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Introduction

Arnold-Givental inequality (Y.-G. Oh)

(M, Jo,w) : (irreducible) Herm. symm. space of compact type

o : M — M : anti-holomorphic involution
L :=Fix(o) real form

== #(L N (bL) > SB(L,ZQ) = ZrankHi(L,Zg)

for any ¢ € Ham(M,w) with L i ¢L.

Lagrangian Floer homology
© HF(L,pL : Zy) = H,.(L,Zs)
e HF(L,¢L : Zs) is invariant under ¢ € Ham(M, w)
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Plan of this talk

Problem (Y.-G. Oh)

Study the Lagrangian Floer homology H F'(Lg, L1 : Zs2) of a pair of
real forms (Lo, L1) in a Hermitian symmetric space M of compact

type in the case where Lg is not necessarily congruent to L.

@ Lagrangian Floer homology

@ Floer homology for a pair of real forms in a Hermitian

symmetric space of compact type
© Generalized Arnold-Givental inequality

© Volume estimate for a real form under Hamiltonian

deformations
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Lagrangian Floer homology

(M,w) : closed symplectic manifold
J ={Jit}o<t<1 : family of w-compatible almost complex structures

Lo, Ly : closed Lagrangian submanifolds, Ly h L

Definition
p,q € LoN Ly
u:R x[0,1] — M : J-holomorphic strip from p to ¢

Oyu := % +Jt(u)% =0

u(s,0) € Lo, wu(s,1) € Ly
u(—o0,t) =p, u(4o00,t) =q

def
<
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Lagrangian Floer homology

CF(Lo,L1):= @ Zap
peLoNLy

0: CF(Lo,Ll) — CF(LQ,Ll)

ap)= >, npa)-q

qeLoNLy
n(p, q) := #{isolated J-holomorphic strips from p to ¢} (mod 2)
000=0 = HF(Lo,thzQ) ::kera/ima J

@ HF(Ly, Ly : Z2) is independent of J

Q@ HF(¢Lo, 0Ly : Zo) = HF (Lo, L1 : Z2)
for Vo, 1) € Ham(M, w)

© HF(L,¢L : Zs) = Hy(L, Zs)
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Lagrangian Floer homology

Theorem (Oh)

Lo, Ly : monotone, minimal Maslov number ¥r,,,%Xr, > 3
—

Q@ HF(Ly, L : Z2) is well-defined
Q HF(Lo,Ll : ZQ) = HF(L0,¢L1 : Zg) for V¢ S Ham(M,w)
Hence if Lo th Ly,

#(LO N Ll) > rankHF(Lo, Ly : Zg)
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Floer homology for a pair of real forms

Theorem 1 (Iriyeh-Tasaki-S.)

(M, Jy,w) : monotone Hermitian symmetric space of compact type
Lo, Ly : real forms, Lo M Ly, ¥1,, X1, > 3

_—

HF(Lo,L1:Zy) = P Zolp

pELoNLy

Q (M, Jy,w) is monotone if and only if it is Kahler-Einstein.

@ If M is irreducible, then the assumptions are satisfied except
for the case RP' c CP!.
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Antipodal set

M : Riemannian symmetric space
Sz . geodesic symmetry at x € M
S C M : antipodal set Lef, sz(y) =y (Vx,y € 9)

#oM = sup{#S | S : antipodal set of M} : 2-number of M

Theorem (Takeuchi)

M : symmetric R-space — #oM = SB(M,Zs)

Theorem (Tanaka-Tasaki)

M : Hermitian symmetric space of compact type
Lo, L1 : real forms of M, Ly M Ly
—> Lo N Ly is an antipodal set of Ly and L.
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Real forms of irreducible Hermitian symmetric spaces

M Lo Ly
GS(Cm2) | GEE™) | G, (R
G (C™) U(n) G (R?")
G3m(C'™) G (H™) U(2m)
SO(4m)/U(2m) | U(2m)/Sp(m) SO(2m)
Sp(2m)/U (2m) Sp(m) U(2m)/O(2m)
Qn((c) Sk,nfk Sl,nfl
Eg/T - Spin(10) |  Fy/Spin(9) GE(H*)/Zs
Eq/T - Eg T-(Es/Fy) | (SUB)/Sp(4))/Zs

Sk,nfk — (Sk % Snfk)/Zz
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Cases of irreducible Hermitian symmetric spaces

Theorem 2 (Iriyeh-Tasaki-S.)

M : irreducible Hermitian symmetric space of compact type
Lo, Ly : real forms of M, Ly M Ly

_—

© (M, Lo, L1) = (G5, (C*™), GR(HP™), U(2m)) (m > 2)

HF (Lo, Ly : Zy) = (Z)*"

where 2™ < () = #, Lo < 2% = #514
Q@ (M, Lo, L;) : otherwise

HF (Lo, Ly : Zy) = (ZQ)min{#zLo,#le}
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Generalized Arnold-Givental inequality

Corollary 3

M : irreducible Hermitian symmetric space of compact type
(Lo, Ll) .
—> for any ¢ € Ham(M,w), Lo h ¢ Ly

o (Mv LOaLl) = (Ggm(c4m)7 GE(HQm% U(2m)) (m > 2)

real forms of M

#(Lo N ¢L1) > 2m

Q@ (M, Lo, L;) : otherwise

#(LO N ¢L1) > min{SB(Lo,Zg), SB(Ll,ZQ)}
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Hamiltonian volume minimizing property

(M,w) : compact symplectic submanifold
F:Mx|[0,1] —R

~» Xy € X(M) : Hamiltonian vector field
w(Xy, - ) =dF(-)

~ ¢y € Diff(M) : Hamiltonian isotopy

d .
%ZXtoéﬁt, ¢o = idpy

Ham(M,w) := {¢1 | ¢; : Hamiltonian isotopy of M }

Definition
(M, g,w) : Kahler manifold

L Cc M : Hamiltonian volume minimizing

&L Vol(L) < vol(¢L) for V¢ € Ham(M,w)
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Hamiltonian volume minimizing property

e RP" Cc CP™ (Kleiner-Oh, 1990)
o S1(1) x S1(1) € §%(1) x S2(1)  (Iriyeh-Ono-S., 2003)
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Real forms of complex hyperquadrics

Qn(C) = {[leCP"™ |4 +25+ - +20,,=0}

Sk,n—k N Qn((c)
[1‘1, R ,.’L'n+2} — [1‘1, vy L1,V —ll'kJrQ, Y/ —1$n+2]

Qu(C) = G(R"™?) c AR
[z +V-1y] +— {zylr=zAy

Shn=k — SF(fer, .. enpitr) AS" F({erta, ...y enialr)

(S% x S %) )79

I
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Volume estimate under Hamiltonian deformations

Theorem 4 (Iriyeh-Tasaki-S.)

vol(¢pSFm=k) > vol(S™) for V¢ € Ham(Q,(C),w)

S%m C @,(C) is Hamiltonian volume minimizing.

Theorem (Gluck-Morgan-Ziller)

~Y

SO C Q,(C) =2 G, (R™2) is volume minimizing in its homology

class when n is even.

@ When n is odd, S®" C @Q,,(C) can not be homologically

volume minimizing.
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Proof of Theorem 4

Theorem (Le)

N C Qn(C) & G,,(R"2) : n-dim. submanifold

. 4(gS" ( N)dulg) < 272500 + 2))

vol(IN
SO(n+2) vol(S™) (N)

Put N = ¢Sk¥"=% (k=0,1,...,[n/2]). Then

kn—k Le vol(S™) n kn—k
08 2 S B o #0508 ity
GAG vol(S™)
2VOI(SO(TL + 2)) /SO(n-l—Q) QdM(g)
= vol(S™).
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Real forms in @, (C)

Q2(C S? St x S1/7Z, Hamiltonian volume minimizing
© / (Iriyeh-Ono-S.)
Q3(C) S8 St x 527 H-stable (Oh, Amarzaya-Ohnita)

Q4(C) sS4 St ox Sg/ZQ S? x 52/22

Q5((C) SS Sl X 54/Z2 52 X 53/Z2

QG(C) SG Sl XSS/ZQ 5'2 XS4/Z2 S3X53/ZQ

Q+(C) Tl st xSz, S2x 807, | S x Stz

Ham. vol. min. (Iriyeh-Tasaki-S.)  H-unstable (Oh, A-O)
homologically volume minimizing (Gluck-Morgan-Ziller, L&)
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