒
...1 HF (L0, L1 : Z2) is well-defined

...2 HF (L0, L1 : Z2) ∼= HF (L0, ϕL1 : Z2) for ∀ϕ ∈ Ham(M,ω)

Hence if L0 t L1,

#(L0 ∩ L1) ≥ rankHF (L0, L1 : Z2)
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.. Floer homology for a pair of real forms

.
Theorem 1 (Iriyeh-Tasaki-S.)
..

.

. ..

.

.

(M,J0, ω) : monotone Hermitian symmetric space of compact type

L0, L1 : real forms, L0 t L1, ΣL0 ,ΣL1 ≥ 3

=⇒
HF (L0, L1 : Z2) ∼=

⊕
p∈L0∩L1

Z2[p]

...1 (M,J0, ω) is monotone if and only if it is Kähler-Einstein.

...2 If M is irreducible, then the assumptions are satisfied except

for the case RP 1 ⊂ CP 1.
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.. Antipodal set

M : Riemannian symmetric space

sx : geodesic symmetry at x ∈M
S ⊂M : antipodal set

def⇐⇒ sx(y) = y (∀x, y ∈ S)
#2M := sup{#S | S : antipodal set of M} : 2-number of M
.
Theorem (Takeuchi)
..
.
. ..

.

.

M : symmetric R-space =⇒ #2M = SB(M,Z2)

.
Theorem (Tanaka-Tasaki)
..

.

. ..

.

.

M : Hermitian symmetric space of compact type

L0, L1 : real forms of M , L0 t L1

=⇒ L0 ∩ L1 is an antipodal set of L0 and L1.
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.. Real forms of irreducible Hermitian symmetric spaces

M L0 L1

GC
2q(C2m+2q) GH

q (Hm+q) GR
2q(R2m+2q)

GC
n(C2n) U(n) GR

n(R2n)

GC
2m(C4m) GH

m(H2m) U(2m)

SO(4m)/U(2m) U(2m)/Sp(m) SO(2m)

Sp(2m)/U(2m) Sp(m) U(2m)/O(2m)

Qn(C) Sk,n−k Sl,n−l

E6/T · Spin(10) F4/Spin(9) GH
2 (H4)/Z2

E7/T · E6 T · (E6/F4) (SU(8)/Sp(4))/Z2

Sk,n−k = (Sk × Sn−k)/Z2

Takashi Sakai Lagrangian Floer homology and its application to Hamiltonian volume minimizing property



. . . . . .

.. Cases of irreducible Hermitian symmetric spaces

.
Theorem 2 (Iriyeh-Tasaki-S.)
..

.

. ..

.

.

M : irreducible Hermitian symmetric space of compact type

L0, L1 : real forms of M , L0 t L1

=⇒
...1 (M,L0, L1) ∼= (GC

2m(C4m), GH
m(H2m), U(2m)) (m ≥ 2)

HF (L0, L1 : Z2) ∼= (Z2)
2m

where 2m <
(
2m
m

)
= #2L0 < 22m = #2L1

...2 (M,L0, L1) : otherwise

HF (L0, L1 : Z2) ∼= (Z2)
min{#2L0,#2L1}
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.. Generalized Arnold-Givental inequality

.
Corollary 3
..

.

. ..

.

.

M : irreducible Hermitian symmetric space of compact type

(L0, L1) : real forms of M

=⇒ for any ϕ ∈ Ham(M,ω), L0 t ϕL1

...1 (M,L0, L1) ∼= (GC
2m(C4m), GH

m(H2m), U(2m)) (m ≥ 2)

#(L0 ∩ ϕL1) ≥ 2m

...2 (M,L0, L1) : otherwise

#(L0 ∩ ϕL1) ≥ min{SB(L0,Z2), SB(L1,Z2)}
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.. Hamiltonian volume minimizing property

(M,ω) : compact symplectic submanifold

F :M × [0, 1] −→ R

 Xt ∈ X(M) : Hamiltonian vector field

ω(Xt, · ) = dFt( · )

 ϕt ∈ Diff(M) : Hamiltonian isotopy

dϕt
dt

= Xt ◦ ϕt, ϕ0 = idM

Ham(M,ω) := {ϕ1 | ϕt : Hamiltonian isotopy of M}
.
Definition
..

.

. ..

.

.

(M, g, ω) : Kähler manifold

L ⊂M : Hamiltonian volume minimizing

def⇐⇒ vol(L) ≤ vol(ϕL) for ∀ϕ ∈ Ham(M,ω)
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.. Hamiltonian volume minimizing property

.
Example
..

.

. ..

.

.

RPn ⊂ CPn (Kleiner-Oh, 1990)

S1(1)× S1(1) ⊂ S2(1)× S2(1) (Iriyeh-Ono-S., 2003)
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.. Real forms of complex hyperquadrics

Qn(C) = {[z] ∈ CPn+1 | z21 + z22 + · · ·+ z2n+2 = 0}

Sk,n−k = {[x] ∈ RPn+1 | x21 + · · ·+ x2k+1 − x2k+2 − · · · − x2n+2 = 0}

Sk,n−k ↪→ Qn(C)

[x1, . . . , xn+2] 7−→ [x1, . . . , xk+1,
√
−1xk+2, . . . ,

√
−1xn+2]

Qn(C) ∼= G̃2(Rn+2) ⊂ ∧2Rn+2

[x+
√
−1y] ←→ {x, y}R = x ∧ y

Sk,n−k = Sk({e1, . . . , ek+1}R) ∧ Sn−k({ek+2, . . . , en+2}R)
∼= (Sk × Sn−k)/Z2
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. . . . . .

.. Volume estimate under Hamiltonian deformations

.
Theorem 4 (Iriyeh-Tasaki-S.)
..

.

. ..

.

.

vol(ϕSk,n−k) ≥ vol(Sn) for ∀ϕ ∈ Ham(Qn(C), ω)

.
Corollary 5
..

.

. ..

.

.

S0,n ⊂ Qn(C) is Hamiltonian volume minimizing.

.
Theorem (Gluck-Morgan-Ziller)
..

.

. ..

.

.

S0,n ⊂ Qn(C) ∼= G̃n(Rn+2) is volume minimizing in its homology

class when n is even.

When n is odd, S0,n ⊂ Qn(C) can not be homologically

volume minimizing.
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.. Proof of Theorem 4

.
Theorem (Le)
..

.

. ..

.

.

N ⊂ Qn(C) ∼= G̃n(Rn+2) : n-dim. submanifold

=⇒
∫
SO(n+2)

#(gSn ∩N)dµ(g) ≤ 2
vol(SO(n+ 2))

vol(Sn)
vol(N)

Put N = ϕSk,n−k (k = 0, 1, . . . , [n/2]). Then

vol(ϕSk,n−k)
Le
≥ vol(Sn)

2vol(SO(n+ 2))

∫
SO(n+2)

#(gSn ∩ ϕSk,n−k)dµ(g)

GAG
≥ vol(Sn)

2vol(SO(n+ 2))

∫
SO(n+2)

2dµ(g)

= vol(Sn).
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.. Real forms in Qn(C)

Q7(C)

Q6(C)

Q5(C)

Q4(C)

Q3(C)

Q2(C)

S7 S1 × S6/Z2 S2 × S5/Z2 S3 × S4/Z2

S6 S1 × S5/Z2 S2 × S4/Z2 S3 × S3/Z2

S5 S1 × S4/Z2 S2 × S3/Z2

S4 S1 × S3/Z2 S2 × S2/Z2

S3 S1 × S2/Z2

S2 S1 × S1/Z2

homologically volume minimizing (Gluck-Morgan-Ziller, Lê)

H-stable (Oh, Amarzaya-Ohnita)

Hamiltonian volume minimizing
(Iriyeh-Ono-S.)

H-unstable (Oh, A-O)Ham. vol. min. (Iriyeh-Tasaki-S.)
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