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1. Introduction

M: a compact Riemannian symmetric space
sy the geodesic symmetry at x €¢ M

S C M: a subset

S: an antipodal set el Ve,y € S,s:(y) =y
the 2-number of M:

#-o M :=max{|S|| S C M : an antipodal set}
S: a great antipodal set £ S| = #o M
(Chen-Nagano)



G: a cpt. Lie group = G IS a Riem. sym. sp.

w.r.t. a biinvariant Riem. metric

sz(y) = zy~lz (x,y € G)
A: a maximal antipodal set of G, ec A

=A IS a comm. subgr.isom. to Z, X --- X Z>

A = {diag(:-

-1,

1,

1,4

-1)} C U(4) is a unique

maximal antipo. subgr. up to conjugacy.

m:U(4) > U(4)/{4
(A UIA) CU(4)/{=

-14}: the natural proj.

14} @ maximal antipo-

dal subgroup, not great
#-oU(4)/{£1,4} =2° > 2% = |[rn(A UIAD)]




Aim: to classify maximal antipodal sets of
cpt. Riem. sym. sp., describe them explicitly,
and determine their cardinalities.

-U(n),0(n), Sp(n), SU(n), SO(n) and their quo-
tient groups (T.-Tasaki, 2017)

-Grassmann mfds., Sp(n)/U(n), SO(2n)/U(n)
and their quotient spaces (T.-Tasaki)
-Oriented Grassmann mfds., rank < 4 (Tasaki,
2013)

- G5,G2/S0O(4) (T.-Tasaki-Yasukura)



2. Antipodal sets and polars

M: a cpt. conn. Riem. sym. sp., o M
A connected component of F(so, M) = {p €
M | so(p) = p} is called a polar of M w.r.t. o.

F(s0, M) = .60 M;", M;T: a polar, Mj" = {0}
=

M,",dimM," > 0: a totally geod. submfd. =

cpt. Riem. sym. sp.

A: a maximal antipodal set of M

o€ A= AC F(so, M)

3i s.t. ANM;T # 0

= AmM{F: an antipodal set of M;r




Prop. When F(so, M) = {o}UMf', the assign-
ment A — {0}UA from the set of max. antipo.

sets In M1+ to the set of max. antipo. sets
containing o in M induces the bijection be-

tween their congruence classes.

G: a cpt. Lie group
A: a maximal antipodal subgroup of ¢
HMZ-‘": a polar of G w.r.t. e s.t. AﬂM,{" =

=A C Zs(a): a max. antipo. subgr. of the
centralizer of a € AN M,ﬂ' in G



3. Maximal antipodal sets of G> and G5/S0O(4)

H: the quaternions

1,7,9,k: the standard basis of H over R

O = H x H: the octonions, (m,a), (n,b) € O
(m,a)(n,b) = (mn — ba, an + bm)

ImO =1ImH x H

Aut(0) = {a € GLR(0) | a(zy) = (az)(ay), =,y &
O} is a cpt. conn. Lie group of type Gbs.

We denote Aut(0O) by Gb-.



Sp(1) ={p€H|pp =1}

Y Sp(1l) x Sp(1) - GLr(0): a homo. def. by
¥ (p,q)(m,a) ‘= (gmq, paq)

(p,q € Sp(1), (m,a) € O)

Imy C Gy, Keryp = {£(1,1)}

Fact (Yokota):

Imy = Zg,(¢¥(1,—-1)): the centralizer of ¢)(1, —1)
Za,((1,-1)) = Sp(1)?/{£(1,1)} = SO(4)
Fact (cf. Chen-Nagano):

F(se,Go) = {e} UM,

M= {g9(1,-1)g7! | g € Go} = G2/SO(4)




Vo= {¢(p,+p) | p = 14,5k} = Zo x Zp X Zp
IS a unique maximal antipodal subgroup of
Za,(¥(1,—1)) up to conjugacy.

Since Ml+ is the unique polar(# {e}) of G»,
W IS a unique maximal antipodal subgroup
of G> up to conjugacy.

vy = W\{y(1,1)} is a unique maximal an-
tipodal set of Mf' up to congruence.
#H2Go = |W| =38

#2G2/SO(4) = #o M{" = |Wq| =7



4. G,/SO(4) as the associative Grassman-
nian

Gass ;= {V CcImO | V : an associative 3-plane}
V: associative £&& Vae,y,z €V, (xy)z = x(yz)
& RV C O a quaternionic subspace

V has a natural orientation.

Fact (Harvey-Lawson):
éass = GQ/SO(4)

Mi_ BDRVER S \Tfl = V(\Ul) C Gass




Gass € G3(R7): a totally geodesic submfd.
of the oriented 3-palne Grassmannian
¥, is an antipodal set of G3(R").

Fano plane: the finite proj. plane with 7
lines and 7 points




Fact (Tasaki):

& = {{1,2,3},{1,4,5},{2,4,6},{3,5,6},{1,6, 7}
{2,5,7},{3,4,7}}: the set of lines

e1,...,e7: an o.n.b. of R’

A(P) 1= {£(eay,€anr, az)r | {1, 0,3} € P} is
a unique max. antipo. set of G3(R’) up to

congruence.
#2G3(R7) = [A(P)| = 14



Ml_l_  Gass C  G3(R")
U U U
Vi & Uy - Do A(D)
W=y =|®|=7

Under the correspondence 1 « (7,0),2 <
(,0),3 <+ (k,0),4 < (0,k),5 <« (0,7),6 <> (0,12),
7 « (0,1), W; (hence W) determines a
multiplication table of the unit octonions
through the Fano plane.
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