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1. Antipodal sets and the 2-numbers

M : a compact (Riemannian) symmetric space
sy + the geodesic symmetry at z €¢ M

I.e., (1) sz : an isometry, (ii) s;zos; = id, (iii)
x IS an iIsolated fixed point of s,.

A C M : a subset

A : an antipodal set get Ve,y € A, sz(y) = vy
An antipodal set is finite.

The 2-number of M

#-oM = max{|A| | A C M : an antipodal set}
A : a great antipodal set get |A| = #-M
(Chen-Nagano 1982, 1988)



Example 1. M = S*(c R*T1) : the sphere
x e S", {x,—zx} : a great antipodal set
F#o0" = 2

Example 2. M = RP"™ : the real proj. sp.
r € RP", sz(y) = p2(y) (y € RP™)

sz:(y) =y & y==zoryCat
{e1,...,epe1} + an o.n.b. of R*T1
{{e1)r, -+, {en+1)r} - @ great antipodal set
#-RP" =n + 1

Example 3. G : a compact Lie group
dg : a bi-Invariant Riemannian metric



G 1S a symmetric space w.r.t. g.
re€@, sz(yv)=xzy lz (ye@)

e : the identity element, s.(y) =y !
se(y) =y & y?=e

If 22 =y2 =¢, s:(y) =y & zy=yx
A CG : an antipodal set, ec A
Ve,y € A, 22 =y? =e, zy = yx

A maximal = a subgroup
A=Zo X - XL, |[A[=2"

T

#-G =2", 7 : the 2-rank of G




E.g. U(n) : the unitary group
A : a maximal antipodal subgroup of U(n)
Each eigenvalue of Vx € Ais £1 and A is

simultaneously diagonalizable.

A is conjugate to A, := {diag(+£1,...,+1)}.

#-U(n) = 2™

Fact 1. N C M : totally geodesic

Ve € N, sz(N) =N ~ N : a cpt symm. sp.
ACN : antipodal = A C M : antipodal
#oN < #oM




Fact 2. (Chen-Nagano 1988)

M :a connected cpt symmetric space
x(M) : the Euler characteristic of M

#oM > x(M)

Fact 3. M :a conn. cpt symmetric space

M :a symmetric R-space < M :an orbit of
the linear isotropy representation of a sym-
metric space of compact type

(Takeuchi 1989)
M :a symmetric R-space



b.(M,Z5) : the k-th Z>-Betti number

#QM: > bk(MazQ)
k>0

Fact 4. L :a symmetric R-space <«

47 : an involutive anti-holomorphic isome-
try of a Hermit. sym. sp. M of cpt type s.t.
L={xe M |7(x) =x}:a real form

(T.-Tasaki 2012)

M a Hermit. sym. sp. of cpt type

L1,L> :real forms of M, Lqh Lo

= L1NL> is an antipodal set of L; (1 = 1,2).



Moreover, if L1, L are Io(M)-congruent, LN
Lo IS a great antipodal set.

Application : Determination of Lagrangian
Floer homology (Iriveh-Sakai-Tasaki 2013)

Fact 5. (T.-Tasaki 2013)
M :a symmetric R-space

(i) Any antipodal set of M is contained in

a great antipodal set.
(ii) Any two great antipodal sets of M are

Io(M)-congruent.



A : an antipodal set, A : maximal <

A’ 1 an antipodal set, AC A" = A=A’

On a symmetric R-space, a maximal an-
tipodal set Is a great antipodal set.

In general, a maximal antipodal set i1s not
necessarily great.

Aim : To understand maximal antipodal
sets of compact symmetric spaces (classi-
fications, cardinalities, properties, etc.).



2. Basic principle of classifying maximal an-
tipodal sets of a compact symmetric space
G : a compact Lie group

e : the identity element of ¢

Go . the identity component of ¢

Each connected component of F(se, G) =
{g € G|se(g) = g} is called a polar of G.

{e} : a trivial polar

A polar : a totally geodesic submanifold
= a compact symmetric space



Example. G =U(n)

n
F(s1,,U(n)) = .Uo{g Ligt g e U(n)}
J:
I; =diag(-1,...,—1,1,...,1)

j nj
g€ G, 7g(h) := ghg~1 (h € @)

Lemma. M : apolarof G, x e M
= M = {19(x)|g € Go}
Io(M) = {7¢|pm |9 € Go}

A : a maximal antipodal set of a polar M
AuU{e} is an antipo. set of G by A C F(se, G).



JA : a max. antipo. subgr. (MAS) of G s.t.
Au{elCc A

A= MnNA by the maximality of A

B1,..., B :therepresentatives of each (Gg-conj.
class of MAS of G

1<3s<k, dge Gg s.t. A= 14(Bs)
A=MnNA=Mnry(Bs) = 19(M N Bs)

A representative of an Iy(M)-congruence
class of maximal antipodal sets of M is one
of MNBq,...,MnNBy.



3. Classification of maximal antipodal sets
of classical compact symmetric spaces
K=R,C,H

O(n,K):=0(m),U(n), Sp(n)

Gm(K™) : the Grassman manifold of the m-dim.
K-subpsaces in K"

Gm(K") = O0(n,K)/O(m,K) x O(n —m,K)

L Gm(K") 5 2 — py € O(n,K) : an embed-
ding, the image i1s a polar.

Any maximal antipodal subgroup of O(n,K)
IS conjugate to A,,.



(Gm(K™)) N Ap
= A" ;= {diag(eq,...,en) € Ay
{ile; =1} =m, {ile; = -1} =n—m;

By taking the inverse image under . :
Theorem 1. Any maximal antipodal set of
Gm(K™) is O(n,K)-congruent to

{(€ipr-- ek |1 <1 <o <im < nj.
{e1,...,en} : the standard o.n.b. of K"
#2 Gm(K") = (;;)

v Gm(K2™) 5z 2t € G (K2™) : an isometry
Gm(K2™)* = G (K2™) /{id, ~} : cpt. sym. sp.



si1([w]) = [s2(®)]  ([2], [y] € Gm(K=")*)
o2m,K)* :=002m,K)/{£+15,,}

Tom . O2m,K) — O(2m,K)* :

the projection

voy(z) = (at) = —pz (z € Gu(K>"))

G (I2™)* = (G (K2™)) /{-

> a polar

1o, C O(2m, K)*

A : maximal antipodal set of G, (K2™)*

{e} UA : antipodal set of

O(2m,K)*

JA : maximal antipodal subgroup of O(2m, K)*

s.t. {eJuACA



We classified maximal antipodal subgroups
of O(2m,K)* (J. Lie Theory 2017).

D[4] F— ::1 O | O :Z].

I O ::1_ _:Z]. O ]
n:=2m=2F.1 1 : odd
0<s<k
D(s,n) = D[4]® --- Q@ D[4] ®A,, jos C O(n)

S
:{d1®...®d8®do
| dq,...,ds € Dl4],dg € An/Qs}




Ao C Dl4]
D(k—1,2") = D[4] ® --- ® D[4] @A

k—1
C D[4] ®---® D[4]®D[4] = D(k,2%)
k—1
{1} (K = R)

'k == {1,v/-1} (K=C)
{1,i,j,k} (K=H)

1,i,j,k : the standard basis of H

MAS of O(2m,K)* is conjugate to
Tom(FTxD(s,2m)) (0 <s<k)
with some exceptions.



dg € O(2m,K) (dg € SO(2m) when K = R),

ds € {0,...,k} s.t.

A = 7101,(9) Tom (T D(s,2m)) mopm(g) 1

A = 12 (9)T2m (T D (5, 2m)NGm (K2™) )70, (g) ~ 1

PD(s,2m) := {d € D(s,2m) | d° = 1o,,,}
ND(s,2m) :={d € D(s,2m) | d? = —15,,}

D(s,2m) N Gm(R2M)
= {d € D(s,2m) | d?> = 19,,, Trd = 0}
={d1® - -®ds®dg € PD(s,2m) |

Eldz’(O <1< S) Trd;, = O}



AG(s,2m) = 7., (D(s,2m) N Gm(R2™))
MAS: = a maximal antipodal set

Theorem 2. (T.-Tasaki)

(1) MAS of G, (R2™)* is SO(2m)*-congruent
to AG(s,2m) (0 < s < k) with the exceptions
(2) MAS of G, (C2™)* is U(2m)*-congruent
to AG(s,2m)Umo,,(v/—1ND(s,2m)) (0 <s<k)
with the exceptions (x).

(3) MAS of G,,(H?™)* is Sp(2m)*-congruent
to AG(s,2m) Ump,,({i,j,k}ND(s,2m)) (0 <s <




k) with the exceptions (x).

(x) 1 AG(k—1,2%) when 2m = 2*¥ and AG(0, 4)
when 2m = 4.

AG(0,4) = ma({£x[1 ® 15, x1o® 11,11 ® I1})

C AG(2,4)

CI(n) :={z € Sp(n) | x° = —1n} = Sp(n)/U(n)
Theorem 3. Any maximal antipodal set of

CI(n) is Sp(n)-congruent to iA,,.
#H->CI(n) =2"



Sp(n)* .= Sp(n)/{::ln}

™ . Sp(n) — Sp(n)* : the projection

CI(n)* :==mp(CI(n)) =CI(n)/{£1ly}

CI(n)* C {x € Sp(n)* | 22 = m (1)} : a polar
By the classification of MAS of Sp(n)* we

can determine the maximal antipodal sets
of CI(n)*.

DIII(n) := {x € SO(2n) | %2 = —15,, Pf(z) =
1} =50(2n)/U(n)
Pf(x) : the Pfaffian of x



Theorem 4. Any maximal antipodal set of

DIII(n) is SO(2n)-congruent to
€1J
< c SO(2n)le; = £1,e1---en = 15.
\ L enJ- /
0 1

J =

_—1 O_

\

Assume n IS even.

SO(2n)* ;== 5S0(2n)/{x1s,}

o - SO(2n) — SO(2n)* : the projection
DIII(n)* := np,(DIII(n)) = DIII(n)/{£1s,}
DIII(n)* C SO(2n)* : a polar




4. The maximum of the cardinalities of
maximal antipodal sets
M = G (R2M)*
MAS of M is SO(2m)*-congruent to AG(s,2m)
(0 < s < k) with some exceptions.
AG(0,2m)| = |mom(AB,)] = (27)/ 2
AG(s,2m)|
=2 @2yl 4 (7)) /2
(1 <s<k)

28—1
Set (mﬂé/Qs ) =0 when m/2% ¢ Z.



We can show: m >5 =

AG(0,2m)| > |AGg(s,2m)| > |AGc(s,2m)| >
AG(s,2m)| (1 <s<k)

m < 4 = case-by-case

Theorem 5. (T.-Tasaki)
Great antipodal sets of G,,(R2™)* (up to
congruence) and #,G,,(R2™)* are as fol-

lows.



(1) m =1: AG(1,2), #2G1(R?)* = 2(= #251)
(2) m =2 : AG(2,4).
#2Go(RY)* = 9(= #,RP? x RP?)
(3) m = 4 : AG(0.8), AG(3,8),
#2G4(R®)* = 35
(4) m#1,2,4: AG(0,2m),
#oGm(R2M)* = (2m) /2

m
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