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1. Antipodal sets and 2-numbers
M : compact Riemann symmetric space
sy - geodesic symmetry at x
i.e., (i) sz is an isometry of M, (ii) s;% =id,
(iif) x is an isolated fixed point of s;
S C M : subset
S : antipodal set get Ve,y €S, sz(y) = vy
2-number of M

#-oM (= max{|S| | S C M antipodal set}
S : great antipodal set get S| = #o M
(Chen-Nagano 1988)



Examples. (1) M = s"(c R*+1)

{x,—x} (x € S™) : great antipodal set

H#-,5" =200

(2) M = RP"

e1,-..,ep,t10 0.n.b. of R*T1
{{e1)r, - --s{ent+1)r}  great antipodal set
#->RP*"=n-+1

(3) M =U(n) se(y) = zy~ o

s1, W) =y < y?>=1, (1, : identity matrix)
2 =y? =1, = sz(y) =y iff 2y = yx



+1
JAVSINE—IE >+ great antipodal set

#,U(n) = 2"

Theorem 1. (T.-Tasaki 2013)

M : symmetric R-space

(1) Any antipodal set of M is included in a
great antipodal set.

(2) Any two great antipodal sets are I5(M)-

congruent.



Iop(M) : identity component of I(M), the
group of isometries of M

(3) A great antipodal set of M is an orbit
of the Weyl group.

S RP™ and U(n) are symmetric R-spaces.

A maximal antipodal set is not necessarily
a great antipodal set.



2. Maximal antipodal sets of Grassmann
manifolds (1)

(
(
(

K = R)
K = C)
K = H)

Gm(K™) : Grassmann manifold of m-dim K-

O(n)
O(R,K) L= U(n)
Sp(n)
subspaces of K"

O(n,K) ~n G (K™) transitively

Gm(K") = 0(n,K)/O(m,K) x O(n — m,K)

G (K™) is a Riemann symmetric space w.r.t.
O(n,K)-invariant Riemann metric. G (K"?)
IS a symmetric R-space.



r € G (K™)

mz, 7.1 0 orthogonal projection onto z,z
pr =Ty — 7,1 - K" — K"

sz(y) = px(y) (y € Gm(K"))

e1,...,en - 0.n.b. of K"
pe;(e;) = ei, pe,(ej) = —e; (1 7 J)
S<€i17---a€im>K(<€j1’ Y €]m>K> — <€j17 Y e]m>K

A= {(€i, ek | 1 <ip < <dm < n}is
an antipodal set of G,,(K").

Al = (])) = #2Gm(K") (Chen-Nagano)

A IS a unique dgreat antipodal set up to
Io(Gm(K™))-congruence by Theorem 1.



3. Maximal antipodal sets of Grassmann
manifolds (2)

O(n,K) is a Riemann symmetric space w.r.t.
a bi-invariant metric.

z € O(n,K), sz(y) =zy~ 1z (y € O(n,K))

1, : identity matrix, s1 (y) =y < y° = 1,

1 _
F(sy,, O(K)= U U g'™* _ |g7*
0<k<n geO(n,K) — +tn—k.

L Gm(K") 52— pz € O(n,K) : efnbedding

F(s1,,0(n,K)) = O<ng< (GR(K™))




G . compact Lie group, e : identity element
Go : identity component of G

M : connected component of F'(se, G)

M i1s a polar of G w.r.t. e.

x €M, M ={Iy(z) | g€ Go}, Iy(z) =gzg?
Io(M) = {Iglm | 9 € Go}

L(Gm(K™)) = Gm(K™) is a polar of O(n,K)

w.r.t. 1,.

A : maximal antipodal set of G,,(K")
{1,} U A : antipodal set of O(n,K)



JA : maximal antipodal subgroup of O(n, K)
s.t. {1,JUuAdACA

dg € O(n,K) s.t. A=gApg 1!

When K = R, we can take g € SO(n).

A= AN Gn(K")

A=gAng 1 NGn(K"Y) = g(An N Gn(K™))g™ !
Ap N Gm(K")

\

:Am:< e, EAn|{Z|€Z:1}|:m

Ve

\ L . /



A™ is a unique maximal antipodal set (hence
a unique great antipodal set) of G,,(K") up
to Ip(Gy (K™))-congruence.

AT = (1) = #2Gm(K")

AR
= {(€ips-- €k |1 <1 < <im <nj



4. The quotient space G,,(K?™)* (K = R, C, H)

v Gm(K2™) 5 2 — 21 € G (K2™) @ isometry
Gm(KQm)* .= Gm(KQm)/{ida’Y}

si2] (WD) = [s2(y)] (=], [y]
Oo2m,K)* :=002m,K)/{£

c Gm(KQm)*)
12m}

Tom » O(2m,K) — O(2m,K)* : projection
voy(x) =u(zt) =p, 1 = —pz (z € Gn(K>™))

G (K2™)* = 1(Gm(K™)/{=

1o, C O(2m, K)*

Gm(K2™)* is a polar of O(2m,K)* w.r.t. 75,,(15,,).



5. Maximal antipodal sets of G, (K2™)*

D[4] P — ZI]. O | O ZZ].

I O ::1_ _Z:]. O ]
n=2%.1 1: odd
0<s<k

D(s,n) == D[4] ® - ® D[4]J®An/23 C O(n)

S
= {d1 ® - ®ds ®dg

Ao C D[4]
D(k—1,2") = D[4]® --- ® D[4] ®As
k—1
C D[4]®---® D[4] ®D[4] = D(k,2%)
k—1




Theorem 2. (T.-Tasaki 2017)
A maximal antipodal subgroup (MAS) of
O(n,K)* is given as follows.
(1) K=R. MAS of O(n)* is O(n)*-conjugate
to one of the following.

mm(D(s,n)) (0 <s<k),
where the case (s,n) = (k—1,2F) is excluded.
(2) K=C. MAS of U(n)* is U(n)*-conjugate
to one of the following.

m™({1,v/—=1}D(s,n)) (0 <s<k),

where the case (s,n) = (k—1,2F) is excluded.



(3) K=H. MAS of Sp(n)* is Sp(n)*-conjugate
to one of the following.

m™m({1,1,j,k}D(s,n)) (0 <s <k),
where the case (s,n) = (k—1,2F) is excluded.

In (1) we can replace “O(n)*-conjugate” by
“SO(n)*-conjugate’.

A : maximal antipodal set of G, (K2™)*
{r5,,(12,,)} U A : antipodal set of O(2m,K)*
JA : maximal antipodal subgroup of O(2m, K)*
s.t. {m,,(1o,)}UACA



A = AN Gm(K2m)*

>m =2k.1 1 : odd

{1} (K = R)

Mk :=3{1,v/—1} (K=C)

{1,i,j,k} (K=H)

dg € O(2m,K) (dg € SO(2m) when K = R),

3s € {0,..., k} s.t.

A = m,(9) Tom (T D(s,2m)) 7o, (g) 1

A = mom(9) Tom(TrD (s, 2m))mom (9) ™ 1NGim (K2™)*
= 1o (9) o (T D (s, 2m) N G (K2™)) 7o, (g) ~1
PD(s,2m) := {d € D(s,2m) | d? = 15,,,}




ND(s,2m) := {d € D(s,2m) | d2 = —15,,}
D(s,2m) N Gm(R2™)
= {d € D(s,2m) | d?2 = 15,,,, Trd = 0}
={d1® - ®ds ®dg € PD(s,2m) |

3d;(0 <i<s) Trd; =0}
AG(3,2m) 1= Ty (D(5,2m) N Gm(R2™))

MAS:=maximal antipodal set

Theorem 3. (T.-Tasaki)

(1) MAS of Gin(R2™)* is SO(2m)*-congruent
to AG(s,2m) (0 < s < k) with exceptions (x).



(2) MAS of G,,(C2™)* is U(2m)*-congruent
to AG(s,2m)Uno,,(v/—1ND(s,2m)) (0 <s<k)
with exceptions (x).

(3) MAS of G, (H2™)* is Sp(2m)*-congruent
to AG(s,2m) Ump,,({i,j,k}ND(s,2m)) (0 <s <
k) with exceptions (x).

(%) : AG(k—1,2%) when 2m = 2% and AG(0, 4)
when 2m = 4.

AG(0,4) = m4a({£[1 ® 15, +1o® 11,11 ® I1})

C AG(2,4).




6. The 2-number and great antipodal sets
of Gy (K2m)*

AGe(s,2m) ;= AG(s,2m)Uno,,(v/—1ND(s,2m))
AGy(s,2m) := AG(s,2m)Uno,, ({i,j, k} ND(s,2m))
Since ND(0,2m) = 0, AG(0,2m) = AG¢(0,2m)
= AGyH(0,2m).
AG(s,2m) C AGe(s,2m) € AGy(s,2m)

(1 <s<k)
AG(0,2m)| = |mom (A8, = (27)/ 2

m



|AG (s, 2m)]
_ 223——1—1(223—1 4251 1) 4 (mnﬁ;l)/Q
|AGc(s, 2m)|
_m —1
= 22-17 (225 _ 1) ‘|‘ m/izs /2

‘AGH(Sazm)‘
_m__1 2s—1
— D251 (228+1 — 25 1)+ (mﬂé/gs )/2
(1 <s<k)
s—1
We set (m/%s ) =0 when m/2% ¢ Z.

We can show: when m > 5,
AG(0,2m)| > |AGg(s,2m)| > |AGe(s,2m)| >
AG(s,2m)| (1 <s<k).




We need a case-by-case argument when
m < 4.

GAS:=great antipodal set

Theorem 4. (T.-Tasaki)

GAS of G, (K2™)* (up to congruence) and
#-Gm(K2™)* are as follows.

I. G (R2™)*

(1) m=1 AG(1,2), #-G1(R2)* =2

(2) m=2 AG(2,4), #-G>(RH)* =09

(3) m=4  AG(0,8),AG(3,8), #>G4(R3)* =



35

(4) m = 1,2,4  AG(0,2m), #>Gm(R>M)* =
(G012

II. G (C2™M)*

(1) m=1  AGc(1,2), #2G1(C9)* =3

(2) m=2  AGe(2,4), #-Go(CH* = 15

(3) m=3 AGc(1,6), #-,G3(CO)* =12

(4) m=4  AG¢(3,8), #2G4(C)* =63

(5) m#1,2,3,4 AGe(0,2m), #2Gm(C2M)* =
(a2



1. G, (H>™)*

(1) m=1  AGg(1,2), #2G1(H*)* =5

(2) m=2  AGy(2,4), #-Go(H*)* = 27

(3) m=3  AGy(1,6), #-G3(HO)* = 20

(4) m=4  AGy(3,8), #2G4(H®)* =119

(5) m#1,2,3,4  AGu(0,2m), #2Gm(H2)* =
(a2
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